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1. Statement o f results

For the integral function of one complex variable, the property
that a  function is a polynomial or not is independent o f th e  choice
o f th e  co o rd in ate . B u t fo r th e  function o f  several variables, this
property is not independent of the choice of the coordinate system.
Then the question occurs ; w hat functions a r e  intrinsic polynomi-
als? Theorem  1 gives one criterion fo r such a  q u es tio n . Theorem
2 is a  byproduct obtained in  the process o f th e  proof o f  Theorem
1.

Theorem 1. Suppose a m -fold covering domain g  over the prod-
uct of the complex 1-dimensional projective space P x  P . And suppose
g  satisfies following conditions.

i) g  is  biholomorphically equivalent to 2-dimensional complex
plane C.

There is no relative boundary over any point of the base space
P x  P except a point on a curve in P x P.

The projection of the set of points o f  the ramifying po in t is
equal to a  curve in  P x P except possibly a  discrete set of points. Then
the projection mapping is a pair of rational functions with respect to an
adequate coordinate system.
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Theorem 2. Let S= {P (x, y, z) =0} be an algebraic surface in
O . And suppose S is biholomorphically equivalent to C2. Then S has
a biholomorphic parametrization of polynomials

x=çoi(u, v)

y=ça,(u, v)

z=ço3(u, v),

where ça, (i= 1, 2 , 3 )  is a polynomial in the (u, v)-space.

2. Continuation of a covering domain

Lemma 1. L e t M  be a 2-dimensional complex manifold. And
l e t  9  be a  m -fo ld  covering domain over M satisfying following
conditions.

i) 9  has no relative boundary over any point of M  except a point
on an analytic set C of M.

The projection of the set of ramifying points R is equal to an
analytic set of M sxcept possibly a  discrete set of points.

Then 9 can be continued to the covering domain -9 without relative
boundary (namely, there is an into holomorphic mapping from 9 to

9 commutative with the projection).
P ro o f . S e t  A =  fp  ; th e number o f elements o f  rc -l(p ) is less

th a n  m l. F o r  a n y  point p  of M — A, 7r-1(p) is  a  set o f m -po in ts
{a1, a . } .  F o r  e v e ry  index i ,  there is a  neighborhood IL o f a,
su ch  th a t Ir : ( U1) i s  a  hom eom orph ism . A nd  one can
suppose U , does not in tersect U , f o r  an y  index j * i .  T h e n  the
in te rsec tio n  o f (U1) (i =1, . ,  m )  is co n ta in ed  in  M — A. Then
M —A is an  o p en  se t. L e t M  b e  the set o f boundary points of A.
Becanse M —A is  open, M  is contained in A .  Then M is contained
in  C U R . I f  A  contains a n  o p e n  se t , aA i s  a 3-dim ensional set.
Because CU R is 2-dimensional A  does not contain any open set.
Namely, A  is e q u a l  t o  M .  T h en  A  is co n ta in ed  in  C U R . And
trivially C U R  is contained in A. Then A  is  e q u a l to  C U R .  Let
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p b e  a n  a rb itra ry  point of C .  L e t  Up= Rz, y ) ;  zl <R, lyl <RI
b e  a  coordinate neighborhood of p .  Set 6(ro) t ( z ,  y ) ; I zKro, I I
<ro) w h e re  ro is sm aller than R .  L et 3  (ro ) b e  the restriction of
g  over 5(ro). L e t  Di (r),. D 0(r) be connected components of
g  (r0), where h  is not larger than m . I f  r  is sm aller than ro, there
is a t least one component o f 3  (r ) in  ev e ry  D' (r0). Because h  is
n o t la rg e r  th a n  m, f o r  sufficiently sm all ro t h e r e  i s  exac t one
component of (r )  in  every D' (r0). T h e n  [D ' (0 )  determ ines a
filter. T h e n  h  points are determ ined over the point p  by these
filters. A tta c h in g  th e se  points a topological covering domain g  is
constructed, a n d  -g has no relative b o u n d ary . The restriction of -g
over a  neighborhood of any point of the base space is  an  analytic
cover* (it can  be easily exam ined). T hen the analytic structure is
determined in  g  b y  Grauert-Remmert [1], a n d  th is  structure is
equal to  the one of g .

3 . Proof of the theorems

For the covering domain g ,  let b e  th e  continuation o f g
constructed in  2. L et g o  b e  a  nonsingular model o f g .  go— g
is contained in  an  analytic set of g o .  If 21e-21  is no t a n  analytic
se t  o f  g o , th e re  is  an  irreducib le analytic set A  of go intersects
g  and  go— g  sim ultaneously. L e t fp .) b e  a  sequence o f  points
o f g ,  and suppose tp„). tends to  the point of A - 2 1 .  T h e r e  i s  a
holomorphic function f  on g  su ch  th a t fl f(p.)11 tends to infinity
because g  is a Stein m anifold. O n the other hand f  has a  holo-
morphic continuation to  the union of g  and A  b y  the theorem of
continuity o f  Thullen-Stein-Remmert [2] [3]. T h is is  a  contra-
diction. Then go—  g  is  an  analytic set in 21 0. By blowing up and
blowing down on 210— C2, go is reduced to the manifold satisfying
following conditions.

0 =  U Y,, w here Y, is  an irreducible nonsingular curve
i =1

in  go.
ii) Either Y. n 11., is  a  null se t o r  Y, in tersects Y1 normally at
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one point.
iii) Y (1 Y., fl Yk i s  a  nu ll set for an y  distinct triple (i, j, h).
iv) If the self intersection number c2(171) = —1, then  Y , has at

least three intersection points.
Such a compactification of C' is called minimal normal in  terms

o f Morrow [ 4 ] .  And it is easily show n that every Y, is  a  projec-
tive line P.

Lemma 2. L e t  M  be a cornpactification of C', and suppose
M— C' is a  curve in  M .  Then there is a birational correspondence 0
between M a n d  P  such that the restriction of 0 on 0 -p a rt o f M  is  a
into holomorphic mapping.

P ro o f. It m ay be supposed that M  is  m in im al norm al. Then
by M orrow [4 ]  M  is classified to 7 ty p e s . W e proceed th e  proof
using th e  classifying tab le  o f Morrow.

In  case  o f th e  typ e  (f ).
(131). Blow up  the intersection point of the lines o f weight n

and  weight 0, an d  blow down the proper transformation of the line
with weight O . Repeat this operation n times.

(p ,) Blow down th e  p roper transform ation  of the line w ith
w eight — n-1, then  th e  line linked to  th is line becom es to  be an
exceptional curve o f th e  f irs t k in d . Blow down this line, then the
line linked to that becom es to be an  exceptional curve o f the  first
kind. Repeat th is operation k, —1 times.

(p ,) T hen  w e get a  g rap h  o f  th e  t y p e  ( g ) .  A n d  a f te r  the
sam e oparation f o r  th is g raph  as fo r th e  o rig in a l o n e , w e  g e t  a
graph o f th e  typ e  ( f )  with p ' = p - 1 .

R epeat th is total operation p  tim es , th en  w e  g e t a  g rap h  of
the type (d ).

In  case  o f the type (g ).
B y the same operation as for the graph of the type ( f ) ,  we get

a  graph o f th e  typ e  (e).

In  c a se  o f  th e  ty p e  (d )  o r  th e  ty p e  (e). B y  th e  operation
(p ,) a n d  (p ,), w e get a  graph o f th e  typ e  (b).
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In  case  o f th e  typ e  (b).
B y th e  operation  (p i), w e get a  graph This graph is

correspondent to  P x P .  Thus the Lemma is proved.
Proof  o f  th e  theorem 1. L et 0  be th e  birational mapping from

go  to  13' mentioned in  Lemma 2 . Then 0 induces a n  isomorphism
o f th e  meromorphic function f ie ld  o f  .13' to  th e  o n e  o f  g o .  Let

(F , G )  b e the projection m app ing from  go  to  P x P .  And let
f  and g  b e  the restrictions o f F  a n d  G  o n  2 ,  respectively, then
fo  0-1 and g o  0-1 a re  rational functions on X = 0  ( g ) .  L e t (u, y)
b e  an  afine coordinate in X .  Then (u o 0 , y o 0 )  is an  afine coordi-
nate in  g .  T h en  f  and g  a re  rational functions w ith respect to
this coordinate system.

Pro o f  o f  the  theorem 2 . S  is a  covering domain over the (x, y )-

space, then S  has a continuation S' over P x P  by Lemma 1. Then
S  has a  biholomorphic parametrization of polynomials by Lemma 2.

Note

*An analytic cover is a  tr ip le  (X , it-, U ) such that
i) X  is  a  locally compact Hausdorff space,
ii) U  is  a  domain in  C",
iii) 7r is  a proper, fibre discrete, continuous mapping of X  onto

U,
iv) th e re  a r e  a  negligible set A  in  U , an d  an  in teger 2, such

that 7r is a  2--sheeted covering mapping from X -7 -1 (A ) onto U — A,
y )  X — ir-1 (A )  is  dese in  X.
W here, a  set A  in  U  is said to be negligible i f  following con-

ditions a re  satisfied.

a) A  is a  closed subset o f U.
b) A  is nowhere dense.
c) For every domain U ' in  U  an d  every function f  holomor-

phic on U' —A and  locally bounded on U', f  has a  un ique holomor-
phic continuation f  to  a ll o f U'.



236 Hironori Shiga

DEPARTMENT OF MATHEMATICS FACULTY OF SCIENCE

CHIBA UNIVERSITY

References

1 ] G rauert, H., und Remmert, R., Komplexe Raume, Math. Ann. 136 (1958).
[ 2 ] T h u llen , P., Ober die wesentlichen Singularitaten analytischer Funktionen und

Flachen in Raume von n komplexen Veranderlichen, Math. Ann. 111 (1935), 137
—157.

[ 3 ] R em m ert, R ., und Stein, K ., -Ober die wesentlichen Singularitaten analytischer
Mengen, Math. Ann. 126 (1953), 263-306.

] Morrow, J., Compactifications of C2, Bull. Am. Math. Soc. 78 (1972), 813-816.


