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§1. Introduction

Let E; be the compact 1-connected exceptional Lie group and AdE, the quo-
tient of E, by its center Z/2Z. The purpose of this paper is to determine the module
structure of H*(BAdE,; F,) where F, is the prime field of characteristic p and
BAdE, is the classifying space of AdE,.

To determine this we make use of the Rothenberg-Steenrod spectral sequence

(8D:
3.1 E, =EXty, adak,; ¥,)(F2, F2) = Eo=GrH*(BAdE;; F,).
In fact, we show
Theorem 3.5. The spectral sequence (3.1) collapses.
Corollary 3.6. As a module over F,
H*(BAdE,; F))=F,[y;; ie M]/R,

where R is the ideal generated by (3.9) and (3.10) in [6], degy,=i and M={2, 3,
6,7, 10, 11, 18, 19, 34, 35, 64, 66, 67, 96, 112}.

Remark. H*(BAdE,; F,)~H*(BE,; F,) for any odd prime p.

The paper is organized as follows. Certain indecomposable elements of
H*(BAdE,; F,) are constructed in §2, where the adjoint representation of E, plays
an important role. In the next section, §3, the E,-term of (3.1) is determined and
the main theorem is proved. Throughout the paper we use the following

Notations. 7n: E,—AdE, is the covering projection. For a homomorphism
f: G—»G’' between compact Lie groups the induced map between the classifying
spaces BG—BG' is denoted by the same symbol. H*( ) is the mod 2 (not integral)
singular cohomology functor. &, is the mod 2 Steenrod algebra.
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§2. Certain elements of H*(BAdE,)
Notation 2.1. M, ={6, 10, 18, 34, 66},
M,={7, 11, 19, 35, 67},
M =M, UM,,
M ={4}uMu {64, 96, 112},
M ={2,3} uMu {64, 96, 112}.
Notation 2.2. S,=S7 57 --Sjesf, for n>2.
S, =548, for n>2.
Now recall the result of Kono-Mimura-Shimada [4]:
Theorem 2.3. There exist indecomposable elements
y;€ H(BE,) for ieM
such that as an algebra
H*(BE;)=F,[y; ie M]/R
for some ideal R of F,[y,; ie M]. Moreover
Ye=5Yar Vani2=S,-1¥¢  (3<n<6),
¥y1=54ys, Yans3=SqYms2=Su1vs  (3<n<6),
Yo6= S?}zy“, Y112 =S‘1]6.V96~
Remark 2.4. H*(BE;)=F,[y,, 6l SJor »<6.
Lemma 2.5. As an algebra over F,
H*(BAdE,;)~F,[e;, e3]  for *<5,
where dege,=i and e3=Sée2.
Proof. According to Ishitoya-Kono-Toda [2]
H*(AdE;)>F,[x,]/(x})  for =<4,

where degx;=1. Clearly x, is universally transgressive and so is x?. Put e,=
7(x,) and e3=t(x%)=S§ez where 7 is the trangression operation. Then the result
follows easily. Q.E.D.

Let
¢: BAdE, — K(ZJ2Z, 2)
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be the map corresponding to e, € HA(BAdE-) so that exists a fibering
Q.1 BE, - BAdE, = K(Z[2Z, 2).

The cohomology Serre spectral sequence associated with the fibering (2.1) has the
following E,-term

E,~H*(K(Z|2Z, 2))® H*(BE-)
and converges to H*(BAdE,), where
H*(K(Z/2Z, 2));F2[u2, us, us] fOr *38

with degu;=i, u, =S¢'1u2 and u5=SéS&u2. Clearly y, is transgressive. Since
H%BAdE,) is decomposable, we have

T(Ya)=Us+0oUsUy with aeF,.
Since ygq =Sf] Va. Ve Is also transgressive with"_

() =Shr(y.)=Sfus +3Sh(uau5).
Then by the Adem relation we obtain -

Squs=5qSqSqu, =SqSqSqu, =0
and
Shuy= ShShu, =0,
and hence .
S¢21'c(y4) =ou,(us+u,u;) €(1(y,)), the ideal generated by t(y,).

So (1®ys) is a permanent cycle and y¢ € Im n*.

Proposition 2.6. y;elmn* for ieM.
This is an immediate consequence of the naturality of the Steenrod operations.

Let
u: E, — 0(133)

be the adjoint representation of E;. Then, as is well known, Kerpu=CenterE,
(=the center of E;). So u induces a representation ji of AdE,:

ji: AdE, — 0(133)

such that the diagram
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E,—£ ,0(133)
AdE,
is commutative.

Lemma 2.7. E, contains SU(7) as a closed subgroup such that Center E; n
SU(T)={unit}.

For a proof see P. 279 of [4].

Let T be a maximal torus of SU(7) and T7 a maximal torus of E; such that
TécT?. The commutative diagram

T7

T = SU(T) =5 E,
gives rise to a homotopy commutative one

BT’
iq

BTS —— BSU(7) = BE,

where i;’s are the inclusions. On the other hand, there exists a representation of
T7

Wi TT— 0(126)

such that pei, is equivalent to pu'@e, as a representation of T7, where ¢, is the 7-
dimensional trivial representation of T7. Then we have the following homotopy
commutative diagram

BT7 —£_ BO(126)

| Js

BE, —* > BO(133)
where i5 is the map corresponding to the natural inclusion: 0(126)—0(133).

Lemma 2.8. H*(BSU(7)) is a finite H*(BO(133))-module under (uoi)*:
H*(BO(133))> H*(BE,)—H*(BSU(7)).

Proof. Since Ker u nImi,={unit}, poi, is an injection. So the result follows
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from the Quillen’s finiteness theorem (cf. §2 of [7]). Q.E.D.
Recall that
H*(BO(n))=F,[w(,..., wa],
H*(BSU(7))=F,[c,, c3, ¢4, Cs, C6, €7,

with degw;=i and degc;=2i. Let I be the ideal of H*(BSU(7)) generated by c,,
c3, ¢s and J the subalgebra of H*(BO(133)) generated by w;, i<126. Then the
Wu-formula indicates '

Lemma 2.9. [ is o ,-invariant and J is generated by w,: for 0<i<6 over & ,.
Lemma 2.10. (i¥ou*)(w;)=0 for i>127.

Proof. Since i* is injective, it suffices to show that (ifeifou*)(w;)=0 for i>127,
which follows from

(i¥oifou*)(w))=(ifou*i¥)(w)=0 for i>127.
Q.E.D.
Proposition 2.11. The element u*wg, is not decomposable.

Proof. Since H*(BE,) for <63 is generated by y, over & ,, Im(uei,)* for
degrees <63 is contained in I. So, if u*we, were decomposable, the element
(i%ou*)w,: would belong to I for 0<i<6. Thus (ifou*)(J)<I and so Im(iFou*)=
Im (uoi,)* =I by Lemma 2.10, which would contradict to Lemma 2.8. Q.E.D.

Now Lemma 2.5, Propositions 2.6 and 2.11 yield the following
Theorem 2.12. There exists indecomposable elements
e,c H(BAdE,) for ieM
such that n*(e;)=y,; for ie M and n*(e))=y; mod decomposables for i=64, 96, 112.

Proof. The elements ¢,, ¢y are as in Lemma 2.5. By Proposition 2.6 there
exists e; such that n*(e;)=y, for ie M. Moreover, put eq,=j1*(Wes4), e9¢,=Si"12e(,4
and e“2=S(l]65¢3]2e64. Then n*(egq) =u*(Wes)=yes mod decomposables and so
n*(e;)=y; mod decomposables for i=96, 112. These are not decomposable by
Proposition 2.11. Q.E.D.

Remark 2.13. The element ¢; (i € M) is not uniquely determined. But we can
rechoose e; such that e, =S:']e6. e3ni2=S, s (3<n<6)and e, 3=5,_,66 (3<n<6).

§3. Proof of the main theorem

First recall from [2] (see also [3] and [4]):

‘Theorem 3.1. As an algebra
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H*(E;)=F,[x3, x5, Xo]/(x4, x%, x§)@A(x15, X7, X33, X37),
H*(AdE7)gF2[xl, Xs, X9]/(X]‘, xg, x3)®A(x67 X185y X175 X235 X27),'

where deg x;=i and the coalgebra structure is given by’

$(xl)=0 4 i"_"l» 3’ 5’ 63 9a 17y
x3®xo+x2@x for E,
a(xxs) =
Xe®Xg+x2®x5 for AdE,,
x3®@xs+x3®x,, for E,
B(x33) =
x3®x;+x,®x,;  for AdE,,
B(x27) =x3® x5+ X3®x) 5.

Put A= H*(E,)//(x;) (for the notation see [5]). Since x; is primitive, 4 is also
a Hopf algebra. Then it follows from Theorem 3.1

-Lemma 3.2 As an algebra
H(E;)= A(s3) @ A*,
Hy(AdE;) = A(sy, 52)® A%,
where degs;=i and A* is the dual of A.
The following is Proposition 3.2 of [6].
Lemma 3.3 As an algebra
Ext g, g, (F2, F2)=F [y, JQ(F,[y, ix4, ie M]/R)
where R is the ideal generated by the elements of (3.9) and (3.10) in [6].
Thus we have
Proposition 3.4. As an algebra
Extyy,caue.)(F2, F2)=F;[y;: ie M]/R.
Now consider the Rothenberg-Steenrod spectral sequence [8]:
(3.1) E, 2Ext . aap,) (Fy, Fy) = E,~GrH*(BAdE,).
Using Theorem 2.12, we can e@sily get
Theorem 3.5. The spectral sequence (3.1) collapses.
Corollary 3.6. As a module over F,
H¥(BAdE;) = Ext g, 448, (F,, Fy).

Corollary 3.7. As an algebra H*(BAdE,) is generated by the elements e,'s
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Moreover,
1 1
e3 =Sq82. Cq =Sqe6,
eZ"+2=Sn-leb (3SHS6),

€2n43=5,-1€6 (3<n<6),

32 16 32
€es=HU*(We4), €96 =5qG eqq and e;,,=8q Sq eg4.
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