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Let ,g and b e  M oore fam ilies on S  and T  re sp ec tiv e ly . T h en  a
m ap F induces m aps F * : g - 4 '  and F *  T - 4 .  W e study
the lattice theoretic properties o f th ese  m ap s . In the latter half we treat
inductive lim its w h ich  w ill be app lied  in  [3 ]  to  stu d y  id ea ls  o f  germs
of functions and their 'zero filters'.

Lattices of Moore families

A  la ttice  L  is called com plete i f  it c o n ta in s  th e  least upper bound
a , and the greatest lower bound A a, for an y  su b se t {a,} „ i c L .  Let

AGA AEA

m  b e  a card ina l n u m b er g re a te r  th an  1 a n d  le t  0  : L - - - > L  b e  a
m ap o f co m p lete  la ttices . W e defin e  0  to  b e  an (m V ) -morphism (or
to  b e  ( m V )-con tinuous) i f  0 (V  a 2 ) = \ /  0(a 2) h o ld s  f o r  any subset

AEA AEA

AEA C  L  such that I f  L  is (m \/)-continuous  f o r  any
w e defin e  it a n  ( VV)-m orphism  (o r  ( V V )-co n tin u o u s ). For the sake
o f convenience, we call an order preserving m ap a  (1V)-morphism (or
(1V )-con tinuous). D u a lly  w e  c a n  d e f in e  (m/\) -morphisms. I f  0  is
both  (m \/)-con tinuous and (nA )-continuous w e  c a ll it  an (m V , nA ) -

morphism (o r  (m y , nA)-continuous).
Let S  b e  a set and :5.-= (X 2}1 a  subfamily o f  t h e  f a m ily  P(S )

o f all subsets o f S. S  is  ca lled  a Moore fam ily  on S  i f  it c o n t a in s  S
and r■  X , for a n y  K C A  ( c f .  [1]). A M oore fam ily form s a  complete

IEK
la ttice  w ith  respect to  the order o f in c lu s io n . L e t  c  : P ( S ) - - - - g  be
the associated closure operation d efin ed  b y  c(X )= -- Y. I f  1 7 =C ( X )

Y D X
YES

w e say  th at X  (o r  its elements) generates Y .  I f  a n  e lem en t o f S  is
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genera ted  by  one point of S , it  is  c a lle d  principal. L e t  Si a n d  T  be
Moore fam ilies on S  an d  T  respectively and so : S- - > T  b e  a  m a p .  We
d e fin e  the direct induced map (or ideal m ap) so* :  S"—.1" and the inverse
one so* : T - - .S  by so* ( X ) =c tso(X)), so* (Y) =- c (so- 1 ( Y))} . O f course
th e s e  a r e  o rd e r-p re se rv in g  ((IV ) -co n tin u o u s). L e t  u s  c o n s id e r  the
follow ing conditions about so
(a) so- '(Y ) Es' ( i .  e. so* (Y )=sc) - '(Y ) for any Y E T ).
(a') s o ( X )  E T  ( i .  e. ço,,,(X )=so(X ) fir  a n y  X E S ).
(b) so*oso* ( X ) = XV so* ( 0 )  for any X E S , where 0  denotes the minimal
element of T.
(a) i s  a  f a ir ly  n a tu r a l  c o n d it io n  :  i t  is  s a t is f ie d  in  m any  p rac tica l
cases.

1  L em m a. Let so: S - - > T  and 0 : R - - > S  be maps of sets w ith  Moore
families. Suppose that so satisfies (a). Then we have the following :
( i) c{ so(A )}  =c Iso(c(A ))) for any ACS.
(ii) (49 °O)*=40 *°0*, (S o°0) * =0 * °59 * .
(iii) so* oso* (0 ) = 0 , so* ( 0 )  = 0 ,  0*.0 * (R )=R , 0 *  (S )= R.
( iv) I f  ç5' is surjective, so* is also so.
( y )  I f  y, * is  surjective, ço* oso* is the identity and hence ço* (S )=T .

P ro o f .  ( i ) (c tso (A )} ) = c {so-- ' (c tço (A)} )) Dc ( A ) . H e n c e  c [so (A)}
=coc {so(A)} Dc {so tc(A)} } c Iço ( A ) )  and  c(so(A )}  =c iso(c(A))}.
( i i ) ,  ( i i i ) ,  (iv) W e  om it the proofs.
( y )  I f  Y E T  th e re  ex is ts  X E .S "  su ch  th a t so * (X ) = Y. T h e n  w e  have

YDc Iço(so - t ( Y ) ) )  s o * oço*(Y) = so * oço*.so * ( X )  so, ( X) = Y ,

proving that ço * .so*  is th e  identity, q .  e .  d.

2  T heorem . Let 99 :  S >T  be a  map of sets w ith  Moore families.
( i )  I f  so satisfies (a), So* is ( V V )-continuous and so* is (V/\) - conti-
nuous.
( ii) I f  so satisfies ( a ) ,  ( b )  and if so * is  surjective then ço* is ( V V ,  V
A)-continuous. so * and so* induces mutually inv erse(V V , V  A )-m orphism s
between T and $AD* (0) =  {X V so* (0) : X E SI.
(iii) Suppose that ço satisfies (a )  and ( b ) ,  so* is  surjective and  that so*
(0)V  (A X 2)= AISD* (0 ) V X i1 holds for any tX ,1 c S  such that #tX ,}  Sm.

A

Then so * i s  ( e V ,  m A )-continuous.

Rem ark. If L  is  a  com plete  la ttice  an d  if  aE L , L /a= { x V a :x E L }
is  a  com ple te  la ttice  w ith  respect t o  t h e  in d u c e d  o r d e r .  I t s  V a ,  and
A c t ,  co in c id e  w ith  th o se  in  L.



Moore families 89

Proof. ( i )  I f  (X 1)  c g  and [ Y,) CD,

49 * (V X2) D VS0 * ( X2) D T*°T * (VT* (X2)) D T* (VT * °T* ( X 2 ))  D

T* (V X2),

T *  ( A  /72) C AW* ( Y2) CT * °P* (AT *  ( 172 ) )C T * ° ( AT*°T * ( 172)) C

T * ( A /7 2).

These prove the assertions.
(ii) B y  ( 1 ;  v ) ,  so* an d  so* induce mutually inverse order isomorphisms
between T  a n d  S / s o * ( 0 ) .  It is easy to see that order isomorphisms
are ( V \ / , V / \ ) -continuous.
(iii) I f  it {X,} 5_1n,

T * (AT* ( X2)) = Aso*.w.(x2)=A(xNso*(0))
= (Ax,) VW* (0) = g9*° W * (A X 1) •

Hence AT* (X 2)= T *  (A X ,) b y  ( 1 ;  NO i. e. sa i s  (m A )-continuous,
q .  e .  d.

Let us call a Moore family S finitary i f  its associated closure opera-
tion c  is fin ita ry  i. e. XOES belongs to g  if c(Y ) c  X  for any finite subset
Y  o f X .  The following is known (c f. [1, VIII, § 4])

3  L em m a . (  i ) I f  g  is finitary and i f  {X , }  c g  i s  a  directed subset,
v X , S ..
A

( ii) I f  S  is finitary and if xEc (A ) there ex ists a  f inite subset F  of A
such that x E c (F ).

4 .  Proposition. Let q ': S - - > T  satisf y  (a) and (a ').
( i ) I f  T  is surjective a n d  if g  is finitary, T  is finitary.
( i i )  If sa is  injective and i f  T  is fin itary, g is finitary.

The proof is easy.

Ex am ple 1. Let A  be the set of ideals o f a  com m u ta tive  r in g  E
with unity 1. A" is a  f in ita ry  Moore family. Suppose that so: E ---> F
is a  unitary (q '(1 ) = 1) ring hom om orphism . Then we have the following.
( i ) so satisfies (a).
(ii) I f  so is surjective it satisfies ( a) ,  ( a ')  and (b) .
(iii) I f  F  is flat over E, q ', i s  ( V V , 2 A ) -c o n t in u o u s  (c f.  [2])•

Ex am ple 2. The set L  o f ideals o f a  lattice L  is  a  f in i t a r y  Moore
fam ily . A  (2 V )-m o rp h ism  o f lattices q' : I , —  - > K  satisfies ( a ) .  A  sur-
je c tiv e  (2 A )-m o rp h ism  satisfies (a').
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Example 3. Let P (A )  be the family o f  nonvoid dual ideals of the
complete Boolean lattice P (A )  o f  A  ( c f .  [1 ]) . O f cou rse  th is  is  a
fin itary Moore family on P (A ) .  I t  is  ju s t  the family o f  filters o n  A
except the maximal element P (A )E P (A ) .  If f :B ---->21 is  a  map we
can define a map ço=g9 f : P (A) --- )P  (B ) by ço (• )= f- '(• ).
9) satisfies (a) and ( b ) .  I f  c {x} is a principal dual ideal o f  P (A )  we
have A ( tx}V X A )= -c{x}V (A X ,) fo r  a n y  [X11 C P ( A ) .  Since OP(B)=

2 2

1/31 and 9)* (0p(B)) = c (f (B)} is principal, A {so* (O p (B ) )  V  X i l  so* (0p0)) V (A
X 2 ). -1- N o w  suppose that f  is  injective. T h en  9) i s  surjective (and
satisfies (a ')  also ). H ence yo. and Sp* a r e  ( V V ,  V A )-co n tin u o u s in
this case.

Inductive limits of sets with Moore families.

In  the first section w e have studied the im portance o f the condi-
tion ( a ) .  Here we treat inductive systems in  t h e  category 4  whose
objects are sets with Moore families and  whose m orphism s a re  maps
satisfying ( a ) .  It is easy to see that a  m orphism  is a n  epimorphism
(resp . a monomorphism) i f  it is set-theoretically so. B y  ( 1 ;  i i )  the
correspondences (S, ç9)-- + ( g ,  y and (S, ( g ,  ( p * )  are respectively
a covariant and a contravariant functor from i n t o  th e  category of
ordered sets (suitably defined). We always assume that the index set
/I of an inductive system is a  directed set.

5 .  Theorem . A n  inductive system [S„ ço,) in  4  has an inductive lim it
lim  SF unique u p  to  isomorphism. T h a t is, i f  çoa : S,- - -> lim  S , are the
set-theoretical inductive maps, there exists a M oore fa m ily  (lim .5,) -  o n
lim  SF such that
(i) ço, are morphisms.
(ii) There exists a unique morphism lim 0„: lirn  Se - - -> T  with lim 0,0
g92 =0 2 fo r any given system 10 „ : S o f morphisms satisfying Op owp ,
=02.

P ro o f .  W e have only to put

(lim  S p y=  IX E P (I im  Sp )  :9);- '(X ) E S , for any .

R em ark . If M C A  is a  cofinal set,

(lim  S„) - =  k E P ( l im  SF ) : ç9T' (X) ES', for any 2EMI.

6  Proposition. Suppose that a ll g, are finitary. T h e n  w e  h a v e  the
following:
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991* ( X )  .= Wp(9p2* ( X ))•
pal

(ii) * .= SCV  (Sp
 1,2 * (X )) •

pal. a,

(iii) I f  a l l  sa,,, satisf y  (b ) ,  so, do also so.

P ro o f .  (  i )  Let u s put p a_J s 0 ,(çt „ " (X )) =  A .  Then

949 ' (A ) = j  99; 1 099„ (s0„* (X) ) so:»40,(SopA* ( X ))
pal pal

C g l : ( g  a* (X ) )  C ÇO;;I 0 9,,0 g w 0 9,7;i (SD,* ( X ) )
ua2. 2'

C g 9 T ' l °  W  ( W u l  *  X ) )  =  9 ; 1 ( p (9 ul * ( X ) ) )  C ( A )  •
ua1. val. V

Hence 9T, 1 (A) = 9:2; (99,, (X )) E S , b y  ( 3 ) .  Then A E  (Ern S p y .

Since 992 ( X ) c A c 992 *  ( X ) ,  we have A= so, * ( X ).
(ii) is obvious from the above calculation.
(iii) Since 90,1 * (01 ) =0 , and 992 *  (0 ) = 0 ,  w e have

99:oço2 *  ( X ) .  V 99:,09o,„ (X ) =V (XV90,1`, (Op))
P '= I V  (V  411 (Op)) --= , CV (V 42 0

99 p2* (CV )
pal pal

l=  / 4  (0 ), q . e. d.

For the application in [3 ], we consider the following condition :
(C) (  i )  sop,* (S2) =S any  teaÂ •

( i i )  99, (X ) -= 99„ (99,, (X ))  f or an y  p 2  a n d  X E.1 1 .
( i i )  is equivalent to the following :

( i i ) '  I f  X S 2 a n d  bEso p , * (X ) ,  there ex ist  v p  a n d  a E X  such
th at so„(a)= so(b).

7  Proposition. I f  tS „ sop,' s a t is f ie s  ( C )  a n d  i f  all 2 a r e  f initarY ,
then so, are  epim orphisnzs, 9 , satisf y  ( a ')  and  (urn  S ) —  i s  a l s o  f initary .

Pro o f . Obvious from (6;  i )  and ( 4 ;  i ) .

L e t {S„ 99,2} an d  tT„ 9b, 2} b e  inductive systems in  .4' a n d  C,
T 2 b e  morphisms satisfying Ci,o9op =0 2 0C2 fo r any tt 2.

8  Theorem . ( i ) (u rn  C„) *.W2* = 02* oCA*, (Um Cp) * = C: .01%
(ii) I f  9,* i s  surjective,

(uirn Cp)*=01*°C1*°4 9:,  (uirn Cp) * = 924.°U 001'.

(iii) Suppose th at all T  are f in itary , sb , satisf ies ( b ) ,  s o , , ,  i s  surjective
an d  that C:09b,2 , ( Y) C9D„1,,,oC: (Y) f or a l l  v a 2  (or f o r all o f  a cofinal
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subset o f  A ) .  Then (lim 4.00 =- 95, .c:.
(iv) Suppose that all and D„ are f initary , ço, a n d  0 1 sa tisfy  (b ) and
that ç o , and  Oa *  a re  s u r je c t iv e . If  C2 * oço ( 0 ,) D ç b ( 0 „)  holds f o r  any

we have 0 0 *=C2*°4 • Moreover i f  C ,  is ( In V , n A ) -

continuous, (lim C) * is also so.
(y) Suppose the same as the first sentence o f  ( iv )  and  that C: 0 0:11(0) D

(P:1 (0,,) holds for any i A. I f  C: is  (m y ,  nA )-co n tinuo us, ( lim  C )*  is
also so.

P ro o f .  (  i )  is obvious from (1; ii).

(ii) (lim Ç ),=  (Ern Cp) * ° *  ° W :  b2 * ° C1 *°

(lim Cp)* = 402* ° °  ( l im  CO* = SDA* °ç/l.
(iii) (lim * °Sba* (Y) =02*(4: (Y\/O: (0)) =c {ço.z.C -2- '(c {YU OT 1 (0 )1)).
I f  xEç92 0C-,- '(c {YU OTI (0)) ), xEço20CT 1 (c {YU F 1 ) f o r  some finite subset
Fc0T 1 (0 )  b y  (3 ). Then

xE „(Dço„oCrl(c {YU ) cço.„.C;- '00,(c [Yu
cço,0C:oc{0,(YUF)1.

Since FOE ONba* (02) 0.*/ ( 0 . ) ,  F c 0 (0 )  fo r s o m e  v .  T h e n  „ i (F )
v22

C  " 0  0 :2 ( 0  =0„ C O , ( Y ) .  Hence

xeyo,0C:00„ 2 *  ( Y) cço,oço,oC,*(Y) = ço 2 * 0C: (Y).

T h is proves that (lim C,)*()01 * (Y) cço, * .C1` (Y). The converse inclusion
is obvious.
(iv) Since

Ca* °4  (X) D Ca*° (0) = CA* ç9:z1(0.) ) D CI* °ÇD'AK. (O .)■,k2
D U  0:Z ( O . )  0: (0 )

b y  (6), w e have

çl' o (lim Cp)* ( X) = Sb: 002*°C2*° 40: (X) =C2*°4 (X )V0 ' (0 )
=C2*° (X)

The second assertion follows from (2; i i )  and ( 8 ;  ii).
(v) is qu ite sim ilar to  (iv), q. e. d.

9  C o r o lla r y . Suppose that Ç01  is an epimorphism and Ca a n d  Oa satisfy
(a'). Then lim Ce satisfies (a ') also.
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Notes

t

t

I f  a  finitary Moore family forms a distributive lattice, it is Brouwerian (a  generalization of
the theorem of M . H . Stone, cf. Cl; (V , 10)D). Hence YV(XIAX2)= (YVX1)A(YVX2), Y
A(yX2) =V (YAX2) for any Y, X 1, X 2 , X a eP (A ).
Let nt be a Cardinal and C (tN ) b e  the category of (mV)-semilattice : the objects are ordered
sets having Va l  fo r  any subset tall satisfying O ta llitt and the morphisms are (m V )-
continuous maps. Any inductive system in  C(2V) has an inductive lim it in  it (fa lse  for
infinite nt). In o u r  case lim gp h as  th e  canonical structure of (2V)-semilattice and the
canonical map O: lim g p --- > aim Spr-  i s  (2V)-continuous.
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