
J .  M ath. K yoto U n iv . (JMKYAZ)
20-4 (1980) 753-782

On curved finite element and straight beam
element approximations for vibration

problems of circular
arch structures

By

Kazuo ISHIHARA

(Communicated by Prof. M . Yam aguti, Sept. 11, 1979)

1 .  Introduction

In this paper, we shall consider finite element approximations for the vibra-
tion problem of circular arches with the clamped boundary conditions :

—EA( d
d

2 su, 1   dw  \+  E l  (d ew  1  d'u 
R  de R  d s 3 R  de Pu

EA  (du
1

d'w 1  cru 
R  d s  1 ? w )+ E I ( Rds3 fj

dwu-=w= = 0  on s=0, s = Lds

Figure 1 illustrates a  circular arch . The above differential equations are derived
by applying the Timoshenko shell theory to the structural arch theory ([18]).
Here R is the radius of the arch, s is the length along the arch, L  i s  the total
arch length, D is  the interval (0, L), u and w represent the tangential and radial
displacements, respectively. E  is Young's modulus, p is the mass density, A  and
I  are the area and the moment of inertia of the cross section of the arch, respec-
tively. W e assume that E, A , I, R  and p are positive constants. The vibration
problem (1) is to find the eigenvalue 2 and the corresponding eigenf unction lu,
which is different from identically 10, 01. The natural frequency and the mode
shape of vibration are related to A and -{u, w), respectively.

For the finite element approximations of the static boundary value problem
of circular arches :

—EA(d+ 1   dw EI  td 3 u, 1  d2u 4.12 u

ds2 R  d s R  d e  R ds 2

EA d u +  1
01) + E r r  w  1  d 'u  =f2R  d s  R R

dwu=w= = 0  on s=0, s = L  ,ds

( 1 ) in Q ,

in Q ,

( 2 ) in Q ,

in Q ,
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numerical results have been published by various authors, using curved finite
elements or straight beam elements (see for instance, D awe [4], Moan [11], Mur-
r a y  [1 2 ]  and the references given there), and convergence proof is given by
Kikuchi [ 7 ] .  Here f i  and f ,  are given functions which denote the applied forces
in the tangential and radial directions, respectively. However it seems that con-
vergence proof of the finite element schemes for the vibration problem (1) of the
circular arch is not yet established.

In the present paper, we shall derive error estimates for four approximations
based on piecewise linear and cubic Hermite polynomials, i. e., consistent approxi-
mation, partial approximation with semi-consistent mass scheme, straight beam
element approximation and consistent approximation with semi-consistent mass
scheme. They assert that the approximate eigenvalues and eigenf unctions con-
verge to  the exact ones. Furthermore, we shall give some numerical results in
order to demonstrate the validity o f our mathematical results. For numerical
studies of some other finite element models on vibration problems of arches, we
refer to P ety t and Fleischer [13] and Sabir and Ashwell [15].

Throughout this paper, by C, C 1 ,  C 2 ,  •  •  •  ,  we shall denote generic positive
constants, independent of h , which are not necessarily the same at each occur-
rence. Here h  is the discretization parameter which denotes the mesh size.

s= L

Figure 1. Circular arch.

2. Notations and variational formulation

We shall use the following notations. Let 111 be the space of real numbers.
L et L 2 ( 2 )  b e the real space of square integrable functions on Q =(0, L ) .  The
inner product and the norm in L 2 (Q) are given by

(u , v )= uvds ,

117411= - (u , u) 2 , for u , v-L2(S2) •

For a natural number n , let Hn(Q) be the usual real Sobolev space supplied with
the norm
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diu 2\1/2
)

for uEHn(Q) .

Define

IP0V 2)=Iii ; U eH n (S2) ,

=  IP (Q )X  H 2 (Q) ,

C 0= II ô(Q) X 118(Q)

d iu (0 ) d iu (L )
ds i

= . , i=0 , 1 , •-• , n -11
ds'

For the variational formulation of the problem (1), let us introduce symmetric
bilinear forms on S X S C  as follows :

B(u, w; a, 1-0)=EA ( 
 d u w  d a  

 + ±E 1
( 1 2 w 1   d u

 d 2 1 - 1 7

1 d a  

ds R ' d s R ds2 R  d s  '  d s 2 R  d s  '

G(u, w ; Ft, ro)= p{(u, rs)±(w, 7,7))1 , {u, w}, {R, ffi}E9C

The following quantities are also well defined :

N(u, w )=[B (u, w ; u, w )]" 2 ,

M(u, w).=[G(u, w; u,  w )]" 2 .

Then, w e  note that Schw arz 's inequality  for N , B , M  and G , and the triangle
inequality for N  and M  hold. The strain  energy and the k ine tic  energy  of the
arch are associated with 1/2[N(u, w)] 2 and 1/2[M(u, w)] 2, respectively.

For the vibration problem (1) of the clamped arch, w e in troduce the follow-
ing variational formulation :

Find  {2, u, w} ER 1 X.4C0s u c h  t h a t

( 3 ) B(u, w; re, i-v)=2G(u, w; u , i75) f o r each la, E J [1 :1

From  the theory of positive definite and compact operators (Ciarlet [3], Kikuchi
[7]), it is  w ell know n tha t a ll the eigenvalues {2,} o f  (3) are arranged as

0<A l 22 ••• <00,

and the multiplicity of each eigenvalue is always finite and 2,—>00 as Here
the eigenvalues are repeated  according to  their m ultip lic ity . The corresponding
eigenfunctions {u,, can be normalized as

G(u i , w,; u,, w i )=3 1 1 ,

w here ai j  i s  Kronecker's d e lta . It is also w ell know n that u, HKS2)nC - (,(2. )  and
w,EHg(Q)nC 0 (S2). Here C - (Q ) denotes the real space of infinitely differentiable
functions on rj. From  the Rayleigh principle, we have

B(u, w ; u, w )( 4 ) 2 ,, min 2, ••• ,(,,,wlesco-(0,01 G u ,  w ; u, w)
G ( u ,w ,u j ,w i ) = o
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and the m inim um  is attained by lu i , w 1}.
O n the  other hand, the rotation 0  o f th e  arch is given by

dw u
95=  d s R '

a s  shown in  F igure  1.

3 .  Finite element schemes

In  order to construct finite element schemes, we divide th e  interval .(2= (0 , L)
into a  finite number of subintervals IQ 11 (i = 1 ,  • • • ,  m )  in  such a  way that

0=s 0 <s 1 < ••• <si_i<si< ••• <s„,=L D i=(si-i, s i),

Q i n q i = 0

a s  shown in  F igure 2. Let

L1=s1—s1-1,

We assume that th e  finite element decomposition satisfies th e  following condition

where C  i s  a  positive  constan t. A s the  basis functions, we shall use piecewise

linear and Hermite interpolations {W i , b52 1,  1)(
1 1 }  (i=0, 1, ••• , in) which are defined

in  each finite element D i  a s  follows :

( 5 )

{

1& )1_1(s)=1—g1 , b5:,)1(s)=K1,

bW,)i--1(s)=(1 — §1)2(1+2f1) , W 1(s)=(3 - 2g1).”. ,

b ,:- i(s)= L ig i(1 — , -51)2 , W,;(s)=Ligl(gi —1) ,
where

h = max L 1 , fi =  min L1 .
17,%

S la

Figure 2. Finite element mesh.

Define finite dimensional spaces Uh, W h  a n d  S n by
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Uh={ u h ; u h =  uh u h = 0  on s=0, s=L } ,
i=o

dw 
W h = {W h ; W h - h ( Wh W h = = 0  on s=-0, s=1,1,i=0 ds

sh=Uh x Wh ,

where uh,i, W h ,i )  0 h , i  are nodal parameteres and

dw h(si) 
ds •

For W h W h ,  we also define wS," and w P by

wT=
i= 0

WW) =

respectively. Let
Oh. i = Oh. ti - Uh. i/R ,

W h , i - l y O h , i ) t  r

where t  denotes the transpose. It is noted that S h CSCo.
We now formulate the consistent approximation for the problem (3) as fol-

lows:
F in d  Oh , i t ' ,  f'v' h I R 1 X,S h  su c h  th at

(6 ) ) I L  ;  171 h , 9712.) = ;1-h G (r th ,  1:4  ; U k , Oh) f o r each {tit h , O h l G S h  •

From (6), the stiffness and mass matrices ici , ñ  for the curved element
corresponding to the nodal displacement vector d i a re  given by

=jcv)±k(i2), (order 6 x 6) ,
where
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in-12)= p

In finite element analysis of the circular arch, each curved element i-1 , i
replaced by the straight beam element i-1,  /  which denotes its chord, as the
physical model (see Figure 2). The length LT and the nodal displacement ci  o f
the beam i- 1 , i  are given by

LT=2R sin

d i = ( 171h , i - 1 ,  U f t , i , 011,1, ç-b h , i ) t

where

( 7 )

a i

Li 2 sin 2a i =  —  pi =R ' ai

and Ft 11, 1 ,  O 11, 1  and ç-b h , j  are the tangential displacement, lateral displacement and
rotation of the beam  at nodal point j  ( j= i), and t  denotes the transpose.
The element stiffness and mass matrices ici , hi ?: o f  th e  beam i- 1 ,  i  are well
known ([9 ], [14 ]) and given by

k i = 14') + fc(i 2) ,

where
(order 6 x 6) ,

1 1 0 0 0 0Lt
1 0 0 0 0

k — E4
symmetric

0 0 0 0

0 0 0

0 0

0
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' 00 0 0 0 0 \

0 0 0 0 0

12 12 6 6
LI!" L72 Lt2

142)=-EI 12 6 6
Lt 3 L2 L.2

symmetric 4 2

4

0 0 0 03 6

0 0 0 03
0 0 0 0

symmetric
0 0 0

0 0

0

0 0 0 0

0 0 0 0

symmetric

13L7 9L7 11/,t2
35 70 210

13/4' 13/12
35 420

105
L',"
105

Since d.„ k, and h i ,  a r e  expressed in  the lo ca l element system, we transform
them into d t, k t  and in t in  th e  g lo b a l coordinate system, respectively in the
following usual manner with the transformation matrix T , ([91, [141):

( 8 ) k t=rti k i T i ,

int=Tirrt i T i ,
where

0

—

0

0

13Lr
420

11L1"
210

140

d t
=

(171„i - 1, W h, i, O n . i ) t
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' q, 0 —ri 0 0 O\

0 q i 0 r i CI 0

r i 0 q i CI 0 CI
T ,=

0 —r i0 qi 0 0

0 0 0 0 1 0

(9 )

\ 0 0 0

ai
qi = c o s ,

0 0

2 •

1

Following Kikuchi [7 ], [8 ], w e note tha t there  a re  considerable differences not
only between i. an d  Ict but also between iit, and mt.

Now we introduce mappings J,, J, and J, defined by

W" ----> L2(S2), Jiwh(s)=(wh,,,+wh,  ,)/2,

Wh L2(Q),

L i L i  

i2wh(s):-= 2 R  W  i - l b (h1. ? i - 1 2 R  W y S < S i y

.13: LP' —> L2([2) ,

L i L i 1 1 m 3
Jouh(s)= 2 R  uh.,:-Ib uh,ii!?1, 2 R , : b W , ) , - -R  Uh, 1-11)W ?i,- ITy Uh, y

where

U,,= un, Uh ,i=o w h=  w h , t E -b" )•E W h .
1=0 1=0

Define bilinear forms B h and Gh on Snx,S'''' as follows:

uhd u , ,
Bh(uh, wh; Rh, WO= EA(d

d s
ds -EJ,WhIR)

±EI(012wh d u n  1 &On d u n  1\
ds 2 d s  R '  d s 2  d s  R I '

G h (U h y  W  h  U h y  77) h )

= p 1 (u h + L iv h , a h + J 2 0 h )+ (b u h + w h , L a h + o h )},

for Iuh, w h l, fah , oh} The following quantities are also well defined:

Nhfun, wh)= [ Bh(uh, W  ;  uh, wh)]" 2 ,

iV/n(uh, wh)=[Gh(uh, wh; uh, wh)] 1 / 2 .

I t  i s  n o te d  th a t  the triangle inequality for Alh o r mh , and Schwarz's inequality
for Bh or mh , Gh ho ld . For fun, whl, Ink, O h l E S ' and fu, wl, 01 ESC,
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put
-1 3 h (U h + W  W h + W ; F th + 17t ,  W , , + 0 )

E-4

=E A(C1(11 4 +  U )  d- ( hwh+w)1R, d ( u h + u )  - ECI1Wh - F C IR )
ds ds

I(d2(w h+w ) d(u h +u) 1  d2 (Wh -FLT) d(rc h +Ft) 1\
ds2d s R ' ds2 ds R  )'

"B h (lt, w  ; U h , W  h )

du
-=EA ( +w/R, 

d u h

 +Lw hIR )ds ds

H -E I(
d 2 w  du  1 d'w h d u h  1 \
ds2 d s  R '  d s 2 d s  R l '

gh(uh +U, W h + W)=- 1 .14h(uh + u , wh±w; uh+u, w h -Fw)1 112

7,,(uh +u, w h +w ; Wh-HT)

=P{(uh - V2wh - Eu , ah+LiTh+R )+ (huh+w h+w , Lah+o„+o)},

â'h(u, w; uh, wh)= pl(u, uh+.12wh)+(w, Luh+wh)},

h(uh+u, wh+w)=C&(uh+u, wh+w ; uh+u, w h +w)i112

W e n o w  fo rm u la te  the partial approximation w ith  the semi-consistent mass
seheme fo r the  problem (3) in  the  following manner :

Find ERi x sh such that

(10) B a t h ,  L ) h ., rth • 175h)"7 4 hGh(r'llo  W h
 27112.1 10h)f o r  each 11/th• e•Sh •

T h e  stiffness an d  m ass m a trices  k i , m i  fo r  th e  curved element i -1 , i, induced
from  (10) a re  given by

(11) ki,k(ii)+142)

where

nzi = (i"-Enei" (order 6 x 6)

1
L i

1 1 1 0 0L i 2R 2R
1
Ti

1 1 0 0
2R 2R

L i L i
kin =-EA 0 04R 2 4R2

symmetric
L i 0 04R 2

0 0

0

,
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162 ) =-Tc 2 ) ,

Li L4 14. 0

0

0

0

6
L i

6R
.L4

12R

3 12R 6R

in — p
,L;; 0 012R 2 24R'

symmetric 0 012R 2

0 0

0

13/4 914 13/4 914 11/4 13L7 
140R 22 8 0 R 2 70R 140R 420R 840R

13/4 9/4 13/4; 1314 11L7 
140R 21 4 0 R 70R 840R 420R

13L19 / , 1 11/4 13L7

symmetric
35 70 210 420

13L 11 3 L 1 11/4
35 420 210

L4;  

105 140

105

Henceforth we shall call m i  the sem i-consistent m ass m atrix f o r  th e  curved ele-
ment i - 1 ,

In  order to establish th e  variational formulation of the straight beam element
approximation, let us introduce bilinear forms as  follows:

B ( u h ,  W h  ; Üft, W h )

ni [EA(  q i  
i = i ds 9

- F E / (  gi  d 2 wu i(
IP  ±  1   d 'SP 1   d u , 1

ds 2A / p i  ds2 A/p i  d s  R  '

qi1 :1 2 -ZP 1   cl2f,O512 1  d r i ,   1
ds 2 d s 2 A/p i d s  R

G t ( u  W h , Rh, Wh)

PE( A P i g iU h + V P iP i i r z W h , 'VT:girth - PA/ P iP ii2W h)12 i

- F (A / P iP if3U h+ -V ig iW W ) + A  P i P  (h2 ) , P iP 1 ls a h + 1 / p 1 g 1 iT 1 P -F A /

'u = p
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for fu h , WO= {uh, wiP - l- wW) }, fah, ohl—{nh, /TW) +2T/5} S h . Here (•, •)D, denotes
the L 2(Q ) inner product. The following quantities are also well defined:

NPL(11 h7 W h) = EBVU hr  W h  ; U 1 ,  w 1 ) ] 1 1 2 ,

m t(uh, wh)=[G t(uh, toh; uh, wh)] 1 1 2 .
A lso w e put

fiVuh - Eu, w h d -w ; Rh+Fe, Ohd-iT)

ddu,s ,  ,  dus  , ,vqpi  ddushd u s=:±i [EA( A
q/p    

+(A/Pififv-h-H,T))/R lo i

H-E./( q i  d 2 w V)  +  1   d 2wW) d 'w  (   1   du,  +
4/ppi d s' Vp i ds2 ds2 d s d u ) /

R
,

) / 1

qi  & in ) _L . 1  & V P  _ L d 2i71) (   1   duo, du / R '
Vp i p i d s2 ' -V p i d s 2  '  ds 2d s d s

wh ±w ; 1,T)h-HT)

=  pEWP i qiuk+A/pipiJ2wh+u, A/ f i g i fi h +eV p i PiJz i i- -;4 +1- 62,

+(A/PiPiLuh+-Vpigita)+-Vpipiza)d-w,

Vp i pi j,Foi +V p i giV )+ V p i p iw p + c o i i ,

fo r {uh , whl, fah, W h }  S h , {u, w} 17)} ,qco. Furtherm ore, w e put

1\-T'r(uhd- u , wh+w)=-Cituh+u, w h d-w; uh+u, w h+ w )]" 2 ,

kit(ith - ku, wh+w)=CdVuh - Fu, w h ± w ; uh +u, w,±w)1i/ 2 .

From  direct calculations, we can obtain

n i

clY ttclt= B t(uh , w h ; u , ,  V h) 7
i= 1

C11114 =  G ( U  h,; W h  ; h ,  h )
i= 1

w h e r e  cli = (uh ,i-i, wh„i-i, w , ,ç 5 , .  ) t  a n d  d'P= ( F t  i_ -  h. 

IT) , , h , t i - 1 ,  h ,  i ) t a re  th e  n o d a l displacements in the global coordinate system.
Thus w e can form ulate the straight beam approximation for the problem (3 ) as
follows:

F in d  { 2 t, u , 4 }  e R l x S h i s u c h  t h a t

(12) Bt(ut, '1717 h)=- 2tG 11`(74, ;  U l , O h ) fo r  e a ch  { ah, LT h } e s " .

Now, by using (11), the m atrix expressions (8) can be rew ritten as
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kt=71"14"7Y+71 2 ) 14"T? )

i n t = r ;"in (
i "77+ 71"m (

i
2 ) 714 )

where TV ) (j=1, 2, 3, 4) are diagonal matrices given by

TP=diag (q i /A/pi , qi /Vp i , Vp i , Vp i , 1, 1),

r i
2) =diag (1/Vp i , i/./p, q / '/ p , 1/-Vpi),

TP ) =-diag •VP1, ViA, 1, 1),

r i
4) =diag (-V p7, / pL -V Piqi, v q1, A/N• "•41) •

On the other hand, from (7) and (9) it follows that

(13) p1=1±0(h2), q i = 1 + 0 (0 ).

Thus if we employ the following approximation in the matrices r i ) ( j=1, 2, 3, 4)

we can obtain

Therefore, the partial approximation w ith  the semi-consistent mass scheme is
similar to the straight beam approximation in the above sense.

Furthermore, we can propose the consistent approximation w ith  the semi-
consistent mass scheme in such a  way that

Find { , h, reh, h }  R i  X Sh  su c h  th at

(14) B (U h ,  W h . ;  1-2117 h ) - 2 h G h ( r t h l 17170 fo r  each {171117 ITO •

The stiffness and mass matrices ki, rit i  for the curved element i - 1 ,  i, induced
from (14) are given by

771,-,-m 1  (order 6x6).

4 .  Rate of convergence

In this section, we shall obtain error estimates for the approximations. By
i } , {2 }  and P h , (i=1, 2, ••• , JÇT 5T=3m-3), we denote the approxi-

mate eigenvalues defined by (6), (10), (12) and (14), respectively. Also {ii h ,
t3,, }, t u t i , wt, 1 1 and {5 1,„ 1 , W,,, 1 }  2, •-• , N) represent the eigenfunc-

tions corresponding to Oh, J,Oh. z l ,  {4 , }  and Oh, J ,  respectively. B y  u s in g
Lemma 2 below, for sufficiently small h, the eigenvalues are arranged as

0<2?1,1 2'1Ht.2
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T h e  associated eigenfunctions can be orthonormalized in  th e  sense that

G ( i i . 1, h , i ,  f i  h. j> 
17

 h, j)
=- 3

i1 I G(17 h i  1, 77/ i 11

Ch( 121 1 ) 1 1 ,  I ;  an, j7  
11)

h, j)
= 3

i j h(Ûh, h. uti,

ti, 14 ,  ; j , )= ö ,  61;.(ut. I, W, ; ui, ,

G h(ii h , W n , i ;  
0

h , h  
17, h. 5)

= 5
1j a t h ,  W .  i ;

 u 1 ,
 W

Since Sh C,N o , it is  c lear from  the  min-max principle ([171) that

i=1, 2, N .

First, in  order to derive error bounds for the eigenvalues o f (10) some results
w hich w e shall u se  a re  prepared.

Lemma 1 .  Fo r {uh, ivh} ={14, wV ) - F- wW) } ES', there exist positive constants
C, (i=1, 2, 3, 4, 5) independent of  h  such that

11Jiwn—wn115.cihIlwn11,

d2 wW)

d s2
d'wn
d s'

h , j=1, 2 ,

wiin _C311whil j=1, 2 ,

J2wh ^C4h IwII

J3uhll "-05h II uh  •

P ro o f. T h e  first two inequalities a re  proved in  [ 7 ] .  Let

In m
un = un , , w n=w5P-FwiT) .= (w, .bn+Oh, ib

(
117,

)
i) •

1=0 1=0

Since th e  basis functions MP.)1-1, bW,)11 defined by (5) a re  linearly inde-
pendent o n  S21 ,  th e re  e x is t  positive constants K , and  K 2  independent o f  h  such
that

1
-- 1+ L 0 ,L i

Simple calculations yield

w M 1 =L1(13wii,1-1+9wn,1_1w,,, 1 -F13w, 0/3 5  ,

wSPIlizi =L7( 2 0 1i, i-j - 30h, i-i0h, i +20 1=1, )/210.

Thus it follow s that
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JJ w K iL i(w g, i-1+ Log h, i)=KiLi(18wg. i-1+18wg, 0/18

--kgm 0/18— h,i-1— h.

= 3 5 1 ( 111W5PIlhi/18,

767

and
w i-i-F40e, i )/4

.ff1 .L.1(20, i_1-30 k , 20e, i)/4

=210K i wSPIV2i /4
Hence we have

ẁhi 'll --C311wii j=1, 2 .

Similarly, simple calculations yield

L 3h 12Lo i=  
1 2 R 2  

(we
'  

i-1— i + i) 
1 2 R '  

Li(214
'

i) ,

uhA i =Li(ue, j-i±uh, i+ ue, )/6.

Thus we have

121 h2117,vh 6R2K1
1 2 R 2  

L i (2 i)

> 6 1?2KiII.I2wh1112%,

h 2 L i 6 K 2 h 2 oj3 2/0 : 6 i  1 (2 R , (uh, 74 , )=   R , Li(uh, i)/6

6K2 122

—  R 1

Therefore, we obtain

The proof is complete.

Lemma 2. L et {72, w} G.gCo . Then we have

C i N(u, w ).

where C1 a n d  C 2  are positive constants independent o f  f u ,  w l .  L e t f uh , WO=
{u h ,  WV) +WP} E S T'. Then f o r sufficiently small h, we have

C 3 N (U h y  W h  ) N
h (U h l W h  ) - C 4N ( 11 11, W h )

C 5 N h (U h , W 1 1 )- - -N t . (U h ,  i i i n ) C6 N
h (U h l  W

h )

C 7 .111(u h , wh)._ M h(uh, w h) C8M(u h ,  ion),

C9M,,,(un, w,,)- M t(un, w h)-CiolV iii(uh, ?ph),

where C i  ( i=3 ,  4, • • • , 10) are positive constants independent o f  h.
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P ro o f .  The first three inequalities are proved in [7 ] .  From the definition of
M h , it follows that

[M h(uh, wh)] 2 ---p(Ilith - V2whir - F11/314, - F- whir)

=[M (u h , wh)] 2 ±2p(uh, /2wh) - kp1i2whI1 2 + 2 p(Luh• wh)d- p11/3uhr •

Thus applying Schwarz's inequality and Lemma 1, w e have

I [M h( uh, w h ) ] 2 — [ m(uh, wh )] 2 I
c (2,011uh II h i! whll + ph2 11 wh112 + 2phll u h II II whIl+ph2 11uh112 )

C{,oh2 (11uhlr - FIlwh112 )±2ph(117411 2 - HlwhIl 2 )}

=C h (h +2 )[M u h , w h g •

Therefore for sufficiently small h, there exist positive constants C , and C8 inde-
pendent of h such that

C7M(u h , wh)-5-Mh(uh, wh)_C8M(uh• wh) •

Similarly, from the definitions of M h  and M 'ih' and (13), Schwarz's inequality and
Lemma 1, we have

I Illfh(uh, wh)12 --CM1f(uh, w h)12 I
Cl'i.2

‘
,9Elluh11+11J2wh11)2 +(11J3uhll wW) 11+ J w(h2 ) 11)21

II) h r (W h .2 5:Ô Wh)-2 C h 2 1 1 1 1 h (2 1 h , W h ) ] 2  •

Hence fo r sufficiently small h, w e have the desired inequality. This completes
the proof.

Lemma 3 (Schultz [16], Kikuchi [7]). F o r  a  given 
fi, f21 L2(Q) X L z(S2).

def ine { u, w }  EX , by

B (u, w ; Ft, 0) ,=--(f i, ii)+(f2, 97) fo r  each z—v} ESC,.

L e t { h , LAoh }  ES h  b e  an interpolating elem ent such that

i=0 u(s) W ,

(w
dwd(ssi)  w ) i ) .

Then, uE111,(Q)nH 2 (Q), wEHF,(S2)nH 3 (D ) and

Sin(tin — u,

w here C, and C 2 are positive constants independent o f h.

We now have the following proposition.

Proposition 1. L et If , AleL2(Q)XL2(Q). Define { it, w}ESC o , {u h , iv h } E ,S h ,
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{ah, r-oh} esn , {ut, wt} Esh and Ph, W,,) E S 4  by

(15) B(u, w ; F t, 0 )= ( f 1 , ft)+(f2, 0) fo r  each 1R, WI ESC°,

(16) B h (U h r  w i t  ;  U tz , ir)  h) = ( f  1 ,  7:t h i "  217V h )+ ( f  . I3 U h + C O  h )

fo r  each Oh, ESh'

B( l h , W,, ; h)----(fi, Teh)+(f2, W,,) fo r  each Ii7h, WO GS' ,

l i t

Bt(uP„ i-th, ivh)= pigiFth+-VP,PiJ20h)s2i

+ ( f 2 ,

fo r  each {uh, es" ,

B(n h , R h ; Rh ,  Oh)-- -= (f i ,  iih - V2170+(f2, .13Rh+Wh)

fo r  each {Rh, E S " ,

respectively. Then, for sufficiently small h, there exist positive constants Ci  (1=1,
8) independent of h  such that

Avuh, wh)‹ci(lIf1ll+11f211)

gh(u—uh, w—wh).1c2(11fill+11f211)h

N (,, ,  rvh)_c3(11fill+11f211)

w---z.7)h) c.(11fill+11f211)h

win C1(11f1lid- 11f211) ,

Rit(u—ut, w—wt)<=C6(11fill+11f211)h,

Mu,,, ii) -C7(11.1̀111+11f211)

N(u—rt h , w — 1,T;), C8(11fi)+ f2Dh .

P ro o f. From  (16) and Lemmas 1, 2, it follows that

[ W i t h ,  W 11)] 2.= ( f  1 ,  
14 +  J 2 W  h ) ± ( f  3 U h + W  11.)

II PHI' 11+ 2 +  f 2110 .13 1 1111 -I- II w,,))

-(11.fill+11f211)()ud+C4hIlwhIl+C5hIluhl1+11whD

c(Ilfill +11f211)(1124114- ) whIl)

Co fill +11f211)(11uhll i+Il W h

._c(lIfill+11f211)Nh,(uh, wh).

Thus, w e have
N h (u h , wh)=<=C1(lIfill+11A11) •
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Furthermore by (15) and the definition of fih y  w e  have

du i4h (u , w; f i n ,  Wo= EA ( +w/R, 
d s

h -HT h IR )
ds

+ E . 1 (d 2 w  1   du  ( 1 2 0 1, 1  di-th + E A (  du
  +w /R,/H (fiWii — LT,i)/R)ds2 R  d s  '  d s 2R  d s

= (f1, Rh.) --E(1-2, h )+ E A ( d
d

u
s +w/R, (J i 0 h —f0h )1R).

Thus, from (16) and Lemmas 1, 2, 3, w e have

ijn (uh  uy Wh
— W ;Fthl W it)1=113'h(U,  w ; Rh} Wh) — B h (U h r W h ;rth •W h )}

— 111h (U •  W ; t th •  W h ) (f l , h + U h ) ( f2 ,  .1 }3U h + W h )I

du 
f2w h) (f2 ,

, EA (+ w / R ,  (LW h,-0 h )IR )
ds

5_11 fill . IlLiTh11-1-11f211 • IlLrth114-c(I1f111-1- 11f211)11Loh—ohll

ChlIf1ll.110n1I+ChIlf211.11/7h11+C(Ilfill+11A11)hlloh112
. ch(lIfill+11/211)(11ah)i+117Th112)_ Ch(lifill+11 f.. 2.- Nh,Uhr h, •

Therefore, by equating {a h , oh } to  fuh-4 , wh—ithl, we obtain

I B h( 11W h — i 4 ; 1 4 1 1 - 4 h •  W h — k h ) — j3 h(U
-A h ,  W— kh ; Uh W h -2 101

:‹C  h a l f 211)N h(Uh
—

h• Wh,

where O h , khl ES h is  the interpolating element of lu, Applying Schwarz's
inequality and Lemma 3  gives

[Nh(14 h h  W  4 . ) 0 ]
2 5.0 h(11 f 1,11 +11 f 2IDN h(U h 11.} W  h  1% )

A
W — W h,;Uh — h• Wh - 4 11)

- ‹C  K 1 1 .111+11 f W h  1 h)

± S th (U — nh, W — LAVIL)Nh(Uh — h •  W h  k h )

f  II) (2 ,- Nh,,U h W h h) •

Thus
N h (u h - h , le n— l i f 2 1 1 )

Therefore, using the triangle inequality yields the desired inequality

By the same technique as described in the above, we can obtain the others, apply-
ing (13) and Lemmas 1 , 2 , 3 . This completes the proof.

Lemma 4. Let
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e i =  Hu b E span Du 1 , w 1 }, •••, fu i , M(Ri, 0 )= 1 1 .

F o r fai, o il=  E  fit» E e i ,  define Om, E S h  byj=1

(17) Bh(ithi, 77)hi; an, 00= p( E 2faini, h+.121:i7 p (  E Liih+wh)

fo r  each {Tih, Ohl e S h •
Then, for sufficiently small h, w e have

(18) .
14..'

h ( i t
'

h i
—

f i t i ,  121' ,

where C  is a positive constant independent o f h.

Pro o f . Since {u 1 , ( j =1, •••, i )  are the solutions of (3), w e have

iW ; tit, IT)= p( E ; upp (  E 2J ai wi , 0)

for each

Thus from Lemma 1 and Proposition 1, w e have

11.1
h ( 17 /z,i — " ir

E J C 0  •

ri1 f

-5,C[11 ilhi — g 1 H1f6 hi— Will 2 ±Ch 2(M f ll2 +11g) hill 2) ] 1
"

.- Ch(11 É kfaiuill+ II E i) =Ch21 ,

for sufficiently small h. The proof is complete.

Lemma 5. Let S  b e  an arbitrary  i-dimensional subspace of S .  L e t  {u h ,
(#  {0, 0})  be an arbitrary  elem ent of S  such  that

(19) dh(uh, w h ; u,, w i )= 0 , j= 1 ,  2 ,  • ,  i - 1 .

F or {u h , w h } ,  define 1u', w'l Esc ° and {u'h , w'h } ES h by

(20) B(u', w' ;17, p(uh+J2wh, ii)±p(wh+.13un, W)

fo r  each {a, o}Emo,

(21) Bh(u'h, w'h an, Fuh)=0(uh+J2wh, an - F.T200 - Fp(wh,+Jsuh, Wh+,13Fth.)

fo r  each {Feh , ,

respectively . Then, G(u', w' ; u oy, 74 = 0 ,  j=1, 2, •••, i -1 ,  and for sufficiently small
h, there ex ists a positive constant C  independent of h  such that

ulh; u'h, wft; uh, wh)(1+C2ih).

Pro o f . By (3), (20) and (19), w e have
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(22) G(u j , wi ; u', w ')=2ii13(u f , w i ; u', w ')

=,0 2 1i1 {(uh±f2wh , u;)±(w h.+L uk , w i)} = 2 .716 h(uh, W h ; u »  w 1)=-0

1=1,2, ••• , i- 1 .

Applying Proposition 1 and Lemma 1, we obtain

(23) Mh(u'—u'h, w'—w'h)-5.Ch(luh±f2whIl+Mwh+Luhll)-ChMh(uh., wh)-

Using (20), we have

B (u', w ' ; u', p(uh+J2wh, u') -  p(w h+L uh,

= :  h ( U h l  h  ; - h(l2  W IL) • M i i f  w ' ).

Hence, applying (4) and (22) yields

21 [M (u ', w')] 2 5 B (u ', w ';  u ', w1 ) - - M h (u 4 , w h )• M (u', w ').

Thus we have
M ( u ', w1 ) -52 1 Mh(u h .  wh) •

From (21), it follows that

B h (u'h , w/h)=Gh(un, wh; w'h)

-5 M h(uh, w h)•M h(u 'ii, w'h)

w h)[1h(u 'h — u ', w 'n — w ')+ M (u ',  w')]

Mh(uh, wh.)[kik(u'h — u ', w 'h— w i)+2 1M h(uk , w h )]

-5 M h(uh, w h)EChM h(uh, w h)+2VM h.(uh, Loh)]

w,i ; u h , w h )(1+C2 i h).

This completes the proof.

We are now in a position to prove the following theorem for the eigenvalues
of the partial approximation with the semi-consistent mass scheme.

Theorem 1. Let 2i  and be the eigenvalues defined by (3 ) and (10), respec-
tiv ely . T hen there ex ists a positive constant C independent of h  such that

h, ,
fo r  sufficiently small h.

Pro o f . We define a  mapping P: e i .sh  given by

W i)= 1:4 i } 117‘1, 0 1} e i

where Sh  is defined by (1 7 ) . Using (17) and (18) yields

LZhi)=. 21ajU j, 2 ja iW i tÛ n i)
J=1 J=1B h ( i lk t iy V4  h i  ;
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01 - 17)h1)+Mh(a'hi, a ih i)iM h (a h i, iZni)

5 2 i[M h ( f in i ,  17) Ii1)] 2( 1 - FC2 1h) = 2 1Gn(iihi ,;  U , 1 j ,  176h1)( 1 - FC/lih).

Thus we have

B h(P(Fti, WO; P(Fti, 00)__Bh(ghi, 
G h (P (F ti, 0 1 ); P (a i, 01)) — G h(ilm , 'Cum; U,1 j  i -vhi) —

Since S = P C ,  is  i-dimensional, we obtain

(24)

for sufficiently small h, from the min-max principle.
On the other hand, by (21) w e have

G h (uh , W , 1 U , 1 , w h )=B h (u 'h , w ii;U h r W 1Y) —  N h ( U ; „  W ON  h(U hy

Thus an application of Lemma 5  leads to

[G , (u h ,  wh  ; U h y  w h)] 2 Bh(u'h, w'h;
 u ,  w 'h)• Bh(uh, wh; uh, wh)

w h; uh, w h)(1-1-C2ih)Bh(uh, w h; uh, W h),

from which follows

B  h (U hr  w , 1 ;  Utly W h ) > Ai(1+ C 21h) - 1 2,(1 — CAih).
G h (uh, w h; uh, w h) —

Since lit h ,  w h l # {0, 0} is  an arbitrary element of S i:,  using the min-max principle
yields

(25) .,11(1—C21h) ,

for sufficiently small h .  Combining (24) and (25) completes the proof.

Secondly w e shall estim ate the error bounds for the eigenfunctions of (10).
For the exact solution 1,1i , of (3), we define % J r by

(26) Bh( m , Ithi; aft, Wh)= 2 i 'dh(u1, R h , O h ) for each Iah, Ohl GS'.

Then, applying Lemma 4  leads to

(27) hi—  w i ) C2 i 12= C i h .

Moreover, using the system  Iffi LI)Ito l y h, I y • • '  y  1
4

h , 17 te, w hich is orthonormal
with respect to G  h , we expand

1-1
'OM, 1'0*E  Gh ( h i, k m ; U , 1, kY Wlr, k) {a h. ky h, le}

k=1

+ G h (g h i, fih.1, 11, 1) IÙ h., 1, + !M .

(28)

We put
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(29)
t-1

E  G h ( 4 h i , ; h, kp 71, k) h, kr h, k} •k=1

In order to derive error bounds for the eigenfunctions, we obtain the following
lemmas for the estimates of AM PI'i, h) and M h (fii,

Lemma 6 .  I f  2i<Ai+i, then fo r  sufficiently small h, there exists a positive
constant C  independent of h such that

M  Ch.

P ro o f. From (28) it follows that

(30) G h (h , ; 72h, ky 11, le)= 0 k = 1 ,  2 ,  • • •

By (10) we have

(31) B h (a h , k r W a , k  F ih r T) h) = .4 .  k G h ( 12 h, let W h, k  ; R h, h)

for each la h ,  IT Esh

Moreover, combining (31) and (30) yields

(32) B (û , k , an , k ; f , 2i) = ;h, kGh(fi h, kr h„ k ; '1 2 1 )= 0  .

k=1, 2, ••• ,
From (28) and (30), it follows that

(33) Gh(ilhi, euhi E  G h ( t i h i ,  a* h i ;  ah, ky ah, k )G h (it'  k r h, ; 1 2 i)k =1

+G 12 12,; ho=Ghch, .
By (28) and (32), we obtain

(34) B h (h i., t''t h i ;  fa, h )— Gam, eVhi ; Û 12 kr lh, 1?)Bh(a12, lep h, k  ;  1 rk=1

+.13h (f [ i , ; fiq, k )= B h (k i , ; h :,

Therefore, using (34), (33) and (26) leads to

(35) Bh( ; ; ho
=Bhohi, ; k h i  ; J 1 1  J 2 /i )

= ; 1 lip  1  fi) —  2 i G  h O h ir  1% 1 ;  f ,  1  20

= 2 1 , 2 ( u 1 12i, W1 - 1 :4 1 ; 2i )

2 0 4 4) hi) • M h (I1 1 , fi) •

The eigenvalues are characterized by
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k=
Bh(ah, 'î 'h ;  ah , ah) „ m i n

(uh .wh iEsh-to,o) Gh(ah, a n ;  eth, tv. h)
k= 1, ••-,

Thus, from  (30) w e have

(36) BiL(/ ; t-FiGh(./ ;

Hence, from (35) and (36) it follows that

h ( I  h i ;  I 2/0 1171h,(U1-A lz 1,  w1— kn i)M t,(1n , f

Thus
(1h.,i+1-2i)Mh( h ,

On the other hand, an application of Theorem  1  yields

for sufficiently small h .  Therefore, using (27) w e have

Mh(JI A, , 2 2 i

h 
(ui w1 - A k i ) C h ,

A i + i  

for sufficiently small h .  Hence we have the desired estimate. The proof is com-
plete.

For the estimate of M h (.% , .% ) ,  the following lemma is presented.

Lemma 7 .  I f then fo r  sufficiently small h, there exists a positive
constant C independent of h such that

Mh.( i

P roo f. From  (29) and (31), it follows that

A A A 1
B h i ,  W h i ;  f I )= E Ah, k[G h( 4  hi, h i  ; ah,k, a h . k ) ]

2

k=i

B
and that

G ah i, ;Ic1, h(11 h i, IV h i ; 1 1 h, k, W h, h)..12

k=.1

=Gh(Pii, .7L; .PL)•
Thus, by (26) w e have

— B a L ,

=  -  B a h l ,  1 1) h i ;  I 1, 2i) ± 2 1G h0 h i, h i  ; I c1, 20

; I  2.0+ 2iG h0 h i ,  w , 2 1 ;  f 11, 2 1 )
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= - d h ( h i — U1,  4 1 h  — 1 0 1 ; 1 1 i ,  1 2 i )

M h ( I  1 2 i )  •

From  the property of the eigenvalue and (29), we obtain

B h (1 1 • iy  1 2 1 ;
. 2 ' 2 '\ <I  '2.i) ;1‘h .i-1 G / 1 (1

,' 2 '2 '
1 2 1 ; 1 l i ,  1 2 1 ) •

Therefore, w e have

lty  12 i,) - 2 i i  h ( h i — U iy  lAVhi — W i) •

On the other hand, an application of Theorem  1 yields

,

for sufficiently small h .  Hence, using (27) w e have

M i t (  1 ii, 2  2 2; /a h ( , — uz, 1.1)

for sufficiently small h. This completes the proof.

W e  n o w  s ta te  th e fo llow ing  theorem  re la ting  to  the convergence for the
eigenfunctions of (10).

Theorem 2 .  Let Ai  b e  an e igenv alue  o f multiplicity p + 1  ( p o ,

=  • • •  = 2
1+p<

2
i+ p + 1) o f  (3 )  and { u,, w a}, ••• l u i + p ,  w 14 .5 1  be the associated eigen-

f unctions. L e t { ,k , ah, ky 1'1) h . k }  ( k =1 , • • •  ,  g )  be the solution of (10). Then fo r
sufficiently small h, there exist Positive constants C , and C , independent of h  such
that

dist Nui, , dist [lit1, ...9‘ 11. ,

i=i, i + 1 ,  •  •  •  ,  i+  P

where

p
=  {{a, E span [lah,i, ••• {ûh , i+p, i î + }];  M h ( 1 2 ,  iD ) = 1 } ,

dist [ { u, -43‘h , inf /17ih (u— f t , w— LT)) ,
(21, p

dist [ {2i, w }, } h , - = inf w— lb).
i'vi e:43h . ,

Moreover, i f  Ai  i s  a simple e ig en v alu e , then there ex ist positive constants C , and
C , independent of h  such that

W i 22) It, •i) - C4h

tor sufficiently small h.

Pro o f . W e  sh a ll p ro v e  o n ly  the f ir s t  estim ate. The others follow in the
same fashion. Define pp, all by
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ti+p

14, E dk {ah, k ah, h}, ,  • i+  P ,

where
w1 ; ah,ky W h .  k )  •

For u1, w },  w e  define  O h » e S h  by

B ry ,(n h jr h j  f i h r  h ) = 2 4  h ( U j r  w j ,  Rh, h ) for each  Vi h , ESh

Then using Lemma 4, w e have

lah(rthi— up j= i ,  •••, i+p,

for sufficiently small h. W rite  fit h i , ivh i l  as follows:

i - 1
Oh» Ili hi} k E=1 G  h ( 1,t h )10  ; k Y k Meth, k h,

ti+p

+ E G h(4h i, j; ah, kr
 i ,

 k )  fah, kr h, { 1 1 1 ,  I 2j}  •

Since 2i .,,<2 i + p ,  and since {u p  ?p i }  is  the eigenfunction corresponding to 2i+p,

using Lemma 6 leads to
M h (1 ii,I2 1 ).—  e h ,

for sufficiently small h. W e set

f Gh(tik , flih j ; U k ,k , h , k ) h , k r h, k }  •
k =1

Since and since {u p  w •}  is  the eigenfunction corresponding to A i , apply-
ing Lemma 7 leads to

M h (h , ./%1) 0h,

for sufficiently small h. Hence, using Schwarz's inequality we have

mh,(4—rth i , - 1 )

i+p

,.- M h ( 1 j ,  . 1 2 j )+ E I G j u i — ilh i , w 1 —z 5 ; ah, kr h., k ) I m h ( a h ,  k r  h ,  k )
k =i

_h±(p+1)1a h (u i — tini, w i-6h1)+ch=Ch.

Thus, for sufficiently small h,

A/1--h(ui — al% tvi— a.t)- 11.1 n(u.f - 470, 24 ; ) -E M a h j - ,
and

Erah,(u i -72I, w1—cvp; 111 -24% wj —rel)

=c(u i , w 1 ; ui , w1;7 7 4 ) + G h (gp, fip, 21-1)

ti+p i+p ti+p
=1-2 E 4 +  E ag=i— E

k =i k i k =i
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i+ p i+ p
= ( 1 4 -  E  ) ( 1  — V  E  ) .

k=i k=i

Thus, for sufficiently small h,

i+ pE ,
k=i

Hence, the following is well defined :

i+p
1—V E

k=i

i+p
{ u , =  fre.r, E p •

k=i

Moreover, we have

2-4-7,47:rg=ch(ap--i-4, aî - a.t cv1- 170)

--Gh(4, (4 ; t4, 4)-2G,(4, /1),7; ref, 01)+G h (iir , .1` ; IT1)

i+p I+ p Vi +P )2=E 4 - 2  E  +1 =( 1 —  E .
k= ik=i k=i

Using the triangle inequality, we have

.-7,71) fah(ui—ftl, w i —rol)+M5(4—ir,1% (v), - 7,74)

w,-7,11)+0.-A r a i )
k=z

V1+5
=.7t7rh (li - rty, wi -ru:r)+[ff(u i -/-41, wi -an2/0+a ) Ch

for sufficiently small h .  Therefore, we have the desired estimate. This completes
the proof.

We can now show the following theorems for the consistent approximation,
the straight beam approximation and the consistent approximation with the semi-
consistent mass scheme. For the consistent approximation, we can use Nitsche's
trick ([17], [7]). Since these results are easily obtained by the same arguments
as used for the partial approximation with the semi-consistent mass scheme, we
omit the proofs.

Theorem 3 .  Let 2 ,  / 4 , 1 ,  2 t , i  and i  be the eigenvalues defined by  (3), (6),
(12) and (14), respectiv ely . T hen fo r  suf f iciently  sm all h , there ex ist positive con-
stants C1 , C 2  and C3 independent of h such that

0 -< 1 -i l i C 1 2 7 1 2 2

12 41;

' C3271-/

Theorem 4 .  Let 2 i b e  an eigenvalue of m ultiplicity  p+1 (po, •••
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= 2 ,,< 2 i , , , i )  o f  (3) and f u„ ••• , 17.11, 5 , w 1+ 9 1 be the associated eigenfunc-
t io n s .  Let {L., k, Uk, k, 171 h ,  k }  {2t, l l i t , k } and { lh,k, u ,  k

 i L k ,
 k }  ( k = 1 1 • • •

be the solutions of (6), (12) and (14), respectively. Then, for sufficiently small h,
there exist positive constants C , (q=1, ••• , 5) independent o f h  such that

dist Du, w 1, 33h, ,

dist Nu» , gt, p] 2 C2 12 , dist Dui, w}, ] _ C 3 12

dist --O h ,p 1 1 . C 4 h dist [ {up h, ,

l=i, • ••  , i+p, where

2 71, p
=  {{a, G span 176h, i}  • • •  {iih, i+p, + p }  ; z2)=1}

g p = {{C , E span [ fut, 1, w t, , ,  {Oh% i " , i + ,}1 ; Co)=1} ,

▪ Ha, span Ef .•., Uth,i+p, gh.i+pli; Mh(rt, 7.2))=1},

dist [ { u, w} , p ] 2 =  „ i n f  lat(u — ft,(u, p

Moreover, i f  21 is  a simple eigenv alue, then there exist positive constants Cg  (q=6,
•' ,  10) independent o f h  such that

, ,

—  1, w i  — wt, , M(u — ,

, ,

fo r  sufficiently small h.

5 .  Numerical experiments

In this section we shall give some numerical examples to illustrate the results
obtained in the preceeding section. The following two typical examples of cir-
cular clamped arches are dealt as shown in Figure 3.

Example 1. R=20, L=207r/3, E = A = I = p = 1 .

Example 2. R=10, L=107r, E =A =I- =p =1 .

The exact eigenvalues and eigenfunctions of the above examples are not
known. The eigenvalue 2 is equal to 0 ,  w here w  is the natural frequency of
vibration. For the first eigenvalue of Example 1, Den Hartog [5] and Volterra
and Morell [19] have presented the following approximate numerical solutions by
using the Rayleigh-Ritz method

675E1  .
i''b= 

 p R 4
 —4.219 x 10 - '3 ,

(1 .3 5 1 )2 E
 .1---4.161 x10 - 2 ,p1, 2•
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respectively. A lso fo r th e  first eigenvalue of Example 2, Den Hartog [5] and
Archer [1] have presented the following numerical solutions

2rD= 
(4.38)2E/

 -
.

1.918 x 10- 2 ,pR 4•

19.22E/ ,ITA = =1.922 x 10- e.p.R 4

Now the finite element solutions are obtained by employing the four approxi-
mations, i. e., consistent approximation, partial approximation w ith  the semi-con-
sistent mass scheme, beam approximation and consistent approximation with the
semi-consistent mass schem e. The arches are devided into uniform finite elements
w ith equal length. Tables 1 and 2 show the numerical results of the finite ele-

\  3
 / _ ■47N_ _ _ _ _

(a) Example 1. (b ) Example 2.

Figure 3 .  Examples.

Table 1 .  The results for Example 1  (first eigenvalues) .

Number of
elements

Partial semi-
consistent Beam Consistent Consistent semi-

consistent

4 4.149 x 10 - 3 4.205 x 10 - 2 4.331 x 10 - 3 4.260 x 10 - 3

6 4.148 x 10 - 3 4.176 x 10 - 3 4.232 x 19 - 2 4.199 x 10 - 3

8 4.135 x 10 - 3 4.135 x 10 - 3 4.167 x 10 - 3 4.166 x 10 - e

A i (2,)13 4.219 x 10 - 3

A(2 )vm 4.161 x 10 - 3

Table 2 .  The results for Example 2  (first eigenvalues) .

Number of
elements

Partial semi-
consistent Beam Consistent Consistent semi-

consistent

4 1.905 x 10 - 3 1.987 x 10 - 3 3.285 x 10 - 3 2.667 x 10 - 3

6 1.840 x 10 - 3 1.874 x 10 - 3 2.437 x 10 - 3 2.206 x 10 - 3

8 1.826 x 10 - 3 1.846 x 10 - 3 2.163 x 10 - 3 2.043 x 10 - 3

10 1.826 x 10 - 3 1.835 x 10 - 3 2.050 x 10 - 3 1.979 x 10 - 3

12 1.816 x 10 - 3 1.816 x 10 - 3 1.968 x 10 - 3 1.912 x 10 - 3

An 1.918 x 10 - 3

2i? )ii 1.922 x 10-3



PS: partial semi-consistent
B  :beam
C  : consistent
CS: consistent semi-consistent

10 12
number of elements

Figure 4 .  C onvergence of eigenvalues for Example 2.

F inite elem ents f o r a rch  eigenvalue problem 781

ment methods in  comparision with those obtained by Den Hartog, Volterra and
Morel!, and Archer. Figure 4  illustrates the usefulness o f expressing conver-
gen ce . T he f irs t mode shape for Example 2 is shown in Figure 5, which is in
good agreement with the result obtained by Archer.

A ll the computations were done in single-precision arithmetic on the FACOM
230-28 computer at Ehime University.

Figure 5. F irst m ode shape fo r  Example 2 (12 finite elements).
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