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Introduction

In  [6 ] ,  Rosenberg and Thurston posed the fo llow ing prob lem : Are
the Reeb foliations of S 3 fo liated  cobordant to  zero? And M izutani [5]
and S e rg e rae rt [7 ] gave the affirmative answer.

The purpose o f th is  note is to  generalize their result.
Let 11/13 b e  an oriented closed 3-m anifo ld . T h en  the m anifold 1113

has a  sp innab le  structu re (c f. A lexander [1 ]) . B y  th e  wellknown
m ethod [3], w e can  construct a foliation on M 3 f ro m  th is  sp in n a b le
structure .9'. Let th is foliation d e n o te  S .  N o t e  th a t  th e  R eeb  folia-
tions of S 3 a re  also constructed from a  spinnable structure of S 3 .

Our main theorem  is as follows:

Theorem . For any oriented closed 3-manifold 1113 w ith any spinnable
structure .9°, the foliated manifold (M 3 ,  " : 9,) is foliated cobordant to zero.

W e sh a ll w o rk  in  th e  sm ooth  category and a l l  the fo liations we
shall consider, w ill be sm ooth and of codimension one.

§ 1 .  R e e b  foliations and results o f Sergeraert

W e consider the Reeb foliation on S 3 . Let T 2  b e  a  to rus w h ich  is
a unique compact leaf o f th is fo lia tion . The holonom y  along T 2 i s  a
homomorphism o f groups, .X°: ; ( T 2 )—G, w h e re  G  is  th e  s e t  o f germs
a t  0  o f  C - -diffeomorphisms of R, f :  R--÷R, w ith  f (0 ) := -0 . L e t  A , P2
b e  the standard generators o f ri (r ) .  I f  w e _orient adequately a  small
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segment transverse to  T ' serving to define A °, w e m ay assume th a t  the
germs o f diffeomorphisms .e (p 1)  and Yt° (p,) have th e ir  support respec-
tive ly  in  ( —e, 0 ] and [0, s ) .  Furthermore s' (p,) and Ye (A ) are contain-
e d  in  G .„ w here G . i s  the set consisting o f g e rm s a t 0  o f  C- -diffeo-
morphisms o f R w hich  are C- -tangent to  iden tity  at 0, a n d  a re  fixed
point free respectively on  (— e, 0 ) and (0, e). The Reeb foliations are
characterized by conjugates o f  (Ye (p,), t '(p,)). Put g r =„Y e(p,) and g,
= / t '( p , ) .  W e denote by g - (g„ g ,) th e asso c ia ted  R eeb  foliation. I n
th is  section w e shall recall the following theorem due to  Sergeraert [7 ].

Theorem 1. g ,)  is f oliated cobordant to zero.

This foliation is represented by a  homotopy c la ss  o f  a  m apping f :
S '— B ['°, w h ere  B I'r  denotes the Haefliger c la s s if y in g  s p a c e . In  our
case the image of S ' by f  is contained in Brr, w here B I r  denotes the
homotopy fib er of the map B [''— B O,. W e  d e n o te  b y  7 ,(g „ g ,)  this
homotopy class o f , (Brr) and H ,(g„ g 2 )  the homology class of H ,(B rr)
corresponding to 7z- ,( g „ g ,)  v ia  th e  Hurewicz homomorphsm. T h is  is
the image of the fun d am en ta l c lass [S 1  b y  th e  Hurewicz homomor-
phism H ,(f ) .

Proposition 2. T he Hurew icz  hom om orphism  H,: it 3 (B rr)-->H ,(B rr)
is an isom orphism .

P ro o f .  I t  i s  trivial f ro m  su c h  a  f a c t  t h a t  Brz-  is 2— connected
(Haefliger [2], M ather [4]).

Theorem 3  (S erg eraert [7 ]) . For an y  g„ g ,  in  Gc.,, w hich hav e their
support respectively  i n  (— e, 0] a n d  [0, e), an d  are  f ixed point f ree respec-
tiv ely  o n  (— e, 0) a n d  (0, e), H ,(g„ g,) =0.

Let D i f f (R )  be the group o f C- -diffeomorphisms of R w ith compact
support, equipped w ith  the d isc re te  to p o lo gy . N o w  w e  co n s id e r the
Eilenberg-Maclane homology o f  D i f f ( R ) .  I f  g ,  and g ,  in  Diff7(R)
commute, th en  (2-

I f  2- 2.) -  (2.
2 )  2- ) is  a 2 -cycle . Let denote this homology

class by 112 (g„ g 2 ). In particular, if g , h a s  th e  su p p o rt in  ( -0 c , 0 1
and g ,  in  [0, co), then g , and g ,  commute. H ence the homology class
H ,(g „ g ,)  is defined.

Theorem 4  (S ergeraert [ 7 ] ) .  If  the supports of g, an d  g, are  contained
respectively  i n  ( - 0 0 ,  0] a n d  [0, o c ) ,  t h e n  H,(g„ g,) =0.

P ro o f .  Let D,(resp. D 2 )  b e  the subgroup consisting o f  elem ents of
D if f (R )  whose supports are in (— co, 0 ] (resp . [0 , 00 )). T h e re  is  a
canon ical inclusion e : D, x - - ->  Dif f (R )  d efin ed  b y  e (g „ g2)
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T h e re fo re  it  is  su ff ic ie n t to  p ro v e  th a t the hom ology class H 2 ( g „ g ,)  is
ze ro  in  H 2 (D x  D 2 ) . F r o m  K tinneth fo rm u la , H 2 (D  X  D 2 ) H2 (D 1)

(H,(DOOH,(D2))(:)112(D,). This canonical isom orphism  decom poses Hy
(g „ g ,)  in to  H 2 (g„ e)(D(H i (g,)C)111 (g2 ))C)H 2 (e , g ,) , w h e r e  e  i s  a unit
e le m e n t . I t  is  e a s y  to  s e e  th a t  the f ir s t  and t h i r d  parts are zero. On
the o th e r  hand, I -/1 (N  = 0 from  the fo llo w in g  re su lt [7 ] : D iff :( [0 , 1 ])
i s  perfect, w h e r e  D if f :( [0 , 1 ] )  i s  th e  g r o u p  o f  C- -diffeomorphisms
o f [0 , 1 ]  w h ic h  are C- -tangent to  id e n tity  a t  0  an d  1. Hence  H 1 (g1 )
=H ,(g 2 ) = 0. This com pletes the proof.

Proof o f Theorem 3. T h e  germ  g,(resp. g,) is the germ  of an element
k1(resP. k 2 )  Of (resp . D2 ). F urthe rm ore  w e  can  assume th a t ,k ,(x )=x ,
k 2(x )=x  i f  x  I  and k i(resP. k 2 )  is f i x e d  p o in t fre e  o n  ( - 1 ,  0 )
( r e s p .  ( 0 ,  1 ) ) .  Let Ye :  r I ( T 2)--->Diff:([— I ,  I ] )  b e  the homomorphism
w hich  m aps p, a n d  P2

 t o
 k l  and g., r e sp e c t iv ie ly . W e  c a n  c o n s t r u c t  a

foliation on T 2 x [— 1, 1 ]  w hose  global holonomy i s  Y e . W e  d e f in e  an
equivalence relation o n  T 2 X  [  1, 1] a s  follows :  fo r  (0„ 0„ t), (0;,
6 , t ')  E T 2 X  [ — 1, 1], (0,, 02, t)---(0;, 0 ,  t') if a n d  on ly  i f  0 , = 0  when
t =t '= 1, 02 = 0',  w h e n  t= t '= —1, and 0,, 0 , 02=0; and t = t ',  otherwise.
T h e  foliation on T 2 x [— I ,  1 ]  in d u c e s  a  T r-s tru c tu re  on S 3 u n d e r  th is
quotient map, w h ic h  is  d e n o te d  b y  (g.1) k 2 )  •  T h is  F r-s tru c tu re
resem bles th e  R eeb foliation .97 (g„  g,). L e t  g :  S 3 --->B r 0 b e  a  map
represen ting  the T r-s tru c tu re  (k l, k2) •

On the o th e r  hand, M a th e r  [ 4 ]  c o n s tru c te d  a n  iso m o rp h ism  S :
H 2 (D if f ;(R ) ) - - - )H ,(B rr) . W e  c a n  s e e  f r o m  the construction of this
isom orph ism  tha t S(112(g.1, k2) (g )  ( [S ,]) , w h e r e  [S 2 ]  is th e fun-
dam ental hom ology class o f 5 3 .

Lemma 5. F r-s tru c tu re s  g"(g„ g ,) and ,F(k „ ko are homotopic.

Proof. S e e  [7 . L em m a 6. 9].

T herefo re  the m ap  g :  S '--->B rr is  a  m a p  a s s o c ia te d  w ith  th e  Reeb
foliation .97  (g„ g 2 ). H e n c e  H ,(g„ g 2 ) = H,(g) (E S T=  S (H2(k i, k 2)) =0
(from  T heorem  4 ) .  This com pletes the proof o f T heo rem  3.

Proof of Theorem 1. F ro m  Proposition 2  and T h e o re m  3 ,  w e  have
7r,(g„ g,) =0, j .  e., f : S '--->B rr is  homotopic to  a constant m ap f o (p )=x .
for any p E S ', w h e r e  x o i s  a  base po in t o f B r r .  C h o o s e  a compact
o rien ted  4-manifold V '  s u c h  t h a t  ap,s3 and i t s  Euler num ber van -
ishes. Let 017x  [0 , 1 ] (c  V 4 ) b e  a  c o lla r  n e ig h b o rh o o d  o f  av, and
F :a V x  [0, l ]— B P r  deno te  a homotopy of f  and f o , j. e., Fi av x(o)

— f  and
F  av x(1)

=
 fo• T h e n  w e  d e f in e  a m a p  H : V -- B t r  as follows :
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(F(p) for pEaVx [0,1],
1/(P)= i

x o o th e r w is e .

Since the Euler number o f V ' vanishes, w e can extend any vector field
on S ' transverse to  g "(g „  g ,) to  V ' w ith o u t  s in g u la r it ie s . F ro m  the
theorem o f Thurston [8 , Theorem 2 ], there ex ists a  C- -fo lia tion  g  on
V ' su ch  th a t g l a v = g - (g „  g , ) .  This completes the proof.

§ 2. Statement o f results

A  closed 3-manifold M  is  ca lled  spinnable i f  th e r e  e x is t s  a  1-sub-
manifold X, w h ich  is  a f in ite  union of circles, called  an axis, satisfying
the follow ing conditions: 1 )  the normal bundle o f  X  i s  triv ia l, 2 )  let
X x /Y  b e a tubular neighborhood o f X, th en  M -X x in tD 2 i s  th e  total
space of a fiber bund le e  over a  circ le S ', and 3 )  l e t  p: M -..KxintD 2

—>5' b e the projection of e , then the diagram

X x S' L M -X x  int/Y

P
\

S
1P

commutes, w here c denotes the inclusion and p ' denotes the projection
onto the second factor. The pair  ( X ,  e )  is c a l l e d  a  spinnable
strurture on M .  W e can construct a foliation on M  from  a  spinnable
structure b°=- (X , e )  as fo llow s. Our problem  is to extend the foliation
o f M — XxintD 2 ,  g iv e n  n a tu ra lly  b y  p ,  t o  X x I Y .  C hoose th e  polar
coordinates on D2 ,  (0 ,  r ) ,  w here 0 is  the polar angle mod. 1 and r  is
the radius,

A t first w e construct a foliation on the anu llus A =  { (0 , r )e D 2 ; 1/2
a 

choosing a  C- -vector field y  o n  A  su ch  th a t v— a r  f o r  3/4
aand v , f o r  r=1/2 (se e  F ig . 1) .ae

A

 

Fig. 1.
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Defining each on Xx A  to be a product o f a  orbit of the flow y  and a
connected component o f X , we can extend the foliation of M — X x intD 2

to X x A  naturally. Note that Xxa 0 A  is a  un ion  o f tori, w h ere  a,A=
{(0, r) G A ; r=1/21. The place where we do not construct a foliation
is XxD(1/2), which is a finite un ion  of so lid  to r i, w h ere  D(1/2) =
f(0, r) E D '; O r  _ 1 / 2 ).  Therefore we pu t the Reeb component into
each solid torus. We denote this foliation by

Rem ark 1. In the above construction, there is an ambiguity for an
orientation of the Reeb component (see M izutan i [5 ] f o r  definition).

Rem ark 2. When the number o f  connected components o f  X  is
greater than one, we can construct another fo lia tion  on  M ,  which is
different from ,F,90 on X x A .  Choose a C- -vector fie ld  y' on the anullus

a aA  such that e =  fo r 3/L1- r _ l  and v'— — for r=  1/2. We definear a o
a foliation on Xx A  by pu tting  foliations indu ced  from  th e  vector
fields v and y' on X,x A  and X, x A  respectively, where X , and X ,  are
connected components o f X  such that X,U X2= X. W e denote this
foliation by g l r '.

Theorem 6. For any closed oriented 3 -m an ijb ld  M ' with any sp innab le
stru rtu re  ( M ,  r )  is foliated co b o rd a n t to zero.

Theorem 7. For any closed oriented 3-manifold M 3 with any sp innab le
stru rtu re (M, ' )  is foliated co b o rd a n t to zero.

§3. Proof o f Theorem 6

Let S ix  [0, 2] be an anullus with natural coordinates
define a foliation on the anullus Six [0 , 2 ] by choosing

a a fie ld  u such that u= fo r  0__.< 1/2 and it ,at ao
we can lift this foliation t o  {M — XxintD 2 1 x  [0 , 2 ] via
X identity, where p denotes the pro jection  o f e. From

for

(0 , t ) .  We
a  C- --vector

And

th e  m ap  p
defin ition of

spinnable structure, we see that 0  in the above coordinates is identified
with the polar angle in the polar coordinates o f D2 i n  § 2. We denote
b y  3  the foliation on {M— X xintD 2 1 x [0, 2]. restricted  to {M -
X xintD 2 } x [01 is r e s t r i c t e d  t o  M— Xxint.1) 2 a n d  g " ,  restricted to
[M—XxintD 2 1 x [1 , 2 ] i s  a  product foliation such that each leaf is
defined by {M — X xintD 2 } x t E [1 , 2 ].  Furthermore we investigate
the foliation on a boundary o f  [M— X xin tD 2 1 x [0, 2], XxSix [0, 2].

restricted to X xS ix  [0 , 2 ] is the foliation lifted from the above foli-
ation on the anullus Six [0, 2], that is, g", restricted to X x S"x  W I is
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a foliation such  that each  leaf is defined  by fa  connected  com ponen t
o f X} x ,  ()E S ' and 3  r e s t r i c t e d  t o  X x SI x  [ 1 ,  2 ]  i s  a  product
foliation such  that each  leaf is  defined  by a  connected com ponent of
Xx S' x {t} , tE [1, 2], w h ich  is  a to ru s . Let f ,  : 1M— Xx intD 2 1 x [0, 2]
-->Brr b e  a m ap representing the T r-structure .57 -- 1 .  S ince 5 - , restricted
to  (M— X xintD 2 1 x [1 , 2 ]  i s  th e  product foliation, w e  m a y  assume
that J .,  r e s t r ic te d  to  {M— Xx intD 2 1 x  [3 /2 , 2 ]  is  a constant m ap , i. e.,
.1.1(P) = xo fo r  any p  in  IM— Xx int,0 2 1 x  [3 /2 , 2 ] ,  w h e re  x o d e n o t e s  a
base point of B rr. W ith o u t lo ss o f  g e n e ra lity , w e  m a y  assume the
number o f connected components of the axis X  is  equa l to  one, i. e., X
is  a  c irc le . Put Y= Xx S ix  [0, 2] U XxD 2 /—, , where i s  an equivalence
relation w hich  identifies X x  S  x  {0 }  w ith  X x  a D z . T h is  i s  a  solid
to ru s . Note th a t Y  h as a foliation as follows :  <F 2  on X x  x  [ 0 ,  2 ]
is defined by re s tr ic te d  to  X x S ' x  [0 , 2] an d  .F 2 o n  Xx D 2 i s
defined by restricted  to  Xx D2 . Let f :  y-->Brr b e  a  m ap  rep re-
senting the Tr-structure such that f  restr ic ted  to  X x  S ' x  [0 , 2 ] is
equal to f ,  restricted  to  Xx S' x [0, 2].

Now we shall prove Theorem 6  assu m in g  th a t f 2 i s  hom otopic to
the constant map f o ( fo (p) =x  0 for any p  in Y), relative to Xx S' x [3/2, 2].
Choose a n  o rien ted  4-manifold V , su ch  th a t av ,,m  and the Euler
num ber o f  V ,  v a n ish e s . (T h is  i s  possible.) L e t  F, (0 1 )  b e  a
homotopy relative t o  X x S ' x  [3 /2 , 2 ] from  f, to  f o, 1 .  e . ,  F o = f2 a n d
F i = f0 . P u t V =  V, U M x  [0, where i s  an equivalence relation
w h ich  identifies av, w ith  M x  ( 2 ) .  And let N=Y x [ 0 ,  1 ]  b e  a  one-
sided tubular neighborhood o f Y  in  M x  [0 , 2 ]  s u c h  th a t  Y x {0} cor-
responds to Y(see F ig . 2).

XxD2

V

Mxi 0 } A/1>d 2

Fig. 2.
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Then we can define a  map H :  V x B r r  as follows:

f1(p) for p E  tM- X x intD 2) x [0, 2],
H ( p ) = 1 F , ( q ) for p =  (q, s) Y x [0, 1],

x o o t h e r w i s e .

Hence by Thurston's Theorem [8, Theorem  2 ] ,  we can extend the
foliation g -,9 ,  on M  to  V a s  in  th e  proof of Theorem 1  in  § 1.

Construction of a homotopy o f  f 2 and f o

We will construct a  ET-structure on  Y  w hich  is hom otop ic  t o  the
T'°-structure ',F2 b y  th e  same way a s  in  §1. L e t  a  torus T 2 b e  an
isolated compact leaf of g - 2 a n d  a  homomorphism <Y6): ri ( T 2 ) -> G  the
holonom y. Let p „  p ,  be th e  s ta n d a rd  generators o f  n,(T 2 ) which is
mapped to th e  germs of diffeomorphisms having their support respec-
tively in  ( - e ,  0 ]  a n d  [0 , s), by th e map Y e ' .  Furthermore A a ( 1 ) 1 )  a n d
A)(P2) a r e  C- -tangen t to identity at 0  an d  are  fix ed  po in t free  respec-
tively o n  ( - s ,  0 )  a n d  (0 , s). A s in  § 1 , th e  germ <Ye(p,) ( re sp . t" (p,))
is represented by a n  element k ,(re sp . k2 ) o f  D ,(re sp . D O  such that
k1(x)=z, k 2 ( x ) = x  i f  l x 1 . 1  an d  k ,( re sp . k 2 ) is  f ix e d  p o in t fre e  o n
( -1 , 0 )  ( r e s p . (0 , 1 ) ) .  Let :  r 1 (T 2 )---> D iff:([-1 , 2 ])  be the homo-
morphism which maps p ,  and P2 to g ,  a n d  'A-, respectively. T h e re fo re
we can construct a fo lia tion  on  T 2 X [ 1 ,  2 ]  w h ose  g lo b a l holonomy
is ./?. We define a n  equivalence relation on  T 2 x [ - 1 ,  2] a s  follows:
fo r  (0„ 02,  t), (19, 0, x [ -  I ,  2], (01, 02, 0'7--  (0 ,  0 2 ,  t ')  if  a n d
only if  02 =0 2 when t= e =  - 1  and 0 = 0 ,  02=-02, a n d  t= t '  otherwise.
Then the quotient space T 2 x  [- 1 , is homeomorphic to Y. The
fo lia tio n  o n  T 2 x  [ - 1 ,  2 ]  induces a  Pr-structure o n  Y  under this
q u o tien t m ap , w h ich  is  denoted  by  g -

2 (k„ k 2). This Tr-structure
resembles th e  Pr-structure g - ,  o n  Y.

O n the other hand, we can define a quotient map

q :x  [  - T2 x [ - 1,2] /

Y S'

where the relation is a relation which adds to the relation a following
condition :  (0„ 02, t)"- ( 0 , 0 , t')  i f  0 ,=0 ; when t= t '= 2 .  L et g - '(k i, k2)
denote th e Tr-structure on .53 a s  in  § 1. T he m ap q  carries the [ ' r ' -
structure  A-2 )  o n  Y  to th e  Tr-structure g"'(k„  k 2)  o n  S '.  If f: S '
-->131- '7° is a  map representing t h e  T r ,- s tru c tu re  g - '( k „  V ,  then  the
com position map f o q  represents the f '-s tru c tu re  ,F; (k„ k2 ) o n  Y.
We can assume foq (p ),-x o  fo r  any p  in  T 2 x  [ 3 / 2 ,  2 ] .  Using th e  same
method in  th e  proof of Lemma 5, we can see that f ;  is homotopic to foq
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relative to  X x S' x [3/2, 2]. B y the arguement in  § 1, w e see  th at f  is
homotopic to  the constant m ap  J .  S i n c e  Br-7 is 2 -co n n ected , f ,  is
homotopic to  the constant map f o  re lative to  X x Si x [3/2, 2].

Corollary 8. T h e  Fr-structure 34- se on M  is homotopic to a triv ial one.

§ 4. Proof o f Theorem 7

It is suffic ien t to  prove fo r  th e  c a s e  o f  th e  fo l ia t io n  constructed
using the vector f ie ld  y '  (see  R em ark  2  in  § 2). I n  t h i s  case , th e
foliation restricted to B =  X x  x [0 ,  l ]U  X x  D2 i s  as follows.

Fig. 3.

Put C=BU D2 X ASV 's ' ,  where is  an  equivalence re lation  which identi-
f ie s  Xx S 1 x {11 w ith  6132 x S'. N ote th a t  C  is homeomorphic t o  a
3 -sp h ere . W e  p u t an  oriented Reeb component o n  th e  so lid  to rus as
follows. L e t  a  b e  a  C- -function a :  [0, 1) -->R , such  th at a  (0) =0,

(t) >0  fo r a ll te  (0, 1), a ( k) (0) =0, lirn a  (t) = 00 fo r a ll k. Express a

point p  of D2 X S i a s  p ,  ( t ,  z ,  0 ) ,  ( t ,  x ) e D 2 , 0 e s i ,  t  is  th e  rad iu s  (0. t
1) and  x  is  th e  polar angle m od. 1. D efine a fo liation  on  D2 x S '  as

follows : fo r two points p ,  ( t ,  z ,  0), / 1 =  (t ', x ', 0 ') of D 2 x L = L '  i f
a n d  o n ly  i f  t= t'= 1 o r  a (t )-0 _ a (t ! ) -0 '(m o d . 1 ) ,  w h e r e  1:,„ is the
leaf that contains p. W e denote this fo liation on the 3-sphere C by .F 3

Proposition 9. (C , .F 3 )  is f o liated  cobordant to zero.

P ro o f .  This foliation 547., a n d  a  Reeb fo lia tion  are  conco rdan t be-
cause <F ,  is  obatined fro m  t h e  Reeb fo liation b y  p ertu rb in g  a lo n g  a
transversal sim ple curve. F rom  T heorem  1, the Reeb foliation is foliated
cobordant to  z e ro . H ence (C, i s  so.

W e consider the foliation on X x S' x [1, 2] U D 2 x Si where ----- is an
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equivalence relation which identifies X x  x  [ 1 1  w ith  aD2 x 5 1.
This is a  special case of the foliation o n  Y  in  § 3 .  Therefore by
the same method as in the proof o f Theorem 6, we can prove Theorem
7.
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