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§1. Introduction.

The motion for a compressible viscous, heat-conductive, isotropic Newtonian
fluid is described by the system of equations ([107, [11])

(L.1) p.=—(pu’)s,;

(1.2) uj=—wlul 4o (pul Ful eyt 07 (' ud )y — 07 P
. )

(1.3) 0,=(cp) (k0 )z ;— 10 ,—(cp) 0—80—1#33,-

(2 ) (aak A ud Yaik A ud )+ (e 0) (u )P,

where =0, x=(x,, xs, x)ER?,

o density (p>0), u=(u', u? u®): velocity,

@ : absolute temperature (0>0), p: pressure, f=(f!, f2, f*): outer force,

p: coefficient of viscosity (¢>0),

o'« second coefficient of viscosity (u'+2u/3=0),

£ : coefficient of heat conduction (x>0),

c: heat capacity at constant volume, and the subscripts ¢ and x;, i=1, 2, 3,
denote the partial differentiation with respect to the corresponding variable.
We use the summation convention here and in what follows.

The existence theorems of unique solution local in time for (1.1)-(1.3) are
obtained by Nash [14], Itaya [2, 3] for the initial value problem, and by Tani
[15] for the first initial-boundary value problem. On the other hand the ex-
istence theorem of global solutions in time for (1.1)-(1.3) is not known in
general. Recently some one-dimensional equations are investigated on the ex-
istence of global (in time) solutions by Kanel’ [6], Itaya [3, 4], Kazhikhov and
Shelukhin [8, 9]. More precisely, Kanel’ obtained the global solution for the
model equation

VZi=Ug
(1.4) {
ut:—P(v)x+#( 1‘:}-2 )I’ tgo; XER’
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with the initial data
(1.5) (v—v,, u)0, x)e H'(R)

for v,=constant>0. (See §2 for the notations of the function spaces.) It con-
tains the barotropic model in the Lagrangian coordinates: p=a?/v", r=constant
=1 and @, p: constant>0. Itaya obtained the global solution for the isothermal
gas model equation

{ pe=—(pu):

(1'6) 1 2, -1
Uy=pp Uzz—a’p 'p—ul,, t=0, xER,

¢, a: constant>0, with the general initial data

{ p(0, x)e '+,

1.7
u(0, x)e g+,

where 0< p,=<p(0, x)=<p,<oo, p,, p, are constants, 6 (0, 1) and u(0, x).€ L(R).
Moreover Kazhikhov and Shelukhin considered the initial-boundary value pro-
blem of (1.1)-(1.3) in the one space-dimension. They obtained the global solution
in t=0, x<[0, 1] for (1.1)-(1.3) under the same assumptions on gases as ours
(see the conditions (i) (ii) (iii) below) with the initial data

@8 { 0, g™, 0<p,=p(0, 1)=p.<oo

u(0, x), 000, x)e s+, x<[0, 17,
where p,, p, are constants, 0 <(0, 1), and with the boundary data
1.9 u(t, 0)=u(t, 1)=0(t, 0)=0,(t, 1)=0, t=0.

For the initial value problem of (1.1)-(1.3) the global (in time) solution is
not known even in the one space-dimension. In the present paper we consider
the initial value problem (1.1)-(1.3) in the three space-dimensions. We assume
the following conditions on (1.1)-(1.3).

(i) The gas is ideal: p=Rpf, R=constant>0.

(ii) The gas is polytropic: e=c#, where ¢ denotes the internal energy and
¢ is a constant which denotes the specific heat at constant volume. Then the
equation of state for the gas is

7

r—1 R

where a is a constant >0, 7 is the ratio of specific heats =1 and S is the

. . _
(1.10) e= —a—(p"‘ exp 1 S)+constant ,

entropy. We have 0=es, p=p’e, and CZTTI'

(iii) g, ¢’ and k are positive constants and f!=0, i=1, 2, 3. We treat more
general fluids in the subsequent paper. We suppose that the initial data

(1.11) (p, u, 6)O, x), xER?
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are given as
(1.12) p0, X)—po, w0, x), 60, x)—6,€ H*R®)

and that their norms are small in the space H*(R®), where p,, 0, are positive
constants. Then we show that the solution of the initial value problem (1.1)-
(1.3) with (1.11) exists uniquely globally in time and that it is a classical
solution for ¢>0 and decays:

(1'13) (P’ u, 0)(t7 x) -_—> (Po: 01 00) as t—>o00.

We use the energy method for the proof. cf. [6], [12]. Last we remark that
our method also applies to the compressible Navier-Stokes equation for the
ideal isentropic fluid, where the equation of state of gas is the following:

(1.14) p=2p(p), p'(p)>0 for p>0 and S=constant.

In particular, the case y=1 of (1.10) can be treated in this way. The first
energy form for this model gas may be the following:

(L15) EXp, =(1+0)| {0 do—pp) 5 U+t

in particular, for y=1
1 -
(1.16) E%p, wy=a*{(1+p)log 1+p)—p}+ 5 (I+pjutu’.

Compare these with E%p, u, s) in (2.19). We omit the argument for these cases.

§2. Notations and Basic Lemmas.

If we change the unknown variables p—> po(l—l-p), 6— 60,(1+6) in (1.1)-(1.3)
under assumptions (i)-(iii) and regard ppg?, ¢’ ps?, RO, £0,05" as p, ¢/, R, £ res-
pectively, we may consider the following system of equations:

@1 petu oz A1+ p)uk ;=0
(2.2) ui— lflt-p T #1:# Uy,

= —wul RO, —R }j:" pe=gl, =123
23) b +1£) O ey=— w0, —(r—1)(1+0)u%,

r— ’ 2y H
R gy (O it )} =,

Our problem is to seek the solution (2.1)-(2.3) such that |pl, |ul, [8]<1

globally in time, when the initial data are given in a small neighbourhood of
(0, u, )=(0, 0, 0).
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Definition 2.1.
(i) L,(1=<p<o0): the Lebesgue space of measurable functions on R*® whose
p-th powers are integrable with the norm

@4) 10, =(] | ) 7dx) 7.

For p=2, we simply write ||-||.

(ii) 4®*(k=0, 1, 2, ---): the Banach space of bounded continuous functions
on R? such that all their partial derivatives of order <k exist and are bounded
continuous with the norm

»

25) lss= %, sup| (-5 )70

3
where a=(a,, a,, a;), |a|= 2 a; and
st

(-aax—)“f=a'm /X8 x520 x50 .

(iil) @**(k=0,1, 2, -+, 0<e<1): the Holder space of B*functions such
that their partial derivatives of order k are uniformly Holder continuous (ex-
ponent ¢) with the norm

(o) F0—(-3,) 19)

(2.6) 1fllge+e=Ifllge+ > sup -
lai=k RS [x—y]
(iv) Let f=(f'(x), f%x), =, fA(x).
Denote
@7 Dkf:((—:;)“ff, lal=k, =12, n),

which is a vector composed of all k-th partial derivatives. D*f-D*g denotes
the usual inner product of D*f and D*g.

(2.8) | D*f|=(D*f - D*f)V2.

(v) HY(=0, 1,2, ---): the Sobolev space on R? of L,-functions whose partial
derivatives up to [-th order are also L,-functions, with the norm

@9) Il=( 2 (1041,

We note two lemmas playing an important role in the paper.

Lemma 2.2. Let x€R:.
(i) If fix)eH?, then fEeB° for any c<€(0, 1/2) and

(2.10) 1/ gs =ClIf1l
@ii) If fx)eH!', then fe L, for any pE[2, 6] and
(2.11) I/, =Clifly -
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Lemma 2.3. Suppose g(x)= B and f(x)€ L,. Set for i=1, 2, 3

(2.12) Co=(gfz,)—&(Ps*/f=,) »

where ¢sx denotes the Friedrichs’ mollifier with respect to x. We have
(2.13) ICSI=CIAI,

(2.14) ICi| —>0 as 6 —>0.

As for the proofs, see [13] for example. By Lemma 2.2 we obtain estimates
for the terms on the right hand side of equations (2.2) (2.3).

Lemma 2.4. Suppose (p, u, ) H' for I=2 or 3 and —1<p,=p(x) for some
constant p,. Consider the functions

&4 p, u, O)=—uul,—RO.,, i=1,2,3

i i 146 .
(2.15) g'=g'—R——]— o 0z, 1=1,2,3

h(Py u, 0)5 - ujﬁzj_(r— 1)(1"‘0)1&&-]

RGr—1)
I+p

Then it holds for m=0, 1, ---, |—1
&l m=CA+Nulla)l D(u, O~

[

2lln=C1+llp, u, Ol I D(p, u, Olli-1,

+ (i B Gt bl )t )

(2.16) | =ca+lo, . 611D, u, O)li-,

where C is a constant depending on p,. Furthermore suppose (p, u, 0), (o’, u’, 0)
€ H?® Then it holds

”gt(P; u, 0)_gi(p/y u’y 0’)”1 ’ "h(pr u, 0)_h(P,- u,: 0’)”1

2.17)
=C(+Np, u, Ol +lp’, v, 01 lo—p’, u—u’, 0—6|,.
Set
(2.18) s=(1+4+0)/(1+p) ' —

which is a function of the entropy by (1.10). Define a function E°p, u, s) for
o, u=(u', u?, u®) and s by

E%p, u, 9= 2+ —1=7o)1+9)

(2.19)

+%(1+p)u"u"+RSP+ Sy 1+e)s?,

2(r—1)
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which will be used in the first energy form in §6 on the base of following
lemma.

Lemma 2.5. There exist constants p,>0, (p:=1/2) and C,, C,(0<C,=C,<0)
such that E° is positive definite, 1. e.,
(2.20) P U+ SCESCp w405 for |pl=<p,,
where p,, C,, C; depend on y>1.

Proof First we note that for |p|=<1/2

@.21) mgs(g)“""(szﬂr_ 1),

Next by the mean value theorem we have

R TR TR(—2) -
—_— -1 — — - .2 e Lt A} 8
1 (A+pY —1=7p)= "5 p*+ =57 p"A+Ep)
for some £<(0, 1).
Therefore when |p|=1/2, (2.19) has the estimate
2

7 s
E'zR{g o' tost gy

—2 —2
. T|76 | 2|r—s|lp|3_(%p2+_rlr6 |_2,,_3||pls)|s|

e
2G—1) 'P's}+4““

2.22) 2 X (1= FIZ2 a1 —-1/2)
(0521
st 20l N
vyl G ey R e

s2

R |
> 2 - iy P8 1
=50+ T—Dr—1/2) Jam et
provided |p| < p:=p:(7).
Inequalities (2.21) (2.22) give the first one in (2.20). The second inequality
of (2.20) is trivial for |p|=1/2. This completes the proof of Lemma 2.5.

The spaces of the solution are the following.

Definition 2.6. Let B be a Banach space, £ be a non-negative integer and
T be some positive constant. C*¥(0, T; B) (respectively L:(0, T; B)): the
Banach space of functions f(¢) on [0, 7] which have the values in B for every
fixed t<[0, T] and are k-times continuously (respectively boundedly) differen-
tiable with respect to t<[0, T] in B-topology. L,(0, T; B): the Banach space
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of functions f(¢) on [0, T] which have the values in B for [0, T] and square
summable with respect to t<[0, T] in B-topology.

Definition 2.7. For £=2, 3 and (=0, 1, 2, 3
(2.23) &0, T; H)={(p, u, 0):
o(t, x)ec*0, T; H)NC'©O, T; H* "),
ul(t, x), 0(t, x)ec*0, T; HY)NC'©, T; H*?),
i=1, 2, 3}
(2.24) L0, T; HO)={(p, u, 0):
ot, x)€ L%, T; H)NLLO, T; H* ),
u'(t, x), 0(¢, x)€ LL0, T; HHYNLLO, T; H*?),
i=1, 2, 3}

Denote
(e, . OXDIE= ] oI+ I+ 10z
where Juli= 3% u|.

Last we note that the solution for (2.1)-(2.3) global in time is sought in
&0, co; H®) so small that it satisfies for =0

2.25) ICo, u, )l =e,

where ¢>0 is a constant such that (2.25) implies |p(f, x)|=<p, where p, is
defined in Lemma 2.5. This is because we will use the fcnction E° in the first
energy form for a priori estimate. The existence of ¢>0 is a trivial conse-
quence of Lemma 2.2. Although the local solution [14] [2] is obtained in the
Holder-continuous space, for our purpose we reconstruct it belonging to
&, T; H?®) for some T>0 in §3-§5.

§3. Energy Estimates for Linearized Equation.

We establish some basic energy estimates for the linearized equation of
(2.1)-(2.3) at (p, v):

@RD Lo, W=p+vips;+A+n)ud =1,

3.2) L= = il e me, =L23,
_p k(=1 _

3.9 (O=0— R Oepe =t

where p=7x(¢, x), v=0"'(¢, x), v¥t, x), v¥(t, x)), f=f(t, x), g=(g'(t, x), g¥¢, x),
g%t, x)) and h=h(t, x) are given functions. When we regard the term (1-+7)u? 5
in (3.1) as known by use of the solution of (3.2)-(3.3), we consider the following
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simple equation
(3.4) Lv(P)EPt+ijzj:fo ’

where f'=f°(t, x) is a known function.
First we prepare some estimates for the commutators of the operators
@3.1), -+, (3, 4), D™, m=1, 2, ---, and mollifiers, which will be used later.

Lemma 3.1. Let (p, v)(t)e LY, T; H®) for some T>0 and —1< p,<7(¢, x)
for some constant p,. Put

E=max{ sup [[p(t)lls, sup [[v(t)lis}.
0stsT 0stsT

Suppose (p, u, O)(t)e L0, T; HY) for I=2 or 3. Then we have the following
estimates (i)-(iii) for every t€[0, T]and for any m=<Il—1, where C=C(p,, E)<oo
is a constant.

(i) For any m, 0Em=<[—1

D™ L ()= L D™ o)+ D™** Lo(p)— Lo(D™** o)
=CE|Dp|n
(3.5) D™ L3..(p, w)—L3.(D™p, D™ )|
+ID™ Ly, w)—La(D™* p, D™= u)]
=CE|ID(p, w)llm

For any m, 1=m=<l-1
D™ Li(u)— LY D™ w)| <CE| Dulln, i=12,3.

(3.6)
D™ Ly0)— L DmO)I =CE| Db n

(ii) For any m, 0<m<Zl—1

gs* Lo(p)— Lo(@s* llms1=Cllpllm+1,

[gox Lo(0)— Lo(@s* P)lmsr —>0 as 6—>0,

ligs* L3, «(o, w)— L3 s*p, ps*Wlmr:=Cllp, ullms1,

Igs* L3, o, W) — Ly o@sxp, $s*Wllmss—>0 as 6—>0,
[ go* Li(w)— Lips* w)ln <Cll Dl ,

@o* Ly(u)— Li(ps* )| —> 0 as 6—>0, i=1,2,3,
lsx L3O)— L(ps%O)llm =CI DOl ,

s L(0)— Li(@s#)|m —> 0 as 6 —>0.

3.7

(iii) Further we suppose that (p, u,0) € L0, T; H?) and (y’, V) e
L3O, T; H®) with —1<p,=75'(t, x). Then we have for a constant C=C(p,)
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IL3.{p, w)— Ly (0, w)l.

< ot oy

=C(o§gspr ICo, WDl —25", v—2"|l;
| Li{w)— Ly ()l

§C(0§tllspr lulMy—5"1., i=1,2,3,
| L¥@)— L4 (D)

éC(OggspT 16O n—ne.

(3.8)

Proof. (i) We show the inequality only for L} with /=3, m=2.
others are proved in the same way. Compute

{Ly(w)} 22— LUz y2,)
=(1+9) "9z 2, (sl o (et p 0%,z )
=201+ 702 P2t ja (e pub 2 )
+A+9) 200 (pus oo, H et )02 52,)
+A+9) 200 (Ll o joy H e+ U 2 j2,)
=A'"-2A4 AL+ Al
By Lemma 2.2 we can estimate each term as follows:

2pu+p’
1| <

<CE|Dull,,

2u+-p
| Az < O”Tp“)—
<CE*|Dul,
2utp
CEPHE
<CE|Dul,.

19 gl o 2882 1)

172 el 72 l2Cll 2k 2 5+ k2 1)

I A%l =

172 loCll 45 ;2 s | 1105 2 52 1)

Therefore noting D% =(0%//0x,0x,, 1=k, n<3), we arrive at
| D? Liu)— Ly D*w)| <CE| Dul.,

where C=C(p,, E, p, p’)<oo is a constant.
(ii) We prove it only for L} with [=3, m=2.

{po* Lo(u)— Li@sx w} 24z,
=[ds* Ltz 2,)— Li@s* Uzy2,)]
HH{Lu—@oxw} 24z, — Ly({u—Po* u} 2,2,)]
+ds* (LA )2z, — LiUzy2,)} — LUz 2 — Lif(Uz y2,)} ]

75

The
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=B+ B3+ B}.

Noting that €8' and Uzyz,:,€ L., we have by use of Lemma 2.3

1
1+7

1 . 1 .
I B é#“%*‘l_f_—v(u}k:nz,)zj— '_1:_7¢5*(u:bkzn:vj)zj

] [ SR ST R
=Clluls,
IB5 — 0 as 6 —0.
By (i) above and by the property of mollifier we have
| B3l <Cllu—gsxulls=2Cllull;,

IBi| —0 as 6 —0
In the same way

I B3I CIH{ L)} 22— L1z,
=Clluls,
B —0 as 6 —0.

(iii) We prove it for Lj(u) only.

{Ly(u)— L5 (W)} =,

, 1 ) 1\,
_(,U_l_# )( 1+v _1__1_7) r,,.z‘] (ﬂ‘l‘ﬂ )( 1+7] "1+ '77, )u’;:kxixj
=p A p AR () A () A*

We can estimate each term as follows:

lan=|(

1 1 N\,
(1+7])z VE (1+7]/)2 7]1—,,)“::;1;‘

S| e 70 e

+

1 1
Ty T )
<CIl D=9 )l D*ul+Cllp—7"l goll Du]
<Clip—7'lalulls.

1421 =Clly =7/l gollula =Clly—7’ Nl ully -

In the same way we have
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[ A%+ A =Cllp—nllluls.
This completes the proof of Lemma 3.1.

Lemma 3.2. Suppose v(t)e L%0, T; H*) for some T>0. Let p(t)e
LY, T; HYNLLO, T ; H Y and fo(t)e LY, T ; HY) satisfy the equation (3.4)
for I=1, 2 or 3. Then there exists a constant C(independent of t)<co such that
the following energy estimates hold for [=1, 2 or 3 respectively.

(39) o= e pON+ { el Flud ),

where E= sup [[v(t)];.
ostsT

Proof. Consider ps(t)=¢s*p(t), where ¢;* is the Friedrichs mollifier with
respect to x, which belongs to C°(0, T ; H*Y)N\CW0, T ; HY). Applying ¢s* to
Lp), we have

(3.10) L{ps)=¢s*f°+Cs,
where
Cs= L(@s%p)—@s* Lo(p) .
Apply D to (3.10). Then we have
(3.11) L{(Dps)=LDps)—DLps)+¢s+Df°+DCs.

Multiply ps to (3.10). Take the inner product of (3.11) and Dp;. Adding them
and integrating it with respect to x, we have

(3.12) losOD . Z2{CEl ps A1 f3ILA-IC5ll 3 sl
Integration of (3.12) in t<[0, T] gives

loa( D)= eCE | ,05(0)||1+S:e_CE:("f%(T)”H-”Ca(?-')” )dz}.

By Lemma 3.1 as § — 0, we obtain

(3.13) Ilp(t)llée”‘{llp(O)Ill+S:e‘”’llﬂ(r)llldr}-
For /=2 apply D? to (3.10)
(3.14) L(D?ps)=¢s* D*f°+D*Cs+ L(D?05)— D*L(p5) «

Taking the inner product of (3.14) and D?p; and integrating it in x we obtain
by Lemma 3.1

(3.15) D205} =2{CE| D*ps(t)|+ I D*f§I +1 D°Cs|l
+CE|Dps() } 1 D*ps(t)] .
Addition of (3.15) to (3.12) gives
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(3.16) U =2CEl ps( Dl f3l 2+ ICsI N ps(E)2 -

Thus we have by use of Lemma 3.1 as 6 — 0
3.17) lo(Oll.= e (Il p(0)llo+ S:e'“‘”llf"(r)llzdr) .
For /=3 apply D* to (3.10).

L(D*ps)=gs* D*f°+D°Cs+ L(D’ps)—D* L (p5) .
By Lemma 3.1 in the same way as above we have

(ID*ps(). Z2(CEID* o)+ D*f 311+ | D*Csl
+CElDpsll2)| D*psll .

Add this to (3.16), integrate it in t=[0, T]. We obtain as d — 0

t

I p(t)llaée“”(llp(o)lla-l-Soe “E foD)lsd7)

where C is a constant independent of E, ¢.
This completes the proof of Lemma 3.2.

Proposition 8.3. Let 5(¢)e L%0, T; H®) for some T>0and —1<p,=7(¢, x)
for some constant p,. Put E= sup, Ilpls.  If for =2 or 3, (u, O)1)e

Lo%0, T; HHYNLLO, T : H?) and g(t), h(t)e LY, T ; H'™Y) satisfy the equation
(3.2) (3.3), then there exist constants v>0, C<oco (independent of t) such that
(u, O)(t)e L,(0, T; H'*') and has the estimates:

(3.18) I, XD+ 1 DGw, Y@z
=B (| (u, OO+ Ig, @I,
(319) 1D*, XD 45 1D, O de
<1D*w, YOI+ (g, MYl 1ds
+CE* [ 1D(w, O)@)li-1de

(3.20) < CE(| D*(u, 0)(0)||2+CS:|I(g, RY@)]3-1d7)
for any k, 1=k

Proof. (3.18) is easy to see. Multiplying u, 6 to (3.2) (3.3) and integrating
it in x€R? we have
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l 2 © i o0 /1+/1, _ICO’ 1
31, X1+ (i At it (00 2,

ey
={(t (T gy T (e Tt

4 D

i,,1
Ry - A e )

ol e g KD
_aS T4y ug Uy i+ — R(iF7 )0,]19,]

+Co(1+EN(u, )OI+ gD+ ADI*

for any a>0. Thus after integration in t<[0, T], we get

I, 6XOI*+> |1 D(w, O)e)1de

<eee = (|G, OO+ | (8@ I+ IR@IDd),

where v depends on g, £, ¥ and p, but not on ¢.

In order to obtain (3.19) (3.20), we first prove them for k=1 under which
(u, )€ L%0, T; H*** and g, heC(0, T; H*). Multiply —Au® to (3.2) and —Af
to (3.3). We compute each term as follows:

S(Aui-gi+A0-h)dx§a( > lAut|2+A011%)+ %(Ilgllz—l-llhllz)
for any a>0.

— SAui~ Li(u)+A8- LY@)d x

= 510G, oI +{ £

Au u,],j

#+ﬂ x(r 1
+ Aut- .r,,z]+ R(1+7]) - Af- 01,1_,

2 (IID(u OO +2vo(lAu(D) >+ [1A6(H)1)

0 =

ptp i
+S 1+ Au'ul,dx.

The last term has the estimate

S 1-}-77 Aut. “4irjdx:S(Qle])2_n’i”;k’k"£’f

1 .
_m-u;kxkziugj)dx

— 1 7 a0 1 7o
- <_z_ NaUejUrpz,y™ 777 N2 DaploUzpa;
(1+7) (I47)
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1
1+9

= —afAull’—C.E*| Dul*®

+

ugk,iuéjxk)dx

for any a>0.
Thus after integration in ¢t we get the estimate for (u, ) L%0, T ; H)N
LL(0, T; HY) satisfying (3.2) (3.3)

1DG, OO+ [ 1D, )l

<|D(u, 0><0>1|2+CE2§‘||Du(z)ﬂzdz
3.21) 0

+C{ 1g@ I+ Ih@) e

= D(w, OYOI*+C | 1g@I*+Ih@)*de

This holds also for (u, ) L%, T ; H)NLLO, T ; H') satisfying (3.2) (3.3).
In fact it is proved by use of Friedrichs mollifier. Let (u;, 05)=(@s*u, @s%6)
for (u, )€ LLO, T; HYNLLO, T; H'®). Apply ¢s* to (3.2) (3.3)

Li(us)=¢sxg'+Cs, i=1,2,3

(3.22) {
Ly0s)=¢s* h+C},

where
{ Cs= Li(us)—¢s* Liu)
$= Li(0s)— pa* L3(0) .

Moreover apply D™, 1=m=l, to (3.22). We obtain the system for m, 1<m<l!

Ly D™us)=¢sxD™g'+D"Co+M§™,  i=1,2,3,
(3.23)

W D™05)=¢s* D™ h+D"Ci-+Mjs™,
where
{ Mim= Ly(D™us)— D™ Ly(us)
M§m=Ly(D™85)— D™ Ly(65) .
Here we can apply the inequality (3.21) to D™(us;, 65) in (3.22), (3.23)(m=0, 1, ---,

[—1 recursively) to obtain (3.19) (3.20) for k=m+1. In fact for k=1 we get
from (3.22) (3.21)

1 DCus, XD+ 1D*(us, 8@z
< 1D(us, 0O +CE* | | Dus(o)|d

+C{ (g5, h@I+ 3 ICHIdz
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As 6 — 0, by Lemma 3.1 we get

DG, OO+ 1D, @Iz
(324) <0G, OOI+CE* [ IDu@Pdz +C{ I(g, M@ Iz

<e=(| DG, OO+ I(g, D@I*d7).
For k=2 we get from (3.21) and (3.23) m=1

1D*us, 62+ 1D Cus, (DI d
<ID%us, OO +CE* || Dust) e

+C{ I1D(gs, ha)I™+ 35 1 DCHI*+1 My Ide

Noting that |M3™|<CE|D(us, 65)|. by Lemma 3.1, we have by Lemma 3.1 as
the limit § —0

1D, )OI+ |1 DY, O]
(3:25) <D, OO I+CE | | D, 0))I*

+1D(w, )N *dz+C | 1D, M@z

Estimates (3.19) (3.20) for k=2 follow from (3.24) (3.25). For k=3 we have
from (3.21) and (3.23) m=2 in the same way

1 D%us, B+ | D(ua, Oz
<1 D%(us, BON*+CE* [ I D¥(us, 091 *dx
+C{ 1D%gs, @I+ 2 IDChP+ M5

As 0 — 0 by Lemma 3.1 we obtain

10w, XD+ 1 DCu, @) 1dz

(3.26) <D, OXOI*+CE* | D'(u, O))I*
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+IDG, )@ lde+C {1 De, Yl
Thus (3.19) (3.20) for k=2 and (3.26) give (3.19) (3.20) for k=3.
This completes the proof of Proposition 3.3.

Proposition 3.4. Suppose (n, v)(t)€ L%0, T ; H®) for some T >0 and —1<p,
<u(t, x) for some constant p,. Let f(t)e L%0, T ; H") and g(t), h(1)e LL0, T ;
H'vY) for 1=2 or 3. Let (p, u, 0) (1) L0, T ; H') satisfy the system (3.1)~(3.3).
Then there exist constant vy>0, C<oo such that (u, 0)(t)E L0, T ; H'™*') and for
any t<[0, T]

o, », 0D, (o] 1D, O)lidz)”
327 <o (o, u, YO+ 1f@lde

+(cfite, mote-az) "}

Proof. 1t follows from Lemma 3.2 and Proposition 3.3. In fact we note
for £=0,1, 2, 3

[1r@ade<f 1 @I+Ia+mus lade
<[ 1/@ls+C+ Bl Dullyde

<[ W@ hde+ca+Byers(( Dutzar) .
° [1]
By use of (3.9) and (3.18), (3.20), k=1, -+, [, we obtain

I, w, XDl e 1o+ [ 17Dz
+CA+EY e (|, OYONC [ g, M@ IE-do):
+lte, YO+ e, M)}

ecesm (o, u, YO)1+{ | F@lhdz

+(cllIe. mear) "} .
Also by (3.18) (3.20) we have

»{ 1D, Ol

<o (|(u, OOI1+C| (g, WEi-d).
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This completes the proof of Proposition 3.4.

§4. Solution of Linearized Equation.

We solve the initial value problem for the linearized equation (3.1)-(3.3).

@1 LYo, w)=pitvips 1+l =1,
: . . + : .

(4'2) Ll(u)Eui_Ti?u;?ilj_ ;;I.l_|_f7l u‘(til‘j:gl s l:1; 27 3}

43) L)=0,——T=D g,

“R(+7)
where it is supposed that for some 7 >0
(7, v)(t)éC“(O, T; H®), —1<p,=7n for some constant p,,
44) f(Hec©, T; HY)
g(t)=(g', g% g"(1), n(H)eC’(0, T ; H?).
The initial data are given by
(4.5) (p, u, O)0)eH?®.

First instead of (4.1) we solve the initial value problem for the simple
hyperbolic equation

(46) Lp)=pA+vpa =,

where v and f°=f—(1+n)u%; are considered as known functions of ¢ and .
The initial data are given by

4.7 p(OeH! for [=1or 2.

Proposition 4.1. Let v(1)eC*0, T; H?), f(t)eC’0, T; HY) and p(0)e H!
for =1 or 2 and some T >0. Then the initial value problem (4.6) (4.7) has a
unique solution

4.8) o0, T; HYNC'O, T; H'™Y),

which satisfies the energy inequality:

49) lol=e= (1ol +{ eo% 1@l dz),

where
E= sup [[v(t)ll;
0stsT

and C is a constant independent of t.

Proof. If we note v(t)eC’©, T ; H)CC'O, T ; 8**7),0<0<1/2, the theorem
for /=1 is well known by the theory of hyperbolic equation. (cf. for example
[77, [13]) For /=2 we differentiate the equation (4.6) with respect to x.
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L(pz)=1%+v%pe,

{ 02,0, x)=p(0).,, i=1,2,3.

If we note the inequality

(4.11) /% +v%,02, 1,1 Df1+Clvllsl Dol ,

the initial value problem (4.10) is solved by the iteration:

pQ(t, ©)=p0)z;, i=1,2,3

(4.10)

and p(t, x), i=1, 2, 3, m=1, 2, 3, ---, is the solution, belonging to c°(0, T'; H"),
of the problem
{ Lo )=ty
pe(0, 0=p0);,, i=1,2,3.
We have the estimates for the approximation Dp™.
D)L, =1DpO),,
IDp®(t)]:=e® (I Dp0)],

+(\ (o= U Dr @)l +CEe-o=| Dp()I )z

<o (| Dp(O)l+ eI DF@]Ld)
Noting for m=1, 2, 3, ---.
L(pStP—pd)=v% (& — o557 "), 1=1,2,3,
we have by Lemma 3.2

||Dp“"“>(t)—Dp<"‘>(t)||éec’“s e “FICE| Dp™ (z)—Dp ™ ()l d7,

t
0

IIA

o 2eor CEY ([ [ e m Do) Do Em)ldem - dy

tfry
0Jo

<oom CEO oy Do)l + oo Do) )
Hence there exists for i=1, 2, 3

lim p(1)=p (€0, T; HY),

which is the unique solution of (4.10), and so the solution p(¢)eC0, T ; H*)N
cY¥0, T; HY) for the initial value problem (4.6) (4.7) is obtained. By Lemma 3.2
the solution p(¢) satisfles the energy estimate (4.9), /[=2. This completes the
proof of Proposition 4.1.

Next we solve the initial value problem for (4.2) (4.3).

Proposition 4.2. Suppose n(t)eC(, T ; H®) for some T >0 and —1<p,=7
for some constant p,. Let g(t), h(t)eC0, T ; H'™') and the initial data (u, 6)(0)
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€H! for =2 or 3. Then the initial value problem (4.2) (4.3) has a unique solu-
tion (u, 0)(t)eC0, T ; HYNCYO, T ; H'"?), which satisfies the energy estimates:

I, X+ 1D, )tz
4.12)

t
= ([ 0)(0)Il%’+CSOII(g, h)(2)2-1d7),
where v>0 and C=C(p,)< oo are constants independent of t, E, and E:osélt]sprl|77(t)lla’

Proof. By the assumption on %(¢) in Proposition 4.2, Equation (4.2) (4.3)
may be considered an evolution equation. If g(¢), A(t)eC’0, T ; H?) and the
initial data (u, 6)(0)e H?, then the initial value problem for (4.2) (4.3) is solved
by the abstract theory of linear evolution equation (cf. [7] for example). The
solution (u, 6)(¢) belongs to C°0, T ; H)NCY 0, T ; L?. In order to weaken the
hypothesis on (g, h)(#) to (g, h)(t)eC’©, T; H'), we use the parabolicity of
Equation (4.2) (4.3) and the energy estimates in Proposition 3.3. Let us consider
the solution (u;, ;)(¢) for the initial value problem

Li(us)=g¢;*g'=gseC’(0, T; H"), i=1,2,3,
(4.13) L*65)=¢s+h=h;€C’0, T ; H),
(15, 05)0)=(u, O)0)eH?,

where ¢;* denotes the Friedrichs mollifier with respect to x. By Proposition
4.2 already proved, (4.13) has a unigue solution

(us, O:)X(1)eC0, T; HHYNCYO, T5 L¥).

Further, using Proposition 3.3 for (u;—us, 6;—05), the following energy ine-
quality holds for any 4, ¢’ >0:

sz, 85— B XD+ | I Dlta— s, 05—05)@)3dz

<Ceo 5| |(gs—ga, ha—ha)lidz .

Tending ¢ to zero, we have a solution (u, 8) (¢) of (4.2) (4.3) for (g, h) (1)e
C°0, T ; H') such that by Proposition 3.3.

(u, )()ECO, T ; HHNCHO, T; LINLLO, T; H?,
t
2 2
4.14) I, XD+ 1 D, )3z
t
< eI (u, O)O)3+C| (g, WD)
The uniqueness follows from the energy inequality (4.14) immediately.

Last we can get Proposition 4.2 for /=3 as follows: Differentiate (4.2) (4.3)
with respect to x;, k=1, 2, 3.
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] L¥(ur)=gh,+ (IT”W);M@;)E,.

(4.15) l +(’f+f7‘)2m,,(ufx,.)xizgu . i=1,2 3.
£(r—1) _
L4(0zk)=h—zk+ (ij)zjzhk ’

Ry e
(uz,, 0z, )0€H*, i, k=123,
We note that if u,,(+)eC%0, T ; H?), then the right hand side of (4.15)
gt (), h*(t)ec(0, T; HY, i, k=12, 3.

Therefore we can solve (4.15) by the iteration as in the proof of the latter
part of Proposition 4.1, when each approximate solution of the iteration is
given by the former part of Proposition 4.2 for /[=2. Hence as the limit of
iteration we have

ug (EC0, T; HHYNC'O, T; LY, k=L2,3,

which implies
u(t)ec0, T ; HYNCYX0, T ; HY).

Proposition 3.3 gives the energy inequality (4.12) for /=3 and the fact
(u, OXt)E L0, T ; H*).
This completes the proof of Proposition 4.2.

Now we can combine Proposition 4.1 and 4.2 to get the solution of the
initial value problem for the linearized equation (4.1)-(4.3).

Proposition 4.3. Suppose (y, v)(1)eC’(0, T ; H*) for some T >0 and —1<p,
=7 with some constant p,. Let f(+)eC0, T ; H?) and g(1), h(t)ec(0, T ; HY).
Consider the initial value problem (4.1)-(4.3) with the initial data

(4.16) (p, u, OHO0)esH*.
Then the problem (4.1)-(4.3), (4.16) has a unique solution
(4.17) (o, u, O)1)€0, T ; H?)

which satisfies
(u, O)(t)e L0, T ; H®)
and for any t<[0, T]
o, w, OXOll, & 1D, O)XD) 2o
(4.18) =B (1o, u, YO+ |17z

+C{ Itg, W@lide)",
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where v>0 and C<oo are constants independent of t and
E=max{sup lIn()lls, sup llv(t)ls}.
ostsT 0stsT

Proof. For any 6>0, let (ps us 05)(t) be the solution of

L%ps, us)=f
4.19) Lius)=¢;*g'=g}, 1=1,2,3
LY =¢sxh=hs;,
0)=0(0
(420) | ps0)=p(0)
(us, 05)0)=(gps*u(0), 5*6(0))

Since g5, hs<sC%0, T ; H®) and (us 6;)(0)= H®, Proposition 4.2 implies that

(us, 05)(1)EC0, T ; HYNCYO0, T ; HY)
and
FO—A+n)ub . (HECO, T; HY).

Thus Proposition 4.1 gives
ps()eC0, T; HHYNC'O, T ; HY).

Further by Proposition 3.4 for the difference of solutions for any 4, 6’>0, we
have the estimate for any t<[0, T]

ICos— por, ws—us, 05—05 )l
s 1 DGus— ., 05—05 )@ 3oy
SeCA+E || (us—ug, G5—05)0),

+(C{ gs—gs, ha—ha)Dlide) .

Since
{ (us—us, 5—05)O)l; —> 0

sup [(gs—&s, hs—hs ), —= 0
0stsT

as 0, 0’ — 0 in (4.21), we have the solution (p, u, 6)(¢) for (4.1)-(4.3), (4.16) as
the limit §—0, which satisfies (4.17). The estimate (4.18) follows from Proposi-
tion 34. The uniqueness follows from (4.18). This completes the proof of
Proposition 4.3.

We are ready to prove the existence of solution in &0, T; H®) for any
T >0 of the initial value problem (4.1)-(4.3), (4.5).

Theorem 4.4. Suppose (y, v)(t)EC0, T ; H®) for some T >0 and —1<p, <7
for some constant p,, (g, h)(t)eC0, T ; H?) and the initial data (p, u, 6)0)s H?.
Then the initial value problem (4.1)-(4.3), (4.5) has a uniqu solution
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(p, u, O)(t)ee©, T ; H?
such that
(u, () L0, T; HY

and it satisfies the energy estimate:
For any t€[0, T]

Ko, w, XDl & 1D, @Iy
4.22) ,
=75 (1o, w, YO+ (C] (g, WE3de)),

where v>0, C< oo are constants independent of t and E= SLtIpT”(ﬂ, (D)
0sts
Proof. Differentiate (4.1)-(4.3) with respect to x,, £=1, 2, 3 and put f=0.
LO(PI;Z, uzk):U;kpzj‘*'ﬁxkua‘jEfk ’

Li(uzk)zgi‘k—i_—(—l_ﬁvjvzk(uij)zj
4.23 A N
( . ) + (1+77)2 ﬂzk(u.rj).r,;—g 2 1 ’ ’ >

—1
L4(0zk):h.rk+ngt—_*_’?))z—)?.tk(axj)szhk s

(szy uzk, ﬁzk)(O)EHz) k:]-’ 2: 3'
If we note
I *1.=CEIDCo, Wl gy, 12*:=CEID(u, O)llo+lg, All.,

we can solve this problem in &(0, T ; H?) by the iteration using Proposition 4.3
in the same way as the latter part of Proposition 4.1. Thus we have a solu-
tion (p, u, 0)€&(0, T ; H®) such that (u, ) L,(0, T; H*). The energy estimate
and the uniqueness are consequences of Proposition 3.4. This completes the
proof of Theorem 4.4.

§5. Local Solution for Nonlinear Equation.

In order to obtain the solution of the initial value problem for the nonlinear
equation (2.1)-(2.3) belonging to &0, T'; H®) for some 7 >0 and satisfying —1
<p(t, x), we construct the approximate sequence

{(o, u, O)n(t)=(pn, tn, )¢, )} 7=
as follows:

6.1 (o, u, ):=(p, u, O)O)EH*, n=3,
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Lgn-l.un-l(.ou: un)=0
LG-l(un)z—u{l—lufl-l,zj_Rﬁn-l.xi

140,
R 1+Pu-1

6.2) $0rOn)=—1 1001, 2~ —DA+00 )W),

=1
R(1+Pn—1)

Pn-l,ziEg;-ly l:]-; 2: 3

+ (L L CE R S

'(ujn-l.zi—'_ufz—l,J:j)}Ehn—l.' n:4y 5; 6: Tt

with the initial data

(5.3) (o, u, Da(0)=(p, u, O)O0)=H*,
which satisfies

(54) —1<,i£,fsp(0’ x).
Define

{ E=2|(p, u, )O)[;<co
(5.5)

p1=(—1+inf p(0, x))/2>—1.
Lemma 5.1. If T is suitably small, we have for all n=3
(5.6) (p, u, (t)ee©, T; HY),

which satisfy for any t<[0, T]

(6.7 [Co, u, )n(t)lls, (DSZIID(un, 0.)D)l3dr)'"*<E,
and
(58 —1<p,=pa(t, 1)

Proof. 1t is trivial for n=3 by (5.5). Suppose (p, u, 0),(t), k=3, 4, ---, n—1,
satisfy (5.6) (5.7) (5.8). Then by Theorem 4.4 we have

(p, u, O()ee©, T ; H?)
and for E defined by (5.5) and appeared in (5.7) it satisfies for any t<[0, T]

o, w, DDl O 1D, D@l
=05 (p, w, OO s+C| 1(gn-1hn-XOl3d2) 2}

éecuw)zt{g +(S:C(E)E2d2')”2}

<E,
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provided that t<{0, T',] for some small T,>0. Because C(E) is a constant
independent of ¢{. Furthermore (5.8) is true for k=n in the time interval
[0, T,], where T, is determined as follows: The equation

L%n_l.un_l(pny un):Lun-l(,on)+(1+,0n-l)u{1.zj:O

is a single hyperbolic equation for p,(t, x), if pa_1, Uy-1, u, are considered
known. Therefore along the characteristic curve y=y(z; f, x) we can estimate
t
palt, )=pa0, 3O; t, N+ (pu-duh o 5, 35 ¢, X)de
=inf p(0, y)+C(E)t=p,
for 0Zt<TL(E).

Therefore for t<[0, T], T=min(T,, T,), we obtain (5.6)-(5.8) for any n=
3,4,5, --. This completes the proof of Lemma 5.1.

Theorem 5.2. Suppose (p, u, 6)(0)€ H? and —1<inf p(0, x). Then there exists
a positive constant T such that the initial value problem (2.1)-(2.3) with the initials
(p, u, 0)0) has a unique solution

(o, u, OX1)€e©, T; HY),

(5.9)
(u, 6)(t)e L0, T ; H*)

which satisfies for t€[0, T] and for some v>0

~1< 5 (~1+int o0, DS p(t, 2,

(5.10) o, w, OB, O ID, )3y

t
0
.§2”(pr u, 0)(0)”3'

Proof. We show a convergence of the approximate sequence (p, u, 6),
constructed in Lemma 5.1. Subtract the equation (5.2), n=m=4 from that for
n=m-+1. We have

Lgm,um(Pm+1_Pmr um+1_um)
=_(Lgm.um(,0m, um)_’Lgm-l.um_l(Pmy Um))
GRRY) Lgm(um+1_um)
=—(Lp,(m)—Lj,,_,(un))—(gn—8h-v, =123,
Lb, Omir—0n)=—(Lb,On)— L}, _,0n))—(hmn—hm-1).
(512) (Pm+1—Pm; Um+r1— Um, 0m+1’_0m)(0):0’ 771:4; 5: 6; .

It follows from Proposition 3.4, Lemmas 2.4, 3.1 and 5.1 that the difference
satisfies the energy estimate:
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”(Pm+1"‘Pmy Umsr—Um, Omsr—0m)()2

(5.13)
<ot BHCE)([ 1(on—pm-1s tn—tin-1 On—0n-D)@lidz) .

Thus as n — oo the limit exists such as

(0, u, Oa(t) —> (p, u, O)t)

strongly in C°0, T'; H?) and as n’ — oo, where {n’} is a subsequence of {n},
we have
D(u, 0)n.(t) —> D(u, 0)(t)

weakly in L0, T; H*®) by Lemma 5.1. Also by Lemma 5.1 we know

(P: u, 0)n’(t) - (‘0’ u, 0)(t)

weakly in H® for every fixed ¢[0, T], where n”=n"(t) is a subsequence of
{n’}, depending on t. Thus we have a solution (p, u, )(1)€ L0, T; H®) for
the problem (2.1)-(2.3), which satisfies

—1<%(—1+inf 0, x)=p(t, x).

Moreover we can show that the solution belongs also to %0, T ; H?) as follows:
Consider (ps, us, 05) (1)=(Ps* p, Psxu, ¢;*0) (¢t) for the solution (p, u, O) (1)
L0, T; H®. It follows from (p, u, 0)(t)eC*0, T ; H*) that (ps us O:)()E
Cc°(0, T; H*). Apply ¢s* to Equation (2.1)-(2.3). We have
Lg.u(PtS» uJ):C%:

Hu)=gh+Cs, i=1,2,3,

KO)=ho+Ch,
(p&y Us, 05)(0)=(¢5*‘01 ¢5*u’ ¢J*0)(O) ’

(5.14) l

where g5=¢5*g, hs=¢@;xh,
C3=L3.u(ps, us)—@sx L3, u(p, u),
Ch=Li(us)—gox Li(u), 1=1,2,3,
Co= Li0s)—¢s* Li0) .
Using Proposition 3.4 and Lemma 3.1, we can estimate the difference for any

0, 0'>0
Sup. ICos—par, us—us, 65—05)()ls

éec(lw’zr{"(m—pzu Us—ug, 05—05)0)l;

T
(5.15) +(cl Ies—gs, ho—ha )3



92 Akitaka Matsumura and Takaaki Nishida
4 + .
+ WEI UCKD3+1Cs (D11

1/2
+||C%(T)ll§+IIC%l(r)H%dr) }.
By Lemma 3.1, (5.15) implies

sup l(ps—psr, Us—us, 05— )(lls —> 0

0stsT
as 0, 6’ > 0. Therefore as the uniform limit we have
(o, u, )Y€, T; HY).

The uniqueness of solution follows from the energy estimate for the difference
of solutions in the same way as (5.13). This completes the proof of Theorem 5.2.

§6. A Priori Estimates for Nonlinear Equation.

For some fixed positive number T', we suppose that (p, u, )(1)€&0, T ; H®)
satisfies (2.1)-(2.3) i.e.,

6.1) L}, (p, w)=0,

i 140 -
(6'2) Lﬂ(u)+R 1+P pIz_g ) l_lr 2’ 3.-
(6.3) K=nh,

where giz—u"u;j—Rb‘,i, and

(6.4) E

max ICo, u, O()]:=¢,

where ¢ is defined in Lemma 2.5 and (2.25). We first show an essential energy
estimate for the solution.

Lemma 6.1. There exists a constant ,>0(e,=¢) such that if the solution is
so small that E<e,, then the following a priori estimate holds for t€[0, T].

ICo, u, HDI*+I1Dp(D®

(65) :
+: [ 1D, 1, OXDI*dz=Cl(p, u, OOIS,

where v,>0, C=C(e,) are independent of t.

Proof. Since E<e, by Lemmas 2.4, 2.5 the norm |lp, u, 6| is equivalent to
E%p, u, s). Hence we will estimate E° at first. If p, u,  satisfy (6.1), then
0, u, s (See (2.18) for the definition of s) satisfy the system of equations
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pt {1+ p)u'} ;=0

R{(1+p)(1+5)} ¢, L 1%

u;—l_ 1+p u_rj'— 1+p u.l;.‘j.tj

_pt
14+p

6.6 -1 2
> sobats, D {3

_k(—=Drs sz
R \(1+p)y

u,L,J—O
G—DA+s)
(+py Pl

D1t )
(py  P=3)f=s

+

._|_

iy (o s o s )

We compute

2 B, u, 9=(t phutui {——+—(1+s)((1+p>“ )

R
+Rs i ot S (oY~ )+ =2 W plshs,

=(by use of (6.6))

e(y(14p)'—1)

= zj: { }rl_yu;]uz‘r]—(#—{_#l)(u}l)z_ 1+p S;,;jp;,;j

_ =D+ +p)'=1)

(14 p)? Pz;Pz;
-1
—esegsam LD s, OB Do, w, )1

= ? {} o=l ul ,— (g )l )?

(6‘7) _2’5(7—l)srjpxj_ﬁ(r—‘1)2ijpzj‘—’cszjszj+0(E)|D(P; u, S)|2;
where > { }z; means the terms in divergent form of functions of p, u, s and
]

their derivatives which will disappear after the integration in x, and O(E)

means the same order as E=|p, u, 6|, when E tends to zero. In addition to
(6.7) we calculate

1 A+p2
{2 Prip1t+ 2/1‘|‘/l/ Pxi }
R (g At | Atp)
—{ e e T St it } st —oS——F 2t it Pz Ui+ Sty u'pz,00

=(by use of (6.6) after differentiation in x;)
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— _ _RA+py* _ _RrA+py(d+s) .
- 57“ {}s; 2utp Pz;Sz; 2u+p’ Pz;Pz;
(1+P)3 i\e 2
gy OB D, w, )

R Ry
—'2{ }.1:]- Pz;Sz; Pz;0Pz
- 2 ’ P 2 ’ i i
68) 7 ptp ptu

+ (uz)*+O0(E)| D(p, u, 5)|*

1
2p+p!
Add (6.7) to B(0<B<1) times (6.8) and integrate it in xR We obtain the

following energy inequality

;t SE (p’ u, s)+‘B(2 Pzipxl (2]};:_‘0), Pz;U )dx

-I-Syur,u,1+(/x+p')(u;,)”+2lc(r Dsz 02,
+e(r—1)0z,02;1£52;52 «-I-/9(L PzSz;
J J JoeJ 2/~t+ﬂ, )

i \2
+ Ry (ua:i) )dx

2p+ g PziPx;— 2ut
<oE) (1D, u, 9)1%dx

Therefore if we take 8 such that

. 42 !
perin UG, ST,

where p, is that given in Lemma 2.5, then

R( 2 s* 1 i, B
<o +——-)+—u Uty PPz
8 -0(r—5)" B !

1 1+ p0)* ‘
SE%p, u, 5)+.B<'2‘Pzipri+ (2#_:2' Pz l)’

ijszj

‘llurJuz]'*_ICr( (r+1)2+7, +,0.rJsz)

[ ’_ B Y]
Spugub it (y-l—p pyEwa )(uz,.) 5552,

_ BR _ BRyY
+(2/c(r D+ St a7 )sxjpz,+ (r—1)*+ 2ﬂ+#,)pxjpzj.

Thus after integration in ¢ we obtain
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R s? uwut | B s
S L (o*+ (r—l)(r—% +—g Tt Prpadx

+O0(E)| Dlp, u, 5)|?} dxdz

1 (1+p)? X
0 i
éSE (o, u, S)+,B(—2 pzi.ozi+————2ﬂ+#, Pzl )dx|z=o

=Cli(p, u, O)O)II3

This is the desired estimate provided that E<eg, for some g;=¢(g, £, 7)>0. In
fact the left hand side of (6.9) is equivalent to the norm

(o, w, SXDI1Dp(DI*+3: [ I1D(p, u, XDz
Furthermore it is equivalent to
(e, w, OXON+IDpI+5: 1D, u, O)DIdz,

by (2.18) (2.20) and by E<e,<e. This completes the proof of Lemma 6.1.

Next we proceed to estimate the derivatives of solution. Proposition 3.3
(3.19) gives those for u, 6, i.e., for k=1, 2,3

1D, OO+ [ I1D*+(u, O)@)Ide
(6.10) <1D*w, OYOI+C (g, M@IE-dz

+CE*[ 1D, @) lk-1dz,

where y=u(e)>0, C<oo are constants independent of #, and g, h have the
estimates (2.16)

(g, M- =CA+EYID(p, u, Ol &-1.
Substituting this into (6.10) we get

Lemma 6.2, If E<e, then it holds for k=1, 2, 3

1D, )OI+ 1D, Oz
(6.11), ,
<|D*w, )OI+ | 1D, u, O@I3-1dz,

where v=y(e)>0 and C=C(e, v)<oco are constants independent of t.

Add (6.11), k=1, to (%—l—l) times (6.5). We have the estimate
0
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o, w, OXOIE+vo [ 1DCp, w, OYEI*

+1D%u, 0)(D)*dc=Cli(p, u, O)XO)I,

(6.12)

where v,>00,<y and C=C(e,, v,) are independent of ¢.
Now we need the estimates for the derivatives of p.

Lemma 6.3. Suppose (p, u, )€€, T ; H*) for some T >0 is a solution of
(6.1)-(6.3) satisfying (6.4). Then there exist ¢,>0(g,=¢), v,>0 and C=C(g,, vo)< o
such that if E<e,, then it holds:

ID o I==CID* u(®lI*+vo 1 D*o()1de
(6.13) <Cl(p, wOI+C | (1D*w, OX)I*

+:§ IDXp, u, O)DDdz  for k=1,2,3.
=1

Proof. Consider (ps us)=(¢s*p, ps*xu)e&(0, T ; H) and apply ¢s* to equa-
tions (6.1) (6.2). We have

(6.14) L3, u(ps, us)=L} u(ps, us)—@s* L3 .(p, )
146 ~
Lz(u5)+R% PR

(6.15) (L + R0 e )~ Lit)~ R0 p.,)

=g+Cs, i=1,2, 3.
Differentiate (6.14) with respect to x;, i=1, 2, 3.
LY, (052 toz)=1{L8u(ps, ts)—Ps* LY (0, )} &,
(6.16) + L5 u(pscys tsz)—Lbu(ps )z,
=C¥+f5, i=1,23.
For k=1 we calculate the following in the same way as (6.8):

Stgpazl{lzp u(Pszy Uszy)T (l-l_-l_p)z ( (us)

1+6
(617) +R1—'{“0_ pazl)}dxdz'

ZS:SPJM{]‘}""C? (21+p) (85+Cs )}dxdz-.

We have for the left hand side

1 (1+py
Sz Pd:cipdzi'l' 2#_!_#, P521u8dx|t=o
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t
+SOS[(1+P)Péziu%zi” - 2#’{"# {#pariuﬁ.t].t]

Hpt+ ) oz Whziz p +5———7 1+ 0)1+60) 052,052,

2+'

1
—Eu’m,paz,.paxi-!- {(A+p)u’} zlpat]dxdr

2—I—pe

(1+p)?
2p+p’

t=t

(6.18) =S7pah szyt Wspsz,dx

t=0

S S( 2#__'_ ’ (1+P)(1+0)——u,j poz,pazdedT
SS 2/1—'—/,[ (pxjpa'tluaxj lepﬁzjub’zj)dxdf

st O+ oo (14 o)
Agox(w oo A1+ p)ul ) dxdz.

As 0 — 0, (6.18) has the expression and estimate.
1 (1+p)_
S(z Pzi .’:l 2#_‘_# Uu px,,)d.x

+S‘S( 2p+ CESCR 5 h,) pr 0z dxde

Stg Sut g (1+0)Qutpz+(1+4p)us,)

(6.19) -(u? pz;+(1+p)ut )dxde

SO S

t=t

t=0

‘ CE dxde—C\' | Du@))2d
+SOS(W— )P:cipzi xdt— Soll u(z)|?dz .

The right hand side of (6.17) has the estimate by use of Lemmas 24, 3.1
as 0 —0.

(1+p)

II?S S,Oax,{fa""cgl (g,;—l—Ca)}dxdt

< 1im{ I Da(@)I(CEI D(p, w)@)1+C D)
020 +ZICEI+ICsNd
éSQ(C}-‘:'*'a)llD.O(ﬂ:)ll2+C|l D(u, 6)(2)|2dz

for any a>0.
Therefore from (6.19) and (6.20) we get
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=t

1 Atpr ‘
SZ PziPz; 2u+p u'psdx mo
¢ R
(6.21) +SOS(W—2CE-Q)pxiPIidXdT

t
gcgon D(u, 6)(2)|*dt
for any a>0.

Thus there exist ,>0, v,>0 and C=C(e,, v,) such that for E<e, we have

IDpOI—Clu®l+5. | IDp@Ids
(6.22) .
<Cli(p, WO+ 1D, OO I*dz.

To get the estimate (6.13), k=2 or 3 we apply D™(m=1 or 2) to (6.15) (6.16)
and get, i=1, 2, 3,

Lg. u(Dm‘oﬁriy DmuJIi):DmC%i—I-ffsm
(6.23) {

1446
1+p

LiD™us)+R D™ psz;=D™(&5+CH+M5",

where
{ fém..:_ g.u(DmpﬁJ:i’ Dmubxi)—Dm{Lg-u(p"’ ua)"'l}
Mir=Li(D™uz)— D™ Li(us)

2140 140
+R(D 4 p P 1, D Pz,

Compute the equality for m=1 or 2

S:SDm‘o‘”i{Lg'u(DmPhi, D™uj;.,)
146

(L;;(Dmua)-}-R-—l“_‘l_—‘l;- D’"p,;x,)}dxdr

o)

={{Dmpuc Dmcy 445,

+0)° ez i

i (DM EHCHT M)} dxde

in the same way as (6.17)-(6.22). By Lemmas 23, 24 and 3.1 we have the
estimates.

I f5m 1 D™ g5l + | M|
ZCE|D(ps, uallm+ClD(u, O)lln
(6.24) m .
+CE“Du6”m+Cj§ 1D’(ps, )
ZCE|Dplln+ClDpllm-1+Cl D(u, 6)|
and as 0—0
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(6.25) | D™C§ll+1D™Cs —> 0.
The same argument as (6.17)-(6.22) using (6.24) (6.25) gives the desired estimates
(6.13) for k=2 and 3. This completes the proof of Lemma 6.3.

Now we are ready to obtain a priori estimate in H?® for the solution of
(6.1)-(6.3)

Theorem 6.4. Suppose that for some T >0 (p, u, ))&, T ; H®) is a solu-
tion of (6.1)-(6.3) satisfying (6.4). Then there exist &,>0(go=¢), vo=vo(eo)>0 and
Co=Cy(eq, vo) Such that the following a priori estimate holds for any (p, u, 6)(f)
satisfying E<e,. '

t
(o, u, 0)(t)ll§+vog (1D @3+ D(u, O)D)Hdz
(6.26) 0
=Coll(o, u, O)O)I3.

Proof. We combine the inequalities (6.11) (6.12) and (6.13) as follows:
Add (6.13), k=2, to (C+ - +1) times (612). We have

Yo

<Cl(p, u, HOIE.

Add (6.11), k=2, to (—f—+1) times (6.27). We have
0

629 (o, w, OXOIB+vo 1 Do, v, O@IF+IDw, 6|

=Cll(p, u, HO)I3.
Add (6.13), E=3, to (c+—pc-+1) times (6.28). We have
0
t
6.29) 1o, u, 0)(t)||§+||Dap(l‘)!|2+voSOI|D(p, u, 0)(7)l3dr
=Cll(p, u, 0)O0)|3.
At last add (6.11), =3, to (yi—l—l) times (6.29). We have
0

(e, w, X1+ 1 Do, w, O@ I3+, 0D

=Cl(p, u, O3,

which is the desired estimate. This completes the proof of Theorem 6.4.

§7. Global Solutions in Time.

We get the global (in time) solution (p, u, 8)(¢)€&0, T ; H? for (2.1)-(2.3)
by combining local existence (Theorem 5.2) and a priori estimate (Theorem 6.4)
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at length.

Theorem 7.1. Suppose the initial data
(7.1) (o, u, 0)(0)eH®

and set E.=[{(p, u, 6)(0)|s<oo. Then there exists &>0, v,>0 and C,<oo, which
are defined in Theorem 6.4, such that if E,<min (e,/2, €,/24/C, ), then the initial
value problem (2.1)-(2.3) with (7.1) has a wunique solution (p, u, 6)t) globally
in time such as (p, u, 0)()€€(0, oo; H?), DpeL,(0, oo; H¥ and D(u, )
Ly(0, co; H?®) which is a classical one for t>0, and has the estimate for any t=0

t
2 2 2
72 (o, u, 0)(t)||3+voSOIID(p, u, )3+ D(u, 0)()|3dr
<C.E%.
Furthermore the solution has the decay:

(7.3 I Do, u, 6)(t)|, —0 as t—> o0,

Proof. If the initial data satisfies E,<e,/2, then the local solution of (2.1)-
(2.3) for the data exists in &0, T,; H®) and has the estimate by Theorem 5.2.

(7.4) E,= sup |I(p, u, O)(DI:=2E,<e,.

0stsTy
Therefore by Theorem 6.4 the solution satisfies the a priori estimate (6.26):
(7.5) E.=VC, Ey<eo/2

provided E,<¢,/24/C,. Thus by Theorem 5.2 the initial value problem (2.1)-
(2.3) for t=T, with the initial data (p, u, 6)(T,) has again a unique solution
(o, u, Oe&(T,, 2T,; H?) satisfying the estimate

(7.6) sup (o, 1w, OXDI=2I(p, u, OXTlsSeo
by (7.5).
Then by (7.4) (7.6) and by Theorem 6.4 we have

E,= sup |(p, u, O)(1):=vCy Es=<e,/2
0stseT)

provided E,<¢&,/24/C,. Thus we can continue the same process for 0<¢=<nT,,
n=3, 4, 5, --- and finally get a global solution (p, u, )(t)e&(0, co; H?) satisfying
the estimate for any =0

(o, w, OXOIE+0o{ I Do, . OX@IE+1 Dla, XDl
=C,Ej<e,/2.

Especially we have
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{ Do(t)e L,(0, oo ; H?)
D(u, 6)(t)€ Ly(0, o ; H?).

7.7

Thus using the equation (2.1)-(2.3)

3o, w, XD L0, 00 HY).
Therefore the solution decays to zero:

| D(o, u, O)(t)|,—>0 as ¢t —> 0.

With the aide of (7.2) and Nirenberg’s inequality this implies the decay of
maximum norm of the solution.

Now we have to show that the solution is a classjcal one for t>0. First
by Lemma 2.2 we know

o(hec'©, T; HYNC'O, T; H?)
cc0, T; 8*)nc'0, T; 89
(u, O()ec0, T; HHYNCO, T; HY
cc'0, T; a')

(7.8)

for any 6<(0, 1/2). Thus p(t) is a classical solution of (2.1) for t=0. As for
(u, 6)(t) we consider (2.2) (2.3) as a linear equation for #=(&', @2, #°, 6):
Li#)=g"(p, u, 0), 1=1,2,3,
(7.9) K)=h(p, u, O)=g*,
#0)=(u, O)0)sH®.
The system (7.9) for # is uniformly parabolic in the sense of Petrowski in =0,
x€R%. Since (1+p)1€C0, co; B'*7), g'el'(0, o; 8°),i=1,2, 3,4, and #(0)
€ @' for any o<(0, 1/2), it follows the argument in Chapter 9 [1] that there

exists a fundamental solution I'(t, x; 7, §) for (7.9) such that the solution of
(7.9) is represented by

a(t, D=It, x; 0, O, Hae
(7.10) .
+{)1, x5 7, etz Dazar,
which has the property:
{ # is continuous in [0, )X R®,
@) fayz,, @, are continuous in (0, co) X R?

and # is a classical solution of (7.9) for £>0. On the other hand we obtained
a solution @#(#)=(u, O)(1)eC’(0, o ; H)NCY0, o ; H?) of (7.9) in the former part
of Theorem 7.1. Thus it is sufficient for our purpose to see that #(#)=a(t) in
t=0. To prove the coincidence we use the energy inequality for the weak
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solution v(t) of the system (7.9) in the sense that v(¢)e L0, T; H') and v,(t)
e Ly0, T; H") for T>0, where H-' is the dual space of H':

7.10) [l e O+ | gl *d)

for any t<[0, T].

This inequality is given by the argument for (3.18) using the mollifier in the
same way as the proof:for Proposition 3.3. Hence the proof of Theorem fini-
shes, if we show the solution #(¢) given by (7.10) satisfies #(¢t)eL%0, T ; HY)
and #,(t)e L%0, T; H*) for any T=0 by the following lemma.

Lemma 7.2.

el
DRI, x5 2, )1 SC(t—n)ermorrexp(— A7 =E10Y

(7.12)

B Alx|?

1 . — 3/2 —_ T
| DEE, 2+ 7, O SCU—o) 7 exp( 7 )
for any m=0, 1, 2, [=0, 1 and some constant 21>0.

Proof. See Theorem 7, Chapter 9 [1] for example.
In fact by (7.10)

et D=2 [T x5 0, 542020, x+9dy

+S:S ai I't, x; =, §g(z, §dédr

0i(0, §)
e~

=SF(1‘, x; 0,8

0 .
+S—a_gfr(t: S_y y T 5) $=I+yu(0’ x+y)d)

et 0
+Sog_3;_r(t’ x; 7, £)glr, §dédr
=+1L+1;.

ine=((irc, x5 0, 91de(11t, x5 0, 91170, &), 12d8)dx

<supl|1t, x5 0, &)ldg-sup( ¢, x; 0, )1 dx| Da)*
<ClaOl,

rae=cf(fe-emexp(~2-2 )y

fe-emexp(=2- ) a0, x4 1dy)ax
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=Cll#0)*®,

s [ |21 x5 = Oate, ode'ax) s
<('sun([1D.11d8) “sup([1D.11dx)" ([ 18tz &)1°d) "az

<C gup 18I (1—oy o ae

=C sup |g(@)¢**.
0srst

Therefore we have

sup | Da()Il=Cl#O0).+T* sup [g(DI).
ostsT 0stsT

This completes the proof of Theorem 7.1.
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