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§ O .  Introduction

T he purpose of this paper is to determine the integral cohomology

ring  o f E V I I  in  E . Cartan's notation w h ich  is  a  com pact hermitian

sym m etr ic  sp ace . T h is  completes th e  determination of integral co-
homology rin gs o f all com pact hermitian symmetric spaces combined
w ith  the resu lts o f  [7, § 16] an d  [12].

Throughout this paper the symbols F4, .E6, E, denote compact sim-
ply connected form s o f  these exceptional L ie  g ro up s a n d  H * (X )

denotes the in tegra l cohomology rin g  o f X .  W e  use  th e  same nota-
tions and  term ino logies as in  [1 2 ] without specific reference.

Then our m ain resu lts a re  stated a s  follows:

Theorem A.

H *  (E V II )  =Z [u , (sin, s14, s18)

w here  u H 2, v  e w  e  H is  an d

s10=v 2-2w u, s14= — 2w v +18w ub — 6v u9+u",

si8 =w 2 +20w v u4-18w u9+2v it13.

Corollary B.

I-1* (Ed E6) —  Z{1, Z 1 0 , Z 1 8 , Z 3 7 , Z 4 6 , Z 5 5 }  +  Z 2  { Z 2 8 }

w h e re  l e  H ° ,  z  e  I ' a n d  n o n -triv ial re latio n s  am o n g  th e m  are
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z 1 0z 4 5 = z 18 z 3 7 =z 5 5  a n d  ziozi8-=-z28 (mod 2).

Furtherm ore r* (y) = z10 and 7r* (w) z18 f o r  th e  n atu ral projection
E7/ E6- - > EVIL

L e t T  be a m axim al torus o f E , .  T hen  w e h ave  a  fibering

E d  ---> E,/ T — > E V II

w here T ' i s  a  m axim al torus of E 6 .  G eneral descrip tion  o f the co-
homology r in g  H *  ( G / T )  is  g iv en  in  [11] fo r compact simply con-
nected sim ple L ie group G and its  m axim al to ru s T .  I n  particular
w e have determined th e  cohomology r in g  H * (E 6/T ') explicitly [12].
O n the o ther hand  it is know n by B ott [8 ] that H *  (E V II )  has no
to rs io n . Thus analogous argum ents t o  [1 2 ] can  b e  ap p lied  to  the
above fibering. In  th e  co u rse  o f computing th e  rin g  structu re  o f
H *  (E V II) , w e obtain  C orollary B  a s  a  by-product.

T h is paper is organized a s  fo llo w s . In  § 1 we choose a basis of
H 2 (B T )  and d iscuss the action  o f the W eyl g roup  o n  i t .  T h e  ra-
tional cohomology r in g  o f E V II  is determ ined in  § 2. §  3  is  a prep-
aration for § 4 in which we determ ine H* (E ,/  T )  for dimension <18.
§ 5 is devoted to  prove the m ain results.

T h e author w ishes to  thank P rofessor H . Toda fo r  h is advice
and helpful criticism  during the preparation of this work.

§  1 . T h e  W eyl g ro u p  o f  E,

L e t T  b e a m axim al torus o f  E,. A ccord ing  to  B ourbak i [9],
the Schldfli diagram  of E , is

a3 a4 a5 a6 a7
0 0 0 0 0 0

0
a2

w here a i 's  are the simple roots of E , .  The corresponding fundamental
weights wi's m ay be identified w ith generators of the polynomial ring

H* (B T ), co, 112 ( E 7 / T ) ,  a s  exp la ined  i n  [7]. L e t  R ,
denote the reflection to the hyperplane ac=0.

N ow  w e put
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(1.1)t 7 =  w 7 ,

tg = R7 (t2) = C06 — 07

t5 R8(t8) =

t4=  R , (4 ) =

t3= R 4 (t4 ) =

(04—

0)2

(06,

0,,

(03 (04/

t2 = R3 (t3) = oh+ (02— (Ds,

=  R1(t2) (01 + (02,

a n d  x= (02=i c1 f o r  c1=t1+t2+ • •• + t7.

Then x  and ti, 1 < i < 7 ,  span H 2 (E 7 / T ) since oh a re  integral linear

combinations o f x  an d  ti's. Thus

(1.2)H *  (BT) = Z[x, th • • • , td/ (3x — 6.1).

D enote  by  U  th e  centralizer o f th e  o n e  dimensional torus T1

defined by a i ( t )  =  ( 1 < i < 6 ,  t E T ) .  Then U  is  a  closed connected
subgroup of m axim al rank and  of local type E , • T ' with .E 6nT 1=Z 3

(the center of E 6 ) .  The quotient manifold

E V IL=  E V U

is a compact irreducible herm itian symmetric space of dimension 54 [10].
T h e W ey l groups 0(E7) a n d  0  (U )  a re  generated by Rh R2, • • •

R7 and Rh R2, • • • , R, respectively. From  th e  definition we have the
following tab le of the action  of R i 's  fo r the generators x  and ti's.

(1.3)

 

R1

 

R2

X — t2 — tg

— t1 t g

— t1 t 2

 

R 3  R 4  R ,  R ,  R 7

 

t2

tg

t4

tg

X

t2

t1

  

tg

t2 t4

tg tg

t4t o

tg

tg

  

- -x + t4 + t1 + te  t7
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w here the blanks indicate the trivial action.
Putting

u =t7, X =x —  u and r i  =  —  u  fo r i= 1, 2, 6,

w e have

H* (BT; Q) = Q ri, • .•, r6] / (3X — ei)

and the following table :

for =  +  +

(1 .4 ) R, R 2 R ,  R 4  R ,  R ,

r2

r3

r4

Z.5

r6

X

r2 — r2 — r3

r i X — — r3

X — — r2

— z+r4+r5+r6

r3

r2 r4

r3 r5

r4 r6

r5

Since E, n T  =T ' i s  a  m axim al torus of E ,, w e  h a v e  a  commut-
ative d iagram  of natural maps

E, E 7

E,/ T ' E ,/T

B
I
T  

14
 B T

w here the columns a r e  fiberings. H ere  w e  rem ark  th a t H2(E7/T)
is identified w ith  H 2 (B T ) b y the isomorphism co*, since E , is 2-con-
nected . T hus w e have generators t, = to* (t1), t2 = cl)* (1.2) • • •, t7  co* (t7) ,

= 60* ( x )  1/2(E7/T ) w ith  a  relation ei =
W e shall consider the relation  between the elements just defined

and the elements t,', t2', • • •, t6', x' =-7,1' of H2 (E,/ T ') which stand for
the generators t  t_1, -2 , • • •, t6 , X  =  r i  in  [12 , §  4 ]. A s  to  th e  cohomology
of the fibering

(1 .5 )U  /  T T
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w e know  that a ll th ree  cohomologies are torsion free and have vanish-
ing odd dimensional p a r t  (see  B o t t  [8 ] ) .  Therefore from the Serre's

exact sequence o f  (1. 5 )  w e have a short exact sequence

0 H2 (EV  II) P'- ± * H 2 (Ed T ) -->112 (U / T ) O.

B y  14.2 o f  [7 ], Im  p *  is spanned by to , and i* (o),) may be identified
w ith  the fundamental weights (0,' of E , for i = 1, 2, •••, 6. S in ce  the
elements , t21, • • • , ,  E  H2 (B r ) are defined by the equalities given
by rep lacing ti, oh w ith  te ', toi' an d  putting t7= co7= 0  i n  (1 . 1 ), we
have

(1. 6)* j *  (t ) =  ti' (1  < i< 6 ) , U*i (ti) = 0  a n d  U*i* (T )

o r equivalently

(1. 6 ) ' g* (te) t , ' ( 1 < i < 6 ) ,  g* (t7) = 0  and  g* (x ) = x '.

§  2 . The rational cohomology ring of E V II

F irst reca ll th e  definition of invariant forms of E , given in  [12].

Put

xe' = 2t6' —  x ' for 1 =1, 2, • • •, 6.

Then the set

+ x i ' ( i< j ) ,  x ' —x i ' ,  — x ' —z '}

i s  invariant under the action of 0 (E,) . Thus we have invariant forms

_  E 3,
1'
 E  W i t  (B r ; Q)0(E,)

y E S '

and

(2. 1) H* (Bi" ; Q )'( I',) =Q[I2' , 15, L, 18, 15 .

The table ( 1 .4 )  sh o w s  that the action of 0  (U )  on x ,  r  r. -  2 , r6

i s  the sam e a s  th at of 0(E6) o n  x ', t2', •••, t6 '. T h e r e f o r e  i f  we
represent

.I„' =0„(x ', t 2 ' ,  • E  H 2 1' (Br ;  Q ) r

then

(2. 2) H *  (BT; Q )" ')  Q  [u , J  j I ]- -  8 ,  -  8 ,  -  9 ,  -
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w here 4 ,=0 .(X , r1, '12, • • •, r6) E (BT ; Q) u).
N ext put

x i = 2 t i — x  f o r  i =1, 2, •••, 7 a n d  x9= x.

Then it fo llow s from  th e  tab le  ( 1 .  3 )  that the set

S ={ x i+x i ,  — x i— x j( i<j) }

i s  invariant under the action of 0  ( E 7 ) .  Thus we have invariant forms

T.= E Yn E (B  T  ; Q)0('').
YES

Consider now the following

I n = v 2 -2 w u ,

114= 2wv +18wie —6yze +u "

and

119=w 2 +2 0 w v u 4 -1 8 w u 9 +2 v u "

where

u=t7,

13 5v =   -
3840 81

and

11 52984w = -  +  vu4--  u
9
.

774144 81 19683

T hen w e have the following

L e m m a  2.1.

H* (B T  ; Q)°('') =Q[12, 16, 19, 150 ,  112, 114, Iild.

H *  (E V II;Q )  =Q [u , y, w] / ( I  t, 1- 101 - - 18/ •

P r o o f .  Put

6 i ( t „  t 2 ,  •  •  t 6 ) a n d  R = Q [u , e2, • • • , e ] .

R  i s  a  su b a lg eb ra  of H *  (B T ; Q )  containing ci, x=ci/3 , Zr4=6 i(r1 , r2,

( ii)
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• • •, z ) ,  x= x  — u , di =  6 i  (x i ,  x2, • • • , x8) an d  H* ( B T ;  Q ) ' ') ,  H* (B T ;

Q )Ø (" ) •  Denote by

ai c R  (resp . b i c H* (B T ; Q )Ø (")

the ideal of R  (re sp . of H *  (B T ; Q ) Ø ( ') )  generated by / , 's  fo r j < i ,

J E  {2, 6, 8, 10, 12, 14, 18 } .
W e  assum e the following su b lem m as (2 . 3 ), (2 . 4 ) which will be

proved in  th e  last half of this section.
In  H*  (B T ; Q )°  :=Q[u, J2, J8, J8, J8, w e have

(2. 3) ./?; =  2  . J i  d e c o m p o s a b l e s  f o r  i= 2, 6, 8, 12,

(2. 4) 32• 5 .7 .11, mod blo,

/14=  2'• 3 .7.11 .29.11, mod b14

an d

110= -222.33 .1229 .48 mod b 1 4 .

B y  (2 . 3 )  and (2 .4 ) w e  see  th a t, fo r i = 2, 6, 8, 10, 12, 14, 18,  I .

is not a polynomial of / , 's  for j < i .  Since H* ( B T ;  Q ) '') = H *  (BET;

Q) =Q[x4, x12, x18, x20, x24, x28, . r , ] ,  xi E  (see  [ 6 ] ) ,  ( i )  of Lemma

2 . 1  is proved.
T h e rational cohom ology spectra l sequence associated with the

fibering

(2.5)B U  - - - >  B E,

collapses [ 4 ] .  B y (2 .2 ) a n d  (2 . 3 ), H* ( B T ; Q ) ')  =- Q [u ,  I ,  v, I8,

w , I n ] .  Then we have

H* (E V II ; Q ) (B U ;Q )  /  (HI- (BE, ; Q ))

(B T ; Q )Ø (') /  (H + (B T ; Q ) )

Eu, 1.)
using (2. 4). Q.E.D.

P r o o f  o f  ( 2 .  3 ) .  B y  (1 . 6 ) ' w e have

g* (x i) = x i' ( 1 < i < 6 ) ,  y* (x7) — x' a n d  g* (x8) = x '.
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Then

g* S = {xi' + x i ' ,  — X i ' ,  —  —  x i ' )  u — x' + x i ' ,  x ' +

= S' u (— S ') .

Hence g* (I„) = 2 .1 , , ' f o r  even n.
A ga in  b y  (1. 6 ) '  w e have

g* (z i) = ti' ( 1 5 j < 6 ) ,  g* (u) = 0  a n d  g*  ( x ) = x ' .

Then g* (J„) — 1„' and g *  induces an  epimorphism

H *  (B T ; ( B T ' ;  Q )' )

w hose kernel coincides w ith the id e a l ( u ) .  T h us w e have proved

(2. 6) I „.2 J„ mod ( u )  f o r  even n.

(F o r odd n, I,, =  0  b y  the definition.) (2 . 2 )  an d  (2 . 6 ) im ply (2. 3).
Q.E.D.

P ro o f o f  ( 2 .  4 ) .  L et u s  calculate I n  in the following w a y .  We
use the notations :

s„ = xi" + x2' + • • • a n d  di = ' • • x 8 ) .

s „  is  w ritten  as a polynom ial on d i's  b y  use o f Newton's formula

(2 .7) s,, E  ( -1 ) (  — 1 ) ' n • d ,  ( d .= 0  f o r  n > 8 ) .
I i<.n

Note that

so = 8  and d 1 = s 1 =0

since
7

= E x, = 2 1-2 ti - 6x = 2 (ci — 3x) =0.
1 = 1 1=1

From /2„1„/n! [ ( E i e l i )  2 +  (Ex- x ) 2
(e2x, ) ]  it follows

I„ = (16 —2n)s,, + n.)sisn - t
0<i<n

fo r even n.

Then long but straightforw ard calcu lations yield  th e  follow ing data
and result:
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s n  m od a n ( n < 9 ) Sn m od (d7, cz,)

1 0 0

2 - 2 d , 0

3 3 d , 3d ,

4 -  4d4 -  4d4

5 5d5 5d5

6 3 ( -  2d6 + d32) 7  d e

7 7 ( d 7  -  4 4 ) - 7  d id ,

8 4 ( -  2d9 + 2d5c4+ 0142) 7 (d5d3+ 4 2 )

9 3 ( -  3d5d4+ cl32)

10 5 ( d 5 2  -  -94 d id e )

11 11(d5d32 +11c1424)

12 - 4 : ( 1 4 4 ,- 5 4 2  +T  d 3 4

13 G d52d3+1: d5d42 -5d4d,3)

14 7 (- 2d52d + 442 +!-5, 420132)

15 5d53 -45d5d4d,2 cl43cl2+W  d,5

18 d53d3+1 d5 2742_421:4 d5did,' - d43d32 + 4 6

(2 .88 ) h  -  24d2,

h  36 (8d, + d32) m od a,,

I 80 (24d9 -  3 d 5 d 3 + 2 4 2 )  mod a„,

32• 5 . 7 cl52 m o d  (c17, a9) ,

81/i2=  2.3 .5 - 108d5d4d3+  6442- - d :34
8

m o d  (c17, a,),

/14 -= 2.7.11.29 (2d52d4+ -- -  4 24 2) m o d  (d7, a9)
4

an d

-  948d3+ 8d52c142 - -- + 443cl32 + --
2 32

m o d  (cl7, a3).
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R e m a r k . T h e  reason  fo r  introducing th e  e lem en ts  x i's  is  to
s im p lify  th e  ab o ve  ca lcu la tio n . T h e  reader shou ld  notice th a t the
simpler form of the invarian t set S  one get, the much easier becomes
the calculation.

L et et =  6 i  (x i ,  x2 , •  •  •  , x 7 ) .  Then

(2 .9) di =ei +  ei_ix.

Since xi = 2ti —  x  for i =1, 2 , •  • , 7 , w e have

(2 . 10 ) en. =  E  ( - 1) ' 2 i  (
7 —

(ci = 6i (ti, t2, • • •, t7) ) •i=0 n

So c„  mod ( x ) .  N ow  w e assum e the fo llow ing  ( 2 .  1 1 )  which
w ill b e  p roved  at the end  of th is  section.

(2 . 11 )  ( i )  I n  R/ (x, d7, a9) w e  hav e the  f o llow ing  relations

(a) c 1 . x = 0 ,

(b) 0,

(c) c6 —  c12

(d)

(e) c,c8,

(f) c22u + c1u2 — cize + c31.14.
( i i )  R/ (x, d7, a9) has a  basislc,' uk  , c5 i c,c3 -10  ; j> 0 , 6> k

> 0 1 .

T hen  w e have

(2 . 12 ) 40.2" • 32• 5 • 7c52 m od (x , d7 , as)

and

— 2" • 32• 5 (27c24+ 32c,c,,c3) m od (x, d7, (4).

S im ilarly  w e assum e the following

(2 . 13 )  ( i )  I n  R/ (x, d7, a14) w e  h av e  the relations

(a) c52. 0 ,

(b) c,d= — 3-2 c5c4c3.
27
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(ii) R / (x , 04, (214) h a s  a  b a s i s  {c,ite , c4c u , , ;

3 > i> 0 , 6 >  j> 0 }

T hen w e have

(2. 14) /"„ 2" • 3 . 7 . 11 • 29c5c33 m od (x, (17, a14)

an d

21s • 7 .1229c,c4c33 m od (x, d7, ai4) •

N ext w e need  the following result.

(2. 15)J 5 =  — 2'. 3 • 5 (E, — -I- E3X2—

an d

J 9  2 1 1  3 2 .  7 (31-.6e3_ e5_4c 2e,E22 —6e6E2,c + e42x + 2-e4c•22X

+17e5e2e —j4E3z2 —23-ez2zz +15-e6x3-16e4e2X3

+ 2E23x3-35e5x4+17e3e2x4 + 33J4e —21z22e

— 35E3x6+ 69-e2X7 — 70X9)

where = 1, y2, • • • r3 ) . T o  show th is , b y  (2. 2) , w e  m ust prove
that 15' (resp. 190  h a s  th e  sam e ex p re ss io n  a s  in  (2 . 15) replacing

w ith  ci', x ' ( c i ' =6 i( t i ' ,  t2 ', • • • , t6 ')). F o llo w in g  the method as in

[12, § 5], w e calculate 4' (resp. 190  once more without taking modulo.
W e exh ib it the data and  the result :

.54=  — 4c/,' + 2 d2'2 ,

s, = 5d5' — 5d3' d2' ,

s6= — 6d,' +64' d2' +3d3/2 —

.s7 = — 7 di' d,' + 7 d,' d2" ,

58 = 8d6' d2' +8d,'d,' + 4c1 4" — 8di'd2" — 8d,"cl2' +2d2" ,

59= —  9d,' d,' +9d,'d2" +18d,' d,' d2' +3d," — 9d,' d21' ,
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.4'= —22.3.5 (d,' +  x ' 2 )

and

19' =22.32- 7 (3d6' d3' — d2'2 +2ds'd2' x" +2d4'd3' x'z

d2"x" —5d,' x' +5ds' d2' x" —2ds' x'e)

where di= 6 , • • • , x 6 0  •

T h e n  (2. 15) fo llo w s b y  r e w r it in g  d i ' in  term s o f  ci'. (For
d e ta ils  see  [12].)

Since u = t ,  a n d  (1 +4 u ) (EL, ei) F I L , (1 —  u + ti) =EL, (1
— u)7-ic6, w e have

(2. 16) c ++ — u 1= —1 r  ( 7
3 3 / \ n —

U sin g  (2. 11) w e have easily

,- 13  2,-
2= m o d  ( X ,  a 2 )3

113 u  m od (x, a3),
27

29
C 4 =  C 4  2csu  +  —  u4 m od (x ,

9

— —
5  

ciu+  2 csu
,  

— 
1 8 1  

u
s 

m od (x , as)
3 81

and

C5 C5 —  -4—  c,u + —

1 3  
ciu

,

csu
,  

+ 
1 0 9 3

 u
s 

m od (x , a8) •
3 9 27 729

P ut I ,-  -  (1/27. 3 .5) a n d  9 =  (1/2" .32.7)4

F rom  (2. 15) we deduce

(2.17) 1  -  3 5=  J 5 +
2 81

  

1 1 1 2
—  C 5  —  C4U —
23 2

m od (x , as)

and
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1  - 1 52984
 u

,w  = —  J g —  V U 4
6 81 19683

11 3 1  1 2 3 2 3 1—  —  CgC4 —  —  Cg —  — C g C 3 U  —  C4C3U —  Cg U  —  C3U6
6 16 6 3 8 2

m od (x, c/7, a9) .

(c f . (5. 1) .)

Since in, 1-14 and I  b e lo n g  to  H* (B T ; Q )Ø (u> =Q [u, J2 , Jg , JO, J8,

J9, J12] = Q  [U, 12, V ,  16, 18, w, 1 1 2 ] , w e m ay put

/40=-212 .32.5.7 (A3v2+ 2.2wu + Amu' + /10111°)
 mod b9(= b10),

/,4-=- 213. 3.7.11. 29 (p3w v  + ihwu5+ p1vu9 + p0u14) mod b14

and

218,7 1229L8— (v4w2+ V3wvu4+ v2wie + v iv u "+ v0u18) mod b14

for some A4, fly, V E Q .  We consider the upper re la tion  in  R / (x ,
(10 . B y  (2 . 12) w e have

(2. 18) c52-413v2+ 2.2wu + A m u 'A+  a d o  m o d  (x , cl7, a9).

Using (2 . 17 ) an d  (2. 11) , ( j ) ,  w e  have

2 2 1 2 4— c5c4u + — c5c3u2— c4c,u2+ —C5 c3 u,
4 3 3 3 4

1 1 2 13 12  4Z V U = .  —  C5C4U — C5C3U —  C4C3Z1 —  Cg
6 3 6 8

1 3 ,  1 2 1 g 1 , 1 1vu b—  —  Cg U  —  C5C3U C4C3U —  C g U  -1- —  CgU — C4 U
16 2 2 2 2

1U10c s a u  c 5 c 3 u 2  
C 4 C 3 U 3  —

9  
c32u4+ c5u5— c4te.

8 8

U sing (2 . 11) , (ii) , as the so lu tion  o f (2 . 18 ) we obtain

/1 = 4, /12=  —  8  and = /15= O.

Thus

/457--.2'2• 32. 5 . 7 (4v2— 8wu) mod bill

= 214. 32. 5 . 7L6.
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T he proof fo r the remaining two L 4 ,  1 - 1 8  is  a sim ilar direct calcula-
tion  using (2 .13) a n d  (2 . 1 4 ), so  w e  omit it.

F inally  it rem ains to  p rove (2 . 1 1 ) an d  (2. 13). B u t th e  proof
is  qu ite  s im ilar to  th at o f  (5 . 1 5 ) in  [ 1 2 ] .  So  w e on ly ind icate  the
various steps o f the proof o f  (2. 11).

F irs t w e  show that R=Q[u, c,, c2, • • • , cd is naturally isomorphic
to  Q [ u,  c1, e2, •  •  .9 ( E 7i= 0 C 7 - i 6 )  •  Then

R / (x ) =Q [u, 6-2 , • • • , /(c7— c8u + • • • —  c2u5 — 117).

Since d7=-27c, mod ( x ) ,  w e have

R/ (x, c17) = Q[u, c2, • • • , co] ( —  c6u + • • • —  c2u5 —  u7).

It is  easy  to  deduce from  (2 . 8 )  that the re lations ( b ) ,  ( c )  a n d  (e)
a r e  derived  from  the relations 1 2=0, 1 6= 0  and 1 8= 0  respectively.
Thus

R/ (x, c/7, as) = Q  [u, c3, c4, / (8c8+ c32, — 2c42 + 3c5c3,

C611 +  •  •  • ±  CsU4 — u7)

=Q [u , c 3 , /  ( - 2 c 4 2  + 3c5c3, 1 c22u c,u2

— c4u3 c3u4 — u7) ,

an d  (2 . 1 1 ) fo llo w s . T h e proof o f  (2 . 1 3 ) is done sim ilarly.
Consequently (2 . 4 )  and Lemma 2 . 1  a re  established.

§  3 .  The mod p  cohomology ring o f EVII

T h e object o f th is  section is to  p rove the following

Proposition 3 .  1 .  H *  (E V / / )  is m ultip licativ ely  generated by
som e three elem ents  u H2 , E H "  an d f t .) E H ".

R em ark . In  th e  ligh t of Lemma 2 .  1 ,  ( i i ) ,  th is  proposition as-
serts that no d ivisib ility occurs in  H * (E V II).

Proof . I t is  su ff ic ien t to  p ro v e  th e  mod p  c a se  o f  th e  proposi-
tion fo r each prim e p.

For p > 5  the  p ro o f  is  e a sy . F o r, s in ce U  h as no p-torsion [5],
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the spectral sequence mod p  associated w ith  th e  f ib e r in g  (2 . 5 )  col-
lap ses [ 4 ] ;  from  th is the  mod p  version of Lemma 2 .  1 ,  ( i i )  is valid
and the result follows.

For p = 3 we start from discussing the cohomology mod 3 of EWE,.
Consider the mod 3 cohom ology spectra l sequence ( E P )  associated
w ith  the fibering

(3. 1) E 6/F4--> E 7/F4 — >E7/E8.

We now put F= Ee/ F4, E F4 and B =E7tEe. The mod 3 cohomology
rings o f F  and E  a re  g iven  by A r a k i [2 ] ,  [1 ] :

(3. 2) H * (F; Z3) = A (y,, Y17),

11* (E; Z3) -= A ( x 1 9 , x 2 7 , x 3 5 )

w here yi E  1-1 and x i E I I ‘  Hence E rm  =  0  fo r  q * O , 9 , 1 7 , 2 6  and
r > 2 .  Since (E; Z 3) =0 for 0 < i< 1 9 , we see that 1C)y9 and 10Y17
a re  transgressive. T hus w e obtain

(3 .3 ) H * (B; Z3) =Z3{1, z30 , z18} f o r  dim. < 18.

In  to ta l degree 1 9  there a re  two possibilities :

pos. (a): z0=0.  Z 1 0 0 Y 9  survives to H "  (E ; Z3)
pos. ( b ) :  z 0 I r 0 .  dio (zio® Y 9 ) = z 0 ® 1  and there  ex ists an

element z2701  which survives to  H " ( E ;  4 ) .

B ut pos. ( b )  d o es n o t o ccu r. In  fa c t , if  pos. ( b )  occurs, then

d10 (Z19 0 3 / 9 ) Z io Z 1 9 0 1

w hich  is non-zero since H"(E; Z 3) = 0 .  Rem arking that B  i s  an ori-
en tab le manifold of dimension 5 5 , w e have, b y  P o incaré  duality,

H " (B; Z3)_,--- -z- H29(B; Z3) *0

whose generator is denoted by 2.36. I t is  e a sy  to  se e  th a t z2,C)1 is  a
surviving cycle , which contradicts to H"(E; Z 3) =0.

Obviously 11' (B; Z3) = 0 fo r  1 8 < i< 2 7 .  Sum m arizing these we
have

(3. 4) H * (B; Z3) =A  (z10, z18) f o r  dim. < 26.

A ga in  in  to ta l degree 2 7  there a re  two possibilities :
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.{ pos. (c ): z ioz ie  = O . z1803/9 survives to  H27 (E; Z3) •
pos.(d ): z ioz i8*0 . d50  (z1803/8) = zioz78C )1  and there ex ists an

element z27C)1 which survives to  H27 (E ; Z 3 ) .

In  §  5  w e w ill prove that pos. ( d )  is impossible.
T h u s  w e  h av e  determined H * (E7/E3; Z 3) for dim . < 2 7  (with

som e am b igu ity). T hen  P o in c a ré  duality implies

(3. 5) . If  pos. ( c )  occurs, then

H.* (E7/E8 ; Z 3 )  -  Z 3 { 1, Z 101 Z 18, Z 37, Z 45, Z 55}

with relations z  z_10 -45 =  Z 18Z 37 =  Z 55.  I f  pos. ( d )  occurs, then

II* (E7/E6; Z3) = A (z10, z18, z27) •

U sin g  ( 3 .  5 )  we shall compute H* (EV II; Z 3) as fo llow s. A pp ly
the G y s in  exact sequence for the circle bundle

(3 . 6) T i/

Since H *  (E V II )  h as no  to rsion  and  110 (EV II) = 0  fo r  odd i ,  we
have exact sequences

J pos. ( c )  H * - 2  (EV II; Z3) (EVII; Z3) —o Z3{1,Z3{1, z10,

pos. (d )  H *-2  (EV II; Z 3) H * (E V II; Z 3) --> A (zio, z18)-- - > 0 .

T hus in  e ither case  th e  desired result follows.
For p = 2  the  fo llow ing result is know n by A r a k i  [ 2 ] :

(3 . 7 ) H* (E7/E6; Z2) = A (z10, z18, z27)

S o  the same proof as  in  th e  case  p = 3  holds and this com pletes the
proof of Proposition 3. 1 . Q.E.D.

R em ark . T h e  generator u  of Proposition 3 .  1  can be chosen
such that p* (u) = t 7 ;  th is fact w as essentially proved in  §  1  (see also
the first paragraph o f §  4 ) .

§  4 . The integral cohomology ring of E7/T

S ince H *  (E V II )  i s  torsion free and has vanishing odd dim en-
sional part, the following sequence
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H * (U/ T) H* (E7/T) H * (E V II)

i s  ex ac t a s  r in g s  [12, § 1], that is,

(4. 1) p *  i s  injectiv e, i *  i s  surjectiv e  and Ker i* ( p * (E V II )) .

In  the next section w e  w ill se ttle  o u r r in g  generators (u ,)  V , 7Z

of H* (E V II ) . B y  (4. 1) it suffices to choose the elements (u  =p  (u) ,)
= p* ev) , 711= p* (7:6) of H * (E 7/T ) such that

(4 .2)K e r  i* = (u , fe5).

In  order to  investigate Ker i *  w e need  the following

Theorem 4.1.

H* (E7/T) = Z[ t5, • • t7, r '  I s ,  14, 1 5, 13] / (Ps, P S , P S , 04, P S , Po, Ps, PO

f o r  dim. <18  w h e re  t1, •••, t7 H 2 ,  n e  H 2 6  and

PI =ci - 3 n ,  p2= 6'2 - 4112, p s =c i 2Ti,

P4 = C 4  +  2n4- 374, p, = c, - c411+ c37-12 -2n5 - 215,

Os = 2c6 + n6 + )-32 - 314112 - 21511,

Pi = 2c7r1-9c6n2 -  Ti  -6)-37'15 +13nn4 -67-4-3)-1+ 37-42 +12r,r,3 - ara„

p 9 = c 6 c 9 -  3c6112 + c6112u + nr13u2 + ra12u3 + 113u6 + ri2u7 - 219

f o r  c i= 6 i ( t 1 ,  t 2 ,  • •  •  ,  t 7 )  an d  u =t7 .
P r o o f .  W e ex tract the  following description of H * (E 7/T ) from

Theorem 2. 1 and Proposition 3. 2 o f  [11] :
(4. 3) T h e re  e x is t  g e n e rato rs  Ti G H * (E 7 / T ), deg ri =2 i f o r  i=  3, 4,
5, 9, and  re lations pi e  Z[tl, 1.2, • • •, t7, T i, Is , 14, Is, Ti]/ (Ps), d e g  p i= 2j
f o r j = 2, 3, 4, 5, 6, 8, 9, 10, 12, 14, 18 su ch  th at

(i) II* (E7/T) = Z r  t t 7-1-Y 1 /nLti, -29 ' • - 7 , Ti,1, 4, S j r -S , •  • 014, PIS) •

(ii) p i = 2 r i -  6 , ( i= 3, 5 ,9 )  a n d  P4 = 3n -6 4

w h e re  d i ( i= 3, 4, 5, 9) i s  an  arb itrary  e le m e n t satis f y in g

(4. 3.a) 63,-Sq2192, 65 S q463, 69-=-S q865 (mod 2),

a n d  6 4 - - -T ip z  (mod 3 ), respectiv ely .
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( i i i )  O th e r re latio n  p i  ( j =  2, 6, 8, 10, 12, 14, 18) is  de te rm in ed
b y  th e  m ax im ali ty  o f  th e  in te g e r n  in

(4. 3.b) n• p i= to*Ii.

H e re  the  re lations, s a y  P k , i n  ( 4 .  3 . a )  a n d  ( 4 .  3 . b )  a re  con-

sidered  in

Z [tl, t2 , • • .) t7, Ti, •  r i ]  /  (pi, pm)

f o r  deg n ,  deg pm < d e g  Pk.

D irect calcu lation  using (2 . 9 ) an d  (2 . 10) yields

( 4 . 4 )  12 =  —  25. 3 (c2— 4x2) ,

28. 32(8c, +6.32— 4c5x —  4c2x3 + 4x6) mod a5

and

/8.212.5 ( — 3c5c3+ 2c42+ 12c7x — 3c,c2x-6c5x2 +3c22 x2 +12c,x8

+2 c 4 x 4  — 1 2 c 3 x ' +1 4 2 )  mod a,.

In  v iew  o f  (4 . 3 ) , (iii) an d  (4 . 4 ) w e have

P2 = C2

A pp ly W u 's formula Sq2n-2c_-_-E7:01c„+ic,,_i-1 (mod 2 )  t o  (4. 3) ,

(ii) . W e have

6 8 .S e p 2 = - S q 2 c 2 - ,c 3 +  c 2 c 1 .c 3  (mod (2, p2) ) ,

65.S q465= S e c , .  c5+ caci+ e3e2--c5+ cal

c47i + c3r12 — 2n5 (mod (2, pz, Os))

and

69,---Sq865 Sq8(c5+ cal)

c7c2+ c6c3+ c5c4+ c42r (c7 + c6c2+ c5c2+ c4c3)112

(cot + c5u2+ c4u3+ r id +  u7 + c67.1) 7'12

+ cer22u + r4T18u2 + rajus n27.17

(mod (2, pi, Os, 655 Pa))

using the relation c, = (  — 1 )  i - i c 7 _ , / » .
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Then th e  required form s of pi, p , and po fo llo w . W e  have also

64_2 ipz_gp ic2_  217 .12 , E (t,2+t12)titi_2n4

=4c4—c,c, — 2c22+ c2c12— 27-14.c4 +  2 n 4  (mod (3 , p2)),

and the form of p4 fo llo w s. T h o se  of po an d  Po follow immediately
from  (4. 4) . Q.E.D.

R em ark . T o  o b ta in  the whole structure of H * (E 7 /T ) one needs
only to determ ine the integral form  of /12  mod a 12.

C o ro llary  4 .  2 .  K e r  i* = (u, Ti, r o .

P r o o f .  S ince 0: E o /T '- - >U /T  i s  a natural isomorphism, the fol-
low ing resu lt is just T heorem  B  o f  [1 2 ] ;

( 4 .  5 )  H * (U /T ) = Z [t„ t t6, Ti ,• "9 - 6, 1 ,  4 , ,  , - -  ,  2 ,  , a ,  , 4 ,  ,  5 ,  ,  6 ,  ,  8 ,  , 12.

where ti =g * ' ( t i ')  E  H 2 ,  r i  = 0 " ( T , 0  E  H 2 i  and

01= cl— 3n, 02 = c2 — 4r12, 02=c8-27-3,

04 =c4 + 2r14 — 3r4, P5 C 5  C a l  ±  C 3 r1 2  — 2 n 5 ,

06= 2c0 — c4n2— ri8 + r22,

P8 —  9cer32 + &a's —ri8 + 3r4(r4 —c3ri + 4 ,4 ) ,

=  —  30)2t + t9, 012= to' +15w2t4 —9cot8

f o r

ci = ai (t9, t2, • • • 42), t = Ti t1

and

O) = r4 — can +2T,4+ (rs-2ria +  r92t — Tie+ t2)t.

F rom  ( 1 .  6 )  it follows that

i*  ( c i)  = c i(1 <i<6 )  a n d  i* (c7) = 0.

T hen  w e have

i* (To = T i(i= 1 , 3, 4) , i* ( r )  = o  a n d  i* ( p i )  =0, (i — 2 , 6 , 8 ).

Thus K er i* = (u, T i )  for dim . < 18 .
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B y  (2. 15) it  is  n o t h ard  to  observe that

(4. 6) 19' = 2" • 33• 7 (c9'c3' — 3 c 5 / x " )  mod a9'

and the element in  parentheses gives the relation r , , =  3(o"t' + t "  in
H * (E9/T O  ( c f .  (5. 7) o f  [1 2 ] ) .  T h is im plies i*(3-5) -= 0 and Ker i*
= (u , r„ ro fo r dim. <18.

B y  (4. 2) the  above fact holds w ithout dim ensional restrictions.
Q.E.D.

§ 5 . The integral cohomology ring of E V II and E7/E6

In  this section we identify H* (E V II) with Im p* , and H* (EV II;
Q )  m ay be regarded a s  a  subalgebra of R /  a„ fo r n > 1 8 . Moreover
Theorem  4. 1 perm its u s  to  consider th e  elem ents Ti  r3, r4, Ti, Ts

E H * (E 7/T ) in  R ,  so  that, fo r example, r, = x =  c, E R.
Before proving Theorem A , w e  note the following

70(5 .1 ) j 5 = - c 5 —  c 4 u  + c3u2— — u  mod (x , (4 ),
3 81

9 1
J5-=- — c5c, — —

3  

c33 —  c5e,u +2c,c9u2 —
c3 2 u 3 c 5 u 4

8 4 27

+ —
2  

cdu
5

+ 
8

-
0  

c3u
0

+ 
1 0 5 9 6 8  

u
9 

mod (x, c17, a9)*)
81 27 6561

w hich w as im plicitly used in  (2. 17).

Proof o f Theorem A.
By Lemma 2. 1 , (ii) w e m ay w rite

= a • j ,  +  tt5 ( in  H* (EV II; Q ))

fo r some a, 3e Q. i  i s  unique u p  to  (m o d  1 ) .  O n the otherhand,

b y  (4. 2) and Corollary 4. 2 w e m ay w rite

= r 5 + f  (in Im p*)

fo r some f  H "  ( E 7  /  T )  n (u) . Hence

r5= a • J 5 + •  u 5  — f  (in  R / a ,) .

*) It w ill be convenient fo r  later computation to leave the term le.
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M ultiplying the both sides by 2  gives

ca l+  c,n2 — 27'15 . 2  (a • j  + 9• u5 - f )  mod a5.

First consider th is relation m odulo (u, a5) . Then by (2. 15) we have

e5— e4r1 + c3r22 — 2n5.2a (c, — c4x + cd  —  2 2 )  mod (u, a5).

Hence a =  1 / 2 . N ext consider it modulo (x , a5 ) . T hen by (5 . 1) we

have

c5. c 5 — c4u + c,u2+ (213 — 713) u5— 2f mod (x ,
3 81

and so

f .  —  nu  + r3u2 + (8 -
3 5

)u
5 

mod (x , a5) .
81

Since f  is  in teg ra l, w e  m ay  take  j9= 35/ 81 . (S tr ic tly  sp eak in g , w e
have u sed  (2. 11) , (ii) .) Thus v  (1 / 2 )  J, +  (35/81) u5 can be chosen
a s  our generator V.

S im ilarly  w e m ay w rite

=  s  •  9  +  •  y  +  •  le  ( in  H *  (E V I I ;Q ) )

=7"9-k g (in Im p*)

fo r some a, C, Q  and g E H " (E.,/ T )  n (u, y ) . i s  un ique up to
C (mod 1 )  an d  i (mod 1) . Then

c , c ,  — 3c0r13 + c a i z u  +  
r4y13u2+ r4n2u3+ ri3zt6+ r12u7

. 2  (a • J, C  • vu4+ v •  —  g ) mod a,.

In  R / (u , y ,  a 9 ) ,  b y  (4 . 6 ) w e have

c,c, — 3c6n8.2a (3c6c3 - 9c6x3)

and hence a = 1 / 6 . In  R / (x , d7, a9 )  w e have

—  1 c 5 3 . —  —

1  
c,c, — c,

,

— —
1  

c,c,u c,c,u2— —3 c.32u3  + (C - 1 )c ,u 4
8 3 8 3 3 4 81

+ (_ 2 c +  2  16,4u, +
 + 811

80) csii,+ (2v + 105968)
 u 9 —  2 g .

\ 3 243) 1 9 6 8 3
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From sim ilar reasons we may take =1/81  a n d  77= —52984/19683.
Thus w=  (1/6) J9+ (1/81) vu4— (52984/19683) u9 can be chosen a s  6).

Combining these with ( 2 .  4 )  follows the theorem. Q.E.D.

Proof of Corollary B.
By Theorem A  w e  h ave th e  re la tio n  2wv = (18w — 6vul + u9) u5

in  H *  (E V II), which implies

(5.2)2 v w  (u ).

Considering the G y s in  exact sequence of the fibering
(see  (3 . 6 ))  , we conclude that ( 5 .  2 )  implies

(5. 3) 7c* (vw) ± 0  in  H* (E7/ Es; Z2)

and

rt* (vw ) =  0 in  H* (E7/E6; Zp) f o r  odd prime p.

T h is proves that pos. ( d )  is  impossible and

11* (E7/E6; Z 3 )  =  Z 3  { 1 ,  Z 1 0 ,  Z 1 5 ,  Z 3 7 ,  Z 4 5 ,  Z 5 5 }

with relations z15z45= zi8z37= z, fo r the generators z15 =7c* (v) an d  z18
=7c* ( w )  (see  (3 . 5 )) . Similarly we can show  that H* (E7/E6; Zp)
has th e  same s tru c tu re  a s  in  th e  c a se  p = 3  fo r  each prim e p>5 .
H* (E7/ E8; Z2) is seen i n  (3. 7) . Then th e  corollary follows from

the universal coefficient theorem. Q.E.D.

R em ark . There is an  alternative proof of Corollary B  in which

we work w ith integer coefficients, but we need som e computations
and so w e abandon it.
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