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2 .  Finiteness o r  integralness of global transforms  o f lo ca l r in gs  an d  its
applications

Proposition (2 .1 ) L et (A , mi , ••• , be a sem i-local ring w ith  radical m=
m,••• in, (containing a non-zero-divisor). Then
(2.1.1) Ared(m) is integral ov er A(m)led.
(2.1.2) A r e d (m) is integral over A r e a  if  an d  only  i f  A(m) is integral ov er A.

L et (B , n1, ••• , be a semi-local A -algebra with radical n=n i  •-• n„ contained
in  Q ( A ) . Suppose rad (mB) -= n .  Then
(2.1.3) B r e d (It) is integral ov er Ared(m) if  and  only i f  B (n) is integral ov er A(m).

Pro o f . Take any X in A „ d (m). Since In contains a  non-zero-divisor in A,
there exists y  in  Q(A ) such that y(=the im age of y in Q(Ared))= 5e. As neX is
contained in A r e d for some v, m'y is contained in  A+nil-rad (Q (A )) . Hence, if
e = a 1A-1- ••• ± ak A , a j y = y ,  is  in tegra l o ver A .  Let A 1=A [Y 1, •••, yk], then

1there exists a  non-zero-divisor d  in A  such that 71 A  contains A , .  Hence yP
1 . 1is  in A i (mADC— Y-A(m) for any p. T herefore P=X P is  in  --a- A r e a ( m )

 f o r  anyd 
pt. Since A(m) r e d  i s  noetherian  [3 ], X  is integral over  A(tu)r e d. This proves
(2.1.1).
(2.1.2) and (2.1.3) can be proved easily by (2.1.1).

Proposition (2 .2 ) Let (A , tu 1 ,• • •  nt,), (B , ni, ••• , n8 )  be sem i-local rings with
common to tal q u o t ie n t  rin g . I f  B  is  in teg ral o v er A ,  then  B (n )  is integral
over A(m).

By (2.1.3), to prove Proposition (2.2), it is sufficient to prove the following:

Proposition (2.2') L et (A , m i , ••• , nt), ( B ,  n1, ••• , be semi-local domains
w ith com m on f ield o f  quotients. I f  B  is integral ov er A , then B (n) is integral
over A(m).

Pro o f . Let B =lim  B 2 , where B 2 i s  a  finite A-algebra (w ith radical 1-12 ).

* This article is  th e  sequel of our paper: On ideal transfo rm s o f  noetherian  rings, I,
Jour. Math. Kyoto Univ., 19 (1979), 41-46.
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Then, since n is finitely generated, B(n)=1im B a (n2). Therefore, as B ; (n2 )  is  a

finite A(m)-module (cf. Lemma (1.4)), B(n) is integral over A(m).

Proposition (2 .3 ) Let (A, m) be a semi-local r in g . Then
(2 .3 .1) the follow ing are equivalent:

a) A(m) is integral ov er A.
b) dim Â/Iî>1 fo r  any m inimal prime ideal in A.

(2.3.2) the follow ing are equivalent:
c) A(m) is a f inite A-module.
d) dim A/1') > 1 fo r  any associated prime )5 o f A.

Pro o f . By Lemma (1.1), we may assume A  is complete.
1) a) b ) :  B y  (2.1.2), w e m ay  assume A  is  red u ced . T he equivalence

follows from Corollary (1.7) (cf. [6, Proposition 4]).
2) c) d ) :  i )  Since A  and A(m) have common total quotient ring, there

ex ists a  canonical one-to-one correspondence between Ass (A ) and Ass (A(m)).
Hence, to prove c) d), it is sufficient to show that dim A (nt)/'>1 for any p'
in Ass (A(m)).

ii) Since A(m) is  a  finite A-module, A(m)(m)=A(m). Hence prof (A(m),)>1
fo r a n y  maximal ideal n t ' in  A (m ). Therefore dim A(nt)/1)'>1 for any p ' in
Ass (A(m)) (cf. [4, (15. F)]).

3 )  d) c ) :  i )  Let x  be a  non-zero-divisor of A  contained in  nt. Since A
is  (x-adic) complete, to prove d) c), it is sufficient to show that A(m)I x A(m)

is  a  finite A-module and that r xn A (m)=(0) (cf. [4 , Lemma, p. 212]) .
ii) A(m)/xA(nt) is  a  finite A-module by THEOREM.

iii) Since dim A/n i > 1 fo r an y  pi  i n  Ass (A )  ( i=1 , •  , s ) , there ex ists a
non-maximal prime ideal qi  such that q, ( , x A) for any i. Hence the canoni-

cal homomorphism A(m) ,  A (m ) g ,  is  injective. So, to prove r) xn A(m)=(0), it

is sufficientsufficient to show th a t  nxnA(m) q ,=(0) for any i.
i v )  S ince qi  i s  non-maximal, A(m)q i =A Q, by L em m a (1.1). Therefore

n x. A(m),= n xn A, i = (o).

Corollary (2.4) Let (A , mi , ••• , in,-) b e  a  semi-local r in g  w ith  radical m-=
mt. ••• mr  (containing a non-zero-divisor). Then
(2 .4 .1) the follow ing are equivalent:

a) A(m) is integral ov er A.
b) dim A/13> 1 fo r  any  minimal prime ideal 15 in A.

(2.4.2) the follow ing are equivalent:
c) A(m) is a f inite A-module.
d) dim Â/>1 f o r  any associated prime ^I) o f A.

Proposition (2.5) ([5, (33.11)], cf . [6 , Proposition 7 ])  Let be a  height one
prime ideal of the derived normal ring of a noetherian domain A .  T hen p=pn A
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is an associated prime ideal of a principal ideal of A  (i.e . prof A 0 =1).

Pro o f . W e m ay assum e A  is  local w ith  m ax im al id e a l 1). T h en  A (i?) is
n o t in teg ra l o v e r A by C orollary  (1.7). Hence Â  h a s  a  m in im al p rim e ideal 1;
such that dim  Â hj= 1 b y  (2.3.1). Therefore prof A=1 (cf. [4, (15. F)]).

Theorem (2 .6 ) Let A be a noetherian ring and I  an ideal o f A  (containing
a non-zero-divisor x). Then
(2.6.1) the follow ing are equivalent:

a) A (I) is integral ov er A.
b) Ap(P) is integral over 24 0 fo r  any  Prime ideal D of A  containing I.

(2.6.2) the follow ing are equivalent;
c) A (I) is a f inite A-module.
d) Ap(p) is a f inite A 0 -module fo r  any Prime ideal 1) of A  containing I.
e) Ap(p) is a f inite A 0 -module fo r  an y  P rim e  in Ass (A IxA ) containing I.

P ro o f . 1) b) a ) :  i) T ake any  a in A (I). W e construct a sequence (A „ I,)
(i=0, 1, 2, o f  p a irs  o f  a  finite A -algebra A, and a sem i-prim e ideal I ,  o f  A,
su ch  th a t A o =A , 10 =rad A ,_,C A ,C Q (A ), aE A ,(I,), A , sa tisfie s  b ) f o r  I t

and  th a t, if I 1 1 r A A , i1- 1 n A I 1 n A ( i= 1 ,  2, •••).

ii) Suppose I 1 1 A1 1. L e t  S=A%- i — 61 1),, w h e re  1.7-1— Pin •-• np s . By

inductive construction, S - 1 11, ( / i - i )  is  in te g ra l o v e r  S - 1 .40 _1 a n d
H e n c e , th e r e  e x is t s  a  f in i t e  A1 _1-a lg eb ra  A ,  s u c h  t h a t  a S - 1 A 1 . Put
/,=-rad ((A ,: a),11). T h e n  aE A ,(I,) , A , satisfies b) fo r  I ,  and
by Proposition (2.2) a n d  Lemma (1.1).

iii) A s  A  i s  noetherian, th e re  e x is ts  a  n a tu ra l n u m b e r  k > 0  su ch  th a t
/ k =A k . Since aEA k(Ik)-=A k, a is  in teg ra l o v e r A.

2 )  e ) *  c ) :  By Lem m a (1.1), A (I)C A , an d  A (/)0 A A *=A *(/A *), w here A*
is  th e  x-adic completion o f  A .  H ence, to prove e) c ) ,  w e  m a y  assum e A  is
x-adic complete (cf. [4 , Lem m a 1, p . 7], [5, (8.9)]). -

W e claim :  I f  A satisfies e), A (I)IxA (I) is  a  fin ite  A -m o d u le  and  nx nA (/)
=(0) (cf. [4 , Lemma, p . 212]).

i) nx nA p(/)=(0) fo r  a n y  prim e ideal o f  A  conta in ing  x  (conseqently, as

A (I) is contained in  Q(A ), rlx ' A (I)=(0)): I t  is sufficient to show  th a t, fo r  any
associa ted  p r im e  qo o f  A , th e re  e x is ts  a  prim e q  o f  A, contain ing qo a n d  x,

su ch  th a t nx nA q(/)=(0).
T ak e  a m inim al prim e  q  o f  (qa , x A ) . Then q is in Ass (A IxA ) by [4, Lemma

4, p. 9 9 ]. Suppose ciD/, then dim Aq/qo> 1 by  (2.3.2). T h is  contradicts th e  choice
o f q (Hauptidealsatz), so  q1DI, th e n  A q(I)=A q , an d  w e  g e t the assertion.

ii) A (I)IxA (I) is  a  finite A-module :  (We imitate PROOF)
1 ° )  F o r a n y  a i n  A (I), th e re  e x is ts  a  k > 0  s u c h  t h a t  aEA x - k± x A (I):

Because A (I) is contained in A .
2 ° )  L e t  J h =(x 4 A (I)n A , x A )  b e  a  descending chain o f  ideals o f  A .  We
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claim :
( * )  F o r  h>0, fh-=xA .

To prove(*), it is sufficient to show :
(*)p F o r  h> 0 , x 4 A (I) ,n A p c x A ,, whenever i s  i n  Ass (A /xA ).
If  pl:)/, then A (I ) ,=A ,. Hence (*), is clear. Suppose p D / .  We may assume

(*), is  v a lid  f o r  a n y  p r im e  q( p ) .  Then A ,(I)IxA g ( I )  i s  a  finite Ag-module

(cf. PROOF) an d , if  q  contains x , rlx nA q(I)-=(0). Hence we may assume. more-
over, A ,(I) is  a  finite Ag-module fo r  any prim e q( D).

Now by assumption, there exists a  finite A-algebra B  such that B p =24,(p).
T hen, since Ap(p) is  a  finite Ap-module, prof (B p.)> 1  fo r  any m axim al ideal p'
of B . H en ce  cr n A .-- q p  for any q' in  Ass (B p/x B p). T h en , a s  Ag(I)is a  finite
Ag-module, B ( IB )  is  a  finite B q ,-module. Therefore, fo r  any given i> 0 , there
ex ists  a  h(i) such that x 4 ( z)B p ( / ) n B p c  x iB p . Since B , is  a  finite A n-module,
there exists a  j> 0  such that x'Bpn A pCxA p (Artin-Rees). Therefore x '( , )A,(I)
nApxh(i)B,(I)n13,,nApCxA,.

3 ° )  By 1°) an d  2°), A (I)Ix A (I) is  a  finite A-module.

Proposition (2.7) (cf . [1, Proposition i l l )  Let (A, m) be a local ring an d  I
an ideal o f A  containing a non-zero-divisor x . Then
(2.7.1) the follow ing are equivalent:

a) A (I) is integral ov er A.
b) dim ,71 > 1 fo r  any  prime ideal o f  A  c o n tain in g  IA  a n d  fo r  any

minimal Prime 13 of A  contained in
(2.7.2) the follow ing are equivalent:

c) A (I) is a f inite A-module.
d) dim 24;/p- > 1  fo r  any  prime ideal (i o f  A  c o n tain in g  IA  a n d  fo r  any

associated prime I') of A  contained in q.

Pro o f . 0 )  To prove (2.7.1) and  (2.7.2), we m ay assum e A  is complete (cf.
Lemma 1.1)).

1) a) 4  b )  follows from (2.6.1) and  (2.3.1).
2) c) d )  follows from (2.6.2) and  (2.3.2).
3) Since a  complete local domain satisfies the  second  chain condition (cf.

[5, (34.4)]), b) a) follows from (2.6.1), (2.1.2) and Corollary (1.7) (cf. Lemma (1.1)).
4) Moreover, since any localization (with re sp ec t to a  p r im e  ideal) of a

complete local domain is analytically unramified (cf. [5, (36.3)]), d)* c) follows
from (2.6.2) and  3) (cf. [4, (9.B)]).

3 .  Derived norm al rings of noetherian domains

Proposition (3.1) (cf . [2, p . 7 4 ] )  L e t  A  be  a  noetherian dom ain and x  a
non-zero element o f  A .  Suppose A x  i s  normal and 71, is a finite A ,-module fo r
any  )) in Ass (A lx A ), then A  is a finite A -module.

Pro o f . L e t /14=TIO A A *, where A * is  t h e  x-adic completion o f  A .  Since
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A z  is normal, to prove the assertion, it is sufficient to show that M  is a  finite
A*-module (cf. [4 , Lemma 1, P .  7], [5, (8.9)]).

We claim :  M/xM(=i1./x.71) is a  finite A*/xA*(=A/xA)-module and ()-  xnM
=(0) (cf. [4 , Lemma, p. 212]).

1) -A- /x./71 is a  finite (A/xA)-module : (We imitate PROOF)
1 ° )  For any a in A, there exists a k >0 such that aEA x - k -Fx A : Because

A z  is normal.
2 ° )  Let I h,=(x h iT n A , x A ). Then the descending chain of ideals .Th, stabi-

lizes for some h: By assumption, there exists a m 0 > 0  such that xm271„nA p
Cx A  f o r  any m>m o and  for any associated p rim e  o f A (A rtin-Rees). Hence
/ h -- -x A  for any h>mo.

3 ° )  By PROOF, 1°), 2°) give the assertion.

2) n em = (3 ): Since M  is contained in  the integral closure of A* in  its
total quotient ring, to get the claim, it is sufficient to show that A* is reduced
(cf. [5, (33.10)]). This follows from the canonicol injection :

AI xnA 1 I A p lx 4 A,, for any n.
paAss(A/xA)

Proposition (3.2) Let A be a noetherian domain and x  a non-zero element
o f  A . Suppose A z  is norm al and .M =lim  A pIx 'A p(=the x -adic completion of Ap)

4 - -

is reduced fo r  any  1) in Ass (A Ix A ). T h nen A  is a finite A -module.

Pro o f . By Proposition (3.1), it is enough to show  that A , is  a  finite A r

module for a n y  in  Ass (Al xA).
If ht .0=1, then A , is a finite Ar module by [5, (32.2)]. Suppose ht p > 1 . We

may assume that A  is local with maximal ideal 1) and 71, is a  finite Ag-module
for any non-maximal prime q of A .  Let (B , ni , ••• , lit ) be a well-branched over-
ring o f  A .  Suppose dim B > 1  i f  i _s( t). Put C=B s ,  where S =B — U n,.
Then (C, n 1, •-• , n,) is a semi-local domain as in Proposition (1.2). W e have

B*=B(3),,A*=lim B/x 4 B=Iim  C/eCelim  /3./xnBo s „Cf) • • • EialimB1xna,,

-c*E031‘,,e-EDm i . Since A* is reduced, B*, C*, M .,( j>s) are all reduced.
Consequently, B is a  finite B. ) -module fo r any j ( >s )  (c f. [5 , (32 .2 )]). Since
C* is reduced and C(1)1 xC(n) is a  finite C-module (cf. THEOREM), C(n) is a  finite
C-module (cf. Proof of Proposition (3.1)).

Hence, to prove A  is a  finite A-module, it is sufficient to show  C(n) is  a
finite C(n)-module (cf. [4 , Lemma 1, p . 7 ], [5 , (8 .9 )]). Therefore, it is sufficient
to prove C(n)g,  is a  finite C(n) q,-module fo r any q' in  Ass (C(n)I xC(n)). We have
prof (C(n).,)>1 for any m axim al ideal n ' o f  C(n) by Proposition (1.2). Hence
q' nA =-q is non-maxmal in  A .  By assumption, Aq is a finite Ag-m odule. There-
fore, C(n)o,  is a  finite C(n)q,-module.

Remark (3.3) (3.3.1) In Propositions (3.1) and (3.2), we cannot weaken the
assumption "fo r any I) in  Ass (A /xA )" by "for a n y  in minimal Ass (A /xA )"
(cf. [1, Proposition 3.3]).
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(3.3.2) (Seydi) If  (A.)")=- n A, is a  finite A-m odule fo r  any maximal ideal
ht P=1
P C .

m o f  A , then we can weaken th e  assumption " fo r  any i n  Ass (A/xA)" in
Propositions (3.1) a n d  (3.2) by " fo r  any in m inim al Ass (A R A )" (Proof is
easy).
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