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§ O. Introduction. T h e  fo llow ing  question  has been  p roposed
b y  P ro f . W . Browder : G iv e n  a  f in ite ly  g e n e ra te d  ab e lia n  g ro u p  it

a n d  a n  in te g e r n> 2 , d o  th e re  exist, fo r  a r b i t r a r y  positive integers in,

hom ogeneous spaces X „ „  s u c h  t h a t  ni(X„,)7,-.',n,(K(n, n)) f o r  i <ni?

Prof. W . B row der has to ld  u s , o ra lly  tha t th e  question can be settled
if either n > 3 or i t  is finite by cohomological a rgum en ts. In  this paper
w e  p ro v e  th a t i f  n = 3  a n d  in > 6 3  th e n  it  m u s t  b e  f in ite ,  thus com-
pleting th e  answ er to  th e  above  question . N ote  tha t, f o r  n i  small, it
is  possible to  f in d  X„, such that 7ri(X„,),--z-, ni(K(Z, 3)) f o r  i < m ;  fo r ex-
ample, f o r  in = 14, w e can take X ,„  simply connected, compact, simple
Lie group of type E 8 . The method o f  the proof is purely homotopical
a n d  involves a  counting argum ent. O ur proofs depend heavily upon
th e  computation o f  th e  lower homotopy groups o f sim ple  L ie  groups,
by K achi [4], K ervaire [5] and M im ura and Toda ([6], [7] and [8]).

M y sincere thanks a re  due  to  P rof. W . Browder fo r  suggesting this
problem , to  P rof. M im ura f o r  supplying some informations about the
homotopy groups o f  exceptional L ie groups, a n d  also to G opal Prasad
without whose help and encouragement th is paper w ould  not have ma-
terialized.

§ 1 .  The main result

L et X  a n d  Y  be any topological spaces and i n  I b e  a n  integer.
W e  sa y  X  is  an  m -ap p ro x im a tio n  to  Y  i f  th e re  is  a  map f: X-->Y
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such that f ,:ni(X )->ni(Y ) is  an isomorphism, for 0 < j < in ; if  X  and Y
a re  C W-complexes a n d  i f  Y  i s  a  K(n, n) space, then this is equivalent
to saying ni(Y ), 0  i <m .

Theorem. L et 77 b e  a  f in ite ly  g e n e rate d  ab e lian  g ro u p  a n d  X
b e  a  h o m o g en eo u s sp ace  su ch  th at X  i s  a n  m -approx im ation t o  a
K(n, 3) f o r so m e  in > 63. T hen 7 1  is f inite.

It follows from the standard results that a  2-connected homogeneous
space  is  homotopy ty p e  o f  G/H w here G  is a  c o m p a c t  1-connected
L ie  group a n d  H  i s  a  closed 1-connected subgroup o f  G. Therefore,
throughout the  paper, a l l  th e  groups a re  assum ed  to  be  compact and
1-connected. S o , le t  G/H b e  a n  ni-approximation t o  a  K(n, 3)-space,

>  4 . T h e n  b y  th e  homotopy exact sequence o f  t h e  fibration fic-)G

we have

(1.1) 0 —4 7r3(H) 73(G) —> 77 —4 0 is exact and

( 1.2) e,: ni(H) ni(G) is an isomorphism for 4 <  i < m -  1, where c: H
G is  the  inclusion map.

Since G  and  H are 1-connected, there are direct product decompositions,

( 1.3) G = f1 G 1  a n d  H = H i
ic i

where G i a n d  H i a r e  1-connected, sim ple g ro u p s , I  a n d  J  a r e  finite
sets.

F o r  a  s im p le  g roup  S , le t /,(S) (resp. W S)) denote  th e  number
o f s im p le  fac to rs  o f  G  (resp. H ) isom orphic to S  a n d  le t  /(S)= /G(S)

111(S). F o r  any finitely generated abelian group A , l e t  r„(A ) denote
the  number of factors in  A  isomorphic to the  cyclic group Z „  o f  order
n ,  w here n =p k , f o r  som e prim e p  a n d  a n  in te g e r  k > 1 ; let r ( A )
denote the rank o f A .  Then from (1.2) and (1.3) it follows that

(I .4) = r„(ni(S)) • /(S)=
S, si ni pic

fo r  4 <i<lit - 1  a n d  fo r  every n = p k .  Since n3(S),,-,-- Z f o r  any  simple
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group S (See Bott [I]), it follows from (1.1) and (1.3) that

(1.5) E /(s) = r (7r) .
S,simple

In  what follows the symbols A„ I), B„ (n> 3), C„ (n> 2), D„ (n> 4),

G 2 , F 4 ,  E 6 ,  E7 and E 8  denote the compact 1-connected L ie  groups
of the corresponding type, as usual.

(1 .6 ) Proposition: L e t  p > 3 1 , b e  a  p r i m e .  T h e n  fo r e a ch  simple
g ro u p  S ,  t h e  p - p rim ary  com ponents of tr2p(S ) a n d  tr2p, 1(S ) are

given as  below:

ni(S; p):

S

i

A„(n<P), B„(n<PI2), C„(n<p12)

D„ (n <  P + 1 ) G F E E o r E
1),,,, Any other

_ 2 , 4, 41 61 7 8

2p Zp 0 0

2p+1 0 ZEDZ Z

P ro o f. Suppose S  is isomorphic to one of the groups shown in
column number 2  o f  the above table. Then  by Serre [9 ], S  is p-
regular and hence rri(S; p )  is given by iti(X s ; p )  where X s  is a  product
o f  spheres having a single S 3  factor. Since rr2p(Sk; p ) z ,Z p  if k = 3
and z-,0 if k 3  (see [10 ]), it follows that 7r2p(S; I f  S  is not
isomorphic to a group shown in column number 2 , then S  is a classi-
cal group in the stable range for ir2p(S) and hence by Bott's periodicity
theorem and his computations of the stable homotopy groups o f classi-
cal groups it follows that rr,p(S; p)=0 (note that 2 p - 2  o r  6 mod 8).
Similar arguments g iv e  7r2p+1(S; p )  also fo r  S  B „  and I f
S B„ or D„, we can use the computations of Kervaire [5].

(1 .7 ) Lemma. / ( S ) = 0  i f  S-& A  B „, D „, (n <7 ), C „  <3 ), G 2 , Fa, E6

o r E7. Also 1(E8)= rOE.,(n), 1(A8)+1(C 4) = 0  an d  1(B8)+ 1(D8) =0.

We shall prove this in the next section. Assuming the validity of
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it fo r a while, the proof of the theorem is completed as follows :

Let M, = {SIS is  simple, and 7r62(S ; 31) and M 2 =  { S S A , , ,

B„, D„, (n< 8), C„ (n<4), G 2, F 4 , E 6 , E ,  or E 8 ] .  We need,

(1 .8 )  Lem m a. I f  S e M 2  an d  S '  is a  s im p le  group im beddable  in
S ,  th e n  S' e M 2 ,  w here "im beddable" m eans ex istence of  hom om or-
phism  of  S ' into S  with f inite kernel.

Pro o f . S e M 2  im p lie s  th e  ra n k , r (S )<  8  and S '  is imbeddable
in  S  im plies r(S ') <  r(S ). T he only  simple g ro u p s  o f  ra n k  8  w h ic h
are n o t in M 2  are C„, 5 < n < 8. H ence  it is  enough  to  p rove  tha t C5

is not imbeddable in S ,  for SE  M 2 .  From Dynkin [3] (theorem 11.2),
all elem ents o f M 2  except B 8  are im beddable in  E 8  and C 5  is not
imbeddable in E 8 . T hus it rem ains to  see  tha t C , is  no t im beddab le
in B 8 . If possible assume th a t  C 5  is im b e d d a b le  in  B 8 . T h en  the
natural real representation o f B 8  will give a  17-dimensional real repre-
sentation p  o f C 5 .  W e claim  that p  is  n o t irred u c ib le . In  fac t, i f  p
is irreducible, then, being odd dim ensional, its com plexification is an
irreducible 17-dimensional complex representation. On the other hand,
it can be show n, using H . W eyl's dim ension formula, t h a t  C ,  h a s  no
irreducible complex representation of dimension 17. H ence p  is n o t
irreduc ib le . T here fo re , it fo llow s tha t an  im bedd ing  o f  C 5  in B8

gives an  im bedding  o f C 5  in D 8 .  S ince  D 8  is im b e d d a b le  in  E ,
and  C , is  no t im beddab le  in E 8 ,  w e  a r r iv e  a t  a contradiction. This
complete the proof of the lemma.

(1 .9 )  Proof of the theorem : By (1.4), (1.6) and the definition o f M1,
it follows that

E 6 2 , 3 1  —
sN i I ( S ) = 0 ,

and by (1.7) and the definition of M 2 , it follows that

(1.10) E 1(s) — /(E8)— —1..(n).
S e M i— M 2

Let F ,= 7r62(Hi; 31); A , =  m (C  31)-
I t ie M 2 G ieM 2
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1 2 =  0  762(11;; 31);A 2 = 7 r 6 2 ( G 1 ;  3 1 ) .Gioni2

T hen  c learly  762(H; 31)7...-T 1C )F2 a n d  7r62(G; 31) v l1C )/12. By lemma
(1 .8 ) , it  fo llo w  th a t c5(12)c A , S in c e  b y  a ssu m p tio n , ti, i s  a  mono-
morphism, we have r3  ( A ,)  ( T 2 ) .  By (1 .10 ), w e have

0 _< r3, (A 2)— r3,(F2)= E /(s) =  - r ( 7 )
S E M 2

a n d  hence r ( i 7 ) =  0. T h i s  complete th e  proof o f  th e  theorem modulo
the lemma (1.7).

§2. T h e  lemma (1.7)

The table  below gives ni(S), where S  i s  a  s im p le  g roup  a n d  5< i
< 1 8 .  O nly  the inform ation relevent t o  th e  proof o f  th e  lemma have
b e e n  ta b u la te d . T h e  s o u r c e s  o f  th e s e  in fo rm a tio n s  a re  K achi [4],

K e rv a ire  [5 ] , M im u ra  [6 ] a n d  M im u ra  a n d  T o d a  [ 8 ] .  F o r  th e  odd
prim ary com ponents o f  low er hom otopy g ro u p s o f  exceptional Lie
groups, w e refer to  unpublished w ork o f  M im u r a  [7 ] .  The notations
a re  a s  in  M im ura a n d  T o d a  [8 ] : th e  symbols co, +  a n d  a n  integer r
indicate a n  infinite cyclic g roup , d irec t su m  a n d  a  cyclic  group Zr

o f  o rd e r  r  respectively. W e p u t  various v a lu e s  fo r  i  a n d  n  in  the
equation (1 .4) and prove lemma (1.7).

(2.1) i = 6, n=4, 3 ,2 :  /(A1) = /(A2) = /(G2) = 0 .

( 2 .2 )  i =5, n=2, oo, together with ( 2 .1 ) :  E i(c„)= 0 = E 1(A,).
/1 1

(2.3) i = 7, n= cc, together with (2.2): ,1(B„)-F i 4/(D„)+ /(D4)= O.,, 3 

( 2 .4 )  i= 8, n= 3, 2 , together with (2.3): 1 (A 3)= 0 ;

/(B3)+ 1(D 4 )+  1(184) + /(F4)= 0.

(2.5) i =9, n=oo, 1(D5)+ I(E6)=-- 0 .

( 2 .6 )  1=10, n=5, 3, 8, 4, 2:
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Tab le  o f i(S)

5 6 7 8 9 10 11 12 13 14 15 16 18

A1 2 12
A2 00 6
A3 00 0 CO 24
A4 00 0 co 0 co 120 0
A5 00 0 00 0 00 0 CO 720
A6 00 0 CO 0 00 0 CO 0 Co 7!
A7 CO 0 00 0 CO 0 00 0 Co 0 00 8!
Ag CO 0 00 0 CO 0 CO 0 Co 0 00 0 9!
A9 00 0 CO 0 00 0 co 0 co 0 co 0 0

C2 2 0 co 0 0 120 2
C3 2 0 co 0 0 0 co 2 2 2.7!
C4 2 0 co 0 0 0 co 2 2 (3 Co 0 9!
C5 2 0 00 0 0 0 Co 2 2 0 co 0 ()

7!/2
Bg 0 0 CO 2+2 2+2 8 00+2 0 2

+ 8 + 2
D4 0 0 00+002+2+22+2+2 8+24
B4 0 0 00 2+2 2+2 8 00+2 0 2 8+2
D5 0 0 CO 2 Co +22 4 co

136 0 0 co 2 2 2 Co

D6 0 0 00 2 2 0 00+002+22+2 4+48 co+2
B6 0 0 co 2 2 0 co 2 2 8 Co +22
D7 0 0 00 2 2 0 Co0 co 4 Co

B7 0 0 CO 2 2 0 co 0 0 2 Co

D8 0 0 CO 2 2 0 co 0 0 0 00+002+2+224+8
Bg0 0 Co2 2 0 Co 0 0 0 co 2+2 8
D90 0 00 2 2 0 co 0 0 0 co 2 4
B90 0 00 2 2 0 000 0 0 03 2 2
D10 00 Co2 2 0 co 0 0 0 co 2 0
G2 0 3 0
F4 0 0 0 2 2 0
E60 0 0 0 Co 0
E7 0 0 0 0 0 0 Co2 2 0
E9 0 0 0 0 0 0 00 0 0 CO 2 24

/(A4)+ /(C2)= 0

1(A4)+ 1(C2) + /(D4)= 0 and hence 1(134)=0

1(A4)+1(C2)+ /(B3)+ 2 1(134)+1(134)=0 and hence

1(133)+ 4134)=0

/(D5)= 0 =1(B5),
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a n d  b y  (2.4) 4E4)=0  a n d  fina lly  b y  (2.5), I(E6)=0.

(2 .7 ) 1=11, n=2, a ) , to g e th e r  w ith  (2.6) a n d  (2.3):

1(C2)=0; h e n c e  f ro m  (2.6) /(A4)=0 a n d  I(D6)+ 4E7)=0.

(2 .8 ) i =12, n=5: 1 (A5)=0.

(2.9) i= 14, n =3, 32, 16, 7, 8, 4 a n d  2:

/(D6)=1(C3)= /(A6)= /(B3)= 0 a n d  h ence  1(E7)= I(B 4)= 0 

(by  (2.7) a n d  (2.6)). Further 1(B6)=/(D7)=/(B7)=0.  A l s o  b y  (2.2), (2.3),

(2.6) a n d  (1.5), /(E8)=1*,(n) •

(2.10) i=16, n=5: 1(A 7)=0.

(2.11) i=18, n=5, 3, 8: /(A8)+ l(C4)= 0;  /(D8)+ 4E8)=0;

21(D8)+ l(B8)+ I(E8)= 0

a n d  h e n c e  /(D8)+ /(B8)= 0. 

N o w  t h e  u n d e r- lin e d  e q u a tio n s  i n  (2.1) t o  (2.11) tog e the r p ro ve

lem m a (1.7).
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