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O. Introduction.

In  th is  paper, w e  sh a ll g en era liz e  th e  results obtained in  [1 3 ].
Let S  b e  a  schem e a n d  le t  G  b e  a  su r je c tiv e  smooth affine group
scheme over S with connected fibres and let X  b e a normal noetherian
S-scheme on which G  acts regularly. W e shall prove fo llow ing three
results;

a) For any line bundle L  on X ,  th e re  is  a  p o sitive  in teger ni

such that Lin ( =  L )  is G -linearizable (cf. Theorem  1. 6 ). M o reo ver,
i f  S  is noetherian  a n d  if  X  is  n o rm al and quasi-projective over S ,

then  there is a  coherent Os-Module E  (c f . Theorem 2. 5) such that
(1) T h ere  is  an immersion X—>P (E) ,
(2) T h ere  is  a  representation p: G --Auts(P (E )) and
(3) T h e  following diagram is commutative.

G  x X   X

p x

Auts(P(E) ) x P (E)

w here 6 :  G X X  X  i s  th e  re g u la r  action  of , G  o n  X  a n d  6'

A uts(P(E )) x P(E)—>P(E) i s  the canonical action  o f A uts(P (E )) on
P (E) . Therefore, th e  regu lar action G  on X  is linear.

b )  If S is normal, noetherian and if X  i s  an S-scheme satisfying
th e  p roperty  (N )  ( c f .  D efin ition 3. 5) on w hich G  acts regu larly ,
then X  is covered  by G -stab le open subschem es (U ,),,,,„  which are

6

6' P (E)
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quasi-pro jective over S  (c f . Theorem  3. 8). Therefore, combining
these results, every regular action of G  on X  is obtained by patching
the quasi-projective S-scheme (X i)  1,j,,, o n  w h ich  G  acts lin early  (cf.
Theorem 4. 9). M oreover, i f  G  is  o f locally multiplicative type, then
X  is covered  by G-stable open subschemes (Ui)i,i,„ which a re  affine
over S  (c f. C orollary 3. 11).

c) I f  S  i s  norm al, noetherian an d  if  X  i s  an  S-scheme satisfy-
in g  th e  property (N )  on  w h ich  G  a c ts  regulary, then there exists
an equivariant completion X  (cf. Theorem 4. 13), i.e ., X  i s  an 5-sheme
on which G  acts regularly such that

(1) X  is proper over S,
(2) X  contains X  as a G -stable open dense subscheme and
(3) T he action o f G  on X  i s  the extension of the action of G

on X .
In  th e  proof o f  th is  m ain  theorem , th e  author ow es th e  most

part to  the resu lts and argum ents of P. Deligne [2].

Notation and convention. L e t S  be schem e a n d  le t  G  be an
S-group sch em e. W e d en o te  th e  multiplication o f G  b y  i t  and the
unit section of G  over S  by e. L et X  b e an  S-scheme. T he regular
action  o f G  o n  X  is  deno ted  by 6 : G x X — >X  and  p2: G x X — >X  is

the  second  p ro jection . Moreover, fo r  ev e ry  point s  of S , X ,  i s  the
fibre of X  over s.

T he au tho r w ishes to  express h is sincere thanks P ro fesso r M.
Nagata fo r  h is m any valuab le discussions and encouragement and to
Professor P . Deligne for his kind letters.

1 .  Preliminary results.

In  th is section, w e  sh a ll p rep are  severa l resu lts . M o st o f them
are  generalized ones o f the results used in  [13].

Lemma 1. 1. L e t S  b e  a norm al noetherian schem e and l e t  G
b e  a  surjectiv e sm o o th  affin e  g ro u p  o v e r S  w ith  connected  f ibres.
T h e n  Picom(S) --- Pic (G) /Pic (S ) i s  a torsion group.
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P ro o f .  It is w ell-know n that i f  S = Spec ( k )  ( k  b ein g  a  field) ,
th e  Pic ( G )  i s  a  to rs io n  g ro u p . H en ce , b y  v irtu e  o f  [3 ] E rr. IV .
21. 4. 13, Lemma 1. 1 is easily proved. q.e.d.

Using Lem m a 1. 1, w e shall p rove the following.

L e m m a 1 . 2 . .  L e t  G  be a surjec tiv e  sm ooth  af f ine group schem e
o v e r S  ( S  b e in g  a  s c h e m e )  w ith  connecred f ib re s  a n d  le t  X  be  a
n o rm al noetherian S -schem e o n  w h ic h  G  ac ts  re g u larly  an d  le t  L
b e  a n  in v e rt ib le  s h e af  o n  X .  T h e n  t h e re  i s  a  p o s i t iv e  in te g e r ni
s u c h  th at  6* (Lm) ( L m ) .

P ro o f .  G x X  i s  a  su r jec tiv e  smooth affine group scheme over

X .  By virtue of Lemma 1. 1, th e re  is  a positive integer n i  such that
6* (En) (DA* (L m ) - '--1--;p2* (M )  w here M  i s  a n  invertib le  sheaf on X .
L et e: S.— ›G  b e  th e  u n it sec tio n  o f G .  Restricting these invertible
sheaves on  the closed subscheme e x X  o f  G x X ,  w e  g e t  th a t  M  is

isom orph ic  to  O . H ence 6* (L"') .:4p,* (Lm). q.e.d.

F o r a  w h ile , w e assume that S , G, X  and L  are  under the situa-
tion of Lem m a 1. 2 and let : 6* (L'i)----> p2* (L m ) b e  a n  isomorphism
w hose existence has been show n in  Lemma 1. 2. L et u s  modify the
0 so  n icely that it provides a  G-linearlization o f  L .  I n  o rd er to  do
th is, le t  u s  consider the following diagram ;

1 0 x 6

(1)

6

P23 
(2) G x G x  ,Y • G  x  X

S  S

where p23 is the projection to the second and the th ird  factors. From
these w e  h av e  th e  follow ing diagram  which is not necessarily com -
m u tativ e . O ur p re sen t a im  is  to  f in d  0 w hich  m akes th e  diagram
commutative.
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[6 ox  a) ] * ( L''' )

  

EA. (1. x  i*  (L r a )

[0-01,23] * ( L,-)

2P:3(0)

[P2° P23]* (LM)

        

[C o  (it X 1.)] * ( Lm)

   

(it x 1.0] * (L i n ) .

   

H ence, the obstruction  (it x 1, ) * (0 ). [pt (0) o (10 x o-)* (0)] -1 for the
commutativity o f th e  ab o ve d iagram  is  in  Isom a p 2 o  x  i n *  (Lm)
= H° (G x  G x  X , OLG X )  . Before computing the obstruction, let us

S  S
recall som e lem m as due to  M . Raynaud ( [9] Cor. VII. 1 ,2  a n d  Prop.
VII. 1. 3) .

Lemma 1. 3. L e t S  be  a  reduced  schem e a n d  le t G  b e  a f lat,
lo c ally  f in ite  p re se n tatio n  g ro u p  sc h e m e  o v e r S  w ith  sm o o th , co n -
nec ted  maximal f ib re s  and le t f  b e  an elem ent o f  H° (G,  w h ic h
tak e s  1  On the unit section o f  G . T h e n  f  i s  a  c h arac te r o f  G.

Lemma 1. 4. L e t S  b e  a norm al noetherian schem e and let G
b e  a f lat, f in ite  p re se n tatio n  S -group sch em e  su ch  th at G , is sm ooth
at  e v e ry  point s ( s E S )  o f  co d im en sio n  1 . T h e n  w e  have th at

(*) H o m „  ( G , G„,) i  I T  Hom„ (G,, Gm ,,)

w h e re  77 ranges a l l  the maximal points of S  and the m ap  (*) is  the

restriction m ap.

In addition to  the above, we need

Lemma 1. 5. L e t G  be a  geom etrically  in tegral k-group scheme
(k  being  a  fie ld ) an d  let K  b e  a  reg u lar ex ten sion  field of k. Then,

i f  f  i s  a  ch arac te r d e f in ed  o v er K ,  f  is  d e f in e d  o v e r k.

P ro o f .  I f  k  is a lgebraically  c losed , then  lem m a 1. 5 is obvious.
Since i (G )  and K  (G ) a re  linearly disjoint over k (G) , (G ) n  K  (G )
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= k  (G) w here Tz i s  an  algebraic closure of k. q.e.d.

N o w  w e  sh a ll co m e  b ack  to  the situation  before Lem m a 1. 3.
L e t  f  b e  t h e  e lem en t o f  H° (G x G x  X, C)- cx ox x ) represented by

S  S 8 3

x 1 x)* (0) Ept (0)  o (1,x  a.)* (0)] - 1 and let e: S - ÷G be the unit section
of G .  If we put f ' = f  x  G  x  X, then f '  can  be regarded a s  a n  ele-

S  S
ment of H° (G x X, O t„x ) a n d  -=-f /p t( f ')  is a  character of G x G x X

S  S
by v irtue o f  Lemma 1. 3. S in ce  G  x  X  i s  a  smooth X-scheme with

connected fibres, every maximal point z  of G x X  lies over a maximal

point x  of X  and k ( z )  i s  a  regu lar extension field of k  ( x ) .  Hence,
by v irtue o f Lemma 1. 4 and Lemma 1. 5, .2 (q1 , x l ( o  e  x )  for..1 -1, , -1 -1, - , - ,
ev e ry  (g1, y2, .r.) E G x G x .K . By the same arguement 14(f ') =14(A 2)

S  S
pa* ( 6 )  w h ere  /12 i s  a  ch arac te r o f  G  x  X  and is  a n  elem ent of

H °(X ,O x * ) and  p3:G x G x  X -->X  i s  the pro jection  w ith  respect to
S  S

th e  th ird  fac ta r. Therefore, f  = iliP(A 2)P3* ( a )  a n d  w e  h a v e  that

01 X  1 .0*(0 ) =  P(A 2)1,3*(6)[A (0). (1, X 61* ( ) ] .  O n  th e  other hand,
(I1 X 1x)*(P2* (d)0)= P3* (6) (it x lx)* (0) ,14.3 (P2* (6)0) =1,3* (6)P t (0) and
(1G x (7)* (p,* (a) 0) = Pt (6*(0) (1G x 6)* (). moreover, Pt (6*(6))= Pt (e)
p,* (6) w h e r e  i s  a  character o f G X X  by v irtue of Lemma 1. 3 and

Lemma 1. 4. Hence, i f  w e  replace b y  p,* M O , th en  w e  have an
isomorphism 0: 6* (Lm) 1 ,3*  (L m ) s u c h  th a t  ( f i x  lx )*  (0 )  = P23 (As)
[ A °  ( 1 0 * with som e character (o r  it2) o f  G x G x X

S  S
(o r G x X  re s p .). Restricting these isomorphisms on the closed sub-

schemes e x G x X  (o r  G X e X X )  o f G x G x X  an d  u s in g  th e  fact
S S  S S  S

that 2„ (g1, g2, x) A 1(g2 , e , x ) fo r every  (g1, g2, x) E G x G x  X , w e  can
S  S

easily  see that /12 = 1 (resp. A1-- 1). Hence we have the desired equaliy

(P x lx)* (0) =14 (0) (1G x 6)* (0).
T h u s , w e  h av e  th e  fo llow ing w h ich  p lays an im portant roll in

section 2.
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Theorem 1. 6. L e t  S  b e  a  schem e a n d  l e t  G  b e  a surjectiv e
sm ooth  af f ine g ro u p  sch em e  o v er S  w ith  connec ted  f ib re s  an d  le t X
b e  a  n o rm al noetlzerian S -schem e o n  w h ic h  G  ac ts  re g u larly . T h e n
f o r  an y  in v e rtib le  sh e af  L  o n  X , th e re  are  a positiv e  in teger in  and
an  isom orph ism  0: 6* (Lm)-=;p2* (Lm) s u c h  th at  ( ,ux 1 ,)*  (0 )  =p23 ( )

(10 X * (0) .

2 .  Quasi-projective case.

In  th is  section , w e sha ll genera lize  T heo rem  1  i n  [1 3 ] which
w as a  key to  p rove the existence of equivariant completion.

A t first, w e shall prepare lem m as on dual actions (cf. [ 6 ] ) .  Let
S  b e  a  schem e a n d  le t  G  b e  an  affine group schem e over S ,  i.e.
G = S p ec (B ) w here B  i s  an  O s-A lgebra. Then we have O s-A lgebra
homomorphisms;

B — >B  x  B  a n d  e B—>0 s
Os

which correspond to  the m ultiplication of G  and the un it section  of
G , respectively.

Definition 2. 1. ( 1 )  L e t M  be a n  05-M odu le . I f  th ere  is  an
Os-homomorphism of 0 3-Modules; 6: M-->BOM such that

Os
(a) the fo llow ing diagram  is commutative

BC)M
os .11 1/4

BgBOM
O s O s

BC)M
Os

and

(b) M—>BC)M M  i s  th e  identity morphism, then 6- is called
Os

a  dual action of G  on M.
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(2) L et 3  be a  dual action  o f  G  o n  M  a n d  le t  N  b e  an  0 s-
subm odule of M .  T hen  N  is  c a lled  invariant under th e  dual action
,  if  3 (N) g im [B o N ,B o m i  .

osO s
T he fo llow ing is a  generalization o f  a  v e ry  important lemma due

to C artier ( [6] ) , and though the proof is m ostly the  sam e a s  h is , we
sh a ll g iv e  it h ere  fo r completeness.

Lemma 2. 2. Let S = Spec (A ) be an affine noetherian scheme and
le t  M  b e  an A-m odule and let G = Spec ( B )  b e  an  af f ine group
schem e ov er S  w hose  coordinate  rin g  B  i s  a projective A -module.
I f  3: M --->BOM  is a dual action of G on M , and  if N  is  a f initely

A
generated A -subm odule o f  M , then  there  ex ists  a f initely  generated
inv arian t subm odu le  E (N ) o f  M  such that

(1) E ( E ( N ) ) = E ( N )  and E ( N )  is  the sm allest inv ariant sub-
m odule o f M  w hich contains N.

(2) L e t  S ' = Spec ( A ' )  b e  a  noetherian S -schem e and let B '
=B C )A ' , M ' =M O A ' , N ' =Im [N O A ' — >M 0 A 1  and  le t 3' : M '

A A A A
B 'C )M ' be  the induced  dual action of G ' =S p e c (B ')  on M '.  T h e n

A '
E (N ') In  p a r t ic u la r , if  A ' is  A -f lat, then

A
E (N C )A ')  = E  (N )  A' .

A A

P ro o f .  L e t  B* =-HomA (B, A )  b e  th e  d u a l m odule of B .  We
shall define an  A-endmorphism r b. of M  fo r any elem ent h* of B * as
follows ;

ru.: n  Tu. (n) -= E h* (b i) n, E M

where et (n )= E, biC)ni.
Then Tworbe=rbi..,„. fo r  a l l  1.1* , b 2 E B *  (B *  is  canonically con-

sidered to be an A-algebra and 1,1* • b,* is the product of 171* and b2*) . We
shall put E  (N )  =E b .,B . y  (N )  . L et u s  sh o w  th a t E  (N )  i s  th e  de-
sired  invariant submodule of M.

(i) I t is  eas ily  seen  th a t N C E ( N )  by Definition 2.1 (b ) .
(ii) L e t  in a  b e a  generator of N  let 6" (n i)  =E j b ij® n if  where
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b u e B  and  n u E M .  Then  r, (no E., h* ( b u ) n u  f o r  any b *  B * ,
hence E ( N )  is  a  submodule of j ,  n i j A .  Since A  is noetherian,
E ( N )  is a  finitely generated A-submodule of M .

(iii) S ince r..,,„= r„ (E (N )) g_E (N ) fo r  a n y  b* E B*
Let ni b e  an  element o f  E ( N )  and let (m) h iC )m i. We shall
shall show that we can take the m s  i n  E ( N ) .  Since B  is A-flat,
it is enough to prove th e  following; L e t N ' be any A-module and
le t  V b i® n , be an element of B C )N ' such that \-7 b* (b1) C)ni= 0 for

A
any b *  B *  .  Then -= O. S in c e  B  is A-projective, B C =  A '
fo r some A-module C .  Let {e , }  be the  free  basis of A .1  and assume
that bi= aixe,„(ai, E A )  f o r  every i. Th en  E  biO n i=

and = 0 fo r every 2 by our assumption, hence \--1.
= 0.

T he above (i) - (iii) show that our E  (N ) has the properties (1),
(2). T h e  property (1 ) is  obvious. L e t  {n1} b e  a  generator o f N
a n d  le t  8(0 =  E i b ijC )n ii. Furthermore, l e t  { e ,}  b e  a  basis of
B C =  A .  Th en  E ( N )  is generated by {E a i j o , i }  where bu=

aii,ex. Thus we can see easily the  property (2). q.e.d.

Corollary 2.3. L e t  S  be a noetherian scheme and let G=S pec(B )
be a  smooth af f ine group scheme over S  with connected fibres and
le t a: M-B ® M  be a  dual action o f  G  o n  M  where M  is  an 0

Os
Module.M o d u le . Then f o r  any coherent Os-subm odule N  o f  M , there is a
coherent invariant 0 s-subm odule E(N ) o f  M  which contains N.

P r o o f .  Let (Sa) acA be an  affine open covering of S. Then
fo r any a, T r(G  x sa, )  is  a n  H° (Sa, 05)-projective module bys
virtue o f  [1 0 ] Prop. 3. 3. 1. Hence we can construct a  coherent in-

variant Orsubmodule E ( N )  o f  M  which contains N  by v irtue of
Lemma 2. 2. q . e . d .

Corollary 2. 4. Let S  be a noetherian scheme and let G = Spec(B)
be a  smooth affine group scheme over S  with connected fibres and
le t  H  be a  closed subgroup scheme o f  G  w hich  is  sm ooth  over S
and  has connected fibres. Then there exist a  coherent 05-Module
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M  on e  w h ic h  th e re  is  a  d u a l  a c t io n  o f  G  a n d  a  q u o t i e n t  O s -M o d u le
N  o f  M  s u c h  th a t  H ( T )  ( H ( T )  be ing  t h e  s e t  o f  T-valued p o in ts
o f  H )  i s  e q u a l  t o  1g E G (T)I Spec (S• (NT) i s  in v a ria n t  u n d e r g}
(S• (N i) b e in g  t h e  sy m m e tric  OT-Algebra o f  N T )  f o r  a n y  S-cheme
T .  M oreov er, i f  S  i s  a  noetherian reg u lar sch em e  o f  d im e n s i o n  1,
th e n  M  a n d  N  a r e  locally  f r e e  sheaves.

P ro o f .  L et /  b e  the defining ideal of H  and  let r: G-->S be the
structure rnorphism  of G .  L e t P  b e  a  coherent Os-submodule of B
such that th e  id ea l gen era ted  b y  P  in  B  is  I . Then M = E (P )  and
N = M / M (1 7 r (I )  a re  d es ired  o n es . In  order to  prove the first part
o f C oro llary 2 . 4 , w e m ay assume that T  and S  a re  a ff in e . Now we
shall put Spec = (A), T  Spec (A '), G= Spec (B ) a n d  le t  : M—*BOM
be the dual action of G  on M .  Since B /I i s  a projective A-module
6' (1nm) E B o m  n ( I 0 B + B O I )  = IC )M + B 0  (In m )  .  Thus Spec
( S . (N ) )  i s  invarian t fo r any elem ent g  o f H ( S ) .  Moreover Spec
(S •  (N ')) where N ' = N (g )A ' is  invariant for any elem ent g '  of H (T ) .
L e t  B '-= B O A ', M '-= M (g )A ' and let 5"': M '— >B 'O M ' b e  th e  dual
action  o f G' = Spec ( B ' )  o n  M '  an d  le t E : B '- - )A !  b e  an A'-homo-
morphism such that 8' ( I m  n ) gim [ln O M ' — >Y0M1
+ I m [ ( I  n m) oiv-->M1 w here in Ker 6. I n  order to prove
our assertion, it is enough to show that mDr =Im[/041/— >B1 which
is  the defining ideal o f  H x T  in  G x T .  N ow  le t  u s  p ick  a  system

of generators {f„ •••,f„)- of P .  T h en  If101 , • • • , f „0 1 1  g en era te s  the
ideal I ' ,  hence w e have only to prove that f1 0 1  i s  in  in  (i=1,2,•••,
n ) .  F ro m  th e  above assum ption o n  m , w e  h a v e  th a t  8' ( fic)1 )
= E x i C)yi + E bkOck w h ere  th e  x  (resP. y t ,  b k  o r  c k )  a r e  in  in
(resp. M ', B '  o r  [(I n m ) o  — )M 1 ). L e t  "e•' : B ' — A 'A '  b e  the unit
section  o f B ' and let Ç9: M'—>B' b e  th e  canonical homomorphism.
Then fi01 =  (10e) o (10go) ( f , 0 1 )  E e' (xi) x  +  E eVck ))bk .
S in c e  é 'ir  =0 , fiC )1=  E e'(cp (y i)) ,  h e n c e  f ® 1 Em . In  order to
prove the second part of Corollary 2. 4, we m ay assume that S= Spec
(A ) a n d  th a t  A  is  a  discrete valuation r in g .  S ince B  i s  a torsion

free A-m odule, M  i s  a  f r e e  A -m o d u le . I f  am  E /T IM  w here aOE
A —  101 and m e M— ( in  M ),  then a E I because I  is  a  p rim e id e a l of
A .  T h i s  i s  a contradiction because B /I is  A -p ro jective . Therefore
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N  i s  free. q.e.d.

Now we shall generalize Theorem 1  in [13] .

Theorem 2. 5. L e t S  b e  a  noetherian schem e a n d  le t G  b e  a
surjective sm o o th  affine g ro u p  sc h e m e  o v e r S  w ith  connected f ibres
and let X  b e  a norm al noetherian 5-cheme w h ic h  is  quasi-projective
o v e r S  and on w h ic h  G  a c t s  re g u la rly .  T h e n  th e re  i s  a  coherent
sh e af  E  on S  su c h  th at

(1) T h e re  is  an im m ersion  ço: X—>P(E),
(2) T h e re  is  a  represen tation  19:G—*Auts(P(E)) and
(3) The f o llo w in g  d iag ram  is  commutative.

G  x  X  

x

Auts (P(E)) x P (E)

w h e re  6 ' i s  the can on ical ac tion  o f  A u ts (P (E )) on P (E ).

P r o o f .  Since X  is  quasi-projective over S, there exist a coherent
sheaf M  o n  S  and an im m ersion i ; X ---> P (M ). L et L= 0 pon (1)1 X
where apon  (1 ) is  the tautological invertible sheaf on P ( M ) .  Then,
by virtue of Theorem 1. 6, we may assume that

( i ) there is an  isomorphism 0: a* (L ) — >p,* (L) and
(ii) (fix 1x) * (0) -= Pt (0) (10 X 0") * (0)

Let f: X -->S be the  structure morphism a n d  le t  G = Spec ( B ) .  From
(j),  w e  have homomorphisms ;

6
f*  (L ) *p2.6* (L)

f  *P 2 * ( 0

>f *1,24,2* (L) f * (L) .
s

(T he last isomorphism is obtained from the Kiinneth formula.)
We define a to be the composition of above m orphism s. Then it is
easily seen that ô is a  dual action of G  on f,1, (L )  by virtue o f ( ii) .
L et a : M — >f * f * (M ) — >f *(L ) be the  canonical map and  let N  be the
im age of M  in f *  (L )  .  N  is a  coherent Os-submodule of f *  (L )  .  If
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w e put E  to  b e  th e  coherent invariant submodule E (N )  that is ob-
tained in Corollary 2. 3, then E is the desired  coherent sheaf. In  fact,
since X-->P (M) is  an immersion, the canonical surjective map f*(E)---J,
gives a n  immersion yo: X --*P (E ). O n the other hand, the dual action
a of G  on  E  g iv e s  a  lin ea r  regu la r  action  os  o f  G  o n  P (E ),  i.e.,

: G x P (E) >P (E) such that

G x G x P (E )
S  SI11.,. x 'p(s)

G x P (E) 
S

 

x o''

 

G x P(E)

6 '

P(E )

      

is  commutative and
e x1r(E) 6'

(ii') P(E) :---> G x P (E) --> P (E) i s  th e  identity morphism.

Furtherm ore, it is easily seen that
O.

G x X X

(iii') 1 1aX ço

G  x  P (E )  P  (E )

is  commutative. q.e.d.

Corollary 2. 6. U nder the situation of Theorem  2 . 5 , X  has
an equivariant completion.

P r o o f .  L et X  b e  th e  sm allest c losed  subscheme o f  P  (E ) such
that X  dominates X  (c f. [3 ]  Prop. 9. 5. 10). Then X  i s  an  equiva-

riant completion of X. q.e.d.

3 .  G - stable quasi - projective open coverings.

In this section, w e shall prove that every point of X  is contained
in a G-stable open subscheme w h ich  is  quasi-projective over S .  This
is  a  generalization o f Lemma 8  in  [13].
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L et X  b e  a noetherian scheme and let Z1 (X ) b e  th e  group of
c y c le s  o f  p u re  codimension 1 o f X . H ere  w e  sh a ll co n s id e r  o n ly
those elem ents w ith integral com ponents of Z ' (X ),  i .e . ,  D =
w here the D i a re  integral closed subschemes of X  o f  codimension 1
and w e shall call such elem ents W e il divisors o f X.

A t  f ir s t ,  w e  s h a l l  r e c a l l  a  re lation  betw een  effective Cartier
d iv iso rs and  effective  W eil d iv isors on norm al noetherian schemes.
Let D n i D i  be an effective W eil divisor on a normal noetherian

scheme X  an d  le t U = W a}  (A a= (U a,O u„)) be an  affine open cover-
in g  of X . W e  sh a ll put /3 , to  b e  prim e ideal o f A „  associated with
the divisor D in  ua in A „ for all i  a n d  a . I f  D i n  = 0, then P,1 = A .

W e sh a ll h e re  d e fin e  an  ideal Ia(D )  to  b e  rl where p »  is
the symbolic n1-th power of P i .  It is  eas ily  seen  th at the  associated
ideal sheaves 1a(D ) o n  th e  U , can be patched to each other, hence
we can construct an ideal sheaf 1(D) on  X  such that 1 (D)IU a = I a(D)
fo r a l l  a .•  W e sh a ll h ere  ca ll 1 (D )  th e  id ea l sh eaf of D .  Then D
i s  a  C a r t ie r  d iv iso r i f  an d  o n ly  i f  1 ( D )  is  a n  invertib le sheaf (cf.
E.G.A. V ol. IV , Prop. 21. 7. 2, Cor. 21. 7. 3).

N ext w e sha ll reca ll a  property on sym bolic pow ers. Let A  be
a  local r in g  an d  le t A  b e th e  (s tr ic t) henselization of A .  W e shall

» re fe r  to  [1 1 ] o n  th e  (s tr ic t) henselisation o f  A .  T h en , th ere  is  a
filtered inductive system  o f  {21,} w h e r e  th e  A ,  a r e  lo ca l étale A-
algebras and A  i s  the inductive li mit of {Ai} • A is noetherian (resp.
reduced or norm al) if and  on ly if  A  is  noetherian (resp. reduced or
n o rm a l) . A  is fa ith fu lly  flat over A .  Now le t  A =Aim A, where the
211= (BO , ,  the B i a re  étale A-algebras and the 7 1 i are m axim al ideals
o f B i  ly in g  o v e r  the m axim al id ea l n  o f A .  A ssum e th at B  i s  a
reduced  A -algebra. T hen  h- = B O A  is  red u ced . In  fact, since B i is

A
étale o ver A , B C )A , is reduced, hence is  r e d u c e d .  T h e r e f o r e ,  if

A
we assume that A  is a noetherian ring  and  that B  i s  a norm al finitely
generated A-algebra, then fo r any prim e ideal of p  in  B  of codimen-
sion 1 (i.e., dim B p =1 ) , ph- has no embedded prime ideals and e l . §  =
p1(n)fl nPr(m) for every positive integer m  where the p i  (i = 1, 2, •-, r)
are the prime ideals in of codimension 1. Note here that k is also
normal noetherian.
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L et k  be a  f ie ld  an d  le t B  b e  a n  in tegral, fin ite ly generated  k-
algebra and  le t k ' b e a  fin ite purely inseparable extension field of k.
Then Spec (B ® ,, k ') is irreducible. Therefore, if p is a prime ideal in B
of codimension 1, then p® ,, k ' i s  a  p rim ary ideal in  B O k '.  Further-
m ore, i f  Spec (B )  is  geom etrica lly  norm al, then p(m)®k  = p '( )  fo r
every positive in teger in  w here e  i s  a  p o w e r  o f  characteristic o f  k
and p ' i s  a  p r im e  id e a l in  B.>®k' of codimension 1. Therefore, we
have the following.

Lemma 3. 1. (1) L e t  A  b e  a  noetherian lo c a l  rin g ,  B  be  a
n o rm al f in ite ly  g e n e rate d  A -alg e b ra a n d  l e t  p  b e  a  p rim e  id e al in
B o f  codimension 1. T hen  p(BC)A A ) (A  b e in g  th e  ( s tric t)  henseliza-
tion o f  A )  h a s  n o  e m b e d d e d  p rim e  id e als  an d  poo (BC)AA)
n ••• nproo f o r e v e ry  Po s it iv e  in  w h e re  the  p, (i=1, • • • ,r) are prim e
id eals  i n  B  o f  codimension 1.

(2) L e t  k b e  a  _field, B  b e  a  f in ite ly  g e n e rate d  k-algebra such
t h a t  Spec (B ) is geom etrically  n o rm al an d  le t  p  b e  a  p rim e  id e al in

B  o f  codimension 1. T h e n ,  f o r  an y  f in ite  p u re ly  in se p arab le  e x -
tension .field k ' o f  k , pO k ' i s  a  p rim ary  id e al i n  B g k ' a n d  p("')C)k1
=p '( " )  f o r  e v e ry  p o s itiv e  in te g e r in  w h e re  e i s  a  p o w e r o f  charac-

te ris tic  o f  k a n d  p ' i s  a  p rim e  id e al i n  BC)k ' o f  codimension 1.

W e shall add tw o elem entary lem m as o n  W eil divisors.

Lemma 3. 2. L e t  S  b e  a  noetherian schem e a n d  l e t  X  b e  an

S-cheme su ch  th at
a) X  i s  o f  f in ite  ty p e  an d  f la t  o v e r S  and
b) X , is  in te g ral f o r  a l l  p o in ts  t ( t e  S )  o f  codimension 1.

Fu rth e rm o re  le t  D  be  a W e il d iv iso r o n  X  s u c h  th at  D r1  X ,=  f o r
a l l  m ax im al p o in ts  t  o f  S .  T h e n  th e re  is  a  W e i l  d iv iso r E  o n  S
su c h  th at  D  i s  th e  in v erse  im ag e  o f  E .

P ro o f .  W e may assume that D  has on ly one integral component.
Let x  be the m axim al point of D  and let y  be the image of x .  Then,
since X  i s  fla t o ver S  and x  X , for every  maximal point t  of S, y
is  the point of codimension 1. L et E =  {y}  in  S .  T hen  the inverse
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im age of E  i s  a  W e il divisor o f X  by our hypotheses a) and b) . It
is  eas ily  seen  th at D= inverse im age of E. q.e.d.

L e t S p ec  (A ) b e  a  n o rm a l noetherian sch em e . F o r  a  regular
meromorphic function f  on Spec (A) ,  le t  cyc ( f )  = D  — E  b e  the W eil
divisor associated w ith the C artier divisor ( f )  w ith  the positive (or,
negative) part D  (o r E  resp.) (c f . [3 ]  Chap. IV) . T ak e  a non-zero
d iv iso r t  o f  A  su ch  th a t S p ec  ( A / t A )  i s  nom al. L e t D =.\ - 'nz iD,
(resp. E = E n i E J )  and  let p i  (resp. q i )  b e  th e  defining ideal of D,
(resp. E 5 ) .  Assume that every  = p i  + t A / t A  (resp. =  q1+ tA /tA )
i s  a sem i-prime idea l in  A / t A  of codimension 1 for every i  (resp. j) .
In  th is  case, w e  sh a ll say  th a t D i (resp. E5) meets with Spec (A/tA )
at c lo sed  in tegra l subschemes in  Sp ec  (A ) tran sversa lly . F o r every
i  (resp. j ) ,  w e  s h a l l  p u t  P i =  P i l  n • n ( r e s p .  n no-P)
w here the f ) , ' (resp. q ie )  are  th e  associated prim e ideals o f I li  (resp.
q i )  and define D c n i k  (resp. E=r1 j,e) where the D i. (resp.
a r e  th e  c lo sed  in tegra l subschemes o f  Spec (A / t A )  defined by -fiik
(re sp . 5é) ( k =1 , •  •  •  ,k ,:e =1 ,• • • ,e 5 ) .  T h e n  w e  h av e  th e  following
lemma.

L em m a 3. 3. U n d e r the ab o v e  s itu atio n , D  and E  are linearly
equ iv alen t to  each  o ther.

P ro o f .  I n  o rd er to  p ro ve  L em m a 3. 3, w e  m a y  assum e that
Spec (A )  is integral because Spec (A )  is  n o rm a l. Let { r k}  be the set
of associated prim e ideals o f t A .  Then every r ,  i s  of codimension 1
in  A . M o reo v er , 1- , * p 1  and rk * q .,  fo r a l l  i ,  j  and k  by our assump-
tion. H e n c e  w e  c a n  w r it e  f = a / b  w h ere  a e A ,  b E A  and a r k ,
b e r ,  fo r  a l l  k. L e t  f= a / T/ w here a  (resp. -1;) i s  th e  im age  o f a
(resp. b )  in  A / t A .  T hen  f  i s  a  regu la r  meromorphic function on
Spec ( A / t A )  and e y e  ( 1)—  D — E because A i,  is  r e g u la r  fo r  every
prim e ideal p  ( D t A )  in  A  o f  codimension 2. q . e . d .

U n d er th e  ab o v e  p rep ara tio n s , w e  sh a ll p ro v e  th e  following
Lemma 3. 6 which is analogous to Lem m a 1. 2 in  section 1.

Before proving Lemma 3. 6, le t  u s  introduce the following notion
(c f . [9 ]  Lemma IV . 2. 4.) .
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Definition 3. 4 . L et S  be a noethrian sch em e. W e say  th at an
S-scheme X  h a s  th e  property (N )  i f  t h e  fo llow ing conditions are
satisfied;

(1) X  is  flat and of finite type over S,
(2) X ,  is geom etrically norm al fo r  a ll m ax im al po ints t  o f S

and
(3) X , is  g e o m e tr ic a lly  in te g ra l f o r  a l l  po in ts t ( t  E S )  of

codimension 1.

Remark 3 . 5 . M . Raynaud proved the following (c f . [9 ] Lemma
(v .  2 .  4 . ) ) .  L et S  b e  a norm al noetherian schem e an d  le t X  b e an
S-scheme such that

a) X  i s  flat and of fin ite type over S,
b) X , is geom etrically normal for all m axim al points t  of S  and
c) X ,  is geom etrically reduced fo r  a l l  points t  ( t  E  S )  of codi-

mension 1.
Then X  is also normal.

Now we shall prove Lemma 3. 6.

Lemma 3. 6. L e t S  b e  a  noetherian schem e, G  b e  a surjective
sm ooth  a ffine  g ro u p  sch em e  o v er S  w ith  co nn ec ted  f ibers and let X
b e  a  n o rm al S-scheme w h ic h  h as  th e  p ro p e rty  (N )  and on w h ic h  G
a c t s  re g u la rly .  Assume t h a t  D  i s  a  W e il d iv is o r o f  X  su c h  th at
Supp D contains no m ax im al points of  .fibers of X . T hen  there  are a Posi-
tiv e  in teger m and a re g u lar ineromorphic f unction  f  on G x  X  and a

Cartier d iv iso r E  on  S  su ch  th at

6* (nD) —  P,* (7,1D) + P2* n* (E) = cyc ( f )

w here  r: S  i s  a structure m o rp h ism . T h e re f o re , i f  Pic (S )  i s  a
torsion group, th e n  w e  have that

6* (mD) 1)2* (m D ) =  c y c ( f )

fo r  a  p o sitiv e  in te g e r m  and a  re g u lar m erom orphic f u n c tio n  f .

P ro o f .  O f course, w e m ay assume that D  is  a n  integral closed
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subscheme an d  th a t 7r: X —>S i s  surjective, S  and X  a re  integral be-
cause X  is  n o rm a l. A t first w e assum e that S=Spec ( k )  where k  is
a field (p = characteristic of k ) .  L et k ' b e a  fin ite algebraic extension
field of k  such that G  is rational over k ' and  le t k s' be the separable
closure of k  in k ' .  Then 1(D) 03)k1' -=I(D') where 1 (D )  (resp. 1(D '))
is  the ideal sheaf of D  (resp. D ')  and D ' i s  a  W e il divisor on X C)k .'
w h ich  is  w ritten  in  th e  form  D' = D 1 ' + •••+D ,' with som e integral
closed subschemes D i ' of codimension 1 in  X C )k ,' (cf. Lemma 3. 1).

M oreover, -1(D )C )k ' =-1(D ") w here D "  i s  a  W e il  d iv iso r on X (Dk'
(cf. Lemma 3. 1). Since G  is rational over k', w e  m a y  assume that
6* (D ") _p2* (D ") =  ( f ')  for some f '  E k ' (G x  X )  by virtue of Lemma
5  [1 3 ]  and lemma 1. 1. L et F = Aut, ( k ')  and let I  b e  the order of
F .  T hen 6* (D") ( D ' ' )  =  ( f ' " )  f o r  a l l  a  E F  because 1(D ") =
1(D) O k ' .  Therefore, there is a positive integer n  such that 6* (1,"0 " )

p2* (P"0") = ( ( i i  f  '" ) P ')  . S in c e  ( f l a f  " )
 E  k (G X X ) ,  6* (mD)

— p,* (m D )  = ( f )  for a positive integer in and a non-zero meromorphic

function f  E k (G  X X) . N ext w e consider th e  gen era l c a se . L e t
be the maximal point of S .  B y  the above result, there are a positive
in teger m  and  a non-zero  meromorphic function f ,,E k(v) (G,, X Xs)
such that 6,7* (inD„) — p ( m D )  =  ( f ) .  By virtue of lem m a 3. 3, we
have that 6* (ntD ) — p,*(mD)— p2*2-r* (E) ( f )  where E is a W eil divisor

o n  S  and f = - f , ,  i s  non-zero meromorphic function o n  G x X .  Let

e: S—>G b e  th e  u n it  section o f  G .  S in ce  G x  X  is smooth over X,

X e  X X  i s  a  regular immersion in  G x  X . T h e re fo re , fo r any point

x  o f X , there is an affine open subscheme U = Spec (C )  ( E x )  in G x  X

such  that there is a n  étale morphism y): U--)X [t„ • • t„], X = v - '
(X = the closed subscheme in  X [t„ •••, t„] defined by the ideal (t„ •••,
t „ ) )  (c f . [ 4 ]  Expose II. Theorem 4 . 1 0 .).  H ence, i f  w e deno te the
elem ent ( C )  corresponding to each t i  ( i=1 ,• • • ,n )  through ço b y  t,
a lso , th en  { t„ •-•, t„}  i s  a  C-prime sequence in  th e  sense of Serre.
For each i, Spec ( C / t„ • •, t i ) )  is smooth over X  and Spec (C/ (t1, •••, ti))
m eets w ith  p 2 -  ( D )  a t  c lo se d  in te g ra l subschemes tran sversa lly  in
Spec (C /ti, •••, t1_1)) where D  is  any c lo sed  in tegra l subscheme in  X
of codimension 1. Since X is  normal and Spec (C /( t„ • • • , ti_1)) is smooth



Equivariant com pletion 589

over X , 7* (E )  i s  a  C a r t ie r  d iv isor o n  X  b y  v ir tu e  of Lemma 3. 3.
M oreover, since : X—>S i s  a  faithfully flat morphism, E  i s  a C artier
divisor on S .  T he second part of Lemma 3. 6 is obvious. q.e.d.

Corollary 3. 7. U nder the  situation  o f  L em m a 3. 6 i f  q  e G (S)
an d  i f  Pic (S )  i s  a  to rs io n  g ro u p , th en  th e re  are  a positiv e  in teger m
a n d  a  re g u lar meromorphic f u n c tio n  f  o n  X  su ch  th at

y. (inD ) — inD= cyc(f)

P r o o f .  T he proof is sim ilar to  that of Lemma 3. 6.

N ow  w e are in  position  to generalize Lemma 8  in  [13].

Theorem 3. 8. L e t  S  b e  a  n o rm al noetherian sc h e m e  an d  let
G  b e  a  surjective sm oo th  affine group  schem e ov er S w ith connected
f ib re s  a n d  l e t  X  b e  a n  S-scheme w h ic h  satis f ie s  the p ro p e rty  ( N )
a n d  o n  w h ic h  G  a c t s  re g u la rly .  F o r a n y  dense  open  subscheme U
o f  X  w h ic h  is  af f ine  o v e r S , w e  s h a l l  p u t  W  =  p ,(6 -' (U )) an d  le t
{D„ ••• , D , }  b e  t h e  s e t  o f  irre d u c ib le  c o m p o n e n ts  (w ith  re d u c e d
s tru c tu re s)  of  X —  U. T h e n ,  f o r  D =)-1  n iD i w ith  p o s it iv e  integers

th e re  is  a positiv e  in teger m s u c h  th at  mDITV is a  C art ie r div isor
o n  W  a n d  Ow(mD1W ) i s  S-very a m p le .  I n  p art ic u lar W  i s  a  G-
stable quasi-projectiv e open  subscheme o f  X  o v e r S.

P ro o f .  In  order to prove Theorem 3.8, w e m ay assume that X
and S a re  in tegral and that X = W .  A t first, w e assume S=Spec(k)
where k  i s  a  f ie ld . L e t k' be the separable closure of k. T hen , since
the set o f k'-rational points of G  is  dense in  GC)k', there a re  finitely
many k'-rational points 00, • • • , M . of GC)k' (g,•=- the u n it o f  GC)ki)
such  th at X g k ' =  U=„ gi ( U C )k ') .  B y v irtue  of lemma 3. 2, there is
a  W e il divisor D ' on X O k ' such that R inD )C )k ' =  f(inD ') for every
positive integer in. On the other hand, th e re  is  a positive in teger in
such that 6* (niD')=1,2* D ' )  ( f )  where f  is a regular meromorphic
function o n  (G x X ) C) k' by v irtue of Lemma 3. 6. Therefore, inD' ,
mn (giD') , •• , nz (g,..13') have following properties;

(1) in (q D ')  is linearly equivalent to m D ' and X®k' — m (q,D')
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is  affine for every i (i =  0, 1, • • • , r )  and
(2) XC)k' = U (XCA' — ni ( g , D ' ) )

H ence, »/ D ' i s  a  very am ple divisor and is  a  C a r t ie r  d iv isor for a
sufficiently large ni. Thanks to the descent theory, inD  is  a very ample
C artier divisor on X .  W e consider next the general c a s e .  By virtue
of [3] IV . 8. 5. 5 and IV . 8. 10. 5. 2, w e m ay assume that S= Spec (A)
w here A  i s  a  lo ca l normal noetherian r in g .  We shall prove Theorem
3. 8 b y  an  induction on  d im ension  o f A . When dim A =  0 , w e  have
already proved it. L e t  s  be the closed point of S  an d  le t So= S—  {s}.
B y  th e  induction hypothesis, w e m ay assum e that Theorem  3 . 8  is
true over So. Let A  b e the strict henselization o f A  an d  le t 3 =  Spec
(A ) , 30=3 — 3  where i s  th e  closed p o in t o f :5". Since i s  the
unique closed po in t o f 3  ly in g  o v e r s ,  the dim ension o f  :50 is  less
than that of ;3. B y virtue of Lemma 3. 1, I (m D )(1 )0 g = 1 (in r)) where
/7) is  a  W e il d ivisor o n  g =  X x  3  fo r every positive integer m . O n

the other hand, b y  the induction assumption, there is a positive integer
such  that in o )  is  a  C a r t ie r  d iv iso r an d  is :50-very ample

where Tr: g— >3 i s  th e  s tru c tu re  m o rp h ism . S in ce  A  i s  the strict
henselization o f A  an d  G-=G x  3  is sm ooth over 3', there a re  finitely

many A-rational points g 0 = e ,g 1 , • • • ,g , o f -6 such that i f  w e  p u t -V=
Uri=, gU (CI= U x  ,  then  V - i = g ,  Furthermore, since Supp r i  con-

tains no maximal points of fibres o f X" and since Pic ( ) = 0, there is
a positive in teger m , s u c h  th a t  (ni b )  is  lin early  equ iva len t to  nz,r)
fo r all G ( 3 )  b y  v irtu e  o f  C o ro lla ry  3 .7 . H en ce , i f  we restrict
in2/3 o n  V , then in ,D IV  i s  a  C artie r  divisor and is  v e ry  ample for a
sufficiently la r g e  i n ,  b y  v ir tu e  o f  C oro llary 3. 7. T h u s m ir )  i s  a
C artier divisor on g  and is 3-very ample for ni m 1ni2. By faithfully
flat descent theory, 7/JD  is  a  C artie r  divisor and i s  S-very ample.

q.e.d.

B y  T h eo rem  2 . 5  a n d  Theorem  3 . 8 , w e  h a v e  th e  following
theorem.

T h e o r e m  3 . 9 . L e t  S  b e  a  n o rm al n o e t h e r ia n  schem e a n d  l e t
G  b e  a  s u r j e c t i v e  sm oo th  a f f i n e  g ro u p  sc h e m e  o v e r S  a n d  l e t  X  be
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a n  S -chem e h av in g  the  p ro p e rty  (N ) .  T h e n  e v e ry  re g u lar action
o f G  o n  X  is  o b tain e d  b y  p atc h in g  th e  lin e ar a ction s  o f G  on  X i
w h ic h  are noetherian, normal and quasi-projective o v e r S.

By Theorem  2. 5 a n d  Theorem 3. 8, w e  h a v e  th e  following Co-
ro llary  3. 10 o n  connected smooth affine k-group sch em es. L e t  G  be
a  connected smooth affine k-group schem e ( k  b ein g  a  f ie ld )  a n d  le t
X  b e  a  geom etrically n o rm a l a n d  geom etrically  in tegral k-algebraic
scheme o n  w hich  G  a c ts  r e g u la r ly . I f  L  i s  th e  k-rational functions
field of X, then G  acts rationally on L .  In  fac t, if  w e put f g = 7;, ( f )
f o r  any f E L  w h ere  y  i s  t h e  generic  p o in t  o f  G  a n d  To_i: X Dx-->
g 'x E X ,  then eg : L E  f —>e ,( f )=f °  E Q (k (G )C ) ,L )= the quotient field
o f  k (G) ®k. L  i s  a  k-homomorphism such that ev,gzU  = - $ , , , , ( f ) )  for
any g „g 2 E G  a n d  6, ( f )  = f  (e  being the  unit element of G ) .  Further-
more, by virtue of Theorem 2. 5 a n d  Theorem 3. 8, w e h a v e  a  rational
1-cocycle 6 = {6,1 E H ' (G (k) ,k  ( L )  )  (k being th e  algebraic closure of
k ) and finitely many elements f „• • • , f „ o f L  such that L = k  ( f „ —, f„)
an d  6 ,p .E 1 f ik  f o r  a n y  g E G ( k )  a n d  i  ( 1 < i < n ) .  Conversely, if
G  acts rationally o n  a  regu la r  extension  fie ld  L  over k  a n d  if  there
a r e  a  rational 1-cocycle 6= {6,} e FP (G (T) , k ( L ) )  a n d  finitely many
elements f „  •••, f „ of L  satisfying the  above conditions, then  it is  easily
seen  th at th ere  is  a  geom etrically n o rm a l an d  geometrically integral
k-algebraic scheme X  o n  which G  acts regu larly  such  that L-=k (X )
a n d  th e  a c t io n  o f  G  o n  X  induces t h e  rational a c t io n  o f  G  o n  L.
Therefore, we h a v e  th e  following corollary.

Corollary 3 .  1 0 .  L e t  G  b e  a  connected sm ooth affin e  algebraic
k -group schem e (k  b e ing  a  fie ld ) a n d  le t  L  b e  a  re g u lar extension
f ie ld  o f  k  on w h ich  G  ac ts  ra t io n ally .  T h e n  the f o llo w in g  tw o  co n -
d itio n s  are equiv alent;

(1) T h e re  a r e  a  ra t io n a l  1-cocycle 6= { 6, } E IP (G  (TO , k (L ))
( k  b e in g  the  alg e b raic  c lo s u re  o f  k )  and f in ite ly  m an y  e le m e n ts

f „- •  ,  f „ o f  L  s u c h  th at  L - =k ( f „- •  , f „)  and  Ogfe E  f f k  f o r  any
g E G ( k )  and i  ( 1 < i < n )

(2) T here  is  a geom etrically  norm al and g eo m etrically  in teg ral
k -algebraic schem e X  on  w h ic h  G  ac ts  re g u larly  su c h  th at L = k  (X )
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and the action  o f G  o n  X  induces the rational ac tion  o f G  o n  L.

W e sh a ll n o w  gen era lize  C o ro lla ry  2  in  [1 3 ]  which has m any
app lications (cf. [7 ]).

C oro lla ry  3 . 11. L e t S  be a norm al noetherial schem e and let
G  be a  sm ooth locally  diagonalisable group schem e ov er S  w tih con-
nected  f ibres (c f . [5] E x posé  V III) and le t X  be an S -chem e w hich
satisf ies the p ro p erty  (N ) and on w hich  G  ac ts  re g u larly . T h e n  X
is cov ered  by  G-stable open subschem es w hich are af f ine ov er S.

P ro o f .  B y  v ir tu e  o f  T heo rem  3 . 8 , w e m ay assum e th at X  is
quasi-projective over S .  Furtherm ore, we m ay assum e that S= Spec
( A )  is affine and G =Spec (A [211]) where 111 i s  a  finitely generated
free  ab e lian  g ro up . B y v irtue  o f Theorem  2. 5, there exist a  finitely
generated A-module F  and  a  dual action a  of G  such X  is embedded
into P ( F )  eq u ivarian tly . L e t x  b e  a  closed po int of X .  Then we
show th at th ere  is  a G-stable affine open subscheme U  o f X  which
contains x .  L et P  be the homogeneous defining ideal of p ,(6 -  I  ( X )  )  red

in  S • (F) (S • (F) being  th e  sym m etric algebra o f F )  and  le t  X  be
the smallest closed subscheme in  P ( F )  w hich  con ta in s X . If X = X ,
then  C oro llary  3 . 11  is obv ious. In  fact, if F = C )F „, be the decom-mEN
position of F  associated with the action of G  on F, then some f ,„(EF„,)
is not contained in P .  Therefore, Spec (S . (F) " ) )  i s  the desired open
subschem e. H en ce , w e  assum e th a t X * X  and  th a t /  is  the homo-
geneous defining ideal o f  (X  — X) r e d  in S ( F ) .  S in c e  P I ,  there is
an  element f  ( E l )  w h ich  is  n o t co n ta in ed  in  P .  L e t  V =E (A .f )
(cf. Lem m a 2. 2), i.e., V  is the sm allest invariant submodule of S• (F)
under the dual action 3  which contains f .  Since V P ,  th e re  is  an
element f ,„( E V „,)  w h ich  is  n o t co n ta in ed  i n  P .  I t  is  c le a r  th a t
Spec (S.(F) (f„,)) is the desired G-stable affine open subscheme. q.e.d.

R em ark  3 . 12 . I f  G  i s  m ultiplicative type over S  (c f .  [ 5 ]  Ex-
posé IX ), then C orollary 3 . 11 is not necessarily true. We can con-
struct a  counter-example easily.
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4 .  M ain  theorem.

In  th is  section, w e  sh a ll p ro v e  o u r m ain  theorem , i.e ., th e  ex-
istence of equivariant completion which is a generalization o f Theorem
3  in  [ 1 3 ] .  I n  [ 2 ] ,  P . D eligne proved M . N agata 's re su lt [8 ] on the
existence of completion, without using valuation r in g s .  It is not too
difficult to see that his elegant proof is effective in our case, however,
w e  sh a ll g iv e  a  proof, along his lin e , of our m ain theorem fo r com-
p le ten ess . R o ugh ly  sp eak in g , o u r p ro b lem  is  to  sh o w  th a t  crucial
algebraic schem es appearing in  the process of D eligne's proof are G -
s ta b le . A t first, w e shall prepare several lem m as on blowings-up.

L et A  be a  commutative noetherian ring and let a be an ideal of A
and le t  X =  Spec (A ), Y =  V (a) (Y  being the closed subscheme of X
defined by a) . Then the blowing-up :g" of X  w ith  center a  is covered
b y  open subschemes ID (x) = Spec (A[ct / x])LvEa. L e t Z = V (b ) be a
closed subscheme o f  X  a n d  le t  Z ' b e the pure transform o f Z  in  g.
Then Z 'n D ( x )  is  th e  closed subscheme of D  (x ) defined by bA[1/.4
n A [a / x ] fo r  ev e ry  x  a. H e n c e ,  i f  x E a n  b , then  Z n D ( x )  =0.
Therefore we have the following.

•  Lemma 4.1. L e t  X = S p e c (A ) a n d  let a and b b e  id e als  of A
and let b e  the b lo w ing -u p  o f  X  w ith  the cen te r 0 + 6 .  T h e n  the
p u re  tran s f o rm  of V (a )  is  c o n tain e d  in  U D (x) .

Lemma 4 .  2 .  Let the f o llo w in g  b e  a commutative d iag ram  of

noetherian schem es;

Y

IP
X

w here
(1) p  is  o f  f in ite  ty p e , .
(2) i  and j  arc open im m ersions and
(3) k i s  an immersion and Y is  c lo sed  in  p' (V  ) .

L e t  a  b e  a n  id e a l  o f  X  s u c h  th a t  V (a) = F = V — U  .(V — U  being
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the closure o f  V  — U in  X ) ,  F2 = V  (d )  and  le t b be an ideal o f  X
such that G =- V (h) is contained in  F — V  set-theoretically and that

(G )  conta ins V  (F2) n Y  scheme-theoretically ( Y being the closure
o f  Y  in  Z  w ith  reduced  structure ). Then , a fte r  the base change

g :  X  (g being a m orphism  defined by the blowing-up o f  X  with
the center a + b) , the new closure Y o f  Y  is  disjoint w ith  the new

closure V  — U o f  V —U.

g
 2=zxX

 

P i IP'
X   F .0

P r o o f .  It is enough to prove p ' ( Y) n v-- U = 0  in  5-C. Thus we
m ay assume X =  Spec ( A ) .  Let b b e an element of b. T h e n  b= 0 on
yn p - ' (F2) , hence b c e i j a i a  j  on Y locally  w here the a , a5 E a, and
the a i j  are local regu lar functions. S ince a d b  i s  a  regular function
on D (b) in  e.g", 1 = E  a5(a/b)a5  o n  Y locally. T h e re fo re , p' -4(q-1(F))
n p '  (D (b)) n Y = 0. S in c e  U bEb D  (b )  con tain s th e  new  closure
V  — U of V — U  in  IC b y v irtu e  of Lemma 4. 1, -= q' (F) np' ( Y )
( V -  U) np' ( Y) • q.e.d.

Lemma 4. 3. Let the fo llow ing be a  commutative diagram o f
noetherian schemes;

X' X'

IP
I qU X

where
(1) U  is  dense, open in X  and X ',
(2) p  and  q  a re  o f  f in i te  type and

(3) X ' = ( X ) .
Le t F  be a  closed subscheme o f  X  and le t E  be a  closed subscheme
o f  X '  which contains p- V ) .  Then there is an ideal a  o f  X  such
that

(1) V (a)O E F— F and
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(2) a f t e r th e  b ase  c h an g e  r; 5e—>X d e f in e d  b y  th e  blow ing-up
o f  X  w ith  th e  c e n te r ci a n d  af te r re p lac in g  X ' b y  th e  c losure  U  o f—

i n  X x X ',  w e  h av e  q-1(F)CE.
X

Proof . L e t  q* (F) = E (F) = EU q' (F — F) . Then, applying
Lemma 4. 2 to  the following commutative diagram  o f schemes;

    

X ' —E

      

X— (F—F)

  

- X ,

    

w e find an  ideal a  of X  such  Supp a C F— F and th at a fte r the base

change .3 -+ X  defined  by th e  blowing-up X  w ith  th e  cen ter a , th e
new  c lo su re  F  o f  F  i s  d isjo in t w ith  th e  im ag e  o f  th e  c losure of

—q* ( F )  in  X' —E .  In  p articu la r , rep lacing X ' b y  U , this new
closure F  i s  disjoint w ith  the im age of X '— E . q.e.d.

Lemma 4. 4. L e t  S  b e  a  noetherian schem e an d  le t th e  f ollow -
in g  b e  a c o m m u tativ e  d iag ram  o f  sep arated , f in ite  ty p e  S-chemes;

   

Xi

 

(* ) c "

 

(1 < i< n )

w here
(1) U  i s  dense, open  i n  X  an d  X i  (1 < v i< n ) an d
(2) X , is  p ro p e r o v e r S,

an d  le t X *  =th e  c lo su re  o f  -{(u, • • ,u)lu G  U1 in  X,x • • • x X .  M ore-
S  S

o v er assum e th a t  Fi is  c lo sed  i n  X i  (1 < v i< n ) a n d  r17=1Pi-1(F1) =
w h ere  p i: X* _X1 i s  t h e  i-th p ro je c t io n . T h e n , af te r re p lac in g  Xi
b y  a  b low ing-up o f  X i w i t h  a  su itab le  c e n te r c o n tain e d  i n  Fi —F,
f o r  each  i  (1 < i< n ), w e can  ob tain  the sam e  d iag ram  a s  (* )  satisf y -
ing  the conditions (1 ) a n d  (2 ) such  that the intersection of  the inv erse
im ag e s  o f  F i b y  p i  is em pty .

P ro o f .  L et ai be the ideal of X *  such that V(ai) = p i - ' ( F i )  (with
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reduced structure) for each i  ( 1 < i < n )  an d  le t X **  be the blowing-
up  o f X *  w ith  th e  center a=a,+•••an a n d  le t  q i X**-->X* 1±'>X i  for
each  i  ( 1 < i < n ) .  T h en  Fl L  qi - 1(F1) = by v irtue o f L em m a 4. 1.
Applying Lemma 4. 3 to the following diagram ;

   

X**I (I;
X ,

      

and FiOEX,, E1-7. q1- '(F1 ) , w e find an  ideal a/  of X, such that
(1) V (a i') — F  and
(2) after the base change X i — >X i defined by the blowing-up

o f  X , w ith  th e  cen ter a ,' and  after rep lac ing  X * *  b y  the closure U
o f  U  in  X** x X i ,  w e h ave  q c ' ( F O C E i .  In  the new  situation, we

X,
have th a t n i  q ,-  (Po OE n  E t =  on  U  ( U  being the closure o f  U
in X ** ). S i n c e  U—>X* is surjective, n 1  qi - r(Fi) =5 .q . e . d .

Remark 4. 5. T h e above lemmas a re  th e  sam e ones due to  P.
D eligne [2 ] an d  if  a  group scheme G  acts on  the algebraic schemes
which appear in the above lemmas, 4.3 and 4.4 then we can find a G-stable
ideal satisfying the same property in Lemma 4. 3 an d  th e  equivariant
blowing-up o f the X i's having the sam e property in  th e  Lemma 4. 4.

L et u s reca ll the notion of (proper) quasi-dominations of rational
maps.

Definition 4. 6. Let X  and Y be S-schemes. A quasi-domination
f : X — >Y  i s  a couple ( U ,  f )  form ed by a dense open subscheme U  of
X  and an  S-morphism : U — >Y  such that the  F f= f  (a) ) E U }

is c losed  in  X x Y .  In  th is  case, w e  a lso  s a y  th a t  X  i s  cluasi-doini-
S

nant over Y  or that f :  U — >Y  i s  a quasi-domination of X  o v e r  Y . In
particular, if f : U — >Y  i s  proper, then we say that f :  X--> Y i s  a  proper
quasi-domination.

Next Theorem 4. 7 i s  one of key facts to  prove the existence of
equivariant completion.
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Theorem 4. 7. L e t S  b e  a  noetherian schem e a n d  le t G  b e  an

affine g rou p  sch em e  o v er S  and  let X , Y  b e  f in ite  ty p e  S-schemes on

w h ic h  G  ac ts  re g u larly .  F u rth e rm o re , assume t h a t  X  is  in te g ral,

a n d  Y  is  c o v e re d  b y  G-stable o p e n  subsch.emes (Y ,) , , , ,„  su c h  th at

e v e ry  Y i i s  equivariantly em bedded into  P (E1 ) w here E1 is a coherent

05-Moduk o n  w h ic h  th e re  is  a  d u al  action  of G .  L e t  U , V  (U c V

OEX) b e  G-stable open subschemes o f  X .  I f  a  G-morphism f: U-->Y
i s  a quasi-domination of V  o v e r Y , th e n  th e re  is  a G-stable id e al a

o f  X  such  that Supp a CX— V and th at f* : X* L>Y is  quasi-dominant

w h e re  X *  i s  the blow ing-up o f  X  w ith  th e  c e n te r a.

P ro o f .  T he proof o f Theorem 4. 7 consists o f several steps.
a) L e t  G  a c t  o n  X x  Y  d iago n a lly . R ep lac in g  Y  b y  X x  Y .

W e m ay assume th at th ere  is  a G-morphism p: Y--->X  such that f  is
a  sec tio n  o f p  o n  U  and f  (U )  i s  a  G -stab le  closed subscheme of

p ' M oreover, w e m ay assume that Y  has a G-stable open cover-

ing Y= (Y ,),,„ such that every Y , is equivariantly em bedded in P(E1)

where E1 is a  coherent Ox-Module o n  w h ich  th ere  is  a  dual action

of G.

b) R ed uctio n  to  the quasi-p ro jective  case . L et  U1 =f-'(Y1),

pi— plY ,---> X  and fi=f jUi—>Y1 fo r  every i  ( 1 < i < n ) .  If U,=çb  for
some i ,  w e m ay  om it su ch  u ,  to  p rove T heorem  4 . 7 . I f  Theorem
4 . 7  is  tru e  fo r every fi: U1—>Y1, then  there is a G -stable id e a l a , of

X  such that Supp 01EX— V and X1-->XL* Yi i s  quasi-dominant where
X ,  i s  th e  blowing-up X  w ith  th e  center a,. T h e n , le t  a=a,••.a.
be the product o f a l l  th e  id e a ls  a i an d  le t 5 -C" b e  th e  blowing-up of
X  w ith  the center a. S ince there  is  a G-morphism )7—>X1 for every

5--> X 4Y 1 is quasi-dominant for every i. Therefore, there is a  G-
stable open subscheme ( U / D  U , )  o f  .5-C such  th at th e  graph  1-1,
={ (x ,f i ( x ) ) l x  Un is  c lo sed  in  X x  Y , fo r every i. Hence

Xf .-->17 is  quasi-dominant because X  is integral.
c) Reduction to th e  c a se  U= V . C o n s id e r  th e  following com-

mutative diagram of schemes.
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f ( U ) p-1 ( 7) Y

IP
L et C  be th e  defin ing ideal o f  ( V— U) red U  being the closure
o f V— U  in  X )  in  X  an d  le t I  b e  th e  defin ing ideal o f  ( f  (U ) )  red
( f ( U )  being the closure of f  ( U )  in  Y )  in  Y .  T hen , if w e  put

to  b e  the kernel o f the morphism ;

0 x — >P*(0r) -->P*(0r/Im [P* (0) — >0 ,] +  I)

is G-stable, Supp2)C X— V and satisfies the condition of Lemma 4.2.

Lemma 4. 2 shows that we may assume Ur= V after blowing up X with the
center Z . M oreover, after b low ing up X  w ith  the center X— U , we
m ay assume that X —  U  is  a  C artie r  divisor o f X.

d) Q u a s i-p ro je c t iv e  c a se . B y  s t e p  (b ) , w e  m a y  assum e that
there is a  coherent 0,-module E  w ith  a  dual action of G and th at Y
is embedded equivariantly into P ( E ) .  F o r  ev e ry  point x  o f X , we
shall define a n  id e a l tlx of y , x  in  th e  following w a y . L e t  E,= H°
(Spec (0 x ,x ), E ), U,= Un Spec O ., Yz= P - 1(SPec (O x ,x ) )  (p  be-

    

in g  th e  s tru c tu re  morphism Y—>X) , f. =flUs---->Ys and let fx  ( Ux)
(w ith reduced structure) be  the closure of f , ( U , )  in  P(E„).

P (E )

J
Y,

f .r t i  P.

Spec (0x,x)

J

 

P (E )

J
Y

f p.

       

Then, b y  the above assumption, f,, ( U.,,) -= Proi (S. ((F x )) for a coherent
,,x - module F, on w h ich  there is a  dual action of G x Spec ( 0 . , 5 )  (s

being the im age of x  in  S ) .  L et -(u„•••, u„)- b e a  minimal generator
of F , .  Then u . ,/ u ,  • • , /4/zt, can be regarded a s  rational functions on
Spec (0 , , , )  through f r  fo r every  I, ( 1 < i < n ) .  Here we shall define
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the ideal (Ix of Oz,, to be the ideal generated by the set Az =  {h•u,/ui, •• • ,
h - u ju i lh  E O ,x , h . u 3 /u , E  0 x V  f o r  som e i ( 1 < i < n )  a n d  ev e ry  j
( 1 < j < n ) } .  T hen  a ,  is independent o f  t h e  ch o ice  o f a  m in im al
generator o f  F.,. I n  f a c t ,  l e t  { u , ', • • • ,u ;}  b e  a n  another minimal
generator of F , .  T h en  th e re  is  a  non-singular (n x n) -m atrix  (a,1)
(a,1 E Ox, x )  such that u,' = L i ain c i  fo r every i. Assum e that h -u ilu ,
is  an  element o f  A , .  F o r  ev e ry  a, 3  ( 1 < a < n , l < 8 < n ) ,  w e have

aia(h •u i/u ,) )u s ' /u a' =L i  a is ( h • u i / u i )  E  x .  H ence, i f  w e  put
ha =rj a ia( h • u i /u i) ,  then ha E A z ' w h e r e  A , ' i s  th e  s e t  defined by

• • u„'}- s im ila r ly . T h u s  az  is independent o f  th e  cho ice of a
minimal generator of F ,  because ( a , i )  i s  a  non-singular m atrix. W e
shall put n  =  (o z ) „ ,•  This is  a  desired G-stable idea l of X .  In fact,
it is  eas ily  seen  th a t a  i s  G-stable b y  the saine method in  Lemma 18

in  [1 3 ] an d  th a t Supp CX — U , 5i--->X 41' i s  quasi-dominant where
L  is the b low ing-up X  w ith  the a. q.e.d.

N ow  w e sha ll p rove a n  equivariant C h o w 's lem m a. T h is  i s  a
generalization o f  Theorem  2  i n  [13] . B efore proving i t ,  w e  note
here the following.

Remark 4. 8. I f  X  h a s  th e  p ro p erty  (N )  o v er a  noetherian

norm al schem e S ,  then Theorem  2. 5 an d  Theorem  3. 8 show s that
X  is covered  by G-stable open subschem es (X ,),,,„ such that every
X , is  equivariantly- embedded into P (E ,)  w here E ,  i s  a  coherent 0 -
Module on w h ich  there  is  a  dual action of G .  O n the other hand, if
X  has such an open covering an d  if 5-C i s  a  blowing-up X  w ith  a  G-
stab le ideal o f X , then 5-C has also such an open covering. M oreover,
if  X  and  Y  has such  an  o p en  covering a n d  if  Z  i s  th e  scheme ob-
tained by patching X  an d  Y  along a G -stab le open  subscheme in  X
and Y , then Z  h as  a lso  su ch  an  o p en  co verin g . F ro m  n o w  on, we
sh a ll c a ll su c h  a n  o p e n  covering, a  G -stab le , quasi-projective open
covering, fo r the simplicity.

Theorem 4. 9. (E q u iv arian t C h o w 's  le m m a) L e t S  b e  a norm al
n o e th erian  sch em e  a n d  l e t  G  b e  a  s u rje c t iv e  sm o o th  af f in e  g ro up
schem e ov er S  w ith connected f ibres an d  le t  X  b e  an  S -schem e hav ing
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th e  p ro p e rty  ( N )  o n  w h ic h  G  a c t s  re g u la rly .  Assume t h a t  U  i s  a
G-stable d en se  o p en  subscheme o f  X  w h ich  is  q uasi-p ro jec tiv e  o v er
S .  T h e n  w e  have a d iagram . o f  S-schemes;

w here
(1) q: — > X  i s  a  blow ing-up  X  w i t h  a  c e n te r a  s u c h  th at  a

i s  a G-stable id e al  o f  X ,  Supp tiOEX —  U  and
(2) X  i s  an 5-projectiv e schem e on w hich  G acts regu larly  and

con tains X ' as a G-stable dense open subscheme.

P ro o f .  W e m ay assum e that X  an d  S  a r e  integral because X
a n d  S  a r e  n o r m a l .  S in ce  U  is  quasi-p ro jec tive , th e re  is  a  p ro jec tive
integral S-scheme U * on  which G acts regularly by virtue o f  Corollary
2 .  6  a n d  U *  con tain s U  a s  a  G -stab le  o p e n  su b sc h e m e . Applying
theorem 4 . 7  to U * and X ,  w e m ay a ssu m e  th a t U *  i s  quasi-dominant

over X .  T h u s , th e re  is  a  G -s ta b le  o p e n  subschem e V  o f  U *  and a
Gsmorphism ço: 17—>X such  that there is t h e  following diagram

V  U*

(p: morphism

X   S
a n d  t h e  g ra p h  I {(x,ç,,(x )lx  E  V }  is c lo s e d  i n  U* x X .  Since

U* — >S i s  p ro je c tiv e , ço is  p r o p e r .  H ence U*—>X i s  a  proper quasi-
domination.

W e can  app ly t h e  next lemma to this situation.

Lemma 4. 10. L e t  S  b e  a  noetherian schem e  and  le t  U , V , X
a n d  Y  b e  f in i te  ty p e  S-schemes s u c h  t h a t  t h e re  i s  the f o llo w in g
diagram

V
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w h ere  U  is • a d e n se  open su b s ch em e  i n  V ,  X  and  Y  and  v: V—>X is
a quasi-dom ination  of Y  o v e r X .  M o re o v e r as s u m e  th a t  Cl i s  an
id e a l  o f  X  s u c h  t h a t  Supp aEX —U, ,17 —>X—>V i s  a  quasi-dom ina-
tio n  w h e re  X . is  the b low ing-up  o f  X  w i t h  the  c e n te r Cl a n d  that
T : W -->V i s  a  q u a n s i-d om in a t io n  o f  .5-C o v er V .  T h e n  w e  h av e  th at

(1) 1V= Proj ço* (a) " )  and
(2) th e  g rap h o f  T  is  c losed  in Y x  .

Proof . L e t  f7= Proj (.>'n>f■ (0* (ci) ). T hen  V =  V x L e t  cr.:
X

—>g b e  th e  second p ro jection  and  let 8: W-317 b e  the morphism
induced by q .

 

a

   

3

            

V

W e prove that aolg = 1, and 130a= 1ii. Then we can prove IV= Proj
(12,,,,(g9* (a)"). F irs t of all, w e prove that F: W —>V is  p roper. L et

,  b e the graph  o f  ço an d  le t  7r: -37—>X  b e  th e  structure morphism.
Then V= (1 v x (T ,) a n d  fh e  projection m a p  f7,--* V is proper.

Hence To—> V is also proper because is closed in  V= V x X . T here-
X

fo re , T: W—>V i s  p r o p e r .  O n  th e  o th e r hand , 8=--- (r, injection) ,
IV—> ft is  p ro p e r . S in ce  U  is contained in  W  and V  as dense open

subschemes, 8(W ) = V , i.e ., c e .  = 1 ,  and f lo a = 1 .  S in c e  I ' ,  is
closed in  Yx X  by our assum ption , (1,x7r) - V , ) = V — T ,  is closed

in  Yx q.e.d.

Let -us com e back to th e  proof o f  Theorem  4. 9 ;  B y  v ir tu e  of
Theorem 4. 7 (c f . step  ( d )  Theorem 4. 7 and Rem ark 4. 8), there is
a G-stable idea l a  o f  X  su ch  th a t Supp a EX— U  an d  X --X - > V  is
quasi-dominant w h ere  XT i s  th e  blowing-up o f  X  w ith  th e  center a.
Applying Lem m a 4. 10 to  th is  situation, w e  see  th a t W =Proj
ço* (a ) " )  w here T: W—>V  i s  a  quasi-domination o f X  o v er V .  How-
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ever, go is a  proper morphism, hence W =?.  N o w  le t  b be the ex-
tension o f  yo*(a) t o  U *  a n d  le t  X  b e  th e  blowing-up U *  w ith the
c e n te r  b . T he X ' and X  a re  desired ones. q.e.d.

W e  sh a ll p re p a re  one m ore lem m a to  prove the existence of
equivariant completion.

Lemma 4. 11. L e t S  be a  noetherian schem e and  le t G  b e  an

affine group schem e ov er S and let X , and X 2  be in tegral, f in ite  type
S-schemes o n  w h ic h  G  ac ts  re g u larly . M o re o v e r assume that each
X ,  ( i=  1,2) h a s  G-stable, quasi-projectiv e open cov erings and that
U  i s  a  G-stable open subscheme in  b o th  X ,  a n d  X 2  T hen there
ex ists a f in ite  ty p e  S-scheme X on w hich  G  acts regularly  such that

(1) U  i s  a  G-stable open subscheme in  X  and
(2) th e re  a re  G -rational m aps p i: X— ,X, (i=  1, 2) w hich  are

proper quasi-dominations.

P ro o f .  B y v irtue  o f  Theorem 4. 7, w e  m a y  assum e th at X ,  is
quasi-dominant over X 2  Therefore we have the following diagram of
schemes;

(go: 17—>X2 i s  a  morphism and go is a quasi-domination of X , over
X 2 ) .  B y  v ir tu e  o f Theorem 4. 7 a g a in , th e re  is  a  G -stab le  id ea l a
o f  X 2  such  th a t  Supp ciCX2 —  U  an d  X2—*X2—> V i s  quasi-dominant.
Lemma 4. 10 show s th at W =Pro j yo*(a)") and ro is c losed  in
X2 xXi w here r : V  i s  a quasi-domination of X ,  o v e r  V . L e t  b

b e the extension of go*(a) to  X ,  and  le t X , '  b e the blowing-up of X ,
with the center b and let q: X ,' —>X1 be the structure morphism. Then
W  is isom orphic to q ' ( 7 ) .  W e shall denote the isomorphism by a.
T he graph re , of a  is c losed  in  X2x X i ' .  In  fac t, since 7 = q oa  and

F r is  c lo sed  in  X2x X „ (1 x ( T O  = F  is  c lo sed  in  X, x X , ' .  Let
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X  be th e  S-schem e ob ta ined  by patch ing  X ,' and  X 2  along W  and
• X—>Xi b e the G-rational map (i= 1, 2). Then X  and p i  ( i= 1, 2)
a re  desired ones. q.e.d.

Remark 4. 12. T h e above proof show s that w e can take such
• C.71—>X, (UE X , pi: b e in g  a  p ro p er m o rp h ism ) t o  b e  a
m orphism  obtained by a  blow ing-up w ith a  G -stab le  id e a l 0 , of X1
w ith  S u p p  a iC  —  U .  T h is rem ark is used  in  th e  proof of Theorem
4. 13,

N o w  w e  a re  in  p o s itio n  to  p ro v e  th e  ex isten ce  o f equivariant
completions.

Theorem 4. 13. L e t S  b e  a  noetherian normal sch em e  an d  let

G be a  surjectiv e sm oo th  affine g rou p  sch em e  o v er S  w ith connected
f ib res  and le t  X  b e  an S-scheme h av in g  the p ro p e rty  (N )  on  w hich
G a c t s  re g u la rly .  T h e n  th e re  e x is t s  a  f in i t e  type S -schem e X  on
w h ic h  G  ac ts  re g u larly  su c h  th at

(1) X  is  p ro p e r o v e r S,
(2) X  con tains X  as a G-stable open subscheme and
(3) T h e  a c t io n  o f  G  o n  X  i s  the extension of the action G

on X .

Proof . W e  m a y  assum e that X  an d  S  a r e  in teg ra l. B y  v irtu e
of Theorem 2 . 5  and and Theorem 3 . 8 , X  h a s  a G -stable, quasi-pro-
jective open covering ( Ui) F o r  e v e r y  t i t  ( 1 < i < n ) ,  construct
the following diagram  o f integral schem es on which G  acts regularly
by using Theorem  4. 9;

 

X I

 

where
(1) qi: X --+X  i s  a G -pro jective, surjective and birational m or-

phisms,
(2) L/1 is  G-stable open in both X , and X  and
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(3) X ,  is proper over S  and X ,  i s  G-stable open in X,.
Let F1= X —  U , and F,' = q 1 (F1 )  fo r every i ( 1 < i< n )  an d  le t X* =
th e  c lo su re  o f { (u, • • , u) lu G  U } i n  Xi x • • • x X . w h e r e  U = n 7 =1  U 1

and  let j>,: X*—*X, be the i-th projection for every i  ( 1 < i < n ) .  Then
n  p i -  (F,') = q. Moreover, by virtue of Lemma 4 . 4 , we may assume
th a t  n7=,p,-(Pi') -=.0 w h ere  F1' i s  th e  c lo sure of i n  X 1 .  Let•
F,-= { (u ,u)luE U , } C X x  (X, —  F11) for i  ( 1 < i < n ) .  Then T , is closed
in  X x  (X, — F1 ')  because q1: X1 — > X  i s  p ro p e r . N ow  le t  M ,  b e the

S-schem e obtained by patching X  and X1 — a lo n g  U , fo r every i
( 1 < i < n ) .  Applying Lemma L t  1 1  to  X  and each M1, we can con-
struct a  finite typ e  S -sch em e  X  on which G acts regularly such that

(1) X  i s  a G-stable open subschem e of X,
(2) X  quasi-dominates 2111 p ro p e r ly  (i =1, 2, • • • , n )  and
(3) The action of G on X  i s  an  extension of the action on X.

Then, X  is  the desired o n e . Indeed, X  is proper over S .  Let ço, be

th e  co m p o site  m o rp h ism  o f X *  p 1 -1(F1)_ X1 —F1' a n d  X, —  F,'
open imm.—>M1 fo r every i  ( 1 < i < n ) .  Then q7,1 U-= ç  U  fo r every  i  and
j. Moreover, le t pi: V, —>M1 be the proper quasi-domination of X  over
M ,  fo r  ev e ry  i  ( 1 < i < n ) .  Then V =  Proj cif') f o r  som e G-
stab le  id ea l (1, o f  211, w ith  Supp etiOEM, — X a s  w e po in ted  out in
Remark 4. 12. N ow assume that (1,' is the extended sheaf of ço,*(n,)

to  X *  (i =1, 2, • • n )  and that X** = P ro j () (a l ' • • • n„')'). Then
there is a G-morphism : X** — (F1') — > V1 X  ( i  = 1 ,  2, • • • , n) (t, be-
in g  the composite m orphism  of X**—>X* and p i :  X*—>X,) and U
=T. AU fo r every i  and j  ( U  being the closure of U in X **) because
X * *  i s  se p a re te d  o v er S, = r , I U  fo r  ev e ry  i  and j  and  {X**

— t ," (F,')} i s  an  o p en  covering of X * * .  T h e re fo re , th e re  is  a
G-morphism U — )X  such that VI U — (F11) (i =1, 2, ••• , n )  and
g i i s  surjective because U  is open dense in both U  and X . Since U
is proper over S , so is  X. q.e.d.

DEPARTMENT OF APPLIED MATHEMATICS
KONAN UNIVERSITY



E quiv arian  t completion 605

References

[ 1 ] C . Chevalley, Classification des groupes de Lie algébriques, SeminAire C. Cheval-
le y , 1956-1958.

[ 2 ] P . Deligne, L e théorème d e  plongement de Nagata (unpublished).
[ 3 ] A . Grothendieck e t  J .  Dieudonné, Éléments d e  Géométrie Algébrique, I.H.E.S.

Publications mathématiques.
[ 4 ] A . G rothendieck, Seminfiire d e  Géométrie Algébrique, Revetements étales et

groupe fundamental, Fas. 1, I.H.E.S., 1960-1961.
[ 5 ] A . Grothendieck e t M . Demazure, Seminfiire de Géométrie Algébrique, Schemas

en groupes, Fas. 1-3, I.H.E.S., 1963-1964.
[ 6 ] D. Mumford, Geometric invariant theory, Springer-Verlag, Ergebnisse der Math.

Band 34, 1965.
[ 7 ] G. K em pf, F . Knudsen, D. Mumford a n d  B . Sait-Donat, T oro idal Embeddings

I , Springer-Verlag, Lecture notes in m ath. 339, 1973.
[ 8 ] M . Nagata, A  generalization o f th e  im bedding problem  of a n  abstract variety

in  a  complete variety, Jour. of M ath . K yoto U niv. Vol. 3, 1963, 89-102.
[ 9 ] M . Raynaud, Faisceaux amples su r les schemas en  g ro u p e s  e t les espaces ho-

mogeneous, Springer-Verlag, Lecture notes in m ath. 19, 1966.
[10] M . Raynaud e t L . Gruson, Critéres d e  p la titu d e  e t d e  projectivité, Inventiones

math. 13, 1971, 1-89.
[11] M . Raynaud, Anneaux Locaux Henséliens, Springer-Verlag, Lecture notes in

math. 169, 1970.
[12] M . Rosenlicht, Som e rationality questions on algebraic groups, Annali d i mate-

matica pure cd applicata. V ol. 43, 1957, 25-50.
[13] H . Sumihiro, Equivariant completion, ;Four. of Math. Kyoto Univ. Vol. 14, 1974,

1-28.


