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§ O . Introduction.

We are concerned with the Cauchy problem fo r weakly hyperbolic equa-
tions w ith  characteristics of variab le m u lt ip lic ity . I t  is  an  interesting but
difficult problem to obtain a condition for this Cauchy problem to be well-posed.
Many papers have been devoted to this problem.

Comparing with the case of constant m ultip lic ity , it is  rem arkab le  th at
in  th is case the solution m ay considerably lose its differentiability. The mul-
tip licity of characteristics is not the only one which determines the extent of
loss of differentiability, e. g . [1 ]. This suggests the complicated situation.

In this paper we consider the Cauchy problem :

ia2+2aiatas+a,ai—boat—biax—c} 72=  f ,
(C. P.)

u l , t o =uo(x), atult=t 0 = u i(x ).

W e  assume the equation to be weakly hyperbolic. It means in  this paper that
the characteristic roots, namely the roots of

22 +2a 12+ a 2 =0

are real-valued and smooth, which we denote by 2,(x, t), 2.
Our approach to this problem is based on the method of successive approxi-

m a tio n . T he obtained results a re  sta ted  in  § 1. The commutator
at -2 2ax ]  plays an important role there.

Our idea is very sim p le. Roughly to say , i t  i s  as f o l lo w s . W e  use two
w ays of inductive estimate, saying one be analytic type and another be hyper-
bolic type. W e rep ea t f irs t th e  an a ly tic  type estimate certain tim es, say N
times, and after that time repeat the hyperbolic type estim ate. It is  important
to choose N  appropriate ly . T h is number N  corresponds to  th e  decrease of
differentiability of the solution.

We note that the analoguous idea is found in  [2].
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§ 1 .  Statement o f results.

1.1 . The differential operators considered at first are of the form

(1.0)

(x , t)Œ,Q={ (x , t ) ;  — 0 0 < x < d -0 0 ,0 tT } ,  0 < T < + 0 0 , a t =  
a t

 a x =   a
a
x  • We

suppose that 2, a, b  and c  belong to ..B(Q) and also suppose that 2 is real-valued,
namely the operator L is w eakly hyperbolic. The Cauchy problem to be solved
is

t to
(1.1)

u l t t o— la x ) ,  a1ult_t o=u1(x)
where 0  t o <T.

A s aforesaid our approach to this problem is based on  the method of suc-
cessive approximation. W e m ay assume w ith  no loss of generality that u o = u,
= 0 .  L et L , and L ' be as  follows :

Lp [u]=0,— ,la x xa i +Âax )u ,

L T u i=( a t—  s )(au)±(b+ a2+ 2 1 — 22s )a ,u

+(c—a 1+ 2 a ,)u .

We define ui , i=1, 2, •-• , by

L i" u i i = f i -
 , u 1 t=t o = atu i t=to=0 ,

where f o =f , i=1, 2, ••• . It then  com es in to  question w hether the

formal solution E u 1 converges or not.i=1
Let 7  be a  rectangular domain as  follows :

;T= {(x ,  t ) ;  a < x < 1 3 ,0 t_ T } , —cro a< 13 4-00

We assume the following conditions.

Condition (HO: There exist two functions k and h E 3 (7 ) such that

b=k2H-h2, (x, t)E7 r.
Condition (HD :

(H92 - 1 ) 2(x, (x , t) a-

(I-13-2) there exists a constant C such that

21 d-C2_0, (x , t) 7.c

We denote by ço '(x , t, s) respectively the solution of

ç0t±- 2ç0 -=-0 , ço I t=3=x ,

and define the domain D  by

D={(x, t)E7 ; a<ço±(x, t, 0)<p}.

The following proposition holds.
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Proposition 1. A ssum e that the w eak ly  hy perbolic operator L  satisf ies the
condition H , and H .  T h e n  f o r  any integer ni 0, there ex ists a constant 6(m)

-
such that f o r any  t o ; 0_ t 0 <T , and any f  EgEDn 411, E E

2= 0  p + q ra ,q N 1

converges uniform ly  in  D n {to t to- F5(m)}.

We remark that even i f  —2, instead of 2, satisfies the condition (H ) , the
consequence o f  th e  above proposition remains true. Moreover, reading the
proof of Proposition 1 carefully, one can see that it is able to replace the con-
dition (Hg) with the following weaker one.

Condition (111
2) :  T here ex ist at m ost countable num bers o f  open intervals

/= (a 2, a a i< p i_ p ,  such that

(a , p) , I t n l i = 0  i f  i = j ,

and that in  each 7,=I 1 x [0, T ], either A  o r —2 satisf ies the condition  (Hg), Pro-
v ided that the constant C in  (H g-2) is independent o f  i.

It is useful to remark the followings: 1) If a i .=p ;  fo r  some i  an d  j ,  and
2_ - 0 in one of 7r2 an d  7 , ,  then we may suppose th at 2- _0 in  the other, and in
particular that 2(a2 , t) —=0, 2) I f  (x , t) D, then (W (x , t, s), s)ED  for
a n y  s; O s_ t. 3) I f  a<a i < P ,< P , then  7 1 C D .  Besides, if  ( x ,  t ) E x i ,  then
(çoi(x, t, s), s) r 0 fo r  any s;

Well, the condition (H )  is equivalent to

Condition (H2) :  There ex ists a constant C such that

(22 )1 ±C2 2 0 , (x , t)E 7  .

P ro o f . Evidently (H2)  follows from (H). Hence we show its  in v erse . We
assume (H2). A t first we remark that if  2(x0 , t 0 )=0  at som e point (x0, t 0 ) E7r,
then 2(x 0 ,  t ) =0  fo r  any t o .  Suppose that 2(x 0 , T)#0 for some x0G (a, /9),
then we can find the maximal open interval IC (a , 13), containing x o , such that
2(x, T)#0 for any x E / . The number of such intervals is at most countable.
W e denote them  by / = (a 1, p i ). (a , 43)—U11 is represented as a union of at
most countable numbers of disjoint open intervals L .  B y  th e  above remark,
w e  see  th a t 2(x , t)=- 0  in  J ;  x[0, T ] for a ll j. Also we see that in  each / i x
[0, T ] either 2 o r —2 satisfies the condition (H ) ,  because, i f  2(x , T)>O(or<O)
for x .1 " 1,  then 2(x , t)_0  (or.__O respectively) in  1i x[0, T]. ( q .  e .  d.)

W e see after all that i f  t h e  weakly hyperbolic operator L  satisfies the
condition (H 1)  and  (H ,), then the same consequence as in Proposition 1 holds.
Since the differentiability with respect to  t  o f  th e  obtained solution follows
from the equation, we have

Theorem 1. A ssum e that the weakly  hyperbolic operator L  satisf ies the con-
ditions (H,) and (H 2). Then f o r any integer m - 2, there exists a constant 3(m) such
that f o r any  t o ; O t o <T , an y  f E g iD n f t - t0 1 ] and any  u o , itiE g[D n{ t=t0} ],
there exists a solution uE g r n [ D n { t 0 l t 0 - 1 - 5 ( m ) } ]  o f  the  C auchy  Problem (1.1).
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M oreover there exists an  integer m 2 ._.2 such that f o r any  t o ; 0._ t 0 <T , the solu-
t io n  u E g m o [D n I t t o l ]  o f  (1.1) is unique.

1.2. Some remarks

(A). I f  we assum e the  following condition besides (H 2)  a n d  (HA then we
may take 5(m)-=+co in  Theorem 1.

Condition (H 3): There ex ists a function a(t) such that

(113 -1) la?,23(x , t)i<C ,o(t), (x , t)E D , f o r any  p,

w here C, is a constant which may depend on p,
E(t) (113 -2) 12t(x, t)I _V /I12(x, t)i , (x , t)ED ,u(t)

w here  f (t)= .f  a(s)ds and M  is a  constant.0

Consulting th e  proof of Proposition 1, one can prove this easily.

(B). (H2 )  and  (H 2)  are conditions concerning 2 (x , t ) . We shall give some
examples.

(E .1): 2(x , t)=p(t)q(x , t); q(x , t) c0 >0, y (t )+ C p (t )0 ,  co a n d  (
are constants.

Putting a ( t ) =  pi(t)1 + p (t), o n e  can verify that this example satisfies the
conditions (H2)  and  (H3).

(E.2): 2(x, t) , p(t)q(x ); p(t)>O, p'(t)+Cp(t)_>_0, C=const..

T h is  example also satisfies (H2)  and  (HO. In  this case we p u t a(t)=-1Y(/)1.

(E.3): 2(x , t)=p 2 (t)q 3 (x)+1, 2 (t)q 2 (x ); p (t )> 0 , y (t )0 ,  i=1, 2, q1(x)q2 (x)>= 0.

T h is  example satisfies (HO. If  we assum e that

Pi(t) g t )g t)< co n s t.g t ), const.,
Pi(t)P2(t)

then the condition (H3 )  is also satisfied. For example, 2(x, t)=t x4+exp (—
t - 1 ) x 2

satisfies (H2)  b u t does not satisfy (HO.

(C ). In  case 2 =t ,  a=c =0  and  b=constant, the explicit solution is given in
[1 ] .  T he  case  o f 2= tm is considered i n  [2 ] .  A  sufficient c o n d itio n  o f  well-
posedness is  g iv en  i n  [3 ], which contains t h e  example (E.1). O. A. Oleinik
considered th e  weakly hyperbolic equations in  many independent variables and
not assuming th e  smoothness of characteristic roots, gave a  sufficient condition
of well-posedness, [4]. In case  o f two independent variables, it  is  a s  follows :

at b2
A 2 2 ± ( 2 2 ) t

a  and A  are constants (>0).

These results a r e  partly extended to higher order equations, [5], [6], [7].
Strongly hyperbolic equations a re  characterized in  [8], [9].
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1 .3 .  Now we shall consider the Cauchy problem (1.1) for differential opera-
tors of more general form, namely for

(1.2) s=ai-F2a1a,ax+ a2a.,,— boa,— bi az —c .

We assume that the coefficients belong to _0. We denote by 2,, 22 the roots
of the characteristic equation

z-2 ±2a 1r+ a 2=0 .

Let us say the operator _C be weakly hyperbolic if  2i  a re  real-valued and belong
to g , i= 1 , 2 . Let X(x, t, s) and çai (x, t, s) stand respectively for the solution of

(1.3)
X1+ a ,Xx =0 , X t =3 =x  ,

ç9t -2 i wx =0, Ça I t.- 2=  , i=1, 2.

We introduce the so-called subprincipal symbol PI, which is defined by

1 1
PI= —

2
ata-

'

P2+ —

2
axaEP2—P, ,

where P2=z-2 +2a 1z-e+a 2e2 , P 1 = —bo z- - b i e. Let r  b e  the domain defined by

7={(x , t)la<X(x, t, 0)< 13, 0 t TI , —co T> 0.

We assume the following two conditions.

Condition (4C1): There ex ist two functions k and hE g (n ) such that

P11,--a 2 =k {7-21e, — 2}+h(21 - 22)e,
(x, t)Erc, eER, w here 1 ,1  denotes the Poisson's bracket.

Condition (SC2): There ex ists a constant C such that

{r±aie, del +Cde 2 _ 0 , (x, t)E7r, eER ,

where d =a —a2.

Let 2  be the domain defined by

-0=-- {(x, la<ço,(x, t, 0)< 13, i=1, 21.

Then we have the following theorem.

Theorem 2. A ssume that the weakly hyperbolic operator _C satisfies the con-
ditions (.4C1)  and (S ) .  T h e n  f o r any integer t h e r e  e x i s t s  a constant 5(m)
such that f o r any  t o ; O to < T , any f ( x , t )E -B [g r l f t t o l l  and any  uo (x), u 1 (x)
G-B[ 2 (1 {t=t0}l, there exists a solution u(x, t)Eg n i [2 n { to t to -F 6 (m )} ]  of the
Cauchy problem  (1.1) f o r  _C. M oreover there ex ists an integer m0

-.2 such that
f o r any  t o ; 0 t0 < T , the solution uE g n i °C 2 r)ft-t0 li  o f  (1.1) f o r _C is unique.

Pro o f . B y the transform of independent variables defined by

y=- X(x, t, 0), s = t ,

the operator _C is transformed into
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1=ai—(2x x )2 a—boa,-5,ar —c
where 22=22-21, fii= i)t+ a i (a i )x —bo a l +2 2Xx x X;I I Xs . This is  the operator
of the same form a s  L  in  (1.0), and satisfies the conditions (H i )  and (H D . Here
we remark that

X s(x, t, 0)-=exp{—Ço(a 1) x (X(x, t, s), s)ds}  >0.

(q. e. d.)

§ 2 . Preparatory considerations.

2.1 . To simplify the descriptions, w e use some notations as follows.

A (f) q d 4 s
ofoyodu , A ± (f )=f oy o 'd s

where foyo=f(yo(yo+(x, t, s), s, u), u), f .yo±=f(yo±(x, t, s), s). B y the formula of
differential of a composite function,

E  C r
r=1  2

-
1+•••+rir=r

where ço,=a :f,yo, t, s), s, u ).  We put

mr1O p, r
= E C ri- rp • r1  • •  •  y - '7 ,  •

•••+prp=p

It holds that

(2.1) p , r - l V i + a  x
0

 p ,r
= 0

 p+1 ,r • r=1, 2, ••• , p+ i,

where Op ,0 = 0 p ,p , = 0 .  In particular, Op , p= çt4.
W e put

P t
a lM (f )=  E  d s  0 „, r (a's f ).y o d u = E A p ,r (a's f ) ,

r=1 0 0 r=1

ax A p, r(f) =
.Ç o ds .r:(a s 0„, r )foya du+ ‘f o

t ds .
' :Op . r ço,(ax f). yo du

= A „,r,o(f)+ A p r,  i(a.vf) .

From (2.1) w e have

r=1, 2, ••• , p+1.

and A ,r ,i a r e  defined in  para lle l, an d  th ey  sa t is fy  th e  same
relations as (2.1) and (2.2).

B y  th e  w ay , under the condition (111)  the operator L ' is expressed in the
form

L T ui-11-0,— Â axxau•-i)+(k2t-Fm axu,_i+cui_i

where k  and h  are different from those in  (H1) and c from that of (1.0). Hence
w e have

r p

(2.2)
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u i =--B [ui_,.]=A +Caui F-A [(k 2 t +h2)a s ui_ i d-cui_i],
(2.3)

afu i =  E r r  )(I? 21+111) ( n ) a,P + 1 1ti-r,

E )a(roa.pui_d+ E Apr  )C ( r 1 ) 1):PUi-i]
r, T1

where E E  ,  a(r)---- a  and so on.
r,ri r=1 r1-FT2=7*

Ai ti2 .2 . We put wi i = .

jas(2°O z v i:-;,i+1 .go± ds.0 0

Since that a2(2. 40± )=(21 - I- C2 — C2 -±225)- ço± and that 21--1-C 2 .0  from  the condi-
tion (HD,

0
C t

wi-j+1, ° W dS5. 11, 1-1±1,1+1+ 1C+SUP AS 11 1 t  o Wi-j+l, gO±CIS
D 1+1

We take ô so small a s  { C ± s u p 1 2 5 1 } 3 < 1 .  T h en  w e  have

Lem m a 1 .  For any  i=1 , 2, , and any  j=1, 2, ••• i+1, it holds that

(x , t)E D 50

where D a=D n { O ta}  ,  M 1 = 11— (C -EsuP 1 As 1 ) 0  •
D

Since 12cl - 21d-2C2 from the condition (H ) •

.ft {12c1wc-J,c+11.40± ds5._Ças(2 0 ço'cls0 0

±(2C-Esupl 2.51)(i — w c i+1 .1+10  y o±  c ls
D 0

-. . { 1 ± (2 C - I- ap ip 1 251) i +
i +

2
 1 Mia}wc-J+1.,i+i •

Therefore we have

Lemma 2. For any  i= 1 , 2 , «, and any  j=-1, 2, •-• , i ,  it holds that
.çc

{I Ac I w1-J,1+1} ço+ds5-M2wi--,.i .

o

(x , t)E D 3 ,  where M 2 is  a  constant independent o f  i  and j.

§ 3 .  Proof of Proposition 1.

3 .1 . W e shall say that ui h a s  the estimate scheme S i , if  1) for any p, ap,t,
is decomposable as a  sum of n  components ur i , j=1, 2, ••• , n:

u1/, 1 ,
i=1
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each of which has the estimate as follows:

ç o n s t .  Wn-j, n+11 f  I p+n- j j=1, 2, ••• , n ,*)
and 2) for each j , is decomposable as a  sum of two components u 0 and
u

axu =ei-!0-Euri,i1, P rov id ed  th a t u =0,

each of which has the estimate as follows :

U j , k l e o n s t .  w n-J- k, n+1 If  Ip+n- j- k  •k = 0 ,  1,
and it holds the following relations :

0 + ul,+; .
We can easily see that it , has the estimate scheme S i . In fact, if w e  put

alPi 1 =u1 1 and axufi=uft.10( =  urn, then

ufi I —<const. WO. 2 III p •

3.2. Now assuming that 741 h as the estimate scheme S i ,  and  taking (2.3)
into account, we define the operators B 3[u1], 13'1,t)Tu1] and /311,-Hu 11 as follows :

a 74 ,2 ,1 _1r iBIEU11
=

Ap, pr(k2t4-11.2)2tri-11+ r )
(
r i ) 1

, 4114
▪ E' )(k2td-h2)(r)lti,2P1]

r , r j r 1

▪ E ARr ) c
(ri)/42.1 i ]  7

r i

where E  =  E  E  ,  E ' denotes the summation excepting the term of (r , r1)
7,71 7=1 71+72=7 7,71

=(p , 0).

BY:P[21J= A p, p,1[(k /I +112) Uri-,201+ )acri1u,2)-21.0]

+ E
d + EAdiin o Rrn ) a (ri)u pi _ii

▪ p, r, 1R  
r
r i ) (k 2 t h/IT I )

 , 2) -21,0± (  r i . ) ( k 2 t  h2) (71+1) 1 l

Ap,,, 0 [ (
r i

)(k 2 i + h2) ( r l'u i ] + E A p r ,  OR
r 1

)c ( r1 ) 71 i i

+ 1.124p,,- ,1[( r  )c ( '' ) /ei.2» 1 , 0 + (
r i

)c ( ' ' ' ) 742; - ii •r I

,i r u . l=  A p. p. Ek 2 t + h2)url.'14 - (k 21+ h2)( 1)
p, o [(k 2 i + 112) u'l,+1] r i [ (  r

r
i )  

a(ri) K2)-11,1]

*) If I p= E su p la f(x , s) I, t sa  .
,1 1J Dy
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)( 1z2i
+122)(r1)u}',2-

3:1 2
1 ,1]

r i

- FE A p ,,,1 [(
7 -  

)C ( r  i ) 1 P1,2»1,1] •
r

Then it is clear that
n+1

aV 3Ettil=

(3.1)
ax•Blini1= BY,V[uil +B 21,1-lu il , Ba li n 11=0 .

Moreover, taking (2.2) into account, one can verify that

(3.2) ./321,t,l [uil+BV-1,1Cui]=BY +1 [//ii , 1= 1 , 2, , n+-1.

3 .3 .  Suppose th a t  u i  h a s  the estimate scheme S n . I f  w e define itlf+1,»

u r 6 , 0 and ufV, i ,i as follows :

uf f 1 d -=B 2j[u 1l  ,

j=1, 2, ••• n+-1, k = 0 , 1 , then on account of (3.1) and (3.2),
n+1

E

21 3.94.1-11, +1,1 
_ f l

 7 U f41.11. j .  0 ±  11 .)-- 11,,i - 1,1 = 1 1 '2A11 1,/ •

Moreover each ur+1 u 1 i,o ,h a s  the estimate as follows

I 4+1,11 const. zu n + . + 2 p+ 72+ 1-j

I UM j , 1 , 1 W  7 1 + 1 -  j -  k, n+2 1 f  p+1+7/+1 -  j - .

By means of Lemma 1 and Lemma 2, we can prove these inequalities. In fact,
for example,

[ k  2 u '1  : const. Jf p+i+n_ JA[12,1 W rt- j.

__const. If I p + n + 1 -  jA + 11 V n + i-  j .  n+ 11

C O R S t .  If I p + n + i-jW n + i_ j,n + 2  •

Thus the following proposition has been obtained.

Proposition 3 .1 .  I f  n i  has the estim ate schem e S n , then n 1 + 1  has the estimate
scheme 5n+1•

In consequnce of th is proposition, w e see that u i  h as the estimate scheme
S i ,  because u, has the estimate scheme S.

3 .4 .  We suppose again that 2./1 has the estimate scheme S .  More precisely,
let K,n , i  be such a constant as

t q i p+ n -

K k, n+I p+1+ n - j -
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j----1, 2, ••• , n , k =0 ,1 , for any p ;  p in — i± j ,  and for any p;
respectively, where m  i s  a n  integer given arbitrarily ( 0). This time let us
define uP 0 and uf,t,1

; ,, as follows :

1371[u i l + , B11+1[uil , j=2 , , n

B r[u i 1+.13r6Tu i 1 ,

i.t7M, 5 ,0 = ,j = 2 , ••• , n

u n l,f,1=13 1
111.iCuii •'' n  •

Then on account of (3.1) and (3.2),

a?„). u = u ax le - F A  = o u
j= 1

t =0 u 0 + f4t11, 1, 1 = n •

We shall prove later that if there exists a constant p=p(m , n, 5), which
depends on in , n  and ô  but not on i  and K ., i ,  such that

(3.3)
uf+1,.1 p(m, K -n, p-En

I 11k  I 5 p(m, n, A)K . n -  k , n + 1 1  f  I p+1+n-

j=1, 2, ••• , n , k =0 , 1, for any p; p_m  —1+ j, and for any p;
respectively, and w hat is more, that if  we take n  la rg e  according to in and 3
small according to in and n, then

(3.4) p(m, n, ô)<1.

3 .5 . The following proposition i s  th e  d irec t consequence o f  th e  results
obtained in  3.3 and 3.4.

Propositon 3.2. For any integer m _0, i f  we take n(_ . 2) large according to
777, and 3 small according to ni and n, then there exists a constant o <1 such that
f o r any p_in

Iôu1I p K E  s u P  f (x,
4Snt+n -1 D i

i=n, n+1, ••• , where K  is a constant independent of  i.

Now we shall consider the estimate of a t a i u i .  Because

a tu i= -2asu i-h au ,i+A - [(k 2 t+ h 2 )a x u i- ii+ A lcu i- i ,

it is easily seen that for any p m -1

I atapt,,i E sup (x , t) D73 ,
q n i+ n -1  D i

i=n, n+1, ••• , where K ' is  a constant independent of i.
Thus the proposition 1 has been shown.
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3 . 6 .  Proof o f (3.3) and (3.4).
(A ) . A t first we consider the estimate of /311Cui]=-Ap,pakil0+//2)uft 1l .  Tak-

ing account of the relation: 24.1;.:V= uV o = axu r,i — u1:Vi, we put

I= Ap. pak /It+ h2)axuPt,i1 •

Because {(k20+h2)axio,1}ogo=ço; i a.,{(k22 - Fh2)1,0.1°40} —  {(k go and ço,=
22(ço÷(x, t, s), s)go;(go+(x, t, s), s, u), if  w e put Op , ,{2go;(o+(x , t, s), s, u)}
then we have

I—[(2 ço + ) 1 0 0 p {(k A + M u f i } o  d u l g

— ,f:(20 so±) -F- 1 [ 0 p  {(k2, h 2 ) u af . go],,,ds

— rods ,Ç:a 0{0 5 (2° So+ ) - 1 1 {(k 2t+ h2)111, 1} go du

.çs

-

o ( P p. pl(k2e +h,1) x uP,,,} go du

=11+12+ 1 3+14.

By the lemmas 1 and 2,

.ços P
{(k.2,+11.2)u1, 11 du

p K „,, f p+ ._1A - C(ik101211+1h102)w n+11° S0+

p fl k I 0M2+ I hl 011/1 K m, ilfl p+n-liVn,n+1 ° ça+ •

Therefore

11 11:-C pn - 1  {I k LA + I K If I p+n -l•

In the same way,

1/ 2 1< c p {  I "1 101 / 2   ±

C '   hdoMN 2C   C  IWO/101 2(3 +  P + +  P
(n + 3 )(n + 2) n ( n - 1 ) ( n - 1 ) ( n + 2 )  1

f  p+n-1

i W n -1 ,n -llf  I p+a-l•

On the other hand,

A p, pak 2i+ 112) &ZVI] I
I kl °MO/ I hl 0 Mi6 2

— +n + 2 n + 3 n+ 11 f I p+n- •

hl 0 M ,(3 }K m , 0 W 0 5 _ 1 ,  n+11fi 9-1- 05-1n + 2

C  k  I 011112M ia  
P

 n ( n + 2 )

XKm,iwn-1,n+11

Mi6 2  

I 4 1 (71+3)(n+2)



E
r  

)a(r1)2, i
7-, n -  •  n+1 I p+74- j •n + 2 'f iC' 1VI 6< p  1
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Thus it has been shown that there exists a constant p i (rn, n, 6) such that
for any

IM I t t i l n , 11 1‘(  wi — n-1, n+1 If I p+n-1 (X,

where p i (m , n , 6 ) does not depend on i  and Moreover we have seen that
fo r an y  in teger m 0 ,  if  w e take n  large according to in, then p i (m , n , 6 ) be-
comes small as we wish.

(B )  N ext w e consider th e  estim ates o f  131); + ,[u ,],  j= 1 , 2 , •-•  , n .  B y  the
lemmas 1 and 2, for an y  p m -1-F j

i A p, pak 2 t +

C  k  0M 2M  C h  oNlia2 ,
n - +i if In + 2 n+ 3

The remaining terms are  m ajorized  by

CP/16 2 

(n + 2 ) (n + 3 )  K  ,w ,t_,,n+ilf lp+n-.7 •

Therefore there exist constants p ,,(m , n , 6 )  such that

-B +i[uii n, n - j ,  n+1 If p+p -3 7

(X , t )e  Da, for any p m -1+ j, j= 1 , 2 , ••• , n .  In  add ition , tak in g  ô  sm a ll if
necessary, it is satisfied that

P 2 ( n ,  n ,  3 ) <•1 P 3 + 1 ( m ,  n ,  6 ) < 1 ,

Concerning Bi;+ 1 ,0 [7,t i ]  and BP3+1 ,1[74,1, th e  s itu atio n s are  sam e. T hus (3.3)
and (3.4) have been proved.
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