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0. Introduction

The boundary-value problems for the Helmholtz equation du+ k?u= f play an
important role in various problems of mathematical physics. In [2], [3], S. Mizo-
hata constructed the Green’s function for 4 —A? with Neumann or Dirichlet bound-
ary condition in the exterior domain of a bounded obstacle, establishing the theory
of integral equations with a holomorphic parameter. He showed the Green’s func-
tion is meromorphic with respect to 4 in the whole complex plane, and it is holo-
morphic in ReA>0. In this note, we discuss the Green’s function for 4—A2? with

the boundary condition of the third kind %‘l— +a(s)u=0. We try to represent the

solution as the potential of a simple layer. In 1. we show the boundary-value
problem can be reduced to an integral equation for the density on the boundary, and
the methods in [2], [3] are applicable to our case. In 2. we see first the resolvent
kernel for the integral operator is holomorphicin Re A>0 except for the positive real
axis. If o is sufficiently small, we can say the resolvent kernel is holomorphic

on the non-negative real axis. The same thing holds, if a<(—‘l)51”|';), when the
obstacle is star-shaped. In 3. we construct the Green’s function, and show it is

holomorphic on the positive and negative imaginary axis.

If we assume the above inequality, we can say the Green’s function is holomor-
phic in Re 1>0. As is well known, such analyticity leads to the local decay of the
solution of the exterior problem for the wave equation. When the boundary is a

sphere with radius p, the inequality reads o<% (if we choose the origin as O).

In 4. we construct the solution for the wave equation with the boundary condition
g—': %u=0 that never decays. When o< %, T. Tokita showed, in [5], the
solution decays exponentially. Finally, I wish to thank Prof. Mizohata for his

valuable advice and incessant encouragement.



616 Fumioki Asakura

‘1. Preliminaries

~ Let S be a compact C2**-surface in R3, and Q*(Q") the exterior (the interior)
of S. A C**e-surface means there exists a C2** function ¢ in R3 for every point on
S, such that grad ¢ %0 and S is represented as the null-set of ¢ in a neighbourhood
of the point.
We consider the following problem.

du—Au=f peQt JleC

(L.1)
% o(pu=0  pes.

Here, f is a bounded Holder continuous function in *, and ¢ is a real-valued
Hoélder continuous function on S. From now on. P, Q,... denote the points in
Q% p, q,... the points on S. dP denotes the volume element in R3, dq the surface
element of S. We say a function ¢ € C"*¢(M) (M is S, Q* or R3), when ¢ is m-
times continuously differentiable, and its m-th derivatives are Holder continuous
with exponent a.

Difinition 1.1. We say G(P, Q|A) is the Green’s function for (1 1) when it
has the following properties.
i) If we fix a point Q in Q*, G(P, Q|2) is of class C? w1th respect to P in
0Q*\{Q}, and whose first derivatives are continuous up to the boundary of Q*.
ii) (4,—2)G(P, Q, |M)=4(P~-Q) PeQ*, where d is the Delta function.

i) [ain +6(p):lG(p, 01)=0  peSs.

| e-ilpl
4n |P|
G(P, Q|A)= —E(P—Q|A)+ K(P, Q|4). So we have only to consider (1.2)

Since — = —E(P|4) is a fundamental solution for 4—212, we set
Au—22u=0 in Q%
(1.2) I ou
o +o(pu=g(p) on S geC%S).

Definition 1.3. Let ¢, ¢ be continuous function on S, then V(P)=2SE(P—-

d

Q|M)e(q)dq is called the simple layer potential with density ¢, and W(P)=2851—
q

E(P—q|A)(q)dq the double layer potential with density .
The following properties for ¥, W are well known as ‘“The jump relations”.

Proposition 1.4.
) 2 V®la=Fo+2 o Ep—alboladq

i) W= ty+2) oz Ep—al)W(@dg.
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Here f(p)|+ denote Il,im f(P).
=P

PeQ+

We try to represent the solution of (1.2) in the form of u(P)=2SE(P—qM)<p
(g)dg. Then the density should satisfy the following integral equation.

(1.5) —w(p)+2§£;5(p—q|1)¢(q)dq+2a<p)SE(p—q|z)<p(q)dq=g(p)

Conversely if we obtain a continuous function ¢ as a solution for (1.5), u(P)=
ZSE(P—qM)(p(q)dq is obviously the solution of (1.2). Hereafter, K(p, q|) denotes

253—E(p—q|)~)+20(p)E(p—q|)L). We notice a property of solution of the integral
equa‘{tion with the transposed kernel K(q, p|A), which can be proved easily.

Proposition 1.6. Let g be a continuous function on S, Y a solution of the
integral equation with the transposed kernel K(q, p\A).

(1.7) —y(p)+ SK("‘ PIAW(@)da=4(p)

~ Then o(P)= 283% E(P—q|M)VY(q)dq is the solution of the following interior
Dirichlet problem. ) '
Av—A2p=0 PeQ veC¥Q)nC(Q)
(1.8)
vl-=g(p) pes

We are going to solve the integral equations (1.5), (1.7) following Mizohata’s
argument. We briefly review the theory of integral equations with a holomorphic
parameter.

i) The integral equations (1.5), (1.8) are solved by Neumann series in a domain
2 in C, and the resolvent kernel R(p, qll) is meromorphically contmued with
respect to A to the whole complex plane

~ii) If R(p, q) is holomorphic in a neighbourhood of i,eC, (1.5), (1.7) are
solved uniquely for any f, g. And the solutions are expressed as follows.

o(p)=—f(p)— SR(p, qlAo) f(q)dq

W(p)= —g(p) - SR(q, Plo)a(@)dq.

iii) If R has a pole at 1,, there exist non-trivial eigenfunctions ¢, ¥ satisfyirig

o(p)= SK(p, qlA0)p(q)dq

W)= K, plioW(a)da.

iv) Let R(p, qlAy=A_,(p, 9)(A—Ao)"™+--- 4+ Ao(p, q|4) be the Laurent expan-
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sion of R at 1, then A_,, has a specific form, namely

A_u(Ps D=01(PW (@) + -+ ou(PIWi(q)

where {¢;} ({Y;}) are a system of linearly independent eigenfunctions for K(*K).
Those results are celebrated theorems of Fredholm when the kernel is conti-
nuous and has the form K(p, q|1)=1K(p, q). The kernels introduced here may
have certain singularity, but counting the inequality |K(p, g|)|<C(1+|Allp—q])|p—
q|~te~Reilr—4l we can confine ourselves to the case where K(p, q|4) is continuous,
considering the twicely iterated kernel K®)(p, gq|A). Then we introduce another
complex parameter u artificially, and consider the following integral equation.

(1.9) — o) +u{K@, alDo@da=1)  Iul<1

As |K@)(p, q|2)| <C|Ale~Rerlr—al we see easily the Neumann series converges
uniformly with respect to u and A when |u| <1 and 2 in a sector in the complex plane.
Then we have only to repeat the course of Fredholm’s theory, considering u as the
eigenvalue A as a parameter. Since the Fredholm determinant converges uniformly
with respect to the parameter A, Fredholm determinant is entire analytic with respect
not only to u but also to 4. Then we let 4 be 1. The exposition of the theory
is found in Mizohata [3].

We close this section noticing the regularity of the simple and double layer
potentials.

i) The eigenfunctions for K(p, q|A) are of class C*(S).

ii) The eigenfunctions for K(q, p|4) are of class C**(S).

iii) The simple layer potential with a Holder continuous density is of class
C®(Q%) and C1+¢(Q%).

iv) The double layer potential with a density of class C!*#(S) is C*(2%) and
Cl+a'(Q%),

Those facts are proved only for the Newtonian potentials in Giinter [1]. But
we need no essential modifications in proving them for our oscillating potentials.

2. Analytic continuation of the resolvent kernel

Now we discuss the properties of the resolvent kernel with respect to 4.

Lemma 2.1. Let ¢ be a Hélder continuous function on S. We set u(P)=
ZSE(P—qI/l)qo(q)dq. If u(P)=0 in Q* and 2% is not an eigenvalue for the interior
Dirichlet problem for 4, then @ must be =0 on S.

Proof. As u is continuous in R3, u=0 especially on S. Therefore u is a solu-
tion of the interior Dirichlet problem

lAu——izu=0 in Q°
ul,=0 on S ueC¥QH)nC(8)
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Since A2 is not an eigenvalue, u must be =0 in Q-. So we have —2¢(p)=

—g—“l =0 by ““The jump relation”.
+ On

Ju

on

To begin with, we study the resolvent kernel in the case where the real part of
A is positive.

Lemma 2.2.
i) The resolvent kernel R is holomorphic in {Ae C|Re A>0, Im Ax0}.
ii) There may be finitely many poles on the positive real axis.

Proof. We assume A,€C, Rely>0 is a pole of R, and set u(P)=28E(P—
qlA0)o(q)dg for a non-trivial eigenfunction ¢ corresponding to A,. Then u(P)
satisfies (4 — A2)u=0 P e Q*, (—3%—+6(p))u=0 peS, and (73‘%)“14(19):0((“*0!”).
Applying the Green’s identity to u and #, we have SmAuﬁdP=—gleu|2dP+

olu|?dq. And we obtain

(2.3) SQ+IVu|2dP+183m|u|2dP=Salulqu

i) Weset Ag=uo+ikg (o>0, ko0, n, and k, are real). Comparing the
imaginary part of the both sides of (2.3), we have 2pokOS|u|2dP=0. Then u=0 in
Q* which is, by Lemma 2.2, contrary to the assumption that ¢ is non-trivial.

ii) When Ay=p,, to (2.3) we apply an interpolation inequality Slulqu<
sS IVuIZdP+CES |u|2dP (for any ¢>0). Then we obtain
0+ n*

(- maxlal)SIVu]zdP+(/lé—Ce max |a|)S|ulzdP<0,

which shows u=0 in Q* when A,>(C,max|g])!/2. This is again contrary to our
assumption.

Next we impose a certain condition on the surface S.

Definition 2.3. An obstacle ¢ is called star-shaped, when there exists an
interior point O € 0 such that (n,, 0_1;)20 for every point p on 0. Here n, denotes
the outward unit normal vector at pe S. We may call ‘S is star-shaped” when the
interior of S is star-shaped.

Proposition 2.4. We assume S is star-shaped. If o(p) satisfies a(p)<|(n,, 0_1;)|

_’ .
lop|=2, where O is an interior point mentioned above, R(p, q|%) is holomorphic
is a neighborhood of the non-negative real axis, containing the origin.

Proof. Let 1o(4o=>0) be a pole of R, we set u(P)=2§E(P—qllo)<p(q)dq for a
non-trivial eigenfunction corresponding to 4,. Then u(P) satisfies the following.
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(A—iBu=0 in Q
(76’7+0'>u=0 on S ueCAQ%)nCY(OY)

RN PN
W) u=0(eR=4IPl)  if >0, |P| sufficiently large

u=0(PI), () umOUPI=) if so=0, Py SUMCEntY

We introduce the polar coordinates with the centre at O, setting w=op|op|™?,
- - «©
op=|oplw=p(w). As u(p(a)))=-g %u(ra))dr, (The integral converges, ac-
Ip(w)|
cording to (2.4). %—t;—denotes the derivative along the radial direction.) we obtain

the following by applying the Schwartz's inequality to the right hand side.

: _1___ = 2,.2
(2.5) |u(P(@)) ] <t Smw).w"' r2dr

e : |p(@)]? : ;
If (n, op)x0, dp is represented as T )] dw, where dw is the surface
w —
element of the unit sphere, n,=n,,, At the point p where (1n,, op)=0, the con-

dition reads a(p)<0. So if we set w,={wl=1; o(p(w)) >0} and w;={lw|l=
1; |(n,, w)| >0}, there exists a positive § such that w, = w;.
Multiplying a(p(w)) to the both sides of (2.5) and integrating over w, we have

. 2 (e
24 gg o(p(w))| P(w)| S Pul2rdrd
g(:u Iul 9 ® I(I‘lp. Op)l IP(mDII ul r r, q

<sup

pew

=
a(p) lop]? S {Pul*dP,
(ny, op) 1la-

N
2

If we denote e=sup Mo—p-'—’, we obtain
pew | (n, op)

(2.6) S alulz(lqgsg |F ul?dP.
s o+
i) In the case 1y >0, substituting (2.6) in (2.3), we find
zgg IuIZdP+(l—s)Sn |Pu|?dP<0.
N+ +

Since ¢<1, u=0 in Q*, which is contrary to the assumption.
ii) In the case 1,=0, we choose such a large sphere with radius R as to con-
tain S in its interior. Integrating duii over the ball, we find

_ _ ou - |
= — 2 — = - A .
SlplqduudP quwul dP Ss n itdg SIP|=R o iidg

As Au=0, du/or u=O0(R™3), we obtain
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S |Vu|2dP=S alulqu<sg |7 u|2dP,
o+ s o+

if R goes to co. Since e< 1 by the condition, Fu must be zero in Q*. Remember-
ing u=0(|P|~"), u=0 in Q, which is impossible.

We give two Lemmas to study the resolvent kernel on the imaginary axis.

Lemma 2.5. i) Let ¢ be a Hélder continuous function on S. We set u(P)=
SE(P qlik)e(q)dg (ke R, k0). Then if (T+a)u 0on S, u=0 in Q*.

ii) Let Y be a function of class C'**(S). We set v(P)= ZS——E(P qlik)
lﬁ(q)dq+2SE(P—(1|ik)t//(q)a(q)dq. Then the same thing as i) holds. "

Proof. The proof is reduced to the uniqueness theorem of Rellich (see Mizohata
[31). In our case it is important that o is real-valued.

Lemma 2.6. Let ik, be a pole on the imaginary axis (kox0), then k} is an
eigenvalue for — A in the interior Dirichlet problem.

Proof. This Lemma is essentially the same one as Lemma 2.1.

Lemma 2.7. Let iky be a pole of R on the imaginary axis, {¢;} be the system
of linearly independent eigenfuctions for K(p, qliko), {¥;} be for K(q, pliko)
corresponding to ik,, and we set di,(P)—SE(P qliko)e(q)dq, ¥ (P)-S 0 E(P—-
alikoW (g} + {E(P—qliko)o(aW(@)dg=W;+V,. Then each of {0}, W) is a
system of linearly independent eigenfunctions for —A in the interior Dirichlet
problem.

Proof. On ®;: @, satisfies 4®,+kid;=0 in @*, (F-+7) ®;=0 on 5. By
Lemma 2.5. ¢;=0 in Q* and especially ;=0 on S. As &; is continuous in R3,
®; is an eigenfunction for —4 in the interior Dirichlet problem. Now if we suppose
P=3a;®;=0in Q" forsome a;, @ isidentically zero in Q* U Q~. Then —2§a,-<pj(p)

J
= 2 ¢/, — £ @|_=0, which is impossible.

ii) On ¥;: ¥; satisfies, by Proposition 1.6. 4¥;4+k3¥ ;=0 in Q"¥,;|_=0 on

0
S. Wenote Y|, =W, +V|,=2y;+W]|_+V,|_=2y;, and 7%— Yl =0 Wil .

) 0 0 0
+ 5 Vil =5 Wilh =209+ 5Vl 5ol —a¥)l,. By the way, we sup-
pose V= ZO{ ¥Y;=0 in Q for some a;, Since —6‘2—'1”+=-§n—ll’|+—o"l’|+= —-a¥|,,
¥ satisfies A7 +k3¥ =0 in Q*(——+o>‘l’ 0 on S, again ¥=0 in Q* by Lemma
2.5. Therefore ¥|, — ‘I’_I—Z; a;\;=0; which is impossible.

3. Construction of the Green’s function

In this section we construct the Green’s function, and study its properties. To
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construct the compensating function K, we consider the integral equation

(.1 —olp, QN+ SK(p, alM)e(q, Q)dg = gi—p E(p—QIA)+a(p)E(p— Q14
According to previous considerations, (3.1) is solved uniquely as the following, when
Rel>0, ImAx0.

0. @)= =z E(p= QN+ o(p)E(p— 0D~ 2{R(p, rld) {Z2-ECr— Q1i) + oEC:
——Q[l)}dr. Thus the compensating function K(P, Q|2) is expressed as K(P, Q|A)=
2SE(P—q|A)<p(q, Q)dq. Then we have

Proposition 3.1. When ReA>0, ImAx0, the Green’s function of (1.1) is
expressed as

(3.2) G(P, 0|2)= —E(P—QIﬂ-)~2SE(P—q|2){%%}—Qll)+o(q)E(q—Q|2)}df/

+4SSE(P—q|i)R(q, rli){g(':-’:E(r-—Qli) +a(r)E(r—Qm)}drdq.

And G(P, Q|%) has the meromorphic continuation in A to the whole complex
plane.

Proposition 3.2. We denote G(P, Q|))=G(Q, P|}) for P,QeQ~. Then G
is the Green’s function for A— 2% with Dirichlet boundary condition in the interior
domain.

Proof. Changing the order of integration in (3.2). we find the proposition a
consequence of Proposition 1.6.

From now on, we carry out the same discussions as in Mizohata [3].

Proposition 3.3. Let ik, be a pole of R(p, q|}) on the imaginary axis.
Then the pole is simple.

Proposition 3.4. G(P, Q|2) is holomorphic in a neighbourhood of the im-
aginary axis without the origin.

To prove Proposition 3.3. we need the fact the Green’s operator for the interior
Dirichlet problem for 4—/2 has a simple pole at every eigenvalue for —4. We
substitute to (3.2) the Laurent expansion of the resolvent kernel at a pole on the
imaginary axis. Then we obtain Proposition 3.4 easily.

We summarize what we have obtained.

Theorem 3.5. Let S be a compact C*** surface in R3. Then the Green's
function for (1.1) is meromorphic with respect to the parameter A in the whole
complex plane. Especially, if the obstacle is star-shaped, and the coefficient o

-

satisfies a(p)<(n’Tof), G(P, Q|X) is holomorphic in a neighbourhood of {4
iopl



On the Green's function for A— A2 623
Re1>0}.

Remark. i) The spectral function for —4 with the boundary condition of the
third kind in the exterior domain is real-analytic, if the conditions in Theorem 3.5.
are satisfied.

ii) By virtue of i), the solution of the following problem for the wave equation
decays when ¢ goes to co.

Uy — A =0 in (0, 0)xQ*
u=fou=f,  on {1=0}xQ*  fif,eCHQY)

(ain+0>u=o on (0, 0)xS

ili) When the surface is a sphere with radius p, the condition on ¢ becomes
a(p)<—:)~ if we choose the origin as O. This coinsides the Tokita's condition for

exponential decay of the solution.

4. An example

In this section we are going to construct the solution of an exterior problem for the
wave equation that never decays. The construction is based on Tokita’s paper [5].
We consider the following problem.

u,(x, )— du(x. )= Ju(x, )=0 in Qx(0, o) Q={x||x]|>p}
4.1 u(x, 0)= fo(x), ux, 0)= f,(x) on Qx{t=0}

.
(—5’7+a>u(.\', 1)=0, o is const. on {x| |x|=p}x(0, )

As we assume the compatibility condition of infinite order, we have only to con-
sider the following.

Ou(x, =0 in  {x||x|>p}x(0, c0)

u(x, 0)y=u,x, 0)=0 on {x||x|>p}x{r=0}
(4.2)

<T§3.‘+a>u(x, N=g(x, 1) on {x||x|=p}x(0, )

suppuc{x||x|>p} x {t=>0}, suppgc{x| |x|=p} x {0<I< T}

We solve (4.2) by the method of separation of variables. We set formally
u(x, =3 Ztpu(r, p, NYyu(®) and f(x, =2 % fuu(t, p)Y,(@). where Y, is the

. . t—r+p N
spherical harmonics of order n. Then u,,(r, p, t)= ZS e u-of (r. p)dr x
15,’)

R — pA)TIPK (M) ] 2
ey Pore P 0= oy 2 K, )+ Gpo — 1D IR iy e Kae i)



624 Fumioki Asakura

is the modified Bessel function of order n+1/2 and A{® are the poles of &, in A.
For the next Lemma, we note @,=—p2e 2=»(l—ag+1/p)~r-!. We can see
easily the formal solution converges uniformly in any compact set, if f(x, t) is
sufficiently smooth. On the location of the poles of &, in A we can say

Lemma 4.1. i) When o< 1/p, the poles of ®, are located only in Re 1<0 or
at 0.

il) When >0, all the poles of @, are simple.
iii) 0 is not a pole of ®, (n>1).
iv) When a=1/p, 0 is the pole of ®,.

Proof. 1), ii), and iii) are essentially proved in Tokita [5]. iv) is obvious, to
see the form of @,

Next Lemma shows the distribution of poles of &, for large n.

Lemma 4.2. Let A1 <s<n+1) be the poles of ®,. then there exist a posi-
tive integer no, and positive numbers A, B, such that

i) ReA<—An'3  for nzn, 1<s<n+l
i) A< Bn for nz=ny [<s<n+l

The proof of this lemma is found in Tokita's paper, where the profound results
on the distribution of zeros of Bessel functions obtained by Olver [4] are needed.
From now on, we confine ourselves to the case o=1/p. We separate the first term
of the formal solution from the others. Then we have a proposition.

Proposition 4.3.

u(x, )= —(4nr)“pg:)_’+pfo(p, 7)d + O(eH)

The estimate of the remainder terms is valid uniformly with respect to x in
any compact set.

t=rt+p
Proof. Since u(x, t)= —p(4nr)“'g ‘fo(p, dt+ Y > u,,Y,.. we apply
V] nom
Tokita’s argument showing the decay of the solution only to the second terms of
the expansion.
Now we can construct the solution of an exterior problem that never decays.
Proposition 4.4. Consider the problem
Ou(x. t)=0 in {x||x|>p} (0, 0)

u(x, 0)=0, u(x, 0)= f(x) on t=0, supp fis compact

(—(—367 %)u(x, £)=0 on {x||x]=p} x(0, )

Then either the solution, or local energy of the solution never decays if f is
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suitably chosen.

Proof. First we remark g(pw, t)= —(47:)‘1(78; +~>}; )Sml_lf(rw+10)d0. We
choose a spherically symmetric function f such that supp fc {x|p+a<|x|<p+bj.

Then W(x, t)=(4n)"g f(x+10)d0 and g(pw, t) are also spherically symmetric.
lo=1
We set U(r)=STW(r, 1dt for large T fixed. Then
0

(4.3) aU = Ty - £ ()

By virtue of Huyghens’ principle, we see U =0 for |x| >R, for some R>0. Integrat-

ing the both sides of (4.3), we see g AUdx = —S | %('J ds= —4np2%l—’{(p)=
JIx|e=p |x|=p ¢

S (%VIK —f)dx. Since W(x, T)=0 |x|<2p for large T, we have proved
|x|>p

—47'tp2—a—€,]~—(p)=gm%~l’tz(x. T)dx—SRaf(r)dx. If we caluculate %‘;K, we see easily
b o

~ x=S f(r)dx. And therefore %u(p)=0. As we can take beforehand
R3 Cct ¢JR3 ar

—r+p T
large T such that S lW(r, r)dt|,=ﬂ=S W(r, vydt|,-, for t—r+p>T,
0

t
0
t—=r+p _ i i T
50 g(P~ T)dT— (ar ﬂ)go W(r‘ T)dflr;__p

= —<%+%)U(r)|,=p

=—p~U(p).

T
So, if >0, U(p)=(4n)“g rg J(pw+10)dodz is positive. Then limu(x, 1)=
o Jie|l=1 o
T
—pr“g g(p, t)dt, which indicates the solution never decays. Looking closely at
(V]

the expression, we find the local energy neither decays.
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