J. Math. Kyoto Univ. (JMKYAZ)
18-2 (1978) 305-325

Abel’s theorem for analytic mappings
of an open Riemann surface
into compact Riemann surfaces of genus one

By
Masakazu SHIBA

(Received March 26, 1977, Revised May 25, 1977)

Introduction

Abel’s theorem on general open Riemann surfaces was first investigated by
Ahlfors [1, 3] and Kusunoki [5, 7] independently. After then, some generaliza-
tions were obtained ([10], [11], [20] and so on). Recently, Sainouchi [12] and
Watanabe [16-18] studied the corresponding problems from view points of canonical
semiexact differentials and behavior spaces respectively. Cf. also Minda [9].

All of these modern results thus far obtained concern with, just as the classical
Abel’s theorem, the existence of certain meromorphic functions, i.e., analytic map-
pings of a Riemann surface R into the Riemann sphere. It seems yet worth while
to study how the situation varies if we replace the Riemann sphere by a general
Riemann surface R’. The problem in the most general setting would involve much
difficulties. So we shall treat in this paper a simple case where R’ is a compact
Riemann surface T of genus one (torus).

First we have to formulate the problem more precisely, and to do this we appeal
to the following familiar yet profound idea: the problem of singularities may be
changed into the problem of boundary behaviors (see, for example, [3] pp. 299-300
as well as p. 148 ff.). Correspondingly the notion of singularities may be generalized.
Although there would be several distinct and equally reasonable ways to generalize
‘‘singularities”, it turns out that the one which we have done in [14] is of use at
least for our present purposes.

Our task is thus to give a necessary and sufficient condition for the existence
of analytic mappings of an open Riemann surface R into a torus T which have
prescribed (generalized) singularities at the ideal boundary of R. And, in fact, we
shall be able to give such a condition (see Theorem 1; cf. also Theorem 3) which is
very close to the classical case.

After such rather classical consideration, we then set about an investigation
of the topological aspect of Abel’s theorem. In general, a homomorphism of the
(one-dimensional integral) homology group of R modulo dividing cycles into the
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homology group of T does not always arise from an analytic mapping of R into T,
while every analytic mapping induces such a homomorphism. This was shown by
Gerstenhaber ([4]) when R is compact. (For a compact surface R of positive genus
there is a theorem of H. Hopf: every homomorphism between homology groups
is induced by a continuous mapping of R onto T.)

We shall characterize all the homomorphisms induced by analytic mappings
(Theorem 2), provided that we consider only particular homomorphisms called
“‘of finite type”. This condition is trivially satisfied if R is of finite genus. Analytic
mappings with simple homological properties will be studied in some detail (Theorems
3, 3’ and 4 etc.). Finally we shall confine ourselves to surfaces of finite connectivity
(see Theorems S and 6).

Applications of the present results to the problem of reduction (degeneration)
of Abelian integrals to elliptic integrals will appear elsewhere together with some
related topics.

I. Preliminaries

1. Throughout this paper R denotes an open Riemann surface of genus
g (<), and OR denotes its Kerékjart6-Stoilow ideal boundary?. We set J={1,
2,..., g}. Denote by #2={R,}%., a fixed canonical exhaustion of R, and take a
canonical homology basis Z(R)=Z(R, #)={A}, B}, of R modulo R such that?
i) {4;, B;};,, forms a canonical homology basis of R, modulo its border
0R,, and
ii) a certain subcollection of {4;, B;};,,,,-,, forms a canonical homology
basis of each component R(¥ of R,,,;—R, modulo dR%¥, k=1, 2,..., k,,
where J,={1, 2,..., g,}, g, being the genus of R,, and k, is the number of components
of R,,,—R,. Furthermore we set #(R)={UcR|U is a canonical end of R,
i.e., R—U is a canonical region}.
The following lemma is fundamental. For the proof, see [13], for instance.

Lemma 1. Let ¢,, ¢, be closed C'-differentials on the closure R, of R,
€ Z. Suppose, further, that ¢, is semiexact. Let &, be a primitive function
of ¢, on R,— \U (4;UB,). Then we have

je-’n

SS ¢1A¢2=S D.6,— 3 (S (plS @2—8 ‘Plg @2)-
Rn ORn jeJn \J Ay By By Ay

We denote by A=A(R) the real Hilbert space of square integrable complex
differentials on R with the following inner product:

<y, 4> =Re SS A, AJE=Re SSR(“‘EZ +b,5,)dxdy,
R

1) The results below would be valid for a compact R, if dR is then interpreted as an empty set.
Cf. [14].

2) In the preceding papers [13, 14] we did not write down these conditions explicitly, but assumed
them implicitly.
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where A;=a;dx+b;dy, j=1,2 (z=x+1iy is a local parameter). The norm induced
by this inner product is denoted by |- |. There are many important subspaces of 4,
among which we shall be mainly concerned with the following ones:

A,= A, (R)={J € A|A is harmonic on R},
Apee=Ape(R)={2 € A, is semiexact},

3f € CX(R) and 3f, € C3(R)
AW =AD(R) = ( e A | such that df=A and
”df_dfn"'_’o as n—— 00,

Note that A%} is not a closed subspace of A.

Needless to say, elements of these spaces are square integrable. We shall yet
need some spaces of differentials which are not necessarily square integrable. To
define them, let o7(D) be the family of all regular analytic differentials on an open
set DcR and set

L (OR)={p|p € L(U) for some U e &(R)},
(P)o,(OR)={p € «(0R)| ¢ is (P)semiexact},

where P stands for any regular partition of the ideal boundary dR (cf. [3]). By
saying that ¢ € &/(dR) is (P)semiexact we mean that S ¢ =0 for any (P)dividing cycle
d which lies in dom ¢, the domain of definition of d(p As usual, we refer to (Q)
semiexact differentials simply as semiexact differentials, Q being the canonical
partition. The family »/(0R) has a vector space structure over the reals provided
that we identify its elements appropriately. The real vector space thus obtained is

also denoted by «/(0R). The same convention is applied to each subspace of
2(0R).

2. A straight line L in the complex plane € passing through the origin will
be called simply a line in C. Also, we shall use the notation ‘‘z=0 mod L” to indi-
cate that a complex number z belongs to L. A subspace Ao=A4(R, &) of A,
is called a behavior space (on R) associated with & ={L;},_,, a family of lines L;
in C, if the following conditions (i) and (ii) are satisfied :

(i) iA§=43,
Gi) for all Aoer,S XOES 2o=0 modL, (jeJ),
Ay B,

where A} stands for the orthogonal complement of A, in A,. This considerably
simplified definition of a behavior space is due to Matsui [8]. The original defini-
tion [13] was rather complicated.

Let L, be a line in €. Two behavior spaces Ay=Ay(R, £) and Aj=Ay(R,
%#’) are called mutually dual (cf. [13]) with respect to L, or simply L,-dual, if

1°) <A, Ag>+i<Ag, ily>=0 modL, forall (i, Ap)€ Ay x A, and
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(2°) LpLj=L, (jeJ) where LpL;={zeC|z=z;z}, (z;, z;)eL;xL}}, &' =
{L9}jEJ‘

In this paper, we shall restrict ourselves to the case L,=R, the real axis. Then we
know that A4, and A,, the complex conjugate of A,, are always (R-)dual (cf. [13]).
Conversely, we have

Proposition 1. ([15]) Let A, and A} be behavior spaces which are R-dual
to each other. Then Ay=A,.

In view of this proposition we shall always denote by A, the (uniquely deter-
mined) dual behavior space of A, with respect to R.

On the other hand, it is recently shown [8] that one can construct a behavior
space associated with an arbitrarily prescribed family of lines. Thus we have

Proposition 2. ([8]) There always exist a behavior space associated with
a given % and its dual behavior space (with respect to R).

3. Let there be given a behavior space Ao=AyR, &), Z={L;};, A
(closed) C!-differential ¢ defined near OR is said to have A,-behavior ([13, 15];
see also [20]) if there are some A, € Ay, A,o€ AL and U € £(R) such that

0=+, on U.

Suppose a semiexact C!-differential ¢ on V=R—R,, R,€ # such that S (pES @
Ay By

=0 modLj jeJ—J, has Ay-behavior. Then ¢ admits a representation ¢p=4,
+ 2,0 on the whole of V. For the proof, see [15]. We say that a behavior space
Ay is equivalent to another A, if every C!-differential with A,-behavior has A,-
behavior and every C!-differential with A,-behavior has A,-behavior (cf. [15]).

We are particularly interested in analytic differentials with A,-behavior. Denote
by «,, the real vector space consisting of all ¢ € &/(0R) with Ay-behavior, and set

d§={¢e(P).nfse(aR)|S <pES ¢=0 modL; for every jeJ such that 4;, B,c
Ay By

dom ¢}. Then, clearly @, c &< (0R). The elements of the factor space £/
&, are called (P)A,-singularities ([14]), or sometimes (generalized) singularities.
Each (P)A,-singularity o is represented by a regular analytic differential near 0R,
which we often denote by the same letter 6. A differential ¢ € 2(R) is said to have
a generalized singularity ¢ if @ —o has Ag-behavior. A more formal definition
of the generalized singularities (described in terms of inductive limits) will be found
in the recent paper ([18]) of Watanabe, who also studied the connection between
these generalized singularities and the classical polar singularities.
The following propositions were proved in [13, 14].

Proposition 3. A regular analytic differential ¢ on R which has Ay-behavior
(i.e., o€ L(R) N ) is identically zero if

S (pES ¢=0 modL;, jeJ
4y By
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for some family of lines ﬁj. (Of course, L,=L, except for a finite number of j.)

Proposition 4. For any &¢;, n;€eC, &, n;#0 mod L;, there are regular
analytic differentials ¢, (A;)=d(A;; Ao, &;) and ¢, (B;)=(B;; Ao, n;) such that
(i) ¢.(4)) and ¢,(B;) have Aqy-behavior,

[ oup=eiaxar=0, { g a)=t;xBI=¢3,
(ii) - ‘ mod L,.

[ #uB=nBx4)=—npu | 6.(B)=nB,xB)=0
Here y x & means the intersection number of two (1-)cycles y, 6 (cf. [3], p. 67(f.).

Proposition 5. For any (P)Ay-singularity o there exists a unique differential
¥, with the following properties:
(i) Y, is regular analytic on (the interior of) R,
(ii) Y, has o as its singularity, i.e., on some Ue&(R), ¥, is equal to o
modulo Ay-behavior,
(iii) " the periods of Y, are normalized:

S t//,,ES ¥,=0 modL; jed.
Ay By

Roughly speaking, a differential with A,-behavior which is regular analytic over
R plays a quite similar role to an Abelian differential of the first kind in the classical
theory. So, hereafter, such a differential will be called a Ay-Abelian differential of
the first kind. Similarly, a regular analytic differential on R which has a generalized
singularity ¢ will be called a A,-Abelian differential of the second (resp. third)
kind if o is (resp. is not) (Q)semiexact. Under these observations, Propositions 3,
4 and 5 correspond to the classical uniqueness and existence theorems of elementary
Abelian differentials of three kinds.

Now we remind that A, and A; are two behavior spaces which are dual to
each other (w.r.t. R). The following proposition may be considered a generaliza-
tion of the Riemann’s period relations (cf. [5, 7]).

Proposition 6. Let d®’' be a Ag-Abelian differential of the first or second
kind, and w any Ay-Abelian differential. Suppose further that w has a (P)Ay-
singularity 6 (maybe =0), P being a regular partition of 9R. Then

n—o0

(i) Res®’'w=Ilim Rc[—%g di’a)] always exists (and is finite). Actually
aR Tl )oR,

we have

Resd'o=—o 3 Im(S dcb’g | w—g dsb’g ®).
R T jer Ay B, B, Ay
(ii) I%es @’'c can be also defined. In particular, if d®’' is of the first kind, then
R
we have Res &'c =Res &'w.
R aR
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Proof. Omitted (see [14]%). Cf. Lemma 1. We also note that ¢’ is
considered a single-valued holomorphic function on the planar surface R— \U (4;
JjeJ

UB)).

II. Abel’s theorem

4. Let T be a compact Riemann surface of genus one (torus). As is well
known, there are two complex numbers r,, #,, Im (n,/n,) <0, called the fundamental
(or primitive) periods, such that Tis biholomorphically homeomorphic to the factor
space C/II, where I =[ny, n,]={zeC|lz=mny+ nn,;, m,neZ}, the period
module. We denote by p the natural projection mapping C—T. Set L,={ze
Clz=tm, teR} and Ly,=L,={zeC|z=t7,, te R} for k=0, 1. Let ¢ be a map-
ing of J into the set {0, 1}. We define the complementary mapping &* of ¢ by &*(j)
=1—¢(j), jeJ. Clearly ¢* is also a mapping of J into the set {0, 1}, and (¢*)*=e.
We now obtain a family of lines in C: & ={L,;};,. There is a behavior space
Ao=A4y(R, &) associated with the Z (Prop. 2). [Set-theoretically # consists of
only two elements L, and L,. But as is easily seen from the definition of behavior
spaces, it is very important how they are arranged. Different &'s (there are 29
distinct ¢’s in all) give rise to different behavior spaces.] Such a A, will be called an
e-allowable behavior space belonging to Il =[r,, m,]. It should be noted that for
each ¢ there generally exist infinitely many (distinct) e-allowable behavior spaces.
Cf. Proposition 7 in sec. 7. The dual behavior space of A, (w.r.t. R) is denoted
by Aj. We know that Ay=A,={Ae A,)/1e 4,}, a behavior space associated with
L' ={Ly )} jer-

A generalized singularity o will be called IT-admissible if

g 6=0 modIT
Y

for every dividing cycle y (outside some compact set). This means, of course, that
there are some integers I(y), j=0, 1 such that S o=I1y(p)n,+!1,(y)n,. (There should
be no confusion with the expression “‘z=0 moyd L)

5. Suppose, first of all, that there is an analytic mapping f: R—T such that
d(p~lof) has a (P)A,-singularity 0. Here P denotes an arbitrary regular partition

of the ideal boundary (cf. Remark 1 in sec. 6). Then, there exist U e &(R); 4,
€ Ag, A€ ALY such that

dlp~lof)=0+2+ 4, on U.

As was noted earlier, the ¢ in the above expression stands for a representative of the
(P)Ay-singularity ¢. Namely, o is an element of /. Taking U smaller if neces-

3) Here we want to make a correction to [14]. Namely, the term,S (204 2%4) Ty in the eighth
r
line from the bottom in p. 11 should be read as S fro. a
Ta



Abel’s theorem for analytic mappings 311

sary, we may assume that ¢ e o/(U). For this U, there is an R,e £ such that
R—R,cU. Hence we have

g O'ES 6=0 modLy, jeJ—J,
Aj Bj

We also note that A,, is exact and the A;- and B;-periods of 1, belong to L, for all
jeJ. Therefore we see that

S d(p“of)ES d(p=tof)=0 modL,,, jeJ—J,
Ay Bj

On the other hand, since f maps every closed curve on R onto a closed curve on T,
we can find integers m;, m¥, n;, n¥ (j € J) satisfying

d(p=1o _—g dp=t=mm  ;,,+m*¥n.;
SA, (p='f) Y rean p JTeiy M ey
jed.

SB, d(p='of)= SI(BI)dP" =Ty + 1)
Because Im [, ;)/m..(;,]1#0, j € J, we conclude that
m¥=n¥=0  forall jeJ—J,

This fact enables us to construct a regular analytic differential {, on R with
Ag-behavior (i.e., a A,-Abelian differential of the first kind) such that

[, @oren-w=(, @pen-v)=0 modLy, jeJ.

Indeed, ¥, is obtained by making a (finite) linear combination of elementary differ-
entials of the first kind (see Prop. 4) with real coefficients. The periods of Y, can be
written in the form

SAJWO =0Ty + M T
jelJ,

— *
SB Yo =BTy + N ey
J

where o; and f; are appropriate real numbers.
Now let ¢'(4;)=¢(A;; Ay, —2mi[n,;)) and ¢'(B))=d(B;; Ay, —2nmifm,;)) be
regular analytic differentials on R with Aj-behavior such that

[ awap={ sm)=0
- o mod L.
Squﬁ’(A )= —SAkdf(Bj) = — 2mib 7y

Such differentials surely exist, since —2mi/m,;,#0 mod L;;, (cf. Prop. 4). These
differentials evidently form a basis for Aj-Abelian differentials of the first kind. We
set further
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p
2, ={" o). opm=("0®)  rerR-y4,uB).
J€E

Applying the generalized period relation (Prop. 6) for the differentials ¢'(4;)
and Wa=d(p_1°f)_¢o, we obtain

=oy—mj,

since we can write the periods of ¢'(4;) as S ¢'(A j)=ak7re(,,),g ¢'(A;)=bymy,
Ax By
—2mid j/m,, for suitable real numbers a,, b, and the periods of y, are S v,=
Ak

(my — o) iy SB Yo=(n,— P, Consequently
k
(s Res @y 0= (a; —m)my,

= SA Yo— [mmyy+m¥me. ]
J

or

(1) nz(j,Res(b;,jaES Yo modIl, jeld.
aR Ay

Similarly we have

(1 ne(j)ReS‘D'BJJES Yo modll, jel.
oR B,

Next let y be any dividing cycle on R. We assume that yc U. Then, since the
image f(y) is again a closed curve on 7, we can find integers ly(y), I,(y) for which

[ doron={ domt=totmo+ i,

The left hand side is equal to S g, for A, and 1,y are both semiexact. Hence we
Y

have
a1 S =0 modIl for every dividing cycle .
Y

That is, ¢ is a IT-admissible singularity.

Equations (1), (1') and (1”) are necessary for the existence of an analytic map-
ping f: R— T such that the differential d(p~!f) has the prescribed (P)A,-singularity
ag. We have thus proved the only if part of the following theorem.

Theorem 1. Let R be an open Riemann surface of genus g (<oo) and
T =C/II be a compact Riemann surface of genus one, Il =[n,, n,]={zeClz=mmn,
+nn, m,neZ}. Let p: C—T be the natural projection. Let ¢ be a mapping
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of J={1, 2,..., g} into the set {0, 1}. Let A, be an e-allowable behavior space
(on R) belonging to Il and o a (P)Ay-singularity, P being a regular partition of
oR.

Then there exists an analytic mapping f of R into T such that d(p~!lof) has
the singularity o if and only if o is I1-admissible and there is a Ay-Abelian differ-
ential Y of the first kind satisfying

) o) l%is ¢;4’$UE SA Yo modlIl, jed.
)

6. To prove the converse, we assume that there is such a differential ¥, as in
the theorem. By Proposition 5 there is a unique differential ¥, on R, the nor-
malized A,-Abelian differential (of the second or third kind) whose generalized
singularity is exactly g. Since i, is a Ay-Abelian differential of the first kind, ¥,
+1, is obviously a A,-Abelian differential with the singularity o.

A use of the period relation (Prop. 6) for ¢'(A;) (resp. ¢'(B;)) and ¥, yields that

=— Res &/, o, jeld,
ng% ap ReS Py J
£

and therefore we know that

[ worwa={ worvi=o moam jes.
Ay By

Moreover, for a dividing cycle y we have

[ Worva=0 moam,

because ¢ is IT-admissible and Yo+, — o is semiexact.
The function ‘I’=Sp(q/10+|/1,) is thus multi-valued, but the composition f=po¥

gives a well-defined analytic mapping of R into T. It is obvious that d(p~!of)
=dY has the singularity . This completes the proof of Theorem 1.

Remarks. (1) In the above theorem, the regular partition P of dR is quite
arbitrary; as a matter of fact, it is sufficient to consider the case P=I, the identity
partition (cf. Theorem 2).

(2) The analytic mapping f in the above theorem is not necessarily uniquely
determined. In fact, uniqueness is not assured if there is a non-constant analytic
mapping f, such that d(p~'ofy) is of the first kind. (In other words, f is not
unique if there is a reducible A,-Abelian integral of the first kind other than trivial
ones. As for the properties of reducible Abelian integrals and some other related
topics, see a forthcoming paper.)

Theorem 1 can be viewed as an Abel’s theorem for analytic mappings of an
open Riemann surface into tori. The classical Abel’s theorem gives a necessary and
sufficient condition for a divisor of degree zero to be principal, i.e., the divisor of
a meromorphic function f on the surface considered. Namely, we are concerned
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with both of zeros and poles of f (cf. [7], [19] etc.). However, if we lift f to the
universal covering surface C of c —{0, o} and take its differential, the zeros and
poles of f are equally transformed into the singularities of the third kind. Likewise,
our Abel’s theorem (Th. 1 above) deals with the preassignment of only the singu-
larities of the differential d(p~!of) of the lifting of an analytic mapping f: R—»T
to the universal covering surface C of T. (Notice that we have made good use of
parabolicity of the universal covering surface of T.)

III. Homology groups

7. Let C,, C, be l-cycles on T corresponding to m,, m; respectively. Then
C,y, C, forms a canonical homology basis Z(T) of T. We denote by H,(T) the
1-dimensional integral homology group of T.

Let H¥(R) be the [-dimensional integral homology group of R modulo dividing
cycles (the relative homology group with respect to the ideal boundary). The group
H¥*(R) is defined as the quotient group H,(R)/H,B(R) where H,B(R) stands for the
homology classes of dividing (singular) cycles (cf. [3]). The Z(R) defined in sec. 1
gives rise to a basis of H¥(R).

Every continuous mapping h: R—T induces a homomorphism of H¥(R) into
H ,(T), which we denote by h,. We also use the symbols & to express ‘‘is homolo-
gous to” and [y] to indicate the homology class (modulo dividing cycles) determined
by a 1-cycle 7. v

From now on, a continuous mapping f: R—T will be called of finite type
(relative to (E(R), 2(T))) if

> IT [(f(Apx CI*+(f(B)) x C)*] < 0.
jer k=01

If a stronger condition

[(f(4)x CI*+(f(B)) x C)*]=0
jeJ k=0,1
is satisfied, we shall call f a mapping of null type (relative to (£(R), Z(T))).

If fis a mapping of null type relative to (E(R), E(T)), then for each jeJ [f(4))]
and [f(B;)] are both integral multiples of a single one of [Co], [C,] (i.e., there are
integers k=k(j)=0 or 1 such that f(4;)~m;C,, f(B;)=n;C, with mj, n;e Z) and
vice versa. Similarly a mapping of finite type relative to (Z(R), £(T)) is a mapping
f with the following property: When we write f(A)), f(B;) as

F(A)mm Cotm;,C
PTG npe 2, jed, k=0, 1),
L Sf(BY=n;Co+n;,Cy , .
either m;o=n;o=0 or m;; =n;, =0 except for a finite number of jeJ. See Lemma
2 below. L o
The mapping f which we constructed in Theorem 1 is of finite type. If the sur-
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face R is of finite genus, every continuous mapping of R into T is trivially of finite
type. A detailed study on analytic mappings of null type will be postponed to sec. 9.
In this section we shall mainly consider analytic mappings of finite type.

Since the intersection number y x & of two 1-cycles y, & is unaltered under the
replacement of y, § with other 1-cycles y', 8’ such that y'~xy, 8'~6 (cf. [3], [7]
etc.), it is also possible to ask whether a homomorphism of H¥(R) into H,(T) is of
finite type. The following lemma is almost trivial.

Lemma 2. Let n: H¥(R)—H (T) be a homomorphism of finite type relative
to (E(R), E(T)). Then we can find a mapping e=¢,: J—{0, 1} such that

(LA =m;[C.;)]+mF[Coy] )
(3) jeld,
n([B;D)=n;[C.;]+nF[Cej)

" ¥ — gk — H i
where m;, m¥, n;, n¥ € Z and m¥=n¥=0 for all but a finite number of jeJ. The
converse is also true.

By Proposition 2 and Lemma 2 we have at once

Proposition 7. For any n: H¥(R)—»H(T), a homomorphism of finite type,
there is an ¢,-allowable behavior space. (We always denote such an ¢ as in Lemma
2 by &, when it is necessary to indicate # explicitly.)

As was already remarked (in sec. 4), an g-allowable behavior space is not uniquely
determined by e. Furthermore, in Lemma 2, # does not determine ¢, uniquely.
A fortiori, the behavior space in Proposition 7 is not the unique one for the pre-
assigned #. :

Examining the proof of Theorem 1, we arrive at

Theorem 2. Let R, T and Il be the same as in Theorem |. Suppose that
n: H¥(R)—»H (T) is a given homomorphism of finite type relative to (£(R), Z(T)).
We may assume that n is expressed in (3), e=¢,.

If f: R>T is an analytic mapping (of finite type) which induces n, then for
‘“any” e,-allowable behavior space A, belonging to Il, we can find a A,-Abelian
differential o of the first kind and a IT-admissible (I)Ay-singularity® o such that

- ‘ *
SA»‘PO =Ty) l};.s @0+ m;m, )+ min, ;)
J .
(4) jeld.
- 4 *
Sﬂjwo = ne(j) R?:S ¢510'+ njnz(j) + nj nzt(j)

Conversely, assume that for ‘‘some” ¢,-allowable behavior space A, (belonging
to IT) we can find a Ay-Abelian differential Y, of the first kind and a IT-admissible
()Ag-singularity o for which the system of equations (4) is satisfied. Then there
exists an analytic mapping f: R—T (of finite type) such that f,=n and the differ-

4) In some cases, this ¢ may be identified with an appropriate (P)/,-singularity, P being a regular
partition of R, I > P ~Q. (See also Remark (1) to Theorem 1[.)



316 Masakazu Shiba
ential d(p='of) has the (I)Aysingularity o.
Proof. Omitted.

As corollaries of this theorem, we have the following propositions as to the
existence of an analytic mapping of finite type. Expediently we shall separate the
results into two parts.

Proposition 8-1. Suppose that f: R=T (=C|Il) is an analytic mapping of
finite type. Then, for ‘‘any” er,-allowable behavior space A, (belonging to I)
there are a Ay-Abelian differential Y, of the first kind and a Il-admissible
(DAg-singularity o such that (2) holds for e=g¢y,.

Proposition 8-2. Let II=[n,, n,], ny, n, €C, Im(nfny) <0 and p: C->T
=C/II be the projection mapping. Suppose that there is an ¢: J—{0, 1} such that
(2) holds for ‘‘some” e-allowable behavior space A, belonging to I1, a Ay-Abelian
differential W, of the first kind and a II-admissible (I)Ay-singularity . Then
there exists an analytic mapping f: R—T of finite type such that d(p~'of) has
the singularity 6. What is more, the A, is €r,-allowable (e=¢y,).

Theorem 2 above gives a characterization of the boundary behavior of an
analytic mapping (of finite type) f: R—T which induces a prescribed homomor-
phism # of finite type, n: H¥(R)—»H,(T). More generally it will make sense to ask
the following problem: '

Let R be the same as before and R’ another. Let there be given a homomor-
phism n: H*(R)-H(R’) (or H¥(R")). How should an analytic mapping f of R
into R’ which induces n behave near the ideal boundary of R?

8. In case that R be of finite type®) and R’ be the punctured plane S=C— {0}
={0<|z|]< oo}, the classical Abel’s theorem gives an answer to the preceding
problem. Indeed, viewing the routine proof (see [7], [19], for instance), we can
reformulate the Abel’s theorem as follows.

Theorem 2’. Let [C] be the fixed generator of H,(S) represented by the
positively oriented unit circle C:|z|=1. Then, for a homomorphism n: H¥(R)
—H,(S) which is described with n([A;])=m,[C], n([B))=n,[C] (m;, n;€eZ,
jeJ), the following assertions (1) and (1) are equivalent.

(1) There exists an analytic mapping f: R—S which is algebraic at dR and

induces 1. '

(I) We can find a polar singularity o of the first order at R with integral

residues such that

5y - Res®,0=m;, Res®go=n,
R R

where d®, , d®y, are square integrable holomorphic differentials on R

5) This means that there is a compact Riemann surface R, such that R, contains R and R,—R
consists of only a finite number of points.



Abel’s theorem for analytic mappings 317

with the following properties: Reg d¢AJ=ReSB ddg,=0, ReS e,
Ak k k

B
=—'RCS d¢ﬂl=51k'
Ak

Notice that H¥(R)= H,(R,) with R, explained in footnote 5), and that do,,
ddy, may be identified with Abelian differentials of the first kind (in the classical
sense) on the surface R,. We also note that the singularity o can be more general if
we allow f to be transcendental at dR (cf. [17]). Moreover, even if R is completely
general, the equivalency of (I) and (II) is still valid with a few necessary but natural
modifications. Refer to Kusunoki [5]; see also [7], [10], [20] etc..

For the completeness, we shall finally include another remark. The classical
Abel’s theorem as well as its generalizations to open Riemann surfaces ([1, 3],
[S, 7] etc.) are, of course, concerned primarily with the assignment of zeros and
poles with their multiplicities, i.e., the local degree of mapping at these points. In
other words, the Abel’s theorem, classical and modern alike, is also expressed in
terms of a set of homomorphisms between 2-dimensional local homology groups.
To be more precise, let d=pTipg:--- prr/qtigs?---qt» be a divisor of degree zero,
given on a Riemann surface R (p;#4qy; mj, n,>0, 35 ,m;=33_,n,), and let p, q
eé, p#4q. Then the problem of finding a meromorphic function whose divisor
is exactly the d is nothing other than the problem of finding an analytic mapping of
R into € which induces the following set of homomorphisms #; and #;:

nj: Hy(R, p;) — Hy(C, p), ny(4)=m;D,, j=12,...,r,
mi: HyR, g) — Hy(C, ), ni(d)=nD,  k=1,2,.,s.

Here H,(X, x,) stands for the 2-dimensional local homology group of X at x, (with
integral coefficients) and 4, 4;, D, D, are generators of H,(R, p;), Hy(R, q,),
Hz(é, D), Hz(é, q) respectively. The number m (resp. n,) is what we call the local
degree of mapping at p; (resp. gy).

IV. Analytic mappings of null type

9. So far we have dealt with analytic mappings of finite type. We shall now
study analytic mappings of null type in some detail.

Let ¢ be a fixed mapping of J into the set {0, 1} and L,, L, be the lines in C as
in sec. 4. With the family ¥ ={L,; };,.; we associate a uniquely determined family
&*={L,)};s- For a finite subset J* of J we define a mapping &: J—{0, 1} by

X)) jeJ*
&)= [
&()) jeJ—J*,

and set £ = {Lyjp}jes- We also set

A§ ={1e A,]A has Ay-behavior and g lES A=0 modL;;, jel}.
Ay B,
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Later we shall make use of the following propositions whose proofs may be found
in [15].

Proposition 9. For any finite subset J* of J and any e-allowable behavior
space Ay, A§" is a behavior space which is equivalent to A, (i.e., every C!-differ-
ential with Ag-behavior has A}’-behavior and every C!-differential with
A¥-behavior has Ay-behavior). A} is E-allowable.

Proposition 10. Let A, be an E-allowable behavior space which is equivalent
to an e-allowable Ay. Then there is a finite subset J* of J such that A,=A}".

Proposition 11.  If A, is an e-allowable behavior space, then we have (A}*)
=(Ag)” for any finite subset J* of J. (We remind that A} denotes the (R-)dual
behavior space of Ag).

As a corollary of Proposition 9 we have

Proposition 12. Let A,, J* be as above and P a regular partition of the ideal
boundary of R. Then a (P)Ay-singularity is a (P)A{*-singularity and vice
versa.

We are now ready to prove

Theorem 3. Suppose that there is given a non-trivial IT-admissible (I)
Ag-singularity . Then we can find an analytic mapping of null type (relative
to (E(R), E(T))) f: R—T such that d(p~'cf) has the singularity o if and only if

(6) Res®, o=ResPp,0=0 modZ, jeJ
R R

for some behavior space A, which is equivalent to A,. Here, of course, d@j,l
=@(4;; Ag, —2ni[ny;) and APy, =P(B;; Ag, —2mi[my ).

Proof. We begin with the assumption that there is an analytic mapping f: R
— T such that d(p~'of) has ¢ as its generalized singularity. Since ¢ is an (I)A,-
singularity, it is easy to see that f is of finite type. Furthermore, by Theorem 1 we
can find a A4,-Abelian differential , of the first kind and integers m;, m¥, n;, n¥
(m¥=n*=0 for almost all jeJ) for which (4) holds. If f is of null type,
(m3+n3)(m¥* +n¥*)=0,jeJ. We can not, however, insist that m}=n}=0 for
all jeJ; some of m¥ and n¥ may not vanish. If we set J'={jeJ|m}=n}=0},
then we only know that J*=J—J’ is a finite subset of J.

Now let A,=A%" and A;=(A4p)”*. By Proposition 11, A; is the dual behavior
space of A, (w.r.t. R). Due to Proposition 12 we can regard ¢ as an (I)A,-sin-
gularity. Thus, we have instead of (4)

SA Yo=Tuy; %ﬁs &', 0+ m Ty ;)
J .
4) A jeJ,
=mn, Res@, o4+n;n
SBJ‘po 2 RCS P, i)
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for some o, a Ay-Abelian differential of the first kind, and integers mj, n;. By
Proposition 9 J, can be considered a A,-Abelian differential of the first kind as well.
Hence we write o for /,. Equations (4’) then imply

SA,% = (Res (,ﬁ-l‘ia +m =0
4" - mod L;;, jelJ.
SB A./,O =(l§§s 5’3}0+ n)ny ;=0

Proposition 3 is now applicable and we deduce that y,=0. Turning to (4") agai‘n,
we obtain Res @, c=Res $3,0=0 modZ, jeJ.
dR OR

Conversely, let ¢ be a non-trivial IT-admissible (I)A,-singularity which satisfies
the system of equations (6) for some A, an &-allowable behavior space equivalent
to Ag. It follows from Proposition 10 that there is a finite subset J* of J such that
A{=(Ap)’*. We set Ay=A}’. Then (4) is fulfilled by the A,-Abelian differential
¥ =0 and suitable integers m, n;. If we take the normalized Ay-Abelian differential
W, with the singularity o (cf. Prop. 5), the Aj- and B;-periods of y/, are of the form
SAJ|/7,=&jn§(j) and nlh:ﬁjné“." d;, PjeR. A use of Proposition 6 yields that
d;=m; and ﬁj=nj. It follows that f= p(pr//a> (p € R) defines an analytic mapping
of R into T (cf. Theorem 1). We also know that f is a mapping of null type relative
to (E(R), E(T)) and d(p~'of) has the singularity o. g.e.d.

It should be noted that condition (6) is very similar to (5) in Theorem 2’ (the
classical Abel’s theorem). See Theorem 6.

10. Let o, ddi’gj, d®’, and J, be the same as above. We may write
i Bj

( , — T
S dd)Aj=ajkne(k)’ S ‘pa=°‘k7fz(k)
Ax Ak X
M o (keJ)
, 2ni >
SBktM’m:b;’k’Tcm _EU—)ajk’ Ssk Vo= Bima)

for appropriate real numbers ay, by, &, B.. These numbers are uniquely de-
termined only by o and J*.
We may use Proposition 6 to compute

Res ), o —Res @/, o =Res (&, — @/, ),
oR oR oR

since d((igj—duj) is regarded as a A -Abelian differential of the first kind (cf.
Prop. 9). We find out that

Res 6:4,0' —Res ¢, o

R 2R

”’[‘ZJ (—1):© (ajkBk —b;d,)+d;(Re [ti-2e(D] —1), it jeJs*
€ L]

#‘E‘(—, 1)st) (a,-,,B,‘ —bidy), if jeJ—J*,
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where we set 1=n,/n, and 2np=Im(n,7y)=|n|2Imt (<0). Similar formulae
hold for Res & ,0— Res @ 0. Actually, if we set
2R oR

, ) —— , 2mi
S d¢51=ajk7[£(k) +T( 6];‘
, Ak e(k) , ,
(7 ) ajk, b}k ER,

S d¢}31=b}kn¢(k)
By

then

Res 3,0 —Res & 0
@R oR

{ wZ (= D*™ajuBe—bja) + BRe[r12D0] — 1), if jeJ*
€ *
uk,;\:l_(—1)s(k>(a;.k5k-b;kozk), if jeJ—J*
In particular, when the fundamental periods ny, 7, of T are normalized so that
|mo| =1, we have
Lemma 3. If we set
dj=aj+(— 1)‘(")1121;:” (1-Re [1!72:1])é;,
() Jjs keJ,
’ ’ z 2 —2e(j
k=au—(—1) (k)m%(l —Re [1172¢00])6

then

Res &), —Res @0 =T 5 (— 1), B~ b i)

27 kel
JjelJ.
Res 3,0 —Res & 0 =10 5 (_ 1)e (2, B, —b,d,)
ok B ok BT T2m ke JRER T IRk

Combining this lemma with Theorem 3, we obtain the following

Theorem 3'. Let IT=[n,, n;] and assume |ngl=1. Let &:J—{0, 1} and
Ay be an e-allowable behavior space belonging to II. Then, for a non-trivial
[T-admissible (I)Aqy-singularity o, the following two statements are equivalent.
(I) There exists an analytic mapping f: R—T such that f is of null type and
d(p~'ef) has the singularity 6. (p is the projection mapping C—T=
C/II.)
(II) There is a finite subset J* of J such that

Res 0,0 + 1018 3 (= 1)®(a;eB, — b4 =0
mod Z, jeJ,

, Im e ’ roN Y —
%gs P30 +—2'1rlk§-( — 1)*®(@) B —b)y8) =0

where aj, b; @)y, bje; Gy, By are real numbers defined by equations
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(7, (7") and (7").
In contrast with Theorems 3 and 3’, we now claim

Theorem 4. A non-trivial analytic mapping of R into a torus T cannot be
of null type without having singularity. More precisely, let p: C»T=C/II,
II=[ng, n,] and € a mapping of J into the set {0, 1}. Let f: R—>T be an analytic
mapping (#const) of null type. Then, for every e-allowable behavior space
Ay belonging to I, d(p~'of) can never be a Ay-Abelian differential of the first
kind.

For the proof we need the following lemma which can be shown in a way quite
similar to the compact case (cf. Prop. 6; see also [5, 7], [13] etc.).

Lemma 4. Let A, be a behavior space and ¢ any A,-Abelian differential of
the first kind. Then we have

2xm{ of 5=-ix(] of 5-{ of 7)=10120
JeJ Ay By JeJ\JA, By By Ay

Proof of Theorem 4. Let A, be an arbitrary e-allowable behavior space belong-
ing to II. We set #=p~'of. Consider the case where d® can be regarded as
a Ay-Abelian differential. Suppose that d® is a A,-Abelian differential of the first
kind. Then

S 4 AdD =mm,j,+ M M), S R dP=n;T, )+ N o)
y ]

for some integers mj, m¥, n;, n§. Since f is non-constant, d®#0. Lemma 4 now
implies that

2np EJ( = D) (m¥n;—m;n¥)>0,
pu=Im(n,7y)2n#0. It follows that
{jedJimj=n;=0}U{jeJimf=nT=0}SJ.
Hence f cannot be of null type. q.e.d.

11. In this and the next sections we shall confine ourselves to surfaces of finite
connectivity. If this is the case, every continuous mapping is of finite type and
therefore our Theorem 1, for example, is concerned with analytic mappings without
any homological restrictions. Here we shall be concerned with analytic mappings
of null type.

For our purposes, let T be a complex number with negative imaginary part and
Ly=iR, Ly=itR={zeC|z=itt, te R}. Set II=[2ni, 2rnit] and T=C/II. Let
p: C—T be the natural projection mapping as before.

Let R be the interior of a compact bordered Riemann surface (of genus g).
Suppose that the border dR consists of h contours f,, B,,..., B,. With every B;
we associate a doubly connected subregion of R which is conformally equivalent to



322 Masakazu Shiba

a ring domain 1<|z;/<r;(<o). We assume that B; corresponds to the circle
|z;/=1. Note that z; gives a local parameter near ;.

We denote by I'y=T",(R) the (real) Hilbert space of square integrable real
harmonic differentials on R (cf. [3]). The space I', is naturally a subspace of A,.
Let Iy, =T} (R)={A€T}|Ais semiexact} =A,, NI, and I',,,=T,,(R) be the space of
real harmonic measures on R. We know that I'y=TI,,®I},.=T%,®T,. ([3].
If we set

AK = AK(R) =Fhm+ irhsza

Ay is a behavior space associated with the family %= {iR}, where iR denotes the
imaginary axis. We also know that Ay is dual to itself (see [5, 7], [13]). Mero-
morphic differentials on R which have Ag-behavior were first considered by
Kusunoki ([5-7]) and termed semiexact canonical differentials. Cf. also Ahlfors’
distinguished differentials ([1-3]) and I',-behavior in Yoshida [20].

For any mapping ¢ of J into the set {0, 1} we set

Re A has a harmonic extension
A(e)= A(R, &)= Ae 4,,, | 2CTOSS OR and vanishes along 0R;

lES A=0 mod L,;, jeJ
By

Aj

It can be shown that A(g) is a non-void closed subspace of 4,,, and is a behavior space
([13]). We set as usual A'(e)= A(e), the dual behavior space of A(s). We note that
Ax=A(gy), £,=0. While A5 A(e) in general, we have as a result of Propositions 9
and 10

Proposition 13. A meromorphic differential on R is a semiexact canonical
differential if and only if it has A(e)-behavior. In other words, every A(e) defines
the same boundary behavior.

We set 6;,=c;dz;/z; on U9, i=1, 2,..., h, where ¢, is a complex number (maybe
=0). If we set furthermore

(8) o=0; on U,
h
o is an analytic differential defined on U= \U U,, a neighborhood of dR. We may
i=1

write ci as ¢;=p;+1q;, pi» ;€ R. Since S o =2mni(p;+1q;) and Sa o= ZS o;
=2mi Z(p,+rq,) c determmes a H adm1551ble (I)A(e)-singularity if and only if
Dis 49; are all integers and Z D= Zq, 0, ¢ being any mapping J—{0, 1} (cf.
Prop. 12).

We generally denote by d® ,, d®j, , the normalized A'(¢)-Abelian differ-
entials of the first kind. The integrals @}, ,, @5, , are considered single-valued

6) Cf. Shiba, M.: Notes on the existence of certain slit mappings. Proc. Jap. Acad. 51 (1975),
687-690.
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holomorphic functions on R— \U(A4;UB,). In particular, they can be expanded
eJ 4o
in a series on each U;, i=1,2,...,h. Let ¥ alPz? be the Laurant expansion of
n=-—0w
®,,.onU, Weset

) &, B)=al?.

Similarly for @3 .(8;). Note that ¢} .(B;) does not stand for the value of & ,
assumed actually on the contour 8;. They coincide only in their real parts.
As an immediate consequence of Theorem 3 (cf. Prop. 13), we have

Theorem 5. Let R be the interior of a compact bordered Riemann surface,
h

OR= \U B;. Let o be an analytic differential defined by (8), where ¢;=p;+1q;, p;,
i=1

h
q:€Z, é‘.ll’i=i§.l¢h=0-
Then there exists an analytic mapping f: R—T such that i) f is of null type
and ii) Re(d(p~'of)—a) has a harmonic extension across OR and vanishes along
dR, if and only if :

h h
(10) Re 2 cid);;,e(ﬂi) =Re 2 ci¢’31,a(ﬁi)50 mod Z7 ]EJ
i=1 i=1

for some mapping ¢: J—{0, 1}.

According to Theorem 3’ we would be able to replace (10) by another condition
which is described in terms of the periods of d®, , , d®}, ., (the normalized semi-
exact canonical differentials of the first kind).

12. In case that R be a surface of finite type, the above argument remains
valid if a few modifications are made. In fact, let R, be a compact Riemann surface,
P; (i=1, 2,..., h) distinct points on R,. Let (U, z;) be a (fixed) parametric disk
about P;, z(P,)=0. Wealso set R=R,—{P;}%.;. We know that every holomor-
phic function on a punctured disk U,—{P;} which has a finite Dirichlet integral
is holomorphic on the whole U, Particularly, the integrals @, , and &% ,
(considered single-valued holomorphic functions on the planar surface R— \U(4;

U Bj)) can be expanded on U, as follows: e

a0 00
(9,) ¢:4,,e(zl)=nzos‘(i':£’i2?., QL‘M(Z,)= Zot.(,'_'z,,z?.
= n=

Then we can prove the following theorem without difficulty.

Theorem 6. Let R, (U, z;) be as above, i=1, 2,..., h. Suppose that there is
given an analytic singularity a such that

a=(§lc§"’/z;')dz, on U, i=1,2,..,h

Then the following two statements are equivalent.
(I) There exists an analytic mapping f: R—T such that f is of null type and
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dlip~tof)—0 is holomorphic on each U,, i-—l 2,5 h.
(I) There are 2h integers p,, qi such that Z D= }: ¢;=0 and c¢{V=p,+1q,
i=1,2,..,h. Furthermore, for some mappmg £: J—-){O 1}

0

h h o
Re Y Y c{Msir;V=Re > 2 e Men-D=0 modZ, jelJ.
i=1 n=1

o8,
i=1 n=1 /
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