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In  th is note w e prove a  theorem of M ori-N agata ( [4], (33. 10))
using elem entary facts that a  complete lo ca l r in g  i s  a henselian ring
( [4], (30. 3) ) , and that i f  a „  (n =- 1, 2, • • •) are id ea ls  o f  a  complete
semi-local r in g  w ith Jacobson rad ical n t such that an -FlŒ a,, fo r any n
and such that Fl a„ = (0) , then for any given natural num ber n, there
ex is ts  a  n atu ra l num ber m  (n ) su c h  th a t am(„)Œnt" ( [4] , (30. 1)) .
U sin g  o u r p ro o f, w e can  p ro ve th e  finiteness property fo r  integral
extensions of a complete lo ca l in tegral dom ain  ( [4 ], (32 . 1) , c f . [2 ],
[5 ] ) , w ith o u t u s in g  th e  structu re  theorem  o f  com plete local rings
( [4], (31. 1) ) . F inally w e outline our proof o f  a  theorem of Nagata
( [4], (36. 5) ) . I n  th is  a rtic le , w e  m ean  b y  a ring a com m utative
rin g  w ith  identity an d  b y  a  lo ca l r in g  a  n o e th e r ian  r in g  w ith only
one maximal ideal. W h e n  p  is  a p rim e idea l o f  a  r in g  R, we denote
b y  k (p )  the field  of quotients of R/p.

T h e  w r ite r  expresses h is hearty thanks to Professor M . Nagata
for valuable suggestions.

Proposition 1. (K ru ll-A k izu k i, [4 ], (3 3 . 2 ) )  L e t  R  b e  a  noe-
therian in te g ral d o m ain  w ith  f ie ld  o f  q u o tien ts  K , le t  L  b e  a  f inite
alg eb raic  ex tensio n  o f  K  an d  le t  R ' b e  a  r in g  s u c h  th at  R c R 'c L .
I f  altitude R = 1 , th e n  i )  R '  i s  a  noetherian rin g  o f  alt itu d e  at m ost
o n e ,  i i )  f o r  e v e ry  p rim e  id e a l  p  o f  R  t h e  n u m b e r o f  th e  p rim e
id e als  p' o f  R A  su ch  th at p= v nR i s  f in i t e ,  a n d  iii) [ k (p ') :k (p ) ]
is f inite .

T h is is w ell know n and w e  om it the proof.
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Proposition 2. L e t (R, in ) be a henselian local in teg ral d o m ain
w i th  f ie ld  o f  q u o tien ts  K , le t  L  b e  a f in ite  alg e b raic  extension of
K  and  le t (R ,rri) b e  the in te g ral c lo su re  o f  R  in  L .  T h e n  [R/fri:
R/m] is f in ite .

P ro o f .  W e p ro ve the assertion  b y  induction on the altitude of
R .  If altitude R = 1 , the assertion is included in Proposition 1. Let
altitude R = n > l ,  an d  assu m e th a t  th e  a sse rtio n  i s  v a l id  fo r  any
henselian lo c a l in tegral dom ain  o f a lt itu d e  a t m o st n - 1 .  T a k e  a
prime ideal p of R  of height one and a prime ideal 15 of R  such that_
P — p n R . T hen  [k (i3 ) : (P ) ]  is  f in ite  b y  P roposition  1 . Let (R , iri)
b e the integral closure of R/p in k(i)-) , then  by the induction assump-
tion, R /m ] is fin ite, Therefore [ ] ATI: R/nt] is finite. q.e.d.

Let (R , m )  b e  a  lo ca l integral dom ain w ith field of quotients K,
let (R h , mh) be the henselization of (R , in )  a n d  le t  R  be the derived
n o rm a l r in g  o f  R .  T h e n  w e  h a v e  three natural one-to-one cor-
respondences between i )  the  m ax im al id ea ls  {m i}  o f  R. and  those

o f  RORRn, i i )  th e  maximal ideals {ITO- o f  RORRn and the
m inim al prim e ideals o f  R o R R h ., i i i )  the m in im al p rim e ideals
{T} o f  R C M ?' and th o se  O il o f  R h .  S in ce  R h i s  noetherian, R  is
a  quasi-sem i-local ring . In  these correspondences, R/mi is isomorphic
to  (RC),Rh) and (RORRh)i,-,, i s  the derived norm al ring of M A I,
( [4] , [6] ) .

Thus we have

Proposition 3. L e t (R, In) be a local in teg ral d o m ain  w ith  f ie ld
of quotients K , le t L  b e  a  f in ite  alg e b raic  e x te n s io n  o f  K  a n d  let

R be the in te g ral c lo su re  o f  R  in  L . T h e n  th e  n u m b e r of maximal

i d e a l s  i n  o f  R  i s  f i n i t e  a n d , fo r  e ac h  m axim al id e a l  m i o f  R,
[R / in : R /m ] is f in ite .

Proposition 4. Let (R , in )  b e  a  com plete local in teg ral d o m ain
w i t h  f i e ld  o f  q u o t ie n ts  K .  I f  a ltitude R > 2 , th e n  th e re  e x is ts  a
f in i t e  in t e g ra l  extension (R' , m ' )  o f  R  s u c h  t h a t  i) ROER 'CK,
i i )  depth R '> 2.
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P r o o f .  S e t  Ro= R, m0= n t ,  a n d  define R 0 + 1 =  E K1 mix OE mil
fo r i=  0, 1, 2, •• • . T h en , (R, nt) =  (Ro, a to ) <  (R 1 ,  <  (R 2 , 1 1 1 2 )  <  •  •  •  <

(R 1, m1)<-•• , and each m i i s  an  11'4+1-Primary ideal o f R 1+1.
Suppose that depth R i=  1 fo r every i, then there exists a  sequence

o f  p a ir s  (ao, ho) (a1, b1) , • • • , (ai, h i) , • • o f  elem ents o f  K  such that
biE  R1, (a1R1:b1) R j  -=

W e cla im  that fo r  sufficiently la rg e  n,u„= b„/ a„ belongs to  R„

(which is a  contradiction). u,, E  R.0111.-1anCmi,-10111.-1anCR„_1 (for,
by assumption, altitude R„._. 2)0Inn_2m.-1aC111,20111.-21-n.-1a.CR.-2(=>

• • •(=)rn,rnz. • nt„_,u„ CR1Onl0n111112. • •111. - tu „C m o, an d  th is last is im plied
b y  m1nt2. • • m„ Enlo.

T h erefo re  w e  a r e  to  p ro ve  th e  f in a l in c lu s io n  fo r  sufficiently
la rge  n.

Now consider the sequence of ideals in  R,: nt1Dm1nt2Dnt1nt21-113
• • DITt1ni2* •  •  mi D • • i f  n ,=, mort2. • •ni, = n ( o ) ,  th en  fo r  every  j  and
for y m  n  (y ± 0 ), ( l/ Y )  RI, which is a contradiction. Hence n =  (0 ).

Then, b y  ( [ 4 ] ,  ( 3 0 .  1 ) ) ,  there  ex ists a  natural num ber no such that
for every n>no, tn1nt2•• • InnEnto.

Proposition 5 .  L e t  (R, in )  be a  com ple te  local in tegral dom ain
such  that altitude R > 2 , a n d  le t  R b e  th e  d e riv e d  n o rm al rin g  o f  R.
I f  m = (m„ • • • , m r), t h e n  n 1 1 R[1/ = -

P ro o f .  I f  x E n 1  Tql/nid ,  then  there exists a  natural number
s  su ch  th a t mi'x E R  fo r  ev ery  i. L e t R' =R[m,sx, • • • ,m,!x], then
(R' : x) R . contains a  p o w er i n '  o f the  m ax im al id e a l m ' o f  R '  for
some n. B y  Proposition 4 , w e can  tak e  a  finite R '-a lgeb ra  .1?" such
th a t i) R 'C R " C R ,  ii) depth R " > 2 .  S in ce  R " =  n o R " p ,  where
runs through all prim e ideals of R "  such that depth R "p  = 1 , x  belongs
to  R". q.e.d.

Proposition 6 .  L e t  R  b e  a  noetherian in te g ral d o m ain  w ith
f ie ld  o f  quotien ts K ,  le t  L  b e  a  f in ite  alg e b raic  e x te n s io n  o f  K  and
l e t  R  b e  th e  in te g ra l  c lo s u re  o f  R  i n  L .  T h e n  R  i s  a  K ru ll
dom ain.

P r o o f .  W e prove Proposition 6  in  several steps.
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S te p  I. If the assertion of Proposition 6 is true fo r all noetherian
integral domains o f a ltitude at m ost n - 1, then  the assertion is true
for all com plete lo ca l integral domains of altitude at m ost n.

Indeed, this follows from Proposition 1 or Proposition 5 depend-
in g  on whether n = 1  or n> 2.

S t e p  I I .  If the assertion of Proposion 6 is  tru e  for all complete
local integral domains of altitude at m ost n, then the assertion is true
for a l l  semi-local integral domains of altitude at m ost n.

Indeed, since n 1 = 1  R 111„ w h ere  rn  ru n s  th ro u gh  a ll maximal
id ea ls  o f  R , w e  m a y  assum e th a t  (R , m ) i s  lo ca l an d  th a t  L = K .
Let R  b e  th e  completion o f  R , le t  n  b e  the n ilrad ical o f R , le t  R*
=R/rt and  le t .1?-* b e the integral closure o f R *  in the total quotient
r in g  o f  R * .  T hen , by our assum ption, R *  i s  a  d ir e c t  product of
K ru ll dom ains a n d  R=R* FIK  ( c f .  [ 4 ] ,  ( 3 3 .  1 0 ) ) .  H ence R- i s  a
Krull domain.

S te p  III. If the assertion of Proposition 6 is true for a l l  (semi-)
lo c a l in tegral dom ains o f a ltitude  a t m o st n , th en  the assertion  is
true fo r all noetherian integral dom ains of altitude at m ost n.

A s  f o r  t h is  s te p , since = n R in, w here n t runs th rough  a ll
maximal ideals of R, it is sufficient to prove the following proposition.

Proposition 7 . (  [4 ] ,  (3 3 . 1 1 ) )  L e t R  b e  a  noetherian in tegral
d o m ain , le t  i  b e  t h e  d e riv e d  n o rm a l  r i n g  o f  R ,  le t  0*.f E R  and
let 13 b e  a  p rim e  id e a l  o f  -P o f  h e ig h t  o n e .  I f  R-15 i s  a  discrete
v alu atio n  r i n g  a n d  i f  f  th e n  p=15nR i s  a n  associated  prim e
id e al o f  fR .

P r o o f .  W e may assume that (R , p) is  a  lo c a l r in g . In  th e  above
natural correspondences, let171= m 1. T hen , since i s  a  discrete
valuation r in g , (ÏoR R ,)„ ,, i s  a  d iscrete valuation  r in g .  Hence alti-
tude Rk/q1=1. On the other hand, depth Rh = depth R d -  depth RhOR/p,
and depth m in .  { a l t i t u d e  le / q }  ( [ 3 ] ) .  T h e r e f o r e  d e p th  R=1.

— qE A ss (R

S te p  / V .  Repeating th is  process, w e  s e e  th a t  the assertion of
Proposition 6 is  tru e  fo r a l l  local integral domains.

S te p  V .  If the assertion  o f P roposition  6  is  t r u e  fo r a l l  local
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integral domains, then the assertion is  tru e  fo r a l l  northerian integral
domains.

Indeed, since R = n r?,,,, where In runs through all maximal ideals
of R , b y S tep  IV  and  Proposition 7, w e  g e t the conclusion. q.e.d.

Proposition 8 . (N aga ta  [4 ], (36 . 5 )) I f  R  is  a pseudo-geom etric
r i n g ,  th e n  e v e ry  R -alge bra A  o f  f in i t e  ty p e  i s  a  pseudo-geom etric
ring.

O u tlin e  o f  th e  p r o o f .  B y  ( [4 ],  (3 5 . 2 )),  w e  m a y  assum e that
R  i s  a  (pseudo-geometric) normal domain with field  of quotients K,
A = R [x ], x  E K , x E R , and that fo r every non-zero ideal a of A , A /a
is pseudo-geom etric. L et x = b /a ,  a, b E  R  an d  le t S= 1 + a A .  Since
A = fl Am, w h e re  n t runs th rough  a ll maximal ideals o f A  an d  since
A [1/a] = R [ l / a ]  i s  normal, it is suffic ien t to  prove that the  derived
normal r in g  /Is o f A s  i s  a  finite As-algebra.

L et A* = lim A /an A  (aA-adic completion o f  A ) .  T h en , b y  the
4 -

' t

theorem o f M aro t ( [2 ] ) ,  A *  i s  a  pseudo-geometric r i n g .  Hence it
is sufficient to prove that A *  is reduced  (c f .  [4 ], (32 . 2 )).

S ince A ss (A /aA ) = A ss (A /a" A )  fo r  every  natu ra l num ber n,
w e  can  tak e  a  fin ite num ber o f m axim al id ea ls  m i, in 2 , •  •  • ,  o f  A
such that th e  induced homomorphism of A /a"A  to  1-1%, Ami/a"Am, is
injective for every n. Therefore we are to prove that Am, = lim A/min

is reduced fo r every i.
N ow  w e m ay assume that R  i s  a  lo c a l r in g  w ith  maximal ideal

in  R .  L et f  (X )  b e  a  monic po lynom ial over R  such that
.f (x) 0 (mod n ti) an d  le t  y  -=-f (x) . P u t  B  = R [y ] a n d  n i - - m i n  B,
then y E Ili. B y  a  lem m a o f  Zarisk i ([4 ], (36 . 3 )), A i ,  is reduced,
hence B n , i s  psedo-geometric. Therefore Am , is pseudo-geom etric,
hence, by ([4 ], (3 6 . 4 )), Am, is reduced.

R e m a rk  Proposition 4  is  n o t  t ru e  i f  w e  d ro p  th e  assumption
that R  is com plete (c f .  [1 ]).
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