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§ 1 .  Introduction

Research on th e  ran d o m  ev o lu tio n  o f  a  fam ily  o f  semigroups
t > 0, i = N }  w ith sw itching am ong sem igroups controlled

b y  a  fin ite  sta te , sta tionary  M arkov chain  y  w as begun by G riego-
Hersh [4] to study equations of the form

where Q  is  the infinitesimal matrix o f y, A is  the infinitesimal generator
o f  a  se m ig ro u p  r( t)  o n  a  Banach space a n d  i ( t )= T ( t ) j ,  where
JE

Q uiring [11] gave a construction of random evolutions analogous
to  th a t  o f Griego and Hersh in which the Markov chain y is replaced
b y  a  diffusion process on the r e a l  l in e . In  [1 0 ]  Pinsky introduced
discontinuous random evolutions a s  a  representation for multiplicative

operator functionals o f a  M arkov ch a in . U sin g  the theory o f discon-
tinuous random  evolutions, K ertz [8] proved a  typ e  o f singular per-
turbation theorem and gave new  proofs o f lim it theorem s for Markov
processes o n  N  lines. L im it  th e o re m s  and applications for random
evolutions have appeared in several other places [2 ], [4 ], and [5].

In  th is  p a p e r  w e  g iv e  an alternative but equivalent formulation

o f  random  evolutions using a perturbation principle o f  Phillips [9].



396 Manuel Keep ler

This approach has the advantage o f immediately furnishing the back-
w a rd  and forw ard equations fo r  random  evolutions. The backward
equation is (1.1) above. The forward equation is

Oil ( 1 . 2 )  = -  -FQ Tri, where Q 1  i s  the m atrix transpose of Q.et

In section 2, w e  o b ta in  a  perturbation representation f o r  r(t)
and solve (1.1) and (1.2) using an approach inspired by the w ork of
Schoene [12]. §  3  contains an alternative perturbation formulation of
random  evolutions m ore  in  th e  sp ir it  o f th e  "renewal equation"
approach  to  M arkov  cha ins in w hich the transition probabilities are
show n to solve a pair of integral equations (renewal equations), there-
b y  g iv in g  r ise  to  the backward and forward Kolmogorov differential
equations. The proofs in section 3  are analogous to those in [7 ]  and
are included fo r  tw o  main reasons — to show t h a t  perturbation re-
presentations fo r (backward and forward) random  evolutions m ay be
obtained independent o f th e  fam ous Phillips Perturbation series, and
in o rd e r  th a t the proofs (which are analogous but longer due t o  the
com plicated  notation) m ay be om itted  in the extension t o  the non-
stationary case.

In section 4 ,  we generalize these results to the discontinuous case.
§ 5 contains the extension to  the nonstationary case.

I n  [ 7 ]  the a u th o r  shows th a t th e  so lu tio n  o f th e  -transposed"
equation  (1 .2 ) is  no t the "transpose" of the solution of (1.1), except
in  th e  special case t h a t  the semigroups commute w ith each other.
He also studies the effect o f  -time-reversal" of the chain, in the case
o f  a  coun tab le  s ta te  space  M arkov  cha in  w ith  a  f in ite  "explosion
tim e" and a relationship is established between time-reversal and the
substitution of QT for Q  in (1.1).

Surveys o f th e  literature on  random  evolutions are given in the
papers o f  Pinsky [10] and Cogburn-Hersh [2]. The reader is referred
to  H ille -P h illip s [6 ] fo r  th e  necessary  facts about semigroups and
to  C hung [1] for information about Markov chains.
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§2. Backward and forward random evolutions

Suppose v= {v(t), t> 0 }  is a  right-continuous Markov chain with
s ta te  s p a c e  {1,..., N I, s ta t io n a ry  transition probabilities pik(t), and
infinitesimal matrix Q = <g ik > = <p;k (0 )>. Pi i s  the probability meas-
ure defined on sam ple  pa ths co(t) fo r  v  under the condition w (0 )= i.
E. deno tes in tegra tion  w ith  respect t o  Pi. F o r  a  sam ple  pa th  to e 52
of v, Ti(co) is  the tim e  of the jth jump, and N(t, co) is  the number of
jum ps up to  tim e t.

L e t  { Ti(t), t> 0, i =1,..., N I  b e  a  fam ily  o f  strongly continuous
semigroups o f  bounded linear operations on  a  fixed Banach space B.
A i  is the infinitesimal generator of 7 .  L e t . 9 i  b e  the dom ain  of
Ai. FI i s  the N-fold cartesian product o f  B  w ith  its e lf . A  generic
elem ent o f  F3 is d e n o te d  b y  f = < A >  where fie B , j =1 ,..., N . We
equ ip  F3 w ith  any  appropria te  norm  so  tha t  —>0 a s  IV; 1HO for
each

Definition 2 . 1 .  A  back w ard random  ev olution { R (t, (o), t>0}  is
defined by the product

R(t)= Tv(0)(T 1)T„(T,)(T 2— T1)• • • T;, , (0 )(1 ' —  T N (0 ).

Definition 2.2. F o r  t> 0  define the m atrix  ope ra to r 7 ( t )  o n  13
specified componentwise by

(rcol);= EiCR(Ofv(,)]

The following results now follow from Griego and  H ersh  [4].

Theorem 2.3. {7(0, t>0} is a  strongly  continuous sem igroup of
bounded linear operators on  B.

Theorem 2.4. The inf initesim al generator A T" o f  7 ( 0  is giv en by
24=diag(A,,...,AN)+Q in  m atrix  f o rm , o r considering A  as acting on
column vectors we get

(N )i=A if i+E q u f i
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for f E  =  ,  x • • • x g ,.

B elow  w e sha ll construc t a  m a trix  i l ( t )  s u c h  th a t  r( t) f =R (t) f
in  usual matrix notation.

A ccord ing  to  T heorem  3.5 o f  Phillips [9; p. 205 ], t h e  matrix
o p e ra to r  Â=diag(.41,..., A N )+ Q is t h e  infinitesim al generator o f  a
strongly continuous semigroup o f  bounded linear operators, i l( t)  o n  B.
W e proceed to obtain a n  explicit representation for /2‘(t).

I n  genera l w e  h a v e  f ro m  t h e  above  perturbation principle that
i f  A  i s  th e  infinitesimal generator o f  a  semigroup o f  bounded linear
operators L (t) a n d  P  i s  a  bounded linear operator, then A +P  i s  the
infinitesimal generator o f  a  semigroup o f  bounded linear operators R(t)
given by

J(t) = n= 
0

where

0(0=  Î:( ) ,

0L(s)PR„_ 1(t—s)ds, n> I .

In order to apply this we define LW = diag (e-q 1 T,(t),..., e-qN7,,,(t)),
w h e re  qi= — chi f o r  e a c h  i. T h e n  L ( t )  h a s  g e n e ra to r  A = diag (Ai
— g,,...,A „— q,) s o  th a t  w e  t a k e  P  t o  b e  th e  m atrix obtained by
placing zeros a long th e  d ia g o n a l in  Q  (leaving all other entries un-
c h a n g e d ) . T h e n  it  is  e a sy  to  se e  th a t th e  operator i l ( t )  is given by

(specified componentwise)

(R(t).r);-= Rik(t)fk, 1< i ,  k < N ,

where for f  in  B

R ik (t)f = kie(t ) f
n= 0

4 ?)( t) f =6 0 -q itT i(O f  (where (5,k is the Kronecker delta)
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RW(t)f= E e -9 0 T ;(s )q u k in k - )(t — s)ftls, n> I
O

a n d  „(0= <1?)(1)> . W e can  sta te  these  observations in  the form

of a theorem.

Theorem 2 .5 .  R(t) f = r(t)f.

The following result now follows from Theorem 2.4.

Corollary 2.6. T h e  C a u ch y  p ro b le m  fo r a n  unknown vector aw,
t>0

eu .(2.1) 17(0+)=

is solved by i(t)= (t)J, fo r  le
T h e  m atrix  ope ra to r C=diag(A,,..., AN)+QT, w h e re  Q T  is the

matrix transpose of Q, is  the infinitesimal generator of a semigroup of

bounded linear operators, ' ( t )  on W e now  p roceed  to  ob ta in  an
explicit representation for g(t).

O bviously , (from  the above cited  perturbation principle),

t) = g(1)
n = 0  

„

where

30(0 =  L(t) ,

3„(t)=t0L(t — s)PT En_ ,(s)ds, n> I.

Let us define new  operators as fo llow s: for f  in  B, 1<i, k<N,

S ik(t) f =
n= 0 

Sie (t) f

let

where

S»(t)f= ike-"` Tk(t)f
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and

S(;;,!)(t)f = E 1̀  e-q0,--)Tko - '(s)fds.
k  0

T hen  the operator g ( t )  is given by (specified componentwise)

(g(t)hk= ZSik(t)fk.

Definition 2 .7 .  A  forw ard random n  evolution S (t, w ), t> is
defined by the product

S(i)=  Toto(t —  TOT„(rn_ 0("C„ —  tn _ i)• • • ) ( T 2  —  T 1 ) 7 1 0 4 2 1 )

where N (t)= n ,
Hence, a  forw ard random  evolution is obtained by reversing the

order of the operators in a backward random evolution.

Definition 2 .8 .  For t > 0 define the expectation semigroup 0(1) on

Et (specified componentwise) by

( a (t )f )k =  E iC S (t )f i; v (i)=  k ], where

Ei[S(t)fi; u(t)= k]= E i[S(t) t,(,), kl] .

W e are now  ready to  prove the main result o f th is  section.

Theorem 2.9. Ci(t)f= :1(01.

P ro o f : W e need to show that

E Sik(t)fi = E Ei[S(t)fi ; v(0= .

Now,

E sik(t)fi=
n-= 0

s(i'il)(t)f,
i

and

Ei[S(t)fi; v(t) = k] = nioZ Ei[S(t)f,; N(t)= n, v(T„)= k] .
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We argue by induction on n  that

E,[S(t)f i; N (t)=n, v(T„)---k]=Se(t)f i.

The case n = 0  is  true, so  assume true for n>1.

Ei[S(t)fi; N(t)=n+ 1, v(t„+ 1 )= k]

= Ei[S(t).fi; N(t)=n+ 1, ver„+11=k1v(s), (T  E  d f )
0

(.1- denotes the last discontinuity of v( • ))

=  E q j
5t

T k ( t— s)E i[S (s ) f i; N (s)=n, v (r„)=A gicqk (f -s)ds
j * k  (I; 0

= E e—ik(f—s)Tk(t—s)qikS(i1)(s)fids
j # k  0

(by the induction hypothesis)

= S ( i r  )(Off, giving the desired condition.

B y  standard sem igroup th eo ry  w e  o b ta in  the following theorem.

Theorem 2 .1 0 . The Cauchy  problem  f o r a n  unknow n vector [40,
t>0,

Ou(2.2) —  k  =A  JO -Ea-1,u,, 17(0+)=/t k

is solved by  m (t)=U(i)J, for j e

§ 3 .  Alternative perturbation representations for random
evolutions

I n  t h is  section w e construct m atrix representations for T ( t )  and
C(t) that can not be directly  obtained from  Phillips perturbation prin-
ciple. W e inc lude  p roofs for the backward case (the proofs for forward
random evolutions are entirely parallel).

For f e B ,  let
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GO

R,k(t)j= E kite (Of
n= 0

where

(3.1) 4?)(t)f =Zike-qo Tk(Of

(3.2)R ' E  I M,j)(1—S)Gliker-qksTk(S)fdS.
j  k  0

L e t  E qik =rk  and q= Max (r,,..., rN).
;* k

A ssum e 11T,(t)11 <  C eP  f o r  e a c h  i. S ince  T (t ), i = N ,  is strongly
con tinuous, it is  easily  seen  by  induc tion  on  n  t h a t  a l l  t h e  leiz)(t)

a re  defined a n d  a r e  strongly continuous i n  t. Furtherm ore, w e have
the estimates

(3.3) R(a)(1) < Cent  ( Cqt)" n— O 1 9

w h ic h  c a n  b e  p ro v e d  b y  induc tion  on  n. I n  fa c t, (3 .3 ) is  t r u e  for
n = 0; assuming it for n > 1, we have from (3.2)

114","(t)11 Cefli(Cq)"4-1 1t (t — s)"ds
n!

= (CqW +1
(n + I)!

W e  se e  f ro m  (3 .3 ) th a t  t h e  series is absolutely  convergent, the
sum Rik(t) satisfies the  integral equation

R d t)=6 ;k e -q .,T k ( t)+ E f R u(t— s)qi,e-qk sT k (S )dS
j  k  0

and that

(3.4) 11Rik(t)11. Iln(t)11<ce, cq +"
11=0

T h e  following sim ple lem m a w ill p la y  a  significant role i n  what
follows.
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Lemma 3.1. Rias+t)=ERil(s)Rik(1).

P ro o f . We first argue by  induction on n  that

n N

RY1,1)(S +  =  E  E RW (s)R;icv)(t).
r=0 1= I

F o r  n =0  th is is obvious. A ssum ing true  f o r  a  given n> 1, w e have

n+1
E ER (J)(s)Rei-v)( ) =E R 7 +1 )(s)k ,2 )( t)

v=0

R ç j ' ) (S ) v) (t_ 1 4 )4 7  k e-qk u  T  k (U )d ll
jv = 0  1  j* k 0

Pt

=e-q.,kiri)(s)Tk(t)+ E M7)(s+t-U)Clike--"uTk(11)CIU
j  k  0 -

(by the induction hypothesis)

s
=e-gkr E Ry,P(s+t- 14)q ik e-""11(.1 )71(1 )C IU

j# 1 ;  0 -

+ R(il) (s + t — u)q qku Tk(U)d tl
i Nk J O

=R e o(s+ I).

T his completes the  induction  and  sum m ing over n  we obtain

R ik o +0 = E  n (s )  k a-v )(t)
I v=0 n=v

= ERixspzik(t).

Q. E. D.

F o r  t> 0  define th e  m atrix  opera tor R(t) o n  B  (specified corn-
ponentwise) by

(14117)1=ERAfk.

Theorem 3.2. {R (t), t> 0 }  is a  strongly  continuous sem igroup of
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bounded linear operators on B.

P ro o f.  By the estimate (3.4),

11(R(1).bill E ce(cq+P),Ilfkll, s o  K(t)

is  a  bounded linear operator. A lso, since th e  k a )(t ) a re  strongly con-
tinuous the  uniform convergence of the sum implies that R(t) is strongly
continuous i n  t. T h u s, w e  n eed  o n ly  ch eck  th e  semigroup property.

(K(s+of),= (R(oR(ohi.

By Lemma 3.1, we have

(il(s+ ) ; =  ERds+

= fk

= ER.i(s)[ERtatlfk]Ik

=0I(ofF(ohi.

This completes the proof of the theorem.

Theorem 3.3. K(t)J= Tog

P ro o f.  Let f i e  .9p  Then,

fin' [(K(t)i)i—

. 1
= 1 1 m — [e T i( t) fi— fi]

i -c• t

• I r
-1 -  LIM e— qks  E  R i i  ( t  —  s )q. kT k( S)fk dS]

t k 0 j# k

q ifi+  E  q ik f k

= Aifi+
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Therefore, the infinitesimal generator o f  R (t) is A  with domain
T h u s , (b y  standard semigroup th e o ry )  w e  o b ta in  the re su lt  of

the theorem.
The forward case can  b e  h an d led  in  a  sim ilar m anner. Assume

g • < g ' for each i.
For f  e B define

S =
n 0

sliniV =6ikern"'Ti(of

S IZ + ')(t)f= —  s)gue-qisTi(s)fds.
i* i  o

11S ik(Oil <Ce(cv+fl)t

S ik (0=bik e-gif  T ;(0+ E s ik (t- s)que-gisTi(s)ds.
i* i  o

Lemma 3.4. Sik(t+s)--- Esik(r)si,(s).

For t > 0  define the operator g(t) on T3 (specified componentwise) by

CS(Onk=

Theorem 3.5. {S(t), t_>_0} is a  strongly  continuous sem ig ro u p  of
bounded linear operators on T3 .

Theorem 3.6. g(of=a(of.

§ 4 . Perturbation representations for discontinuous random
evolutions

where

Thus,

and

In  this section w e shall generalize the results of the previous sec-
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tions. T h e  proofs involved a re  en tire ly  para lle l to  those  o f  section 2
and thus are omitted.

L e t  {Rik}, 1 < j ,  k < N ,  be  un ifo rm ly  bounded  linear opera to rs
defined o n  B  w ith  T 4 =1 , th e  identity operator o n  B , fo r  each  i.

Definition 4.1. A  discontinuous b ac k w ard  ran d o m  e v o lu t io n
{R(t), t. 0}  is defined o n  y by the product

R(t)=Too)(T,)11,0)vcroToro(T2—  )" • To.,No(t — TN(0) .

Definition 4.2. F o r  t> 0  th e  ex pectation sem igroup 74(t) corres-
ponding to R (t) is defined on  13 by

(7(01)i= Ei[R(t)f,,(0].

A nalogous to  t h e  continuous c a se , w e  m a k e  t h e  following de-
finitions

Rik(0= R Z )(t) where, for f  in  B,
n= 0

R (t)f=  ik e —  q  Ti(t)f

k ir 1 )(0 f = E  e-gov s)q ,inuk ie (t— s)f ds.

Dfinition 4.3. F o r  t> 0  d e f in e  t h e  operator (t) o n  13- by

(11(()J)i= Rik(Ofk.
U sing  t h e  m ethods of section 2 (o r § 3 ) w e  g e t  th a t  R (t) is a

semigroup of bounded linear operators on  13 and

Theorem 4.4.

i). Rolf= N I
ii). 17(0= R(t)f, solves the Cauchy problem

°ui=A •u•+Egi.17i•u•, 17(0+)=.7
at

E
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N ow , define  a  d is c o n tin u o u s  fo rw a rd  ra n d o m  e v o lu tio n  {S (t) ,

t > 0 }  by reversing the order of the operators in  Definition 4.1 above.
Analogous to the continuous case, we define

(C7(t)l)k=EEiES(t)fi; v(t)=k].

Now, define

COsi,m = E slie(t) where
11=0

sl,?)(i)f=6;ke-qk`Tk(t)f

,S1Z+ 1) (I) f  =  2 -
e -q k (t-s ) T k ( t  S)C ikH  ikS 1 )(S )fd  S.

0 

For t > 0 , define

(3(t)i)k= s ik(t)fi.

U sing  the m ethods o f  section 2 (or § 3 )  w e  g e t  t h a t  'S(t) is a
semigroup of bounded linear opera:tors on r3 and

Theorem 4.5.

i). g(t)f= COW
ii). ii( t)= 3 .(t)f,  solves the Cauchy problem

6 u k — A  u  + E q .k f l.k u i,  ii(0-F)= f, Jeff.at k  k "

R em ark. U sin g  th e  a p p ro a c h  o f  § 3, alternative perturbation
representations may be obtained for R(t) and g(t).

§5. Nonstationary random evolutions

The system o f equations (2.1) taken with the system o f equations
(2 .2) form  a  formally adjoint system . The relation between (2.1) and
(2 .2 )  shows u p  more clearly  in  th e  non-stationary case. T h u s , in
t h is  section w e  sh a ll e x te n d  the th e o ry  o f  backw ard and forward
random evolutions to the nonstationary case.
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Suppose v (t , (D) is a  nonstationary Markov c h a in  o n  {1,..., NI
with transition matrix

P(s, 0= < pik(s, t)> such that f o r  0<s < t

P ik ( ,  t) -=  E p ) (s ,  t )  where
pr=o

AP)(s, t)=6i,exp { — 1 qi(u)dul

p 0(a+1)(s, =  E  exp qi(u)dulqueOpyk)(-c, OatI 1'
Joi

o r alternatively

(5.4) plz+  n(s, t )=  E  exp qk(u)du}qik(r)pW(s, -Odt,
j * k  st J r

so  th a t  q1 (0>0, q ii(t):0 , q (t)= q ( t ) .  (R e fe r  to  F e lle r  [3 ]  f o r  ai  

discussion of such processes.)
Assume (MO:1=z E q.1 (t)_q ' f o r  a l l  i  a n d  t. L e t  E qik(t)

j# 1c

t t ,

Rik(s, Of= E IZZ)(s, O f  where for 0<s< t
n=-0

R1P)(s, Of = 6ik exP — toii(u)duFTi(t— s)f

')(s, t)f= E  exp —  qi(u)du}Ti(c —s)qii(OR(P)(r WT.
.1* s

Definition 5.1. F o r  0<s < t define  t h e  o p e ra to r  R(s, 1) o n  r3,
specified componentwise, by

(R(s, Of)i= Ofk.

Modifying th e  techniques of 3 w e  h a v e  th e  following results:

=rk(t) and assume r ( t ) < q  for a ll k  and t.
U sing  ((5.1), (5.2), a n d  (5.3)), l e t  u s  now  define new  operators

as fo llow s: for fe B let
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Theorem 5.2. i) IR (s , 0 , 0 < s  < is a  s t ro n g ly  c o n t in u o u s  tw o

p a r a m e t r ic  fa m i ly  o f  l in e a r  o p e ra to r s  s a t is fy in g  th e  convolution

equation

R(s, t)=R(s, OR(u , t), 0< s< u< t.

u..a  0  t), =ii) A,u,(s, t)— Equ (s)u j(s , t), 0<s<t,as
is  so lved  by  Ci(s, t)=R(s,

U s in g  4 5 .1 ) , (5 .2 ) , a n d  (5 .4 )) , d e f in e  o p e ra to rs  a s  follows : f o r

fe  B  let

Sik(s, t)f= E S le(s, t)f where
n 0

s 1(3) (s, t)f=6,, exp —  5'q(u)du} Ti(t — s)f

1)(s, t)f= E 1̀ e x p  —  qk(u)dulTk (t —r)gik(r)S(i'l)(s, r)fdr.
j# k  s r 

Definition 5.3. F or 0 < s < t d e f in e  th e  o p e r a to r  g(s, t) o n  .13

(componentwise) by

Cg(s, OA= Zsik(s, Oh.

Using  a rgum ents ana logous to  those  in  §  3  w e  h a ve  th e  following

results:

Theorem 5.4. i) {3.(s, t), 0<s<t} i s  a  s tro n g ly  co n tin u o u s  tw o

p a ra m e tr ic  fa m ily  o f lin e a r o p e ra to rs  sa tis fy in g  th e  e q u a tio n

l) =  ( u ,  0 ( s ,  u), O s < u < t.

ii) 1  k ( S ,  t )   =  A 1,1 (S + Eq ik(OU i(S,k -k Cl < s < t ,

is  so lved  by  fi(s, t)= g(s,

L e t  P1,5 b e  th e  p robab ility  m easure  de fined  o n  sam p le  pa ths fo r
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y  u n d e r  the condition v(s)= i. E denotes in tegra tion  w ith  respect
to

Dfinition 5.5. A  back w ard random  ev olution {R(s, t ) , 0 <s<t}  is
defined by the product

R(s, t)= Tuw(r 1 —  s)To )(,T2— T1 )• •  •  T r ( r ) ( t  -  T„)

where T1 T „  are the jump times between s  and t.

Definition 5.6. F or 0 < s < t  d e f in e  th e  o p e ra to r  r ( s ,  t )  on
specified componentwise, by

(T(s, t)T)f=Ei,s[R(s, Ofi,u)].

Definition 5.7. A  forw ard random  ev olution { S (s, t), 0<s _<_t}  is
defined by the product

S( s, 1)=T„(,,o(t--r„)•••Tv(ti)(T2— T I ) T ) ( T  -  s)

where T  ,  ,  T „  are the jump times between s  and t.

Definition 5.8. F o r  0 < s < t  d e f in e  th e  o p e ra to r  C(s, 1) o n  13,
specified componentwise, by

(0-(s, )k = ZE,,[S(s, t)f i; v(t)= .

Th e p roo fs  o f th e  follow ing results are a n a lo g o u s  to  th a t  of

Theorem 2.9 and are omitted for brevity.

Theorem 5.9.
i). fq(s, t)'= 74(s, of.
ii). 3(s, of= C7(s, of.
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