
J. Math. Kyoto Univ. (JMKYAZ)
16-1 (1976) 201-207

On in orphisms from projective space
P I  to the  Grassmann variety Gr(n, d)

By

Hiroshi TANGO

(Communicated by Prof. Nagata, April 24, 1975)

§  1 .  Introduction and notation.

In  [6 ]  we proved that there exist no morphisms, expect constant

ones, from the m-dimensional projective space P . '  t o  the Grossmann

variety G r(n, d )  i f  171>11.

I n  th e  present artic le, w e study such  a  ca se  th a t m  =n  and

n - 1 > d > 0 ,  and we obtain the following:

T h eo rem . T h e re  e x i s t  n o  m orphism s,, ex cep t co n stan t o nes,
f ro m  I "  t o  G r(n , d ) if  o n e  o f th e  f o llo w in g  conditions holds:

i) n  is  e v e n  and n - 1 > d > 0 .
ii) d  is  e v e n , n - 1 > d > 0  and  ( n ,d ) *  (5, 2).

In  § 3, w e g ive  an example o f a  non-constant morphism from P3
to  G r(3 ,1 ) .  Furtheremore, in the case when the defin ing fie ld  is  of

characteristic 2, w e g ive  an example of a non-constant morphism from

1 3 5  to  Gr(5, 2 ). Using this example, we give an example of indecompo-
sable vector bundle o f  rank 2  on .135.

W e  use the same notation as in  [6], i. e.; P". is the n  dimensional

projective space defined over an algebraically closed field k  of an arbi-

trary characteristic P : H  is  a  hyperplane of P"; G r(n , d ) is the Grass-
mann variety which parametrizes d  dimensional linear subspaces of P";
E (n , d )  is  th e  universal subbundle o f  rank d + 1  o n  G r( n , d )  and

Q (n, d )  is  the universal quotient bundle o f  rank n—  d on  G r(n, d) ;
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a d ( =  D n — d —  a o , n — d + 1 — n , . . . . ,  n  d )  is  the Schubert cycle o f codim ension
Et.,..04, o f  G r(4 , 4). ,.clefined. for an  a r b i t a r y _ .  (4 ±.1) -tuple o f integers
(ao, a ',  • • • , a d )  Such that n— d>ao>a,> • • •> a>0  ( c f .  [ 6 ] ) ;  these
Schubert. cycles: satisfy the follow ing P ie r i 's  formula

(1) W ao. a t,••••  a rt O ilt,0 .••• ,0 E  o b , , , , , • • • • b d

where the summation runs over all th e  ( d + 1 ) - t u p l e s  o f integers (bo,

121, • • • , b d ) which satisfy th e  relation,

n —d>bo>ao>bi>ai>b2> • • •> a d _ i> b d > a a > 0

and

Dr (n , d, 0) -= -{Cr, P )  E  G r(n , cl) x P"11,„ D P I  is the flag variety, where

is the cl-dimensional linear subspace o f P ' which is represented by

x ;  c ( E )  is  the i - th  C h e r n  class o f a  vector bundle E  and c (E ) +
c , (E ) '+ c , (E )  + is  the total Chem class o f  E ; E  is the dual vector
bundle of E.

§- 2: P i o ô f  o f th e

Let f  be a  m o rp h is m  from  P ' to. G r (n ,  d ) .  L e t c i  and d i  be the

integers such that

(n ,  d ) )  = c H t 1 < i< d  +  1

(2) c j ( f * Q ( n ,  4)) =411-1-1 1 < f < n + d

Then, w e  have

(3) (1 — cit c2t2+ • • • ( — 1)d+1cd+, 1) (1+ dit+ d2t2 + • • • + cl„_dtn-d)

+ — ir+ 1 cd +,d„_ dr +1,

where t  is an indeterminate, c f.  [6 ] .

W hen cd+id„_d = 0 ,  we see easily that ci =  0. T h is  implies that f (P ')
is one point, cf. the proof of [ 6 ,  Corollary 4 . 2 ] .  Thus we may assume

that cd±1'd,d 0 .  The theorem is proved i f  we show that this assump-

tion leads to a contradiction. Since n d  is  even , w e have that c , ,c 2 ,  ••-,

cd+i, cl1, d2,•••, d „ _ d  are positive integers and a = '+ ' cd + id n _ d  is  a po-
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sitive in tege r , b y  v ir tu e  o f  [ 6 ,  L em m a 3 .3 ]. Set

G ( t ) = 1 — C , t + C 2 t 2 +  • • •  +  ( —
i)d+icd+ita+i

and

H(t) =1+ Dit + D2t2 + • • • + 1)_,t7",

where

ci/ ai and Di = d i/ ( 1 <i<d  +1 ,  1 <j  <n —  d ) .

Then, w e  have

(4) G ( t ) H ( t )  =1 + ( - 1 ) d +1 t"  ,

and hence C .  D i  are positive integers.

C a s e  ( i ) .  Suppose that n  is even and n - 1 > d > 0 .  Since G r(n , d)
a n d  G r( n , n — d - 1 )  a r e  iso m o rp h ic  to  e ach  o th e r  an d  s in ce  d + 1
o r  n—  d is  o d d , w e  m ay  assu m e , fu rth erem o re , th a t d + 1  is  o d d . B y
v irtu e  o f th e  eq u a lity  (4 ) , w e  h av e

G ( - 1 ) H ( —  1 )  =2.

H ence, w e have

1  + d+ 1< 1 + C ,+ C 2+ •••+ C d+ 1= G (-1 )< 2 .

This contradicts the assum ption that d> 0.
In  o rder to  p ro ve  th e  theorem  in  c a se  ( i i ) ,  w e  n e e d  th e  following
lemma.

L e m m a  1 .  L e t  n  b e  o d d .  d  e v e n , a n d  n - 1 > d > 0 .  S u p p o s e
th a t  th e re  e x is t s  a n o n -c o n s tan t m o rp h ism  f  f ro m  P " to  G r(n , d ) .
L e t  C i  an d  D i  b e as above, th en  71 + 1  = 2 (d + 1 )= 2 (n — d ) , C2=C2=
• • • =C ,= D 1 = D ,= •••=D „_ d _ ,=2  an d  C ,...,=D n -d =1 .

P ro o f .  Set 2s= n + 1 . W e m ay assume that n—  d>s. 1— t divides
G ( t )  since G (1 )  H (1 )  =0  and H (1) H ence, w e have

G (t)
 H ( t )  = 1 +  t  +  t 2  +  •  •  •  + t .1— t

T h erefo re , H (1 ) d iv id es 11+ 1( = 2s). This and the fac t th a t H (1 ) =
1 +D i+ D 2 + •••D n _ d >l+n — d >1 + s , sh o w  th a t 11 (1 ) = 2 s . N o w  w e
show th a t  D ,> 2 . Assume th a t D1=--1 . Then, b y  (4 ) , w e  have
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C2= D12 —  D2=1—  D2<0.

This contradicts the, assumption that C ,> 0 .  Next we claim that D,, D2,
•• • , In  order to  see it let us suppose t o  th e  contary, that

there exists a positive interger d.-1 such that Di = 1 .  The asser-

tion is proved i f  we show that this assumption leads a  contradiction

Set j= m in {ilD 1 = 1 }. Since D1>2, D5_1>2. It is easy to see that H ( t )

t ' '  H ( t - ' )  c f.  [6 ,  §  3 ] .  Hence, we have

1 = D, _ d ,  DI— D n — d - 1  / D 2  = -d  -2 , •  •  •

Therefore, we have 2 j/ z — d .  Since is numerically non-nega-

tive, so is (c f .  [6 , Corollary 1 ,2 ]). On the other hand

= f * (.0 j+10,...0(0.1-10,...0) ( C f .  (1 ) and (2))

= f *  ( c  (Q (n, d ) ) ) 2  f *  ( c d ) ) ) f *  ( c  i , ( Q ( n ,  d ) ) )

(c f. [6 ]]

= ( c / 5 2 — d p - id i - I ) H "

=  (D52 24 /2 1 .

Since D52— 414_1<1-72<0,. this contradicts the fact that

is numerically non-negative. Hence, we have

n +1 = 11(1) = 1 + D, + D2+ • • • D , 1 + 2 (n — d — 1) +1

=2 (n —  d) <2s.

This shows that n—  d= s and D1= D2= • • • = D n - 1 - 1 =  2. It is easy to see

tha,t C, =C2= •-• =C1=2. by virtue o f  (4). q.e.d.

Let us continue the proof o f the theorem.

C a s e  ( i i) .  L e t  n  b e  o d d , d  even , n - 1 > d > 0  a n d  (n , d )•
(5 , 2 ). Assuming that there. exists a non-constant morphism from  P!'
to  G r(n , d ) ,  we show that this assumption leads to a contradiction. Let

a and D , be as above. S ince (n , d ) (5. 2)., we have d > 4  and D i= D 2

=  D 2 = 2 .  Therefore, w e have

f  *  02 , 2 , 0 , •-, 0  —  f  * ( 0 8 , 0 ,  - , 0 0 1 , 0 , - ,  0 )

= (D22 — D3D,) ca r  = O .
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This shows that

0 - I '  (0)2, 2,0, •••, 004 - d -2,0, •••. 0)

-= f * (on- d, 2, 0. ••, 0 + f*  (On -d - 1, 2,1, 0, - .  0

H-f*L0.-a-2,2,,,o,•••,o (c f .  (1 ) ) .

Since f  (,)*-- -  - 1, 2, 1, 0. •••. 0 and f *-- n-d  - 2 . 2 .  2 , 0 - ,  0  are numerically non-negative,

w e  have that = 0 .  O n the other hand we have,

* (On- d, 2, 0, - f  * ( (  n •••, 0°)2, 0, •••, 0)

= f*  ( c„ - , (2 (7 7 , c l ) ) ) f*  ( c s (Q (n , d ) ) ) ( c f .  (6 ) )

= .

Th is is  a contradiction. q.e.d.

§  3 .  Examples.

E xam p le  1. L e t  S , be the quadric hypersurface of P 5  defined by

the homogeneous equation

XGX] + X2 X3 ± X4 X5 - 0 .

Then, it is well-known that G r (3 , 1 ) is isomorphic to S , (c f. [ 2 ]  Chap-

ter X I V ) .  Let f  be a  morphism from  133 to  S 4  defined by

f (x o ,  x i ,  xs. xs) =  ( z 0 2 ,  - z 1 2 ,  x 2 2 ,  x 3 2 ,  xox, + xsxs, xox,- xsxs) .

It is easy to see that f  is not a  constant morphism.

E xam p le  2. L e t ,S0 be the quadric hypersurface of P 7  defined by

the homogeneous equation

X0X1 X 2 X 2  X ,X , + X,X2 = 0 .

F o r a  generic point P =  (xo, x„ x2, x„ x,, x,, x,, x7) o f  S „  le t  h ( P )  be

the point of Gr (5, 2 )  which represents the 2-dimensional linear subspace
o f P 0  spanned by the three points

(5 ) (x02, 0, 0, x22, x2x4 -E xox2, x2x6-x0x5)

(0, x02, 0, x2x4 - x0x2, xix0 -Exoxs)

(0, 0, x02, x 2 x 6  x0x2, x 4 x 6 - xoxs• x62) •
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L e m m a  2 .  h  i s  a  m o r p h i s m  f ro m  S ,  t o  G r  ( 5 ,  2).

P r o o f  T h e  plucker coordinate o f  h ( P )  is

(x08 , x 04 (x2x6+  x0x5) , x04 (x4.27,—  x0x3) x04x02, X 0 4  ( X 0 X 7  X 2 1 4 )  •

- X 04X 42 x 0 4  ( X 4 X 8 +  X 0 X 3 )  ,  1 0 4  (X IX  4 +  X 3 X 7 ) ,  x 0 4  ( X 1 1 8 -  X 3 X 5 )

1 0  X 3 2  X 0 4 X 2 2  ,  x 0 4  ( X 2 X 4 '±  X 0 X 7 )  ,  x04 (x2x0—  x0x5) x04 (x5x7—  x1x2) ,

- x04x52, x04 (x1x6+  x3x5) , iO 4x72, —  x04 (x ,x , , x04 (175x7

— x1x4) , x04 x i') •

Hence, it is easy to see that h  is  a  morphism. q.e.d.

L e t S 5  be the hyperplane section of S ,  by ..r0—x1,---0 and y be the

morphism from  S ,  to  135 defined by

(6) (a) =  (Y 3 9  Y 5 9  n, -Y2, — Y49 —  Ye)

w h e r e  Q  (n, n, Y29 À.'s, Y49 Y5/ Ye, .Y7) is  a  generic point o f  S5. Since

Ys (Ye. 0, 0, Y22, Y2Y4 Yon, Y2Y6 — Yon) + ys (0, Yo2, 0, Y2Y4 — Y on . Y42,

Y4Yo +YoYs) + Y 7  (0 9  0 9  Y 2 Y 6  Y O Y 5 9  Y 4 Y 6  YoYs, Y62)

= Yo2(Ys, Y59 Y2, — Y2, — Y49  —  Yo )

the point g  ( Q )  lies on the plane represented by h (Q ) .  Hence, we have

L e n u n a  3 .  ( h ,  y )  i s  a  m o r p h i s m  f ro m  S ,  t o  the  f lag  v arie ty
D r (5,.2, 0).

From now on we assume that the defining field is of charactristic 2.
Let f  be the morphistn from  .1(35— t6  S 0  defined by

f 1 2 ,  I 2 ,  X 3 , 1 4 ,  . r 5 )

= (xox, + 1 2 X 3  + 1 4 X 5 ,  . r o X I  X 2 X 5  X iX 5 , X02, x32 , 
..z.22, x3 2 , 1 42, , 32)

It is easy to see that h  f  is not a constant morphism.
Set h' =  h  •  f  and g' = =  g • f  Then, Lemma 3 shows that the vector

bundle h '* (É (5 , 2 )) contains g ' *  ( 0  , , , ( - 1 ) )  as  a  sublinebundle. We

show that th e quotient bundle h '* (É (5 ,  2 ) )/ P ( 0 p s ( - 1 ) )  is an in-
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decomposable bundle o f rank 2. L e t ci, c2 and c, be integrs such that

ci(h'* (E(5, 2 )) )  =c ,,FP i =1 , 2, 3.

Then , w e h a v e  c, =2a, c2=2a2, c3= a8 w i t h  a  p o s it iv e  in teger a ,  by

virtue o f Lemma 1. Hence, the total Chern class o f  h '* (É (5 , 2 )) is

1 —2aH+ 2a21-P — a5I1= (1 — aH)  (1— aH  ca l ' )  .

T his show s that th e  total Chem class of

h '* ( É ( 5 , 2 ) ) / P ( 0 ( - 1 ) )  is

1— aH + di-12

an d  th e  hundle is  indecomposable.
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