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§ 1 .  Introduction

The 1-connected irreducible symmetric spaces are classified by E. Cartan
[ 1 0 ] ,  among them the symmetric spaces FH, E H !, E ly , a n d  E V II  are
torsion free and the ring structure o f their integral cohom ology is known [I],
[ 1 3 ] ,  [ 1 4 ] .  On the other hand the remaining symmetric spaces of exceptional
type have 2-torsions, in fact, these spaces are homogeneous spaces G IU  of
compact simply connected exceptional Lie groups G  over subgroups U  having
the fundamental group of order 2 .  Except the case GIU U  is a  maxi-
mal rank maximal subgroup o f  G  and it is  the identity component of the
centralizer o f  an element x  [ 6 ] .  Let C  be the identity component of the
centralizer o f  a  suitable one dimensional torus containing x .  B y [7 ] ,  both
GIC and U/C have torsion free cohomology of vanishing odd dimensional parts.

So, we have the following program to determine the cohom ology ring of
the symmetric spaces G I U : (1) To determine H *(G IC ). ( I I )  To compute H*
(G IU ) by the spectral sequence associated with the fibering
In the cases G IU = C , FI, E ll ,  E V  the group C  is torsion free and (I) may
be done by Theorem 2 .1  o f  [ 1 2 ] .  In the cases G IU =G , FI, EH, EIX
we have that U /C  is a  2-sphere S 2 and (II) may be done by use of the Gysin
exact sequence.

In § 2 ,  we shall fix the subgroups U , C  and the homogeneous spaces U/C.
In  § 3 ,  we shall summarize general properties on the cohom ology o f  homo-
geneous spaces G IH  o f  G  over a maximal rank subgroup H .  In §4 , we shall
apply our program to th e symmetric space F /=F 4 / U ,  where U =S 3 .Sp(3),
C = T p ( 3 )  with S 3 n S p(3)= T ' n Z 2 ,  and our results are stated as
follows:

H*(F 4 IT I•Sp(3))= Z [t, u ,  u ,  w]1(1 3 —2u, u 2 —3121)+2w, 3 2  — 12 w, V 3 -  1 N 2 )
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where deg t = 2, deg u= 6, deg y = 8 and deg w = 12 (Theorem 4.4);

(F n =  z [f4 , f8 , f ,2 ]/ (n . - 1 2 f 4 f 8 + 8 f 1  f 4 f  12 3f  i , f 4 -  f  2 )
(free part)

+ Z2 < Z, Z 2 >  A (fs 1'12) (torsion part) ,

where deg z = 3 and degfi =  (1=4, 8, 12) (Theorem 4.11).

Here, A <x i ,..., x „> indicates a  free A-module with an Abase {x 1 ,—,
In  §  5 ,  w e  sh a ll p ro v e  th a t the cohom ology groups o f  t h e  1-connected

irreducible symmetric spaces o f  exceptional type  are  o d d  torsion free (Theorem
5.1).

§ 2 .  Symmetric spaces o f exceptional type

W e discuss th e  symmetric spaces G IU =G , FI, E l i , E V , E V I E V III and
E IX , where G  is an appropriate compact 1-connected exceptional Lie group and
U  is  a maximal rank subgroup o f  G .  Denote by Z 0 (A) th e  identity component
o f  th e  centralizer o f  a  subset A  o f  G .  L e t  T  b e  a  m ax im al to ru s  o f  U,
and let 7r: V—>T be the universal covering.

B y [6 ; R em ark  1], U =Z o (x )  fo r  a n  e le m e n t x  T  which is determined as
fo llow s. W e use  the  root system {a i } o f  [ 9 ] .  Then x=7 -450 is determined by
th e  equalities AM = 

 1  
 and ; ( . ) = O  f o r  i It- , where k  takes the values in the2

following table. L e t  L  b e  a  lin e  i n  V  g iv e n  b y  t h e  equalities oc1(1)-- 0  for
i k  and le t T  .----7r(L) and C = Z o (T' ). Then we have the following table [6]:

GI U — G F I E li EV E V I E V III E IX

G  — G7 F4 E6 E7 E7 E, E,

k = 2 I 2 2 1 1 8

type of U: A , xA, A i x C 3 A i x A , 4 7 A ix  D 6 D, A, x  E,

type of C: T 1 x A i T 1 x C3 P x  A 6 P  x  A6 T i X D 6 P x  D , P  x  E ,

These groups U  and  C  are described as follows.

Theorem 2.1. U ,C  and U IC  are  given as follows:

GI U = G F I E H EV E V I E V II I E IX

U  = S '.S 3 SI .Sp (3) .53 . S U(6) S U(8)IZ 2 S 3 .Spin(1 2) Ss( I 6) S3-E7

C  = P . S 3 P.S p (3 ) P S U ( 6 ) T 1 .S U(7) P.S pin(12) P.S p in ( I 4) TLE7

U/C= S2 S S2 P7(C) S '
SO(16)

S2
S O(2)x  S O(14)
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in  which S3 n H = T ' n f l Z 2  i f  U =S 3 •11, T ' n SU(7) Z 7 ,
T ' nS p in (14 )- 4  a n d  Spin(12)1(T 1 nSpin(12))=Ss(12),

where Ss(4171)= Spin (4m)/Z 2  d e n o te s  the semi-spinor group.

P ro o f . A ccording to [5], each w eight w  o f  G  i s  a  linear m ap w : V—>R 1

such that w(Ker n ) c Z ,  it is identified with a n  element o f H '(T )= H om  (H,(T ),
Z )  b y  th e  isomorphism Ker rc rri (T )'-----'H ,(T ) , a n d  H '( T )  i s  a  free  abelian
group generated by th e  fundamental weights w,, w 2 ,..., w, (/ = rank G ) which are
given by 2 < w i , a j > / <a j , a;  > =6 ii .

S ince  U  is com pact, connected and  sem i-sim ple , the  universal covering
p: (7— >U is a  finite covering. Then  =p - 1 ( T )  is a  m a x im a l to ru s  o f  -Ü
since every maximal torus contains Ker p =the center o f  U .  T he covering map
n  is fac tored  through p it  : V -4 7  T . Thus K er K e r  7 r  a n d  every weight of
G is also a  weight of U ,  and this gives p* : Hl(T)—> H 1 (7).

Let eii=m i a,+•••+m i a, be  the  highest r o o t .  B y  [6 ], 0 (U ) has a  system of
the  sim ple  ro o ts  { «,(i Ok), — 3} . L e t {u i (i0 k ), u }  b e  th e  fundamental weights
with respect to  th is simple root system. It is directly verified that

(*) w k =  — n u  a n d  w i =  tit • u (i k )  f o r  Ili = milail 2 116(12 •

T h e n  (* )  g iv e s  t h e  induced hom om orphism  p*: 11 1 (T)—)11 1 (T)=Z<u,, u >.
In  our cases we see that

(**) n k = 2  a n d  n ,  is odd for s o m e  i 0 k

It follow s from  (*) and (**) tha t the index of  I m p *  i s  2  and Ker p-24Z 2 ,
that is , p  is  a double covering.

F rom  th e  know n ty p e  o f  U , w e have the  ex istence  of a  com pact 1-con-
nected simple Lie group H  su c h  th a t 0 = H  or U = sS 3 x H (S 3 =Sp(1)).

Consider th e  c a s e  th a t  U  =S 3 x H .  W e  h a v e  t h a t  T =T, X  T 2  f o r  T,
=s 3 n T  a n d  T2 =H  n r . Obviously p ( T 1 ) =T 1 a n d  C = p - ' (C)= T ' x H .
The inclusions ij : Tj —>T (j= 1, 2) induce projections iy  o f  11 1 ( T )  on to  11 1 (Ti )
given by it(u i).= 0 (i0 k ) and 01(0=0.

N o w , (* )  a n d  (* * )  sh o w  t h a t  il'op* (j=1, 2 )  a r e  o n to , th u s  th a t K e rp
cannot be  conta ined  i n  T ,  n o r  i n  T 2 .  T h u s  the restrictions p1S 3 a n d  plH
are injective, and by putting p(S 3 )= S 3 a n d  p(H )=H  w e have

U =S 3 • H ,  C =T '- 1 1 ,  s 3 n H =T ' nHL--Z2  a n d  U /C =S 3 /T 1 =S 2 .

N ext consider th e  c a se  GIU =E V , th e n  G =E 7  a n d  CI =S U(8). W e may
assume th a t  T =T 8 n S U (8) f o r  th e  canonical m axim al to ru s  T 8 = U(1) x • • • x
U(1) of U(8) and that

OCI = t2  -  t3, a 3 = t 3 -  t4,..., oc7 =t 7 —t g  and  — 61.=  t, — t2
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for the canonical basis t ,  of H 1 (T ) w i th  the relation t , + ••• +t8 = 0 .  T h en  T,
= p - '( T ')  consists o f  (z - 7 , z), z e U(1), and Ker p;-_-Z 2  is  g e n e ra te d  b y
( -1 , -1 ,.. . ,  -1 ). B y  t a k in g  U(I) x U(7)c U(8), SU(7)=SU(8) n U(7) and
p(SU(7))=SU(7), we have easily

= p - '(C )=T ,•S U (7), T , n SU(7) Z 7 ,

=SU(8)/Z 2, C =T L S U (7 ) , T ' n SU(7) Z 7

and U/C=Cl/C=SU(8)/Ti•SU(7)=U(8)1(U(1)x U(7))=P 7 (C).

C onsider th e case G IU =E V II I ,  t h e n  G =E 8 a n d  LI = Spin (I 6). Let
p': Spin(16)-+SO(16) b e  the double covering. W e m ay assume t h a t  T ' = p'(r)
is a maximal torus SO(2) x • •• x SO(2) of SO(16) and that

OE2 ( 7 t 8 ,  0 1 3  =  / 7  -  tg , . . . ,  0 1 8  = 1 2  -  / 3  and -6i= t , - t 2

for the canonical basis t , of H 1 ( T ') .  We have directly

81 0 - i
u = t 1 ,  U 2  = jE  1 t 1 , t r 3 =u 2 -1 8 a n d  u , -  E  t i  ( i =4, 5, 6, 7, 8)

.1=1

which gives the injection p'*: 11 1 ( T ') .- J1 ' ( 7 ) .  Thus Im p '*  is  sp an n ed  b y  the
elements

U ,  U g ,  U 7 ,  U6, 1/3, 1 14, 1 1 3  -  U 2  and 2u 2 •

On the o th e r h an d  (n 1 ,... , n 8 ) = n 0= (2, 3, 4, 6, 5, 4, 3, 2) and k =  1 in
(*). Thus 1m p* is spanned by the elements

2u, 14 2 + u ,  u3 , u 4 , u5 +u, 11 6 , u7 +14 an d  U 8 ,

and Imp*OIm p '* .  This shows th a t  U0S0(16) hence  tha t U  must b e  Ss(16)
and p'(Ker p)- Z 2  coincides with the center of SO(16).

N ext put T, =identity component o f p - 1 (1. 1 ), = p ( C )  and consider the
canonical inclusion SO(2) x SO(14)-+SO(1 6 ), th e n  w e  s e e  th a t  T1 = p-  1 (S0(2))
and p'(C)= SO(2) x SO(14). Put Spin (14)= p' - 1 (S 0 (14 )), then and p'l
Spin (14) are double coverings and Ker p' =T 1 n Spin (14)' Z 2 . L e t  z, e SO(2)
and z 2 SO (14) b e  the diagonal matrices of the diagonal elements - 1 .  Then
z2 and z 1 z2 (= (z 1 , z 2 ) )  generate the center of SO(14) and SO(16) respectively.
Choose elements x, e T1 and x 2 e Spin (14) such that p(x,)=z, (i = 1, 2), then they
are of order 4 and xf =xi genera tes K erp '. Since p'(x,x 2 ) =z 1 z2  generates the
center p'(Kerp) of SO(16), Ker p  Z 2  is  g e n e ra te d  b y  x,x 2  o r  x ,x V .  It fol-
low s tha t p IT , and pISpin(14) are isom orphism s and, by putting p(Spin(14))
= Spin (14)c Ss(16)c E g ,  we have



T2 = T 1. x  T2

Spin(12) U/ S 3

>

id
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C= p(C)=T ' Spin (14), T ' n Spin (14)-'Z 4

and U/C= /7/C= p'( t7 )1 p'( )= SO(16)/(S0(2)x SO(14)).

Finally we consider the subgroup U =S 3 .Spin(12) o f E 7 ,  the double cover-
in g  p: U =S  x  S pin(12)-4U, the inclusion j 2 : S pin (12)-43 and the projection
7r: U—+1.11S 3 . L e t p': S pin(12)-4S 0(12) b e  the double covering and choose
m axim al to ri T' = SO(2)x •-• x SO(2) o f  S O (1 2 )  a n d  T 2 = p' - '( T ')  o f  Spin (12)
and put T  =T ,x  T 2 , T = p ( r) .  T I T ' is a  m a x im a l to ru s  o f  U/S 3 =CIT
Then we have the following commutative diagram :

where i 2 a n d  j 2 are injections t o  the second factors, p  and p  are double
coverings, i t  and 7r2 are the projections and the other m aps are the inclusions.

Put f=ir p i 2 : T2 — T IT ' , th e n  it  is  e a sy  to  se e  th a t f= p1T, and th is is  a
double covering. A s in  th e  previous case, w e  compare p- w i t h  p ',  th e n  the
image of p'*: W (T ')-4-1'(T 2 )  is spanned by (t i = u = 0  in II' (T2 ))

12 = 1 1 7, t 3  = 1 4 6 t6 = U3 — U 4  an d  t7=2U 2 — U3 .

Since rrop=f on 2 : T, x , 1m f* = (p * ,e ) )c p* n Im  it). W e
have 1 m it = <u 2 , u 3 ,..., u 7 >  a n d  Im p*= < —2u, 11 1— ni u (i = 2, 3, 4, 5, 6, 7)>
fo r (n . . . , n 7 ) = (m m  7 ) =(2, 2, 3, 4, 3, 2, 1). T h u s l m  p* n 1m it  is  sp a n n e d
by

112, U 3 + 1 .1 7 ,  U 4 ,  U5A - U 7 ,  U 6  and 2u 7 .

The same holds for its it-im age. Since f  is  a double covering, Im f* has index
2. T h u s  Im f * = it(Im p* n im 71'1)0 Im p'* , w h ic h  im p lie s  th a t  U /S 3 =
= Spin (12)AT Spin (12)) = Ss(12). q. e. d.

Corollary 2.2. T h e  sy m m e tric  sp ac e s  in Theorem  2.1  a r e  1-connected
a n d  h a v e  th e  2-dimensional homotopy group isom orphic to  Z 2 .

The maximal subgroup of maximal rank  in the exceptional Lie groups are
classified in  [6 ] ,  am ong them  the followings are the cases th a t  the quotient
spaces are not symmetric spaces:



230 K im inao I.shitoya and Hirosi T oda

G = F4 Es E, E8 Es Es

k = 2 4 3 or 5 7 5 2

type of U: A2 X A2 A s X A2 X A2 A2 X A , A sx  E s /14x/14 4 8

Proposition 2 .3 .  Corresponding to each case we put

1.1= S U(3) SU(3)x  SU(3) SU(6) E6 SU(5) fel

n = 2 2 2 2 4 8

F o r  t h e  f i rs t  f i v e  cases, U =SU(n +1). H, SU(n+1) n H = T ' n
C=(S U(n).T 1 ).H , U IC =1 3 ( C )  a n d  SU(n) n T ' i n  w hich S U(n +1) n H
is  the  in tersection  o f  the  centers o f  S U (n+1) an d  H .  For the second case,
SU(3) n H  is not a  subgroup of  any f ac to rs  o f  H=SU(3)x  SU(3).

F o r th e  las t  c ase , U=SU(9)1Z 3 , C =S U (8 ) .T 1 , U I C = P 8 ( C )  a n d  SU(8)
n T '  Z8.

H ere, T '  consists o f the  d iagonal m atrices o f S U (n +1 ) of the diagonal
elem ent (z,..., z, z - n). T h e  p ro o f  o f  th is  proposition  is  s im ila r  to  th a t  of
Theorem 2.1, and omitted.

Corollary 2.4. T h e  h o m o g e n e o u s  sp ac e  G IU  is  1 -c o n n e c te d  an d  its
2-d im ensional hom otopy  group is isom orphic  to  Z 3 ,  ex cept the  f i f t h  case
w here it is isom orphic to Z5.

§3. Cohomology o f several homogeneous spaces

I n  th is  section w e sum m arize som e general properties o f  several homo-
geneous spaces. Throughout the section, G  denotes a  com pac t connected Lie
group a n d  T  a m axim al torus o f  G . Z 0 (A ) denotes th e  identity component of
the centralizer o f  a  subset A  in  G.

A t first w e have  the  following proposition w hich is a  slight generalization
of Theorem A  of Bott [7].

Proposition 3 . 1 .  L e t C =Z o (S) f o r  a  torus S c'T . T hen H *(G IC ) is torsion
f ree  and  110 dId(GIC)=0.

Pro o f . In  th e  c a se  th a t  G  is simply connected, the assertion is  true  by
B o t t  [ 7 ] .  I n  t h e  general c a se  w e  h a v e  a  finite covering p: =T , x  H— >G,
w here T ,  i s  a  to ru s  a n d  H  i s  a  simply connected L ie  g ro u p . D enote the
inverse images of T , S  and  C  respectively by T , :SI  a n d  C .  T h e n  T= T, x T,,
where T 2  is  a m axim al torus o f  H .  L e t g o b e  th e  identity component o f  g
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and  S2 H  b e  the im age of g o b y  the projection T—>T2 . W e sha ll show that
Zo(go) = x Z 0 (S 2 ) ,  from which the assertion w ill follow  since H  is simply

connected, S ,  i s  a  to ru s  a n d  G/C = 0 /e  = H/Z o (S 2 ). c  is connected since
Ker T  C . T h e n  C =  Z0( 0) s in c e  p: Z0(g0 )—C = Zo ( S )  is a  l o c a l  iso-
m orphism . L e t x  (x  , x 2)  b e  a  generating element o f  g o , t h e n  x ,  generates
S ,  a n d  w e  h a v e  Zo (go ) = Zo (x) = Z o (x i ) x Zo (x2) = Ti x Z o (S 2 ). q. e. d.

Note tha t C = T  if  S = T.
L e t  H  b e  a  subgroups o f  G  containing T. D eno te  by  0(H)= N H (T)IT

th e  Weyl group o f  H .  0 ( H )  is  a  subgroup o f  0(G ) a n d  it operates o n  GIT.
T he  p ro jec tion  p: GIT— >GIH com m utes w ith  t h e  opera tion  o f  0 ( H )  which
operates trivially o n  G IH . Thus we have that

(3 .1 ) the im age of  p*: H*(GIH; A )-41*(GIT ; A ) is contained in  th e  invariant
subalgebra H*(GIT; A )' m , w h e re  Z c A c Q  or A = Z .

By Borel [4]

(3 .2 ) p*: H*(GIH; H *(G IT ;Q )(H ) is an isomorphism .

Hodd(GIH; A )= 0  if  p*  o f  (3.1) i s  injective since H ( G I T ) = 0 .  Conversely
i f  Hodd(GIH; A )=0, th e n  the  spec tra l sequence w ith coefficient A  associated
w ith  th e  fibering HIT—+GIT—>GIH collapses since H°"(HIT ; A )= O. T h e n  p*
o f (3.1) is  a  split monomorphism. H*(GIT; A run is  a  d irec t fac to r  o f  H*(GI
T ; A ) . Comparing the ranks by (3.2) we have

Proposition 3 .2 .  p*: H*(GIH; A )-41*(GIT ; A )m )  i s  a n  isom orphism  if
and only  if  H °"(G IH ; A )=0 . In  particu lar, i t  is  an  isomorphism if

( a )  H =Z o (S) f o r a  torus S  and  A  is arbitrary ,
o r  ( f i ) e  A  f o r each  p rim e  p  s u c h  th at  th e  p -to rs io n  o f  H * (H ) is n o n -

trivial.

T h e  a sse r tio n  fo r  (a )  fo llo w s  f ro m  Proposition 3.1. B y  B ore l [ 2 ]  the
assertion for (13) holds fo r A = Z , (g: prime to  p ), a n d  th e n  fo r  general A.

L e t  U  a n d  C  b e  th e  identity components o f  th e  centralizers which are
discussed in  th e  previous section, th a t i s ,  U  i s  a  m axim al subgroup o f  maxi-
m al rank in  G.

Proposition 3 .3 .  In the case n i (U). Z p  (p : prim e), the  canonical projection
GIT—>GIU induces an  isomorphism

H*(GIU; Z [ 1113]) H * ( G I T ; Z [1 1 P ]c u ) = H*(G I T ; Z[1/p]) n H*(GIT; Q)Nu) .
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P ro o f . First consider th e  c a se  th a t  th e  ty p e  o f  U  is c la s s ic a l. Let
b e  th e  universal covering group o f  U .  T hen e ither H * (0 )  i s  torsion free or
H * (e )  i s  o d d  to rsion  free  and  p = 2. S ince  H*(U ; Z[lIpp-L-..H*(171; Z[1/p]),
(# ) of Proposition 3 .2  is s a t is f ie d  f o r  I I = U  and  A =Z [11p]. T hus w e have

H*(GIU; Z[1113]) H*(GIT; 'A ra ')

It rem ains the cases (G , U )-(E 8 , S 3 .E7 ) ( p =2 )  a n d  (G, U)=(E 8 , SU(3).E 6 )
(p= 3 ). W e see that U / C  P p _ i (C ) in these c a se s . Consider the fibering

Pp _ ,(C) GIC G lu .

B y  th e  homotopy e x a c t sequence, ir2 (GIU) n 1 (U)L2Z p  a n d  b y  7r2 (GIC) Z,
w e have th a t  i* : 7 2 (Pp _ 1 (C ) ) - r 2 (GIC) i s  o f  degree p ,  a n d  t h e  sam e is true
f o r  H 2  a n d  H 2 . Thus 1*

: H*(GIC; Z [1Ip])->H*(P p _ i (C ); Z [1/p]) is  surjective
since H*(Pp _ ,(C )) is m ultiplicatively generated by H 2 (P1,_ ,(C)). This shows
th a t  th e  sp ec tra l sequence associated w ith t h e  above  fibering collapses, g*:
H *(G IU ; Z [11p])-41*(G IC ; Z [1/p]) is injective a n d  H°dd(G/U; Z[11p]) = O.
Then the proposition follows from Proposition 3.2. q .  e .  d .

Corollary 3 .4 .  H°dd(G/ U) c Tor. H*(GIU) and  Tor. H*(GIU) consists o f  only
the  p -to rsion  part. T he sym m etric spaces o f  Theorem 2 .1  hav e vanishing odd

torsion part.

A  general method to determine H*(GIH) f o r  a  torsion free maximal rank
subgroup H  o f  G  has been given in  Theorem 2 .1  o f  [ 1 2 ] .  T h e  followings are
the cases that this theorem can be applied.

Proposition 3 .5 .  H *(C ) i s  to rs io n  f re e  f o r C  o f  th e  f irs t  f o u r c ase s  o f
Theorem 2.1 and the cases except the f ourth  one of  Proposition 2.3.

Pro o f . In  th e  first four cases C  contains th e  subgroup H  such  tha t CIH
=T 1 /Z 2 . I n  t h e  remaining cases C  contains t h e  subgroup S U (n)x  H  such
th a t  CI(S U(n)x  H)=T 'IZ „ ( „,, ) o r  = T ' / Z .  I n  a l l  cases, C  i s  a  to ta l  space
o f a  p rin c ip a l bundle  over a  circle with a  connected structure group. Thus C
i s  th e  product o f  th e  c irc le  an d  th e  s tru c tu re  group w hich  has torsion free
cohomology group, and the proposition follows. q. e. d.

Finally we consider the case th a t U / C  S 2 i n  Theorem 2.1. Then we have
the Gysin exact sequence which reduces to exact sequences

(3.3) 0 — › H 2 1 - 3  (GIU; A) H2i(GIU; A ) H21(GIC; A)

H21-2(Giu ; A ) H2I-F1(Glu; A) 0,
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where x e H 3 (GIU; A ) ,  2x=0 and A  is  a principal ring with unit.

Proposition 3 . 6 .  I f  U IC =S 2  t h e n  Tor. H *(G IU ) =z •H *(G IU ) is an  e le -
mentary 2-group.

§4. C ohom ology of the symmetric space F I

4 .1 .  In  th e  s e q u e l  to  th e  l a s t  sentence in Proposition 4 .1 , th e  suffix  of
each  cohomology class ind icates th e  degree o f th e  c la ss . T h e  mod p  coho-
mology of F4  is given as follows :

(4.1) H*(F4 ; Z2 )=  4 (x3 ,(X3, .X5, x 1 5, X23)0Z2[X6]/(Xi) ,

x , =Sq 2 x3 , x 6 =flx 8 =x i ;

H*(F4 ; Z 3 ) = A(x 3 , x 7 , x, 1 , x 1 5 )0 Z 3 [x 8 ] / (4 ) ,

x, = .9 1 x3 , x 8 = /3x7

and H * (F4 ; Z p ) = x11, x 1 5, .X23) f o r  p . 5 .

Since x 3 is universally  transgressive, x 5 e II*(F4 ; Z 2 ) an d  x? E H* (F4 ; Z 3 )
are transgressive with respect to  the fibering

(4.2) F4 F4/C BC .

L et 66 eH 6 (B C ) an d  (58 e H 8 (B C ) b e  classes such  that the ir m od p (p = 2
for 66  a n d  p = 3 for 68 )  reductions are the transgression images of x, = Sq 2 x 3

a n d  x7 =  glx 3 re spec tive ly . A s  is s e e n  in  th e  p ro o f  of Proposition 3.5, C
=  .S p ( 3 )  i s  homeomorphic t o  th e  product S ' x Sp(3) o f  a  c irc le  S '  and
S p (3 ). Thus H*(C)=A (s,, s 3 , s 7 , s t ,). A cco rd ing  to  Borel [2], we have

H*(BC)=Z[1 2 , t 4 , t 8 , t, 2 ]

and by putting ti  = e Hj(F 4 /C)

H*(F4 / T 1 SP( 3 ); Q[t2, 141 t85 t 1 2]f(6.4 ' 6 12,  6 16 ,  a 24)

where o-
i e Z[t 2 , t  t 8 , t 1 2 ]  i s  an  element o f degree i  and  i t  i s  a transgression

im age, in  rational coefficient, of the generator x i _ ,  o f  H*(F4 ; Q)= A(x3 , x 1 1 ,
x2 3 ). Now apply Theorem 2.1 of [12], then we have

Proposition 4.1. T here ex ist generators y6 , y 8 e H*(F4 IP .S p (3 ))  a n d  rela-
tions pp  p'„EZ[t,, y o , Y8' i=2, 4, 8, 12] (j=4, 12, 16, 24; k = 6, 8) such that
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H*(F 41T 1 .Sp(3))=Z[t 2 , t4, t8, t12, 76 ,  Y 8 ]i(P 4 ,  P12 ,  P16> P24 ,  p 9

(4.3) n*(y6).-a-- x6 (m od 2), 7*(7)= (mod 3),

P6 = 2
 Y 6  +  6 6

 and P ' s 3Y 8 +ô 8 ,

w here P j  is d e te rm in e d  b y  t h e  maximality o f  t h e  in teger n  in

(4.4) n•pi--c7i mod (p i , p'6 , p'8 ; i<  j).

Remark. T he situation is  s im ilar f o r (G, C)—(E 6 , T 1 .SU (6)), an d  Propo-
sition  4 .1  holds f o r  H*(E 6 1T 1 .SU(6)) by  add ing  generators t6 , t 1 0  a n d  rela-
tions 0 0r 105 r 18.

4 .2 .  W e shall determ ine th e  integral cohomology o f  F 4 IT 1 .S p (3 ) a n d  F 4 /
Sp(3).

A t  first H*(BT)=Z[w l , w2 , w3 , m i.] f o r  t h e  fundamental weights {w 1}.
Take new generators :

t =wi , y1= w2 — w3 , Y 2=w 3 — w 4  a n d  y 3 = w4 .

L e t R i ( re sp . R )  b e  th e  reflection to th e  p lan e  a l = 0 (resp. 5i= 0 ) in  the
universal covering V o f  T (i= 1, 2, 3, 4). Then w e have the following system of
the generators of Weyl groups :

0(F 4 )=  <R ,, R 2 ,  R 3 ,  R 4 > ,  4 .(U )=  < R 2 , R 3 , R 4 , R>

a n d  0(C )= < R2, R3, R 4> .

The reflections satisfy

R1(w)=w,— >(2<a1, aci > I <oci , oci >)w i , R i (wk ) =wk (k0

and IrZ(w)=w,—niw, /IV ) .

Then we have the following table of the action :

R 1 R , R3 R4 I?
r —r-Fyi +Y2 ±Ya —1

y, t—y, Y2 - t + Y I

Y2 YI Ys -1 + Y 2

Y3 Ya ---1-1-Y3
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where th e  blanks indicate th e  trivial a c tio n . I t  is  e a s ily  se e n  th a t t  is P(C)-
invariant, t 2 a n d  t h e  s e t  {y i (t - y 1); i = 1, 2, 3} are 0(U )-invariant and the set
S =  ±  y i ,  ± (t-  y i ) ,  ± ( t -  yi  -  h ) , ± (y ;  - y k)} is 4)(F4 )-invariant.

P u t z, = yi (t - y 1) (i=  1, 2, 3) and define qi  e H 4 i(B T ) and s„ e Hn(B T) respec-
tively by

E q i= r i( l+ z i)  and > s =  Ff (i+X).
xeS

Lemma 4 . 2 .  H *(BT)dI(c)= Z[t, q 1 , q 2 , q 3 ], H * (B T ) (u )= Z [t 2 , q 1 , q2 , q 3 ]

and H * ( B T
; Q ) 1 ) ( F 4 ) = Q [ s 4 ,  s 12 , S16, 524] •

P ro o f . B y  th e  above definition th e  elements in  t h e  lem m a a re  invariant
f o r  t h e  corresponding W e y l  g r o u p .  I n  genera l H*(BG; Q):•-_-'11*(B T; Q). ( G) .
F o r  G=C, H*(B T; Q)°(c ) =Q [x 2 , x4 , x 8 , x, 2 ]. L e t  p i b e  th e  i - th  elementary
symmetric function o f  y i ,  y i ,  y 3 ,  th e n  q.=( -1 )ip i + t f i f o r  som e f,. A s  is
w e ll k n o w n , Z[p,, p 2 , 1)3 ]  is a  d ir e c t  f a c to r  o f  Z[y ,, y 2 , y 3 ]. From these
fa c ts  it  fo llo w s  th a t Z[t, q 1 , q 2 , q3 ]  i s  a  d ir e c t  f a c to r  o f  H*(BT) ( c ) w ith
th e  sam e ranks fo r  each  dim ension. T hus th e  first assertion is  p ro v e d . The
second assertion is  p roved  sim ila rly . T h e  la s t  assertion is essentially proved
in  Lemma 5.1 o f [13 ], o r  it follow s also from  the  following lemma. q .  e .  d .

Lemma 4.3. s 4 /6 =  -  t 2 +  q i , -  t 6 4 t  2 q2 - 8 q 3 m o d  (s4 ),
s1 8 /10=_3t 2 q3 -  q i  m o d  (s  s a n d  .5 / 1 04 , _  12, 24, _ _ -  (13+ 2 7 6  mod (s 4 , S12, S16).

P ro o f . In  th e  following computations, (i, j, k ) runs th e  cyclic permutation
of (1 , 2 , 3 ). From the definitions

Es n = F ( I )1)( 1 ( t ) 2 ) ( 1 - 0 2 ) ( 1  ( t j )2)

=11(1 - t 2 + 2 z ,+ z t)(1  t 2 +2(z i +z k ) +(z i -  zk) 2 ).

Thus s 4  =  6 (  t 2 q  1 ) ,  and by putting Ez i =q i  = t 2 w e  have

s„ F1(1 + 2(q 2 -  3zi zk ) + ( -  t 6 + 4t 2 q 2 - 8q 3 )+ zt(z i  - z k)2 )

and s1 2  ---- 3( - t 6  + 4t 2 q2 - 8q 3 )  mod (s 4 ). And, modulo (54 , 5 1 2 )

Es„= 1 + 10( - qi + 3t 2 q3) + 10(2q3 - 9t 2 q2 q3 + 270 +  higher terms,

from which th e  last tw o form ulas of the lemma follows, q. e. d.

The canonical map BT-÷BC induces a n  isomorphism



236 Kiminao Ishitoya and  Hirosi Toda

H *(B C )'-' H *(B T)(c)-=Z [t,  q 1 , q2 , q 3 ] .

So, in Proposition 4.1, we may use the following identification:

1 = 12, q 1= t4 , ( 1= 1, 2 , 3 )
 a n d  o-

i =s ;  ( j=  4, 12, 16, 24).

Then we have the following description of H*(F 4 /C).

Theorem 4.4. T here ex ist elem ents u e H 6  a n d  v e H 8  s u c h  t h a t  2u=t 3

and 3v=q 2 . R ew riting q 3 w ith  w e l l " ,  we have

H*(F 4 IP•Sp(3))=Z[t, u, v, w]/(t 3 —2u, u 2  3 t 2 V+ 2w, 3v 2_ t2 w ,  v 3 _ w 2) .

P ro o f . Obviously we can take p4 =s 4 /6= —12 + q ,  which must be  the trans-
gression image t(x 3 ) =p 4  o f  a  generator x3 o f  H 3 (F 4 ) Z .  W e have

t(x 3 )=Sq 2 .4x3 ) =Sq 2 (12 +q 1) =Esq 2 (y1t+yt)=-Ey i t(y,+ t) —tq,

and t(x7)=g1-c(x3)=<91(—t2+ch)-= —f, 112 + E 2 (y i t—y?)

=t 4 + E(Y?t+Y1t 3 ±Yt)=1 4 +t 2 C11+ q i+

S o , w e  c a n  c h o o s e  56 =tg 1 _.t 3 a n d  (58 =t 4 +t 2 q1 -1-qi+q 2 3t4 +q 2 mod (p 4).
T hen  by  pu tting  u= Y o  a n d  v= —y8 — t4  a n d  by  u sing  the relations p4 =p '6
= p ',= 0 , it follows from Proposition 4.1 that

H*(F4IT1•SP(3))=Z[t, u, u, w]/(t 3 -211, Pi 2' P16 , P24) ,

where 3v= q 2 , w=q 3 an d  th e  re la tio n s  p;  ( j=  12, 16, 24) a re  determ ined by the
maximality o f  th e  integer n  in  n- p 1 s 1 mod (t 3 — 2u, p i ; i < j). It is easily com-
p u te d  th a t P12= _ t t 2+  3;2v —2w (n= 1 2 ), P16= t2 w _ 3v2 (n=30) and p2 4 = w2 — v3

(n=270). q. e. d.

Corollary 4.5. The follow ing elem ents form  an  additiv e base o f  H*(F 4 IT 1 •
Sp(3)).

deg — 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

1 t t 2 /I /II / 2 U 12V UV /UV / 2 UV VW (Vii' y z tz t 2 :

V tV W tW V2 X tX t 2X

where x  u= w _tv2 ,
 y =

 5w2 tuv 2 a n d  z=uvw-41y.

Pro o f . N o te  tha t d im . F4 /C=30. By simple computations it i s  s e e n  th a t
these  e lem ents span  /1*(F4 / C ). T hen  the ir independence  w ill fo llow  from  the
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P o incaré  polynom ial P(F 4 IC, x)=(1 - x

4 ) ( 1  x 1 2 ) ( 1  x 1 6 ) ( 1  x 2 4 ) ( 1  x 2 ) - 1

(1 x 4 )-1 (1
X

 8•-)  1 (1 — X 1 2 ) - 1 = (1H - X8 ) (1 + X 2 +X 4 +X 6+ X 2 2 ) . q. e. d.

Corollary 4.6. Fo r u eH 6 , V e H 8 , w e H 2 and  s e H2 3  w e  have

H*(F 4 ISp(3))=Z[u, v, w, s]/(2u, u 2 + 2w, 3 y 2 ,  y 3 w 2 , u s ,  w s ,  s 2) ,

t h a t  is, Tor. H*(F 4 ISp(3))=Z 2 <u, uv, uw, uvw> + Z4 <w, vw> +Z 3 <v 2 >  and
H*(F 4 /Sp(3))/Tor. = A(v, s).

P ro o f . The Gysin exact sequence associated with the fibering S1 - 4 .
4 1Sp(3)

-4 ' 4 /C is reduced to

0 H2'1(F41SP(3)) H2 i-2(F4IC)

1121 (F4 1C) H2i(F4ISp(3)) O,

where h  i s  the m ultiplication with some c e  112 (F4 /C ) .  Since F 4 /Sp(3) is  2-
connected, we have h(1) = + t  and h(a )=  + ta . Then, by Corollary 4.5,

H e v e n (F4/SP(3 )) =" Coker h=Z[u, y , w]/(2u, u 2 + 2w, 3v2 , ll 3 —14, 2 )

and H0"(F4ISp(3)) Ker h = Z <14tvw-9uv 2 , t 2 z> .

Putting s = 0-  (14tvw - 9u v 2 )  w e  have 0(p*(v)s)= ve(s)= t 2 z. T h en  th e  corollary
follows immediately. q. e. d.

4.3. Next we shall determ ine the cohom ology of B U , U =S 3 .Sp(3). Consider
the fibering

UIC = S 2B C  ! ' >  BU

and the associated Gysin sequence

(4.5)„ 0 H2"-3 (BU) H 2(BU ) H2"(BC)

H 2 " - 2 (BU) H2"±l(BU) 0 ,

where 2z= 0 and 0 (" 0013 ) = a • 0 (13 ).

Proposition 4.7. H * (BU) = Z[Z, t4 ,

 144, Ug, 1412]/(2Z)
 where p 4 (t4 ) = t 2 a n d

p*(u 4 i )= g i (i=  1, 2, 3).

P ro o f . H °(B U )=Z <1  >  an d  H '(B U )= 0  since B U  is 1-connected. Since
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7[2(13 0 n 1 ( U ) --Z--Z2, H 3 ( 8 U ) 0 0 ,  a n d  b y  (4 .5),, H 3 (B U)=Z 2 < > ,  OW= +2
and H 2 (B U)_- O. T h e n  b y  (4.5) 2 , H 5 (BU)= O  a n d  p*: H 4 (BU):•-1H 4 (BC)=
Z <t, 2 q , > .  T h u s  H 4 (B U)=Z < t4 , u 4 >  f o r  t4 =p* - 1 (t 2 ) a n d  u4=p * - 1 (q1).
Here we remark that

(4.6)m  i f  p * : H 4 m (B U)--+H 4 m(BC) is surjective, then 0: H 4 in+2 (B C )---41 4 m(BU)
is injectiv e and 1m 0=2H 4 m (B U). Thus -x: H 4 m- 2 (BU)L=H 4 n2+1 (B U), •x : H 4 'n- 1

(B U )-H 4 m+2 (BU), •x: H 4 m(BU)(:)Z 2 H 41n+3 (B U) an d  th e  sequence 0 — 4/ 4 m- 3

(BU)- H 4 m(BU) H 41n(B C )--03 is exact.

This follows from th e  exactness o f  (4.5) 2 m  a n d  (4•5)2 m ,
 1
 a n d  th e  fact that

• t: H 41n(BC)L'H 4 m+2 (BC) (as free modules) and 0(p*(a)0= 2a.
B y  (4 .6 ),, H 6 (BU)= Z2 <Z 2 >  a n d  117 (B U)=Z 2 <i 4 , lia > .  T h e  follow-

ing lemma (4.7) will be proved later.

(4.7) ) (3  0 0  i n  H 9 ( B U )  a n d  <t 4 x 3 , u4X 3 >  Z 2 + ,7 2 i n  1 1 ' 3 (BU).

T h e n  •z: 116 (B U )-4/ 9 (B U ) is injective. B y  t h e  exactness o f  (4.5) 4 , p*:
Il 5 (BU)-4H 8 (B C ) is surjective, and u 8 =p* - 1 (q 2 ) exists. B y  (4.6) 2 ,  H 1 0 (BU)
=2 2 <t 4 x 2 , 

1 4 4 2 ( 2 >
 . Again using the  second part o f (4.7) a n d  (4.5) 6 ,  w e  have

the existence of u 1 2  =p * - 1 (q3).
Since EH4m(Bc) is multiplicatively generated by t 2 = p*(t 4 )  a n d  qi = p*(u 4 i )

(i= l, 2, 3), p*: H 4 m(BU)--41 4 m (B C) is su rjec tive  fo r e a c h  ni. Therefore the
proposition is  p ro v ed  b y  ap p ly in g  (4.6),  inductively. q. e. d.

Proof  o f  (4.7). L e t K  b e  th e  kernel o f  th e  na tu ra l homomorphism S 3 x
Sp(3)->U = S 3 .S p (3 ). Im b e d  S p (1 )  in to  S p (3 ) b y  th e  d ia g o n a l m a p . Then
K c S 3 x Sp(1), and (S 3 x Sp(1))/K  is isom orphic to SO (4 ). Thus w e have natu-
ral m aps S O(4)--U and j: B S D (4)-*B U . It is easily seen that the  imbedding of
S p(1) in to  S p(3) induces a  homomorphism o f  degree 3  o f  7r3 . It follows that
H*(UIS0(4); Z 2 ) =H*(Sp(3)1Sp(t); Z 2 )= 0  for degree < 7 .  T h u s  j*: H*(BU;
Z 2 ).H *(B S 0(4); Z 2 ) for degree < 7 .  A s  is w e l l  k n o w n  H*(BS0(4); Z 2 )
=Z 2 [w 2 , w3 , w4 ] . F ro m  th e  re su lts  o f  H*(B U) i n  low er dimensions we see
th a t  j*<x , t 4 , u4  (mod 2)> = < w 3 , wi, w 4  > . T h e n  (4 .7 )  fo llo w s  fro m  wi 0 0
a n d  <wiwi, wiw 4 > L--'Z2 +Z 2 .

Corollary 4 .8 .  H*(BU ; Z 2 ) =Z 2 [U2 , U3, U4, U8, 14 12] ,  u i =j*w i (i=2, 3).

4 .4 .  W e shall determine th e  cohomology o f  t h e  sym m etric space F / =F 4 / U,
U =S 3 .S p (3 ). First consider the homomorphism

q*: H *(FI: Z[1/2]) H*(F41C; Z [1/2])
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induced by the projection of the fibering (C = TI.Sp(3))

U IC = S 2 F 4 I C FI=F4IU

Theorem 4.4 implies H*(F 4 /C; z [1 /2 ])= Z  [1 / 2] [t, v, 117] 1(t 6
 — 12t 2 v+ 8w,

3v2 — t2 w, v 3 — w2 ). By Lemmas 4.2 a n d  4 .3 , H*(F 4 IT; Q) b ( u ) =1 1 * (BT; Q) ø ( u ) I
(H+ (B T; Q) ( F 4 ) )=Q [t 2 ,  (1 1 ,  q 2 ,  q 3 ] / ( s 4 ,  S 1 2 ,  5.16 , S 24) =  (A t , y ,  w ]/ (s 1 2 ,

 S 1 6 1  s 24)•
Thus it follows from Proposition 3.3

(4 .8 )  q* defines an  isomorphism

H*(FI; Z[1/2]) [t 2, l l ,  W ] / ( t 6 — 121 2 v  +  8w, 3v 2 —t 2 w, v 3 — w2 ) .

Recall the Gysin sequence (3.3) (A =Z  or Z 2 )

(4.9)„ 0 H 2n-3(F/; A) H2n(FI; A) H2n(F4IC; A)

H2n-2(Fi ; A ) f p n + (Fi r ; A ) , 0 ,

w here 2 x = 0  0  satisf ies 0(q*(a)M= a • 0(13) an d  th e  sequence com m utes w ith  the
mod 2 reduction H*( )--+H*( ; Z 2 ).

Lemma 4.9. (i) C hang ing  B  to  — 0  i f  it is  n e c e s s ary , w e  hav e  0(t)=2.
P u t  f 4 = 0(u). T h e n  q*(f4 ) = t 2 , i n  (FI) = H 2  (FI) = H 5 (FI) = 0, H 3 (FI) = Z 2

<x > and H 4 (FI)= Z  < f 4 >
(ii) T here ex ist elem ents f 8 e H 8 (F I )  and f l 2  E H i 2  (F I )  su c h  th at q*(f8)

=v  and  q*(f 1 2 )=w.

Proof . (j )  H 1 (141)=0 since F I  is 1-connected. S ince 7r2(F1 ) '-'— 'ni(U)L' Z2,
H 3 (FI) 0. B y  the exactness of (4.9) 1 , 0(t)= 2  (changing 0  b y  — O i f  0(t)= —2),
a n d  H 2 (F P  0 ,  H 3 (FI) = Z 2 G X >  . B y  t h e  exactness o f (4 .9 ) 2 , H 5 (FI) = 0
and  q*: H 4 (F I )  H 4 (F4 IC)= Z < t 2 > . Put f= q* -  ' (t 2 ) ,  then  20(u)=0(2u)=0(t 3 )
=0(q*(f )t)=f . = 2 f . S in c e  H 4  (F I)  is free, f 4  = 0(u)=f .

(ii) Consider the following commutative diagram o f natural maps :

F4 I C F4I U = FI

0

B C BU.

B y  Proposition 4.7, q*(i*(u 8 ))= it,(p*(u 8 ))= q 2  = 3 v  a n d  q * (i * (u  2)) = P(P * (u12))
= (13 = iv. T h u s  q*(f, 2 ) =w  for fi 2 = i * (u i2). 0(2v) = 20(v) = 0 since 2H 6 (FI) =O.
So, there exists a e H 8 (F I )  su ch  th a t q*(a)= 2v . B y  pu tting  f8 = i*(u 8 )— a , w e
have q*(f8 )= v. q. e. d.
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Now consider (4.9)„ for A =Z 2 . B y Theorem  4.4  w e have

(4 .1 0 )  H *(F 4 I ,S p (3 ) ;  Z 2 ) = Z 2 [t, u, y , w]/(t3, u 2  _t2 y ,  y 2  _t2 w ,  w 2 _ u 3)

= Z 2  U P ( t 3 ) O L I ( / 1 ,  VO N ).

Lemma 4 .1 0 . ( i )  L et y3 = xm od2. T here ex ists y2 EH 2 (F I; Z 2 )  such that
q* (Y 2 )= t. T h e n  w e  h av e  y3 = Sq S q 2 y 3  =  y 2 y 3 , y 3  = f 4  mod 2, 0 (u) =  y3 ,
y3 =y3, y3y 3 =0, y 2 y3  = y100  and y = 0 .

(ii) L et y8 = f 8  mod 2 and  y „  = f i 2  mod 2, then

H*(FI; Z2)=Z2[Y2, .Y3]I(Y3+ yi, YiY3)0A(Y8, Y 12).

P ro o f . (i) From  Lem m a 4.9, it follow s Hl(F/; Z 2 )= Z 2 y i >  for i = 2, 3, 4,
Sq ly 2 =y 3 , y 3 = z mod 2, y 4  = f4  m od 2 a n d  0(u)=y 4 . By (4.9) 1 , q*(y 2 )= t, q*(y3)
= t 2 00, thus y3 =y 4 . B y  th e  ex ac tn ess  of (4.9)„ (n= 2, 3, 4), w e  have H 5 (F/;
Z 2 ) = Z 2 < y 2 y3 > , H 6 (F/; Z 2 ) = Z 2  <y3 > , H 7 (F/; Z 2 ) =0  and y 2 y3 00. Then y3y 3

= 0  a n d  y l  = a y 3  f o r  s o m e  a EZ 2 . S in c e  S q 'S q 2 y3 = Sq 3 y3 = y3 00, Sq 2 y3

=y 2 y3 . B y  use of Cartan formula, 0= a (s q i y 3 )2 = s q 2(a y i) = Sq 2y 3 y2(Sq 1 y2 )2

+y3Sq 2 y2 =(a+1)y 2 y 3 .  Thus a=1, y i =y i , y 2 =y 2 y3 and y3 =y3y 3 =O.
(ii) Put F* z  rv  v  1 1 (0 ,+v 4  v 4 v  )6 o A rv  v v v v v2,3 , 8, w = 2, 3, 2, 3 ,

=.11, Y1=Y2Yil®A(Ys, Y12), then we have the exactness o f  a  sequence

0 F2" 3 >,3 F 2 n H 2 " (F 4 IC ; Z 2 ) - >0 F 2 n - 2 F2n+1 0,

where the homomorphisms are given by the multiplication with y 3 (y3 =0), by a
multiplicative q *  which carries v v l v2, 3 ,  : 8 , 1 2  ( 0  t, 0, u, w respectively a n d  by
0(tiviwk)=0, 0(tiuviwk)=yi2+1-Ay'1 2 (i =0, 1, 2; j, k =0, 1). A p p l y i n g  t h e  five
lem m a to the  natural m ap o f  this sequence to (4.9)„ o f  A=-Z 2 , w e have the
assertion of (ii) by induction on n. q. e. d.

Theorem 4 .1 1 . Let r 1 2  =f  i - 1 2 f4f8+ 8 f12, r16
 = 3 f  - f4f 1 2  a n d  r 2 4 =f g -

f i 2 . Then we have

(i) H *(F I; Z[ 1 /2 ] ) = Z [ 112 ][f4 ,f8 ,f1 2 ]/fr1 2 , r 1 6 ,  r 2 4 )  ,

(ii) H * (F i ;  Z 2 ) = Z2 [Y 2 , Y 3 ' Y8, Y12]/(Y1+Yi, YZY3, Yi+YiYi2, Yi+yi2)

and (iii) H*(FI)= Z[Z, f4, fs, f12]/( 2 X, xf4, ) ( 3 ,  r12, t-1 6 , r 2 4 )

=ZU4 , fs ,r 1 6 ,  r 2 4 )  (f ree part)

+ 2 .2<Z, X 2 > (DZI(ls, f 1 2 ) (torsion part).
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P ro o f . ( i)  follows from (4 .8) a n d  Lemma 4 .1 0 .  Since y 3 , y 8 , y 1 2  a r e  inte-
g r a l  classes, Sq l(y 3 ) = Sy 1( y 0 =  l ( y i , ) = 0 .  T h e n  it  fo llo w s  f ro m  L e m m a
4 .1 0  th a t S y  IH*(FI; .12 ) = Z2 < y 3 , Y > ®4(Y 8, Y 12) a n d  t h e  derived group
o f  H*(FI; Z 2 ) w ith  respect to  S y  ' is Z 2 [y 2 ]/(y3)0/1(y 8 , y 1 2 ). B y  u se  o f
Proposition 3.6, w e  have Tor. 11*(F/)=Z 2 < z ,  Z2 > f i 2 ) ,  E1-14 i(E D  is
th e  f re e  p a r t , H 4 1 (F / ) 0 Z 2 H 4 i(F/; Z 2 )  and t h a t  H 4 1 (F/)-+H 4 1 (F / ; Z [1 /2 ])
is injective. F ro m  t h e  last sta tem ent fo llow  th e  re la t io n s  r12= r16 = r 24 =
a n d  th e n  r 1 6 = +YzYi2= 0 ,  r24 = Y i+ Y i 2  = 0  i n  H*(FI; Z 2 ). T hus (ii) is
proved by Lemma 4 .1 0 . Now, consider Z [f4 , f  t  -11(ra 8, :12 ,, 12 , r 1 6 ,  r2 4 ). B y  tensoring
Z 2  a n d  Z [ 1 / 2 ] ,  w e  o b t a in  E H 41(11; Z 2 ) a n d  EH 4 1 (F i ;  z[i /2]) which
h a v e  th e  sam e rank over Z 2  and Z [1 /2 ] respectively. T his show s EH4(FI)
- Z [ f4 ,  f8, ft2]#12, r16, r2 4)• T h e  relations 2z =zfl,=  z 3 = 0  a re  obv ious. So,
(iii) is proved, q. e. d.

§ 5 .  Torsion in the cohomology of the irreducicle symmetric spaces of
exceptional type

The purpose of this section is to prove the following

Theorem 5.1. T h e  cohom ology  g ro u p s  o f  t h e  irreducible sy m m etric
spaces of  exceptional type are odd torsion free.

T h e  symmetric spaces FIT, EH! a n d  E V H  a r e  h erm itian  a n d  their co-
homology groups a re  to rs io n  f re e . A lso  H*(EIV)=A(x 9 , x 1 7 ) i s  torsion free
[ 1 ] .  By Corollary 3 .4 ,  t h e  cohom ology g roups o f  G , F I, EH , E V , EVI,
E V IH  and E IX  are odd torsion free.

I t  re m a in s  t h e  sym m etric  space E I=E 6 113 Sp(4). T h e  spaces ET, E I V
=E 6 IF4  a n d  F I =F 4 IS 3 .Sp(3) are related to each other by

PSp(4) 11 F4= S 3 •S p(3).

L et C = T '.Sp(3)c S 3 .Sp(3)c F4C E6 a id consider the fibering

(5.1) F4/C E6/C E 6/F4=E IV .

Proposition 5.2. 1-1*(E6 1C) H*(F4 10011*(E117 )  as algebras.

P ro o f . Since E IV  is 8-connected,

0 — >  Hn(E 6 /C) I/"(F4/C) Iln+'(E /V )

i s  ex ac t fo r  n < 8 .  T h u s  t  a n d  u  a r e  i'* -im ages. q2 = 3 v  a n d  w =q 3 a r e  i*-
images fo r  th e  m a p  i: F4 IC-+BC o f  (4.2). T h e  m a p  i  can be extended over
E6 / C .  T h u s  3 v  a n d  Iv a re  i'* -im ages. Since 119 (E/V).-2'-Z ,  y  is  a ls o  a n  i'*-
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im a g e . Since H*(F4 /C ) is multiplicatively generated by t, u, v  a n d  w, it follows
tha t F4 /C is totally non-homologous to zero  in  E6 /C, an d  th e  spectral sequence
associated with (5.1) co llapses. T hen  w e  ob ta in  an  ad d itiv e  isomorphism of
the  p roposition . T h is a lso  shows th a t  i'*: H 2 n(E6 /C) H 2 n(F4 /C )  for e v e n  2n
<26, a n d  tha t the relations in 1I*(E 6 /C ) which correspond to  those in  Theorem
4.4 hold. q. e. d.

Since  Sp(4)1Sp(3)= S , PS p(4)IC = S p(4)I(S x Sp(3))= P7 (C ) a n d  w e  have
a  fibering

(5.2) P 7 (C ) E 6IC EI=E6IPS p(4) .

Proposition 5.3. qT : H*(EI; Z [1/2]) —q -P(E6/C; Z [I/ 2 ] )  is in je c t iv e  and
H* (E 6 /C; Z [112])-11 * (P7(C); Z[1/2] ) OH* (E /; Z[1/2] ) (additivelA

P ro o f . By concerning low dimensional homotopy groups, w e  see  tha t it :
H*(E 6 /C; Z[1/2])—>H*(P 7 (C); Z(1/2]) is su r je c tiv e  fo r  degree = 2, a n d  then
f o r  all d e g r e e s  s in c e  H*(P 7 (C ) )  is m ultip licatively  generated  by H 2 (P 7 (C)).
T hus th e  spectral sequence associated to (5.2) with coefficient Z[1/2] collapses.
Then the proposition follows, q. e. d.

This proposition shows th a t H *(EI) is  o d d  torsion  free , and  the  p roof of
Theorem 5.1 has been established.

Finally recall from [5], G=G 2 1S0(4),

(5.3) H * ( G ; Z  2 ) = Z2[Y  2,Y  3]I(YZ + YZY 3)

and H*(G)= Z [Z , f4]/( 2 X, X.f4, X 3 , f i.)=zEfeil(f i)+z2<z ,z 2 >
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