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T h e  purpose o f th e  present paper is to establish  the conformal

theory o f  Fins l e r  metrics based o n  th e  theory o f  Fins l e r  spaces by

M . Matsumoto [ 1 7 ] .  In  th e  first three sections we shall derive some

transformation formulas and invariants systematically without any arti-

fic ia l techn iqu es. In  th e fo llow in g  section ( §  4 )  w e shall treat the

spaces with some special F in s le r metrics and  find  the conditions that

a  space be conformal to on e  o f such spaces. The last section ( §  5 )  is
devoted to studying the special conformal transformation named C - con-
f o rm al ,  which yields a  generalization of the concurrent field treated by

S . T ach ib an a  [2 7 ] and M . Matsumoto and  K . E gucb i [24 ].
In  consequence o f  these considerations, a  geometrical meaning of

the condition Thuk =0 treated by M . Matsumoto [2 1 ,2 3 ] and H. Kawa-

guchi [ 1 3 ]  shall be clarified in  terms o f  th e  tensor P h i » ,  (Theorem

4.3). In  th e  theory o f  E . Cartan [ 8 ] ,  there are three kinds of curva-

ture tensors R h i j k ,  P h i j k  and S h i j k l  the second of which seems to offer

results most interesting as the Finsler geometry, and a few results have

been obtained (G. Landsberg [ 1 6 ] ,  L .  B erw a ld  [3 ,4 ,5 ], M . H: Akbar-
Z a d e h  [1 ] ,  M .  Matsumoto [1 8 ,1 9 ,2 0 ,2 2 ], H . K aw agu ch i [ 1 3 ] ,  M.
H ash iguch i [11 ], M. Hashiguchi, S. Fkij6 and M. Matsumoto [ 1 2 ]  etc.).

Our results may contribute a  little  to  the study of P h il , . .

T h e  first to treat the conformal theory o f F insler metrics general-
l y  w as , t o  th e  b e s t  o f  th e  author's knowledge, M .  S .  Knebelman
[ 1 4 ] .  H e  defined two metric functions L  and L  as con f orm al if the

length o f an  arbitrary vector in the one is proportional to the length in

the other, that is , if U u = O g i . i .  T h e  length  o f a  vector ;  means here
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(g i i (x ,  .± )  6 3 )" ,  where g u  is  the Finsler m etric ten so r . A n d , from
the fact that O g ii ,  as w e ll as g u ,  must be a  Finsler metric tensor, he
showed that 0  falls into at most a point function. W e shall call th is

result K nebelm an ' s  theorem . In  the conformal theory o f the Finsler
metrics, it seems that few good results a re  obtained. This situation

may inherently be due to Knebelman's theorem. For example, the concept

that a  space be conformal to a Riemannian space is meaningless, because

such a space is nothing but Riemannian. In order that we obtain really

Finsler-like results, it might be better that we obey other definitions.

In  th e  present paper we shall try to give a  somewhat different defini-

tion, even i f  it coincides with Knebelman's one.

Throughout the present paper we shall use the terminologies and

notations described in  Matsumoto's monograph [ 1 7 ] .  A s  t o  Finsler
connections, for convenience we shall give an outline of the theory in
§ 2. T h e  Finsler connections used as examples a re  m ainly th e  ones

C F  , R T  and B F  given by E. Cartan [8 ], H. Rund [25] and L . Berwald
[2 ],  but we shall also refer to another special connection Hr.

T h e  author wishes to express here his sincere gratitude to Prof.

D r. M . Matsumoto for the invaluable suggestions and encouragement.

§ 1. Preliminaries.

1. 1. Throughout the present paper, xi denotes a point of a base

manifold M  and y i a  supporting element Xi, and the subscript in  pa-

renthesis ( i )  means 8 / ayi . G iven  a  Finsler metric function L ,  the

Finsler metric G is defined by gu : = (L2/2) m(J), and we put y,:

r  = y i / L ,  l  =  L0 ) =  y  frlr =y ,/  L  and hi, :

Definition. L e t  tw o  Finsler metrics G  and G be defined by Fins-

ler metric functions L  and L over a differentiable manifold M  o f dimen-

sion n. T h e  Finsler metrics or the Finsler spaces equipped with them

are called con form al if the angles between any vector y and a support-

ing element y  a re  equal, that is, if

(x , y) yiyi y )Y 'v i
L (x ,  y ) (g1 1 (x ,y )v 'z r1 )v2  L  ,  y ) (U,i (x , y) y1yi)112

holds fo r  any
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A s a formal generalization of conformality in  Riemannian geometry,

i t  might be natural that we call G  a n d  G  conformal if

(1 .2) go ( x  y ) u i z r i

(go (x ,  y) zi1ul)112 ( g " (x , y) v1zr1)112

i j  (x ,  y) t i ' v i

( x ,  y) u1zi 1/2 ( U t j  ( x ,  y ) v i v i ) v 2

holds f o r  an y  t e  a n d  r i.  S u g g e s te d  b y  t h e  definition o f  spaces of

sca lar curvature (L . B erw ald  [6 ] ), h ow ever, w e  h a v e  adapted the
weaker an d  Finsler-like condition (1. 1).

L e t  (1 . 1 ) hold fo r  an y  y1 . Th en  w e have

(1 . 3 ) L2 ( Y a l l i k l  Y I Y  k h j1  Y i Y I E jk +  Y JM IT ik  Y jY kE ll l h  f j )

—  L2 (y tylfh, + th ik + 9 g th ik  +  Y.67- k hsi Y k n h i t )  •

I f  we contract (1 . 3 ) by y ', we obtain owing to k cal = 0

(1. 4) y ik ik  + Y .th ik  Y k rfitt +3,-/hik + Y khii

T h e  contraction of (1 . 4 ) by  k  g ives

(1. 5) hu/L2=hif/L2 .

T h en , putting zi : (L/L )':v i, (1 . 4 ) is rewritten in  th e  form

(1 .6 )z i k i k  zih ik  z k h y  0 .

Contracting (1 . 6 ) b y  g ik  an d  paying attention to  z jh /  = .z i, we obtain
zi = O .  Thus w e have

(1. 7) h/L 2 = Y i/L 2

From  (1. 5) , (1. 7) w e  have immediately

(1 .8 ) g  =  O g i f

where = ( L / L ) 2 ,  a n d  arrive  a t Knebelman's definition. T h e  con-
verse holds clearly an d  w e  have

T h e o re m  1 .1 .  T w o  F i n s l e r  m etric s  are  co n f o rm al if  an d  only
i f  t h e  c o rre sp o n d in g  m e tric  te n so rs  a re  p ro p o rtio n al to  each  o th er.
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B y  Knebelman's theorem, th e  factor of proportionality depends

at most on th e  p o in t x i  of the base manifold M .  For convenience we

shall write

(1 .9 ) =e"gu ,

where a = a ( x ) , and ca ll the transformation of G to the conf orm al
tran s f o rm atio n  a.

1. 2. Given two conformal Finsler metrics G and G, we have from

(1.9)

(1.10)=  e 'L

(1.11) = c"11, =e2̀ ey.:,

(1.12)

(1. 13) aif e -2 a g if

where g : =d e t ( g y )  an d  (gu):
A s to  th e  torsion tensor of E. Cartan, it holds

(1.14)C  i i k  e 2 ' C i j k

(1. 15)k  =  j k,

(1.16) Ck1=e-2OEC,“

where : = c i i k : = 6 f i r C r i k  and C k u  =  g j s C : k  =

1 .3 . W e  have already some conformal invariants:

P rop os ition  1 .1 . The v ec to r 1 1 /L (= y i/L 2 ), the tensors g15/1,2,
h u / L 2 ,  C  and the t e n s o r d e n s i t ie s  g 'v 'g m , ( g - '1 ,2 ) , , ,u )  are con-
f o rm ally  in v arian t.

In the two-dimensional c a s e , it holds

(1. 17) =  e m ,

where m i is  the un it vector orthogonal to the supporting element and
: S o  w e  have
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Proposition 1 .2 . I n  t h e  tw o -d im e n sio n al Fin s le r sp ac e s ,  t h e
v e c to rs  L m e , m i/  L ,  t h e  m a i n  s c a l a r  I: =L C iik m e n rim k  an d  th e
L an d sb erg  an g le  O  d e f in e d  b y  d 0 = ( m i/L ) d y i  are  c o n f o rm ally  in-
v arian t.

Some o f th e  conformal invariants listed above may be used as the

definition o f  co n fo rm a lity . F o r example we have

Proposition 1.. 3. T w o  Fin s le r m e tric s  G  an d  G  are  co n f o rm al
i f  a n d  o n ly  i f  L = T

P r o o f .  Let u s assume that 1/L, i.e.,

(1. 18)Y i =  OM •

Since it holds g i r w y r  =  0 fo r  th e  F in sle r metric, th e  differentiation by

3.11 gives

(1.19) g ti -= Own + k u •

I f  we contract this by y i ,  it follows 0(f) =0 from (1. 1 8 ) .  Thus (1. 19)
becomes U ij= çbgu .

1. 4. To find  the further conformal invariants, we shall here pay

attention to  L 2  e=  2 a L 2 , i.e ., log L2 =- 2a + log L2. T h e  tensor B ij : =
(log L2) (i)(j) is clearly a  conformal invariant, and it is expressed by

(1. 20) B ij= (2/L2) —

A s  it is  eas ily  verified , (B O  has the inverse ( B y ) ,  where

(1 .21) B y  = (L 2/2) (gu

which is also conform ally invariant.

1. 5. N ext, w e shall find  the transformation formulas o f the con-

nection parameters. A s  to  the Christoffel symbols given by

(1. 22) =14gi' (agjr/Oxk + 4-k /ax i — ay jk /O x '),

w e have

(1 .23)
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w h ere  a  : = a / a x , = e c e ,  and a l is  the Kronecker delta . Put-

ting

(1. 24)G  : =  M k ? ?

w e have from  (1 . 23 ) and (1. 21)

(1.25)

where B i : = B a r .
Let us assume that the added subscript means the differentiation

b y  the supporting element except for a i ,  e.g., G51 : G f ik :=G i./00,
G k t  :  = G k ().  B y  the successive differentiations o f (1 . 2 5 ), it fo llow s

(1. 26) G  f i  =  G 1 1  -  B j i

(1.27) Gijk  = Gjjk

(1.28) B ijk l•

B y  direct calculations we have

(1.29) B.," : —  L 'C i",

(1. 30) BiiTk: =Biirik)

=, (7. ikg r kr N k i0 2Cjiry, — 2CkirYi — L2CYCki,

(1. 31) 4 1 : = g ;) = B iira r  = y ia i — ( , ' a0 — yea, —  L2C31 ,

(1. 32) B ijk : =  B ii(k )= B ijk ar

=g ik ai —  V ak  —  Oki 2C k 1  y j L 2 C i f  ( k ) ,

where a o := a , y r ,  C j i  := C i i r a r .

1 .  6 .  I f  we see (1 . 25) the differential equation o f th e  unknown

function a, it is  so lved  w ith  respect to  a i ,  and a i  is expressed by

(1.33)—

On the other hand, from  (1 . 31 ) w e have

(1.34)— L ' a i  ,

so it fo llows, from  the formula (1. 26) representing the transformation

o f th e  non-linear connection parameter by E. Cartan, that
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(1. 35) a1= ( y i/ L 2 ) (G f i— G 1 i ) .

Hence in  order that two metrics be conformal it is necessary that the
vectors appearing as the right-hand members of (1. 33) and (1. 35) are
gradient vectors over the base manifold M.

1. 7. Let be  the connection parameter by E. Cartan, i.e.,

(1. 36)F  = CjmGktm — C ik .G  +  g " C

The transformation formula o f  rv has the follow ing form:

(1. 37)r  ;V=

and w e  have

(1. 38) U..ifk g l k a i  a i i a k  6 k i a j  C j i m B k m .  QmBi"'+ ginC jkr„B ,,r4

= g5k a i —  a lak —  dk ia i —  Gin; —  C k iy j + C jk y  +  apCii k

+ L 2 (C.1"'Cv i,k  C i i m C  m k  C m i C 7 k )

where C ik  =  C ri  k a r.  I f  w e  put

(1. 39) U ijrk  = g  jk g ir j i  k r Jr Cip,d3km r — nCi km N n r

—  g ik g i r  O l d ;  6 Jr k i  C j a r  Y k  C k i r  Y j kY r kY i

+ L2 (CI' r a k +  C ii 'C T „ k  —  C m itC ;k ) ,

it holds Uit k U P a r .

1. 8. F o r later use, we shall define the tensors r f r k ,  A k  and lijrk
as follows:

(1. 40) 17.rk : U.Vk —BTk

L 2 C Jir k  + C .f.°  k C k i r  Y i  Crj kY f

w here th e  lo n g  solidus means th e  v-covariant differentiation with
respect to  the connection CT' b y  E . Cartan,

(1. 41) A i j k  =  U  j r k k "'r

= g f k g  —  O ji  k r —  a i r  ki C L . B . f m r  g i " C :  k m B n 'r

___ 05 ko ir k r 6 5 r kb. y i k y i  L 2 g r  Is ;  k 12
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where

(1. 42) S fk i  :  07/Clk —C7xCLI,

and

(1. 4 3 )  Hjrk:=Beirk

—61rOki— C  k  2 C  k i r

-  L 2  (Cijr(k) +  m C k m r )  •

T h e  contractions o f th e  above formulas w ith  a , g ive  us

(1. 44) V lk  := Virkar= Ujk —

( C i i  k  CI° C rk ) Yk j C i k Y i  aoCtik ,

(1. 45)A  iirka r=  U jk + C , .B k m

=G ik a i— V a k — O k 'a i— C B im

Cki Y j C j k Y i  L 'alS ijk „

(1.46)  1 1 1  k  =  fica r  =  B i lk  CeintB  km

=g 9 k ai— d jiak —  6lcf  aj —  2 C k iY f  a o C i j k  CjiY  k

1.2 ( C Ij(k ) C i j m C k ')  •

Here, w e  have also many conformal invariants as follows:

Proposition 1. 4 . T h e  tensors 135, B i r, B .  B k ,  U j k,  V  i r k ,  A iirk

an d  1-11;, are  con f orm ally  i n v a r ia n t .  A nd, these are  sy m m etric  in  i,
r  and  j , k  ex cep t lat te r tw o.

§  2 . Differences of Fluster connections.

2. 1 . Given a differentiable manifold M  of dimension n , w e  denote

b y  L (M ) (M , r, G L  (n , R ))  the bundle of linear frames and by T  (M )
(M , r, V, G L  (n , R ) )  the tangent bundle, where the standard fibre V is
a  vector space of dimension n  w ith  a  fix ed  b ase  { e,,}. T h e  induced

bundle r - 1 1 ,(1 1 1 )= -{(y , z) T (111) X  L (M )I r (Y) ----7r(z)} is called the

F in s le r b u nd le  o f  M  and denoted by F ( M ) ( T ( M ) ,  G L ( n ,  R ) ) .
The L ie  algebra of the structural group G L  (n , R ) of L  (M ) and F ( M )
is denoted by L ( n ,  R )  and the canonical base by {L „b}.
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T h e  Fin s le r c o n n e c tio n  FT  on  I I I  i s  b y  th e  third definition of

M . Matsumoto a  triad  (T v , N , TV ) of a V-connection T v  in  L (M ) ,  a

non-linear connection N  i n  T ( M )  and  a  vertica l connection T y  in
F (M ).

2 .  2 .  In  F ( M )  the f u n d am e n ta l  v e c to r f ie ld  Z ( A )  ( A L ( n ,
R ) )  is  de fin ed . If a  F in s le r  connection F T  is  g iven , the h -  and the

v-basic vector fields B h(v ), B V (v ) (v E  V ) are defined in  F ( M ) ,  and

these three fields span the tangent space o f  F(/11) at each po in t. In

terms of a canonical coordinate system (xi, ?, zai) o f  F ( M ) ,  they are

expressed by

(2 .1 )Z  ( A) = Abazai (0/Ozai) ,

(2. 2) Bn(v)=vazai(O/axi— IV IO/Oyi— z!Picia/Ozbk),

(2 .3 )B y  (v) =vazai (6/0yi —  zbie.;i8/0z,,k),

w h ere  A =  AbaLbE L (n, R )  and v= va ea E V, and Fik, N ,  CI, are call-

ed  the co n n ec tio n  p aram e te rs  of F T .  As a trivial vertical connection

in  F ( M ) ,  there is the v e rtic al f l a t  connection, with respect to which

(2. 3) becomes

(2. 4) Y(v) =vazaia/Oyi .

2 .  3 .  L e t  K  be a  F in s le r  tensor field. T h e  h -  and the y -  co-
v arian t  d e riv at iv e s  o f  K  are defined by dh K  (v) : = Bh (v)K  and J"K

(v ):= B" (v) respectively . In  particu lar, the v-covariant derivative

w ith  respect to  the vertica l fla t connection is called the 0 - cov arian t
d e riv ativ e  and denoted by _1° K .

In  terms of a canonical coordinate system (xi, 3/1, zai), the components

o f ih1( and iv K  are denoted by KJk  and  K Jk  respective ly , i f  K  is
assumed, fo r  in stance, to  be o f ty p e  (1 ,1 ),  i.e ., K =z - liaz!KleaC)eb,
and they are expressed as follows:

(2. 5)K 3 1 , ,  = OKI /8xk +Kii/"FL— K„,"T,

(2. 6) KJ1 k  =  j ( k )

where ô/axk :=6 /1 9 2 -1 V ," 'O /ay '. T h e  components o f  d 'K  are Kf(k)•
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2 . 4 . I f  we consider th e  L ie  products [ ,  ]  of the basic vector

fields, w e  have the follow ing structure equations:

(2 .7 ) [Bh (1), Bh (2 )] =Bh (T (1, 2)) +By (R' (1, 2)) + Z(R 2(1, 2)),

(2 .8 ) [B h (1), B "(2)] =Bh (C(1, 2)) + B ' (Pl (1, 2)) + Z (P2(1, 2)),

(2 .9 ) [Br (1), B" (2 )] = (S i(1, 2)) + Z(S2(1, 2)),

w here w e put i : = v e  (i=1 , 2 ) fo r  brevity, and from  which we have

five kinds of torsion tensors T , C , R 1 ,  P ', S ' and three kinds of curva-

ture tensors R ',  P2, s2.

T h ey  are called th e  (h )h -, th e  (h )hv -, the (v )h-, the (v )hv - and

th e  (v )v -to rs io n  te n s o rs  an d  th e  h - ,  th e  hv- and  th e  v -curv ature
ten so rs , and their components are denoted by T ik , C jk , Rijk, PJ k ,  f

P i f i k  and Slok r e s p e c t iv e ly .  I f  .ii, { • • '}  denotes, for instance,

(2. 10) {Aik} =-Aik

they are expressed as follows:

(2. 11) Tjk — .fk{ F lk}

(2. 12) Cjk=the same as the connection parameter Cjik,

(2. 13) W il e  =  S ik { (3  N ,

(2. 14) P lk = N i'(k )— F lij,

(2. 15) S ip , j k k}

(2. 16) Rkik (aFiii/axk niF„i,k1 Q„,./Vì k,

12. 17) P l i t j k =  F lit f ( k )— C ltk ij+

(2. 18) S ik ik = S  k IC / 4 5 (k )+  ClIfC7fIk} •

2. 5. W hen a  Finsler metric is given, various Finsler connections

are defined from the m etr ic . T h e  well-known examples are the ones
C T , R F  and  B F  d e fin ed  b y  E . Cartan, H . Rund and  L .  Berwald.
There are some methods by which one Finsler connection is converted

to som e others. T h e  author [9 ]  proposed two such methods. I f  we

apply them to C F , w e have R F  and B F  respectively . The former is

equ a l to  th e  o n e  ca lled  th e  C-process b y  M .  Matsumoto. Besides,

M . Matsumoto gave the important one called the P'-process. T h e  C-
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and the P'-processes a r e  characterized by expelling the torsion tensors

C  and P 1  respectively.

Interestingly, the two processes commute w ith  each other. I f  we

apply to C T ' the P'-process after applying the C-process, we have B T

follow ing RE . O n the other hand, if the C-process is applied after

the P1-process, we have also B I '  via a new connection, which we shall

denote by H E , even i f  its  applications belong to the future.

A s  a  Finsler connection defined by a given Finsler metric, we shall

use one of the above four in the follow ing. To denote the h-covariant

differentiation, we shall use the short solidus in  the cases of C I', R E,
and the semi-colon in  th e  ca ses  o f HT , B r  in  w h ich  P 1  vanishes.

A s  to  the v-covariant differentiation, the long solidus i s  u s e d  in the

cases o f C T , H T , but since in the cases of R I ', B T  in which C  vanish-

es it reduces to the 0-covariant differentiation, the parenthesis ( )  may

b e  u sed . A n d  fo r th e  above four connections we have

Proposition 2 . 1 . T h e  c o n n e c tio n  p aram e te rs  a n d  th e  com-
ponents o f th e  torsion  a n d  th e  c u rv atu re  te n so rs  a re  a s  follow s:

I T v N T" T C IV P ' S ' .12' P2 .92

general Pik
C r TV
R I'I l k '
H I' GII,
BF G.1,,

N I
G ;
G I
G.,'
GI

Cjk
Ci,,
0

Cjk
0

n
0
0
0
0

Ca
Ci,.
0

Clk
0

W.,,,
R ,
Mk
Rip,
Mk

P.1k
PA
Pik
0
0

S.',k
0

0
0
0

Riqk
11.jk
Rtik
HIp,
Ki!ik

PIA
P,,'5,
Mk
O A
Gtjk

Siqk
SLY

0

Sit52
0

(2. 13*)

(2. 14*)

(2. 16C)

(2. 16R)

(2. 16H)

(2. 16B)

(2. 17C)

(2. 17R)

R iik = S  ik lO G ,

Fl /c Gil kill,

=  R :1  k  CLR
D * i k k I l l /  X k  r h 7 r t i l ,

I- I j k = C L R 7k ,

jk  =  jk {t iG 1 0 X k

p tlik =  rtik- C i h k i j +  c h .P rk ,
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(2. 17H)

(2. 17B)

(2. 18*)

M asao H ash ig u c h i

itjk  G Jk

G ljk -  G th 1 ( k ) ,

w here 6/192`=0/0xk  — Gkm a/aY m .

Prlik  is also expressed as follows:

(2. 19) P h i k  =  g ir h r { P r ik (h )+ C r k .P i l ' i }  •

where P r j k  =  g r i P i k •

2 . 6 . G iven  tw o Finsler connections Fr and FT', the basic vector

fields Bh (v ),  B t' (v )  w ith  respect t o  P T  a re  expressed by the basic

vector fields w ith  respect to  F T ' and the fundamental vector field as

follows:

(2. 20) Bh (v) =B " (v) By ( D" (v ) )  Z ( A h  ( v ) ) ,

(2. 21) (v )  = By (v ) Z ( A . ' ( v ) )  ,

where D " , A "  an d  A " a re  called the difference tensors, and are ex-

pressed, in  terms o f a  canonical coordinate system (x i, yi, za1), by

(2. 22)( D " ) 5 '  = N 5 1  — N 51 ,

(2. 23) ( A V i k  ( F ijk  — Fjk) + (Nkm —N km),

(2. 24) = Cjk —C.fik.

2 . 7 . We shall here consider the conformal transformations. From

(1. 15) , (1. 26) , (1. 27) , (1. 37) , (1. 45) and (1. 46), w e  have

T h eo rem  2 . 1 . L e t  tw o  F i n s l e r  connections F T  and F T  be

defined  from  the F in  s le r m etrics G and G c o n f o rm ally  corresponded.
I f  w e denote by  B 5 ' and Ai k  the components o f th e  difference

tensors D "  and A "  respectively, they becom e as fo llow s:

(2. 25) /35' = B51,

(2. 26) (Case o f  C T )  A iik = A11 ( =  . ; k +

(Case of R I ' ) k  =  k l
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(Case o f  H T )  A k  H 1 , ( =  R ik + C 1 3 ,m ) ,

(Case o f  B T ) A iik =B ijk •

A n d  th e  dif f erence  tensor A  v anishes.

2. 8 . There is an important tensor D  called the def lection ten so r ,
which expresses a relation between the V-connection T v  and the non-

linear connection N .  In  terms o f a  canonical coordinate system (xi, y ',
zr !), the components are

(2. 27) .

In  th e  typically used Fins ler connections, it is  im posed  that the

D  vanishes as a natural assumption. For example, it is so in the cases

o f C T , Rr, H T  and B T .  From  the standpoint that a non-linear con-

nection N  may be freely chosen in  parallel displacements, the author

[10] has treated the Fins ler connections with a non-vanishing deflection

tensor in  order to characterize the affine connection ([15 ] ).
Given a  conformal transformation a of a metric G to a metric G,

we can choose the respective Fins ler connections F T  and F T  defined

from  the metrics G and G such that the difference tensor D h  disappears.

W e  have on ly to  take the non-linear connection N  o f  F T  such that

(2. 28)

In  this case the deflection tensor r )  j i  of FT becomes — B 1 . H ow ever,

such a modification is not treated in  the following.

I f  N = 0  fo r  a  conformal transformation a, a modified non-linear
connection is nothing b u t th e  usual o n e .  O w in g  to  (1. 3 4 ), such a

transformation a  satisfies a 1 = 0 .  T h e  conformal transformation a  is
called hom othe tic  i f  ai = O .  The converse holds clearly and we have

Proposition 2 . 2 . A  conf orm al transf orm ation a  is ho ni
i f  a n d  only  i f  a  satisf ies 1311=0 .

B j i= 0  is a lso equ ivalent to N = N .  A n d , a l l  difference tensors
vanish fo r  a  homothetic transformation, s o  F T  coincides w ith FT .
Thus w e have
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Theorem  2 . 2 . A  conformal transformation a  o f two Fin sle r
m e tr ics  is  h o m o th e tic  i f  a n d  on ly  i f  tw o non-linear connections
resulting from  the m etrics  co incide . In  th is case tw o Fin s le r con-
nections coincide too.

§  3 . Transformation formulas of the torsion and the curvature

tensors.

3. 1 . L e t  F T  and F r  be any tw o F in s le r connections. If we

substitute (2 . 20 ), (2 . 21 ) into the structure equations (2 . 7 ), (2 . 8 ),
(2. 9 )  with respect to F T , we obtain by direct calculations the following

transformation formulas communicated by M .  Matsumoto some years

ago.

Proposition 3 . 1 . T h e  torsion and the curvature tensors of FT
are  expressed by the ones o f FT ' as  follows:

(3.1) T(1, 2) = T (1 , 2 ) -Z ,,{A h (1 , 2 ) -C (1 , /Y (2 ))} ,

(3.2) C(1, 2) = C (1 , 2 ) - A" (1, 2),

(3. 3) (1, 2) =R1(1, 2) /Y (T (1, 2)) + S ' (D ( 1 )(1) , (2 ))

- { ihDh (1, 2) + J"Dh (1, 11' (2)) + Dh (C(1, Dh (2 )))

- P' (1, D h (2)) }

(3.4) P1 (1 ,2 ) = (1, 2) +,5' (B0 (1) , 2)

+A h (2, 1) -D h  (C (1 , 2)) _ J D h (1, 2),

(3.5) S1(1, 2) =S1(1, 2) -Z12{Av (1, 2)},

(3.6) R2 (1, 2) =R2(1, 2) + (IY (1) , _ID7' (2 ))

- Ah (T(1, 2)) -  ( 1 2 1 ( 1 ,  2)) + (Dh (T (1 , 2 )))

- A v (S 1  (D h  (1 ), D '(2 ))) - 12{z1h A ' (1, 2)

+ 4" A ' (1, Dh (2 )) (A'(1) , 2) + Ah (C(1, Dh (2 ) ) )

+ A" (Pi (1, 12P (2))) - Au (Dh (C (1, Dh (2))))

- A" (dh Dh (1, 2)) Av (z1"Dh (1, Dh (2 )))  -P 2  (1, Dn (2)) }

(3.7) P 2 (1 , 2 ) =  /32(1, 2) + Sz(Dh (1), 2) - J u i l n  (1, 2) A ' (C(1, 2))
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- (P1 (1 , 2 )) -  Ay (S' (Dh (1) , 2)) + A" (Dh (C (1 , 2 )))

- ( A ' (2), 1) + A " (A ' (1) , 2) + ILA" (2, 1)

+ Ay (dvDh (1 , 2)) + T A ' (2, Dh (1) ),

(3 .8 )  S 2 (1 , 2 ) = S 2 (1 , 2 ) - (.5' (1, 2))

- 12{4vAu (1, 2) -Au(A"(1), 2)}.

S in ce  the used  connections are g e n e ra l o n e s , w e  h a ve  to  notice

that usual sym m etries do not necessarily  h o ld . F o r  example, S1= 0 if
and o n ly  if

(3 .9 )C ( 1 ,  2 )  = C ( 2 ,  1).

3 .  2 .  From Proposition 3 .1  w e  have as a p articu lar case

Proposition 3 .  2 .  I f  F I ' a n d  F T  s at is f y  th e  c o n d it io n s  T  =T
= 0 ,  Si=  SI= 0 , A" =0, t h e  f o rm u las  i n  Pro p o sitio n  3.1 a re  reduced
t o  th e  f o llo w in g  f o rm s:

(3. 2') C (1, 2) =C(1, 2),

(3. 3') R ' (1, 2) = (1, 2)

- 'Z'12 {dh Dh (1 , 2 ) + f /Y (1, Dn (2)) -1- (C (1 , Dh (2)))

- P1 (1, Dh (2)) }  ,

(3. 4') P' (1, 2) = Pi (1, 2) + Ah (2, 1) - (C (1 , 2)) - 4" Dh (1, 2),

(3. 6') R2(1, 2 ) = R 2 (1 , 2 ) +  (Dh (1) , Dh (2))

12 V A h  (1, 2) + TA !' (1, Dh ( 2 ) )  - (Ah (1) , 2)

+ Ah (C (1 , D h(2))) -P2(1 , /Y (2))1 ,

(3. 7') P2(1, 2 ) = P 2 (1 , 2 ) +  (Drz (1) , 2)

- T./1' (1 , 2 ) -  Alt (C (1 , 2 )),

(3. 8') S2 (1 , 2 ) = S2 (1 , 2 ),

a n d  it  h o ld s

(3. 1') Ah (1, 2 ) -  An (2, 1) =C(1, /Y  (2)) - C (2 , (1)) .
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3 .  3 .  For later use, we shall replace Jv in the formulas in Proposi-

tion 3.2 b y  40• S  and 4 ' are related such that

(3.10) 4"D(1, 2) = S1)(1, 2) +C(D(1), 2) - D ( C ( 1 ,  2))

fo r  any tensor D  o f typ e  (1 , 1 ), and

(3. 11) S A (1 , 2 ) =4 ° A (I ,  2) +C (A(1), 2 ) - A (C (2), 1 )

-  A (C(1, 2))

fo r  any tensor A  o f typ e  (1, 2). I f  w e  reca ll (3. 9), we have easily

Theorem  3 . 1. I f  tw o F in s le r connections F T  and FT satisfy
the conditions T = 0 ,  S ' = 1 = 0 ,  A" =0, the torsion and the curva-
tu re tensors of FT  a re  expressed by the ones o f  F T  as follows:

(3. 2') C  (1, 2) =C(1, 2),

(3 . 3 ") IV (1, 2) =R1(1, 2)

- 12 4 D (1(1, 2) +4 ° D h  (1, Dh (2)) -P1(1, D4 (2) ) }

(3 . 4 ") P' (1 , 2) = P1(1  2) + Ah (2, 1) -C (D h (1) , 2) - 4° Dh (1, 2),

(3 . 6 ") 122(1, 2) =R2(1, 2) H-S2(Dh(1), D 5(2))

- {zin A ' (1, 2) + 4°Ah (1, Dk (2 )) -I- A k ( A h  (2) , 1)

C(A h (2) , ( 1 ) )  - (C(Dh (2 )), 1) -.132 (1, Dh (2)) }

(3. 7") P2(1  2 ) =P2(1 , 2 ) +  (JD' (1) , 2)

- 4°Ah (1, 2) -C(20(1), 2) ± An (C(2), 1),

(3. 8') S2(1, 2) =S2(1, 2),

and it holds

(3. 1 ') A ' (1, 2) - Ah (2, 1) =C(1, Dh (2 )) - C (2, Dh (1)) .

In  terms o f  a  canonical coordinate system (xi, y i, zai) , these are

expressed by

(3. 2*) elk=

(3. 3*) R jk  = R i jk  - (13'900 Pin) B
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=  P lk  +  (iJk Ak — _f in )  — ( k),

R ih ik =  Rjit k + JmB kn

Aih (n )B + (A,1  CLB im) j a c

— AfiCrnBk” P inB kn}

(3. 7*) j k = P h j k +  S h m k B  —  h j (k) C h L k  j j e Z ,

(3. 8 * )  S i h jk =  S i h jk ,

an d

(3. 1*) A k 1 1 . 1 1  =  C5„B k" — C 1,1

3 . 4 . W e shall here investigate how  the torsion and the curva-
ture tensors change b y  a  conformal transformation of Finsler metrics.
In the cases of CT,  R F  , H T  and B F  th e  assumptions in  Theorem
3. 1 are  satisfied. H e n c e ,  the follow ing transformation formulas are
obtained.

T h e o r e m  3 .  2 .  By a conformal tran s f o rm atio n  o f  two Fin sle r
m etrics, t h e  torsion a n d  the curvature tensors a re  changed a s  fol-
lows:

(i) C as e  o f  CT

(3. 2C) C i  k  = C i jk ,

(3. 3C) R i jk  =  R i jk jk  { B i j  k  (Bi — 135,,) B

(3. 4 C )  Pi, k — P ;k +  1 7 J  k ,

(3. 6C) RI,jk = R if ,  + 2,51,„,„BfrnBkn

j k J  k (n) B  k" ItB

(3. 7 C )  I r i c jk  —  j k  2 S i m B j tm A 1 ( k ) — C h i k U r j  U  n O l ' a  k ,

(3. 8C) S,Jk =

w h e r e  A l1=M j+C L B jw %

(ii) C as e  o f  RI"

(3. 3R) Rfik = R ijk  —  2 5  jk  j i k  ( B i j n  Pin) B



42 M asao  H a s h ig u c h

(3 . 4R ) P ij +  j  k ,

(3. 6 R )  R t . ; , =  R t i k — i k { U h j i k +  M i a B U .iin U k k  r t i n B k n }

(3. 7 R )  T h j i k  "=" F tlk — U h jk l

w here U k f k :=M i( k ) .

(iii) C ase o f  H F

(3 . 2 H ) Cijk = C ij k ,

(3. 3H) Rijk =R ijk { B j; k  1 3 1 jnB  k n}

(3 .  6 H ) H lf » ,=H k ik -F-2 5 1 ..B in aB k n

—  j k  { 1 1 7 f j;k  + j(n )B  k n jn B 7 tk  Q ih  jn B  k n }

(3. 7 H )  g h f k = az ik + 2 S i i„,k B  — I lk i ( k ) — C L I ,B ri i+B i in C i ,k ,

(3. 8H) SJijk =-

w here H ; f 1 = B 1 + 0 , , , B 5 '.

(iv) C ase  o f  B F

(3. 3B) R k  =  R ij k jk  {Hp k 71B  k l

(3. 6B) Kg», =K tlik  — Jk {R )ii;k  + B ih j„B k '+B ijJA k  — G ljn B k "} ,

(3. 7 B )  G i f i k = G ;t i k — B 'Itjk•

P r o o f .  In  the case that A ij k  h as  th e  form  Ak = Wjk Cii„Xkm for
some tensor Wik and S/fik = CO,CL; — C r i C L ,  (3. 4*) (3. 6*) and (3. 7 * )

become a s  follows:

(3. 4**)
 

P j k  =  P : j k  W k j  — 1 3 ; ( k ) ,

(3. 6**) Whik = W hik + 2 S L „B im B k '

— '-e'jk {M i l k  A ih j( n ) B W77itj W " k kn}

(3. 7**)
 

Piok= Ph: j k  + 2 S i k . k B  j' —  A 'hick) — W r j  W ,fiCkk•

H ence, th e  theorem  follows im m ediately from  Theorem  2. 1.
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3 .  5 .  I t  is  important th at th ese  very  co m p lica ted  form ulas have
b een  d irectly  d erived  fro m  th e  structu re  eq u a tio n s . I f  w e ca lcu la te
these form ulas from  the  definitions stated in Proposition 2 .1 , we might
b e  a t  once lo st in  a  m a z e . F o r ex am p le , the transformation formula
of 0 /1 1 /0 x k  is very troublesom e.

I f  w e  use the R icc i id en titie s , w e  can  o b ta in  v ario u s expressions
o f  the transformation formulas.  F o r  exam ple , i f  w e  rep lace  Bijsri; k

( = B 700 ,,) in  (3 . 6 B ) by B Y ;,(,) w e have

(3. 12)
 

K  l it k = K lit k

j k {BY: k (h )cer+ B Z ia r ,k +  (Bi.T .138)(m arc6— G.k R 7arl.

T h is  formula m issing th e  last term  has been derived by M . S . Knebel-
man.

§  4 . Spaces conformal to some special Finsler spaces.

4 . 1 . In  th is  section w e  sh a ll d e a l w ith  the  specia l F insler spa-
c e s . W e  sh a ll f ir s t  ta k e  u p  the Landsberg space defined by Pmjk =O.
O w in g  to  (2 . 1 9 ) and  Piik =y hP,uk , Phuk =0 is  e q u iv a le n t  to  P jk = O.
So w e shall pay attention to  the transformation fo rm u la  (3 . 4C ), th at is,

(4. 1) Pjk

w hich  yields im m ediately the  following theorems.

Theorem 4 . 1 . T h e  c o n d it io n  th at  a  sp ace  b e  co n f o rm al to  a
Landsberg sp ac e  is  th at the f o llo w in g  sy s te m  o f  e q u atio n s  h as  a so-
lu tio n  a:

(4 .2 )
 

P.;k= —  V rkar.

Theorem 4 . 2 . A Landsberg space rem ains to  be  a Landsberg
sp ace  b y  a  c o n f o rm al tran s f o rm atio n  a if  an d  o n ly  if  a satis f ies  the
sy s tem  o f  equations

(4 .3 ) -= O.

4 . 2 . W e  sh a ll h e re  c o n s id e r  (4 . 3 )  f ro m  a n o th e r  v ie w p o in t .
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B y  (4 . 1 ) ,  that a  conformal transform ation a s ta t is f ie s  (4 . 3 )  means
P ik =  P  jk .  From  (2 . 1 9 )  w e  have

Proposition 4. 1. P i f i k  = P i f j k  i f  a n d  o n ly  if

O n  th e  o th er h a n d , V iii; =0 if  an d  on ly  if (4 .3 ) h o ld s  fo r any a.
So we have

Proposition 4. 2. Vi';, = -0  i f  a n d  only i f 13,fik f o r  any

conform al transform ations.

I f  w e  put

(4. 4) i g h m g , „  v7r,
w e have from  (1.40)

(4 .5 )T h i j k — W h i  f l k + C h i j i l e + C l i i k i j + C h j k l i + C i j k l h ,

which is just th e  tensor treated by M . Matsumoto and H. Kawaguchi.

M . Matsumoto [ 2 1 ]  showed that the condition that a  two-dimen-

sional F in s le r  space admits the strictly isometric V-rotations of maximal
order 1  be Thijk = 0 .  All such spaces have been found by L. Berwald
[3 , 4 ]  from  th e  following proposition.

Proposition 4 . 3 . I n  tw o-dim ensional Finsler spaces, T h ijk  =-  0
i f  a n d  o n ly  if  th e  m ain  s c a la r  I  is  a t  m o s t a  point function.

The proof follows from T h U k =  I ( k ) m h m m I .  F u rth er, M. Matsumoto

[ 2 3 ]  has recently considered three-dimensional F in s le r  spaces with

T h ijk  -=-0 and  obtained many interesting results.

And, H. Kawaguchi [ 1 3 ]  showed in  general dimensions that P h u k

vanishes for any F insle r spaces which are  conformal to the Minkowski
space with T h u k  0.

Since Virk =0 is equivalent to T  =  0 ,  Proposition 4. 2 is restated

as  follows.

Theorem 4. 3. T h e  ten sor T h u k  vanishes i f  a n d  o n ly  i f  th e
ten sor Pk ', be  in v arian t  under any conform al transform ations.
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From this theorem we have immediately

T h eo rem  4. 4. A  L andsberg sp ace  rem ain s  to  b e  a L an d sb e rg
sp ac e  b y  an y  c o n f o rm al t ra n s f o rm a t io n s  i f  a n d  o n l y  i f  Thuk=0.

Since Pmik = 0  fo r  th e  M inkow ski spaces, the above theorems are

generalizations o f  K aw agu ch i's  resu lt. T h e  condition T h u k =0  has

such distinctive geometrical meanings, and should be thought to be

very significant in  th e F in s le r  geometry.

4 .  3 .  We consider, in particular, the two-dimensional ca se . Spec-

ifying Theorem  4 . 4 , we have

T h eo rem  4. 5. I f  a  tw o-dim ensional L and sb erg  space rem ains
to  b e  a  L andsberg  sp ac e  b y  a  non-hom othetic co n f orm al tran sf o r-
m atio n , th e  m ain  s c a la r I  i s  a t  m o s t  a  p o in t  f unction.

P r o o f .  From  Theorem  4 . 2  w e  h a ve  VPiscar = 0. O n  th e  other
h an d , Vi'372.= 0 o w in g  t o  (1. 40). H ence, i n  t h e  two-dimensional
case V j O im plies ar---A Y r, which contradicts the following Lemma.

Therefore, VP,', = 0, i.  e . ,  T u f t= O. T h u s ,  the conclusion follows from

Proposition 4. 3.

L e m m a .  L et a be a con f orm al transf orm ation  in  a Finsler space
o f  d im e n sio n  n > 1 .  I f  th e re  e x is ts  a  scalar f ie ld  2  (x , y )  satisf y ing
ar= A y r, then a  i s  hom othetic.

P ro o f .  Suppose that such a  field À  exists. D ifferentiating by yk,
w e have 0 — /Im y r+ilg „,.  Since À  m ust be positively homogeneous of
degree — 1, w e  h ave  (n — 1) 2=0 b y  the contraction w ith  g k r  Thus
2 = 0  fo r  n > 1 ,  so a r =

4 .  4 .  The condition P n i i k =  0  is equivalent to Cijklo = 0. If a  Fins-
l e r  space satisfies a  stronger condition  C kII -=  O ( re sp . C fic t =  0 , R il t J k

= 0 ) ,  it  is  c a lle d  a n  af f inely  c o n n e c te d  sp ac e  ( r e s p . a  M ink ow sk i
s p a c e ) .  In  th e  two-dimensional case, C ik ii = 0  is equivalent to
Hence, i f  I  is  a t  m o s t a  p o in t function, then I  i s  constant and all
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such spaces are found by L . Berwald [3, 4]. Thus we have from The-

orem 4. 5

T h e o r e m  4 . 6 . I f  a  tw o-d im ensional af f in e ly  connec ted  (esp .
Minkowski) sp ac e  re m ain s  to  b e  a Landsberg space by  a  non-hom o-
th e t ic  c o n f o rm al tran s f o rm atio n , th e  m a in  s c a l a r  i s  constant.

Returning to the cases of general dimension, we shall find the con-

dition that a space be conformal to an affinely connected (resp. Min-

kowski) space. Since it is known that ci„,, = 0 be equivalent to Glki
= 0 , w e  have from  (3.7B)

T h e o r e m  4 . 7 . T h e  c o n d i t io n  th a t  a  sp ac e  b e  c o n f o rm al to
an ajf in e ly  c o n n e c te d  s p ac e  is  th at  the f o llo w in g  s y s te m  o f  equa-
t io n s  h as  a  so lu tio n  a:

(4 .6 )

4 . 5 . A s  to  the Minkowski space we may easily conclude:

Proposition 4 . 4 . T he f o llow ing  conditions are m utually  equiv -
alen t:

(  i ) Cjk it = 0, R 5 =  0, ( i i )  F I L  = 0 ,  W h 'i  k  = 0 ,

(iii) Gijkl = 0, K./L.1k= 0, ( iv )  G ipa=0, R  =  0.

Each o f these conditions characterizes the Minkowski space. ( (ii)
(resp. (iii)) means that all curvature tensors vanish with respect to
R I  (resp. B E M  Thus, w e have various conditions that a  space be

conformal to a Minkowski space. If w e use (iv) we have from (3. 3B),
(3. 7B )

T h e o r e m  4 . 8 . T h e  c o n d it io n  th at  a  sp ac e  b e  c o n f o rm al to  a
Minkowski s p a c e  is  t h a t  the f o llo w in g  s y s te m  o f  e q u atio n s  h as  a
solution a:

(4. 6) G 15 1,1 - B laT,

(4 .7 )R f i k = i k  (B ija r ) ; k  B i j r . B rc  a ra s}  •
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§5. C-conformal transformations.

5 . 1 . W e shall finally treat th e  special transformation named C-
c o n f o rm al, w h ich  is, by defin ition, non-homothetic conformal trans-
formation satisfying

(5. 1) Cik =O.

I f  a  space admits a  C-conformal tran sfo rm atio n  a , th e  vec to r fie ld  ai
is defined o n  th e  space. Since c o  depends on point on ly, it fo llows

— Cik  an d  c4 )  — 2 C k i .  Thus w e have

Proposition 5. 1 . T he f o llow ing  conditions are  m utually  equiv -
aien t:

(1) C i,= 0, (2) C ,'= 0, (3) a  k = 0, (4) a iyo=  0 .

5. 2 . S . Tachibana [27] has generalized the concept of the concur-
re n t  v e c to r f ie ld  o n  a  Riemannian space ( [2 6 ] ,  [2 8 ] )  a n d  derived

the conditions that a  vector fie ld  a i be concurren t as follows:

( i ) a 1  depends o n  p o in t  only ,

(iii) 0.

From  (4 )  a n d  (2 )  in Proposition 5. 1, our field  a a  generali-

zation of a  concurren t one , in  which th e  condition ( i i )  is weakened to

( i i ' )  a i * 0  a n d  a ,  i s  g rad ien t.

5. 3 . In  their recent paper [2 4 ], M . Matsumoto a n d  K . Eguchi

h av e  given a n  elegant definition for the concurren t vector f ie ld  o n  a
Finsler space and  obtained many interesting results. Some of them hold

also in  th e  space admitting a  C-conformal transformation.

Theorem 5. 1. I f  each  o f  the  f o llow ing  Fin  sler spaces adm its
a C -c o n f o rm al tran s f o rm atio n , th e n  th e  sp ac e  is  R ie m an n ian :

( 1 )  t w o-dim ensional spaces,
( 2 )  th re e -d im e n s io n al s p ac e s  s at is f y in g  th e  c o n d itio n  o f

B ric k e l's  th e o re m  ( [7 ] ) ,

( 3 ) sp aces w ith  T h ijk =0 ,
( 4 ) C -reduc ib le  sp ac e s  ([2 0 ]),

( i i )  ( 4 ,+ à ' , =0 ,=0 ,
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( 5 ) spaces w ith  (a ,  d ) - m e tric  ([2 0 ]).

T h e  proofs are given in  the same ways as in  [24]. F o r example,

in  the two-dimensional case, Crar=0 and Cy,. =  0  y ie ld  C r= 0  o r  a,
= Ayr. T h e  latter contradicts Lemma, since our transformation is assum-

ed  to  b e  n o t homothetic. So, Cr= 0, which means that th e  space is

Riemannian.

5. 4 . N ow , we shall treat the transformation formulas. We have
at once

Proposition 5 . 2 . In  th e  C-conformal ca se , th e  tensors

Bk, B 0 1 , U fk ,  V jk ,  A k  a n d  H10 a r e  re d u ce d  to  th e  fo llow in g

form s:

(5.2)

(5.3) Bijk— qika i  V a k kia j 5

(5.4) Bei,,,-=2C »ace,

(5.5) U1,=13',,+a00;k,

(5.6) V1,=a0Cik,

(5.7)

(5.8) Hjk— —aoCiik•

5. 5. From  (5 . 6 ) the transformation formula (4 . 1 ) becomes

(5.9 )P i k =  P i k +  ceoqk ,

from  which we have by putting 2= - a 0

Theorem 5. 2 . I f  a space is  C-conformal to a Landsberg spa-
ce , the tensor P ik  is  p ro p o rt io n a l  t o  the  tensor C k ,  j .  e.,

(5. 10) Pjk-=

Theorem 5. 2 g iv e s  an  exam p le  o f th e  spaces treated by the
author [1 1 ]. O n  th e  o ther hand, is ik = lik  implies Cif), = 0 owing to

(5. 9), because we have assumed the transformation a  to  b e  non-ho-
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mothetic. Thus w e have

Theorem  5. 3 . I f  t h e  te n s o r P ,fj, is  u n c h an g e d  b y  a  C-con-
f o rm al t ran s f o rm at io n , th e n  th e  sp ac e  is  R ie m an n ian .

Theorem  5. 3 with Theorem  4. 3 gives another proof for the case
(3 ) in  Theorem 5. 1. From  Theorem  5. 3 w e  have immediately

T h e o re m  5. 4. I f  a Landsberg space rem ains to  be a L andsberg
sp ace  b y  a  C-conform al tran sf o rm atio n , th en  th e  space  is  R iem ann-
ian . E sp e c ially , i f  a  Minkowski s p ac e  is  C-confornzal t o  a  L ands-
b e rg  sp ac e , th e n  t h e  sp ace  is  E u c lid ean .
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