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§  1 . Introduction.

A principal bundle with structure group G  is said  to  be un iversal i f  its
homotopy groups a re  a l l  tr iv ia l. Such spaces exist for any compact Lie group
G .  The base space B G  of the universal bundle E G  f o r  G is  ca lled  th e  classi-
fying space f o r  G .  I t s  im po rtan ce  is stated in the classification theorem that
the equivalence classes of G-bundles over B  a r e  in  one-to-one correspondence
with the homotopy classes of maps f :B — >B G. So each G-bundle over B  has a
homomorphism f*: H*(B G ; R )-41*(B ; R ) called th e  characteristic map of the
bundle ( R  i s  a coefficient ring). The image of f *  is  the characteristic ring of
th e  bundle. F o r  example, the  S tiefel-W hitney classes are  the im age of f * :
H*(B0(n); Z2)--41*(B; Z s)  of the particular elements. Thus it is quite important
to determine th e  r in g  H*(B G; R ) of the universal characteristic classes for G-
bundles.

Now le t G be a compact, 1-connected, sim ple  L ie  g roup . T hen , as  is well
known, it is classified as

classical type : Spin(n), SU(n), Sp(n),
exceptional type :  G 2 , F 4 ,  E s, E 7 ,  E s .

Let us recall the Borel theorems :

(1) I f  H*(G; Z p )  is  the ex terior algebra generated by  elem ents o f  odd degrees
(p : a prime), then

H*(BG; ••• , y i l , /-=rank G.

(2) I f  H*(G ; Z 2 )  has a simple system of universally transgressive generators, then
H*(BG ; .Z 2 )=.'" Z2[311, ••• Y n ]  •

The assumption of (1) is satisfied when H*(G; Z ) has no p-torsion, e. g.,

G=S U(n), S p(n) for any p;
G=G 2 , Spin(n) for p>2;
G =F 4 , E s , E 7 ,  for p>3;
G-=E s  f o r  p>5.
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T h e  assumption o f (2) is satisfied even when H* (G ; Z ) h as 2-torsion, e. g.,

G=G 5 , F 4 ,  Spin(n) (75n59)..

The cases not covered by Borel's results are

G=Spin(n), E6 , E 7 , E 8 f o r  p=2;

G-=F4, E 6 , E 7 , E 8 f o r  p=3;

G=E 8 f o r  p=5.

O f these cases the following were already determined :

H*(B Spin(n) ; Z2) by Quillen ;

H*(BF 4 ; Z 3 )  b y  Toda ;

H*(BE 6 ; Z 5 ), H*(BE 6 ; Z 3 )  b y  Kono-Mimura ;

H*(BE 7 ; Z 2 )  b y  Kono-Mimura-Shimada .

In  th is paper w e w ill study the m odule structure of H*(BE 3 ; Z 5 ).

L et E8 b e  the com pact, 1-connected, simple exceptional Lie group o f  ran k  8.
D enote by (E, : 51 the set ( X :  compact, associative H-space such that H*(X; Z 5 )

H*(E s ; Z 5 )  a s  Hopf algebras}. A s  is  w e ll know n , every  XE {E 8 : 5}  h a s  the
classifying space BX.

T he  purpose o f  this paper is to determine the module structure of H*(BX; Z 5 )
fo r any  XE 1E8 : 51. T h e  m ethod is th e  Eilenberg-Moore spectral sequence mod
5 { E r , d r 1 associated with X :

E, Cotor, i (Z 5 , Z 5 )  w ith  A=H*(X; Z 5 ) ,

E th H*(BX; Z 5 ).

In Section 2 w e construct an injective resolution W-=AOTT o f Z , over A (by
making use  o f the  tw isted tensor product) so that

H( T :  d)=Cotor A (Z 5 , Z5)

In  §§ 3 and 4 w e determ ine all th e  indecomposable cocycles in the polynomial
subalgebra V of W.

In  §§ 5 and 6 w e determ ine a ll t h e  indecomposable cocycles w ith elem ents
o f  o d d  d e g r e e .  T h u s  w e  sh o w  t h a t  CotorA (Z „ Z 5 )  h a s  1040 (indecomposable)
algebra generators (Theorem 6.5).

In Section 7 w e check the commutativity o f these generators and prove that
CotorA (Z 6 , Z 5 )  is  commutative (Theorem 7.1).

In  th e  last section, § 8, w e show

Theorem 8.1 . The Eilenberg-M oore spectral sequence mod 5  associated w ith
X collapses fo r  all X -{E 3 : 51.

In  particular w e have
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Corollary 8 .3 . As modules

H*(BE 5 ; Z 5 ):--.'CotorA (Z 5 , Z 5 )  with A =H*(E 5 ; Z5).

§ 2 .  An injective resolution of Z, over H*(X ; Z 5 ).

Let X  1E 5 : 51. First w e recall from  [2 ]  t h e  Hopf algebra structure  of
H*(X ; Z 5 ):

(2.1) H*(X ; Z5)=Z1x121/(42)0A (x3, X 1 1 , X 1 5 ,  X 2 5 ,  X 2 7 ;  X 5 5 ,  X 3 9 ,  X 4 7 )

where deg x, --= i;

(2.2) 43(x,.)=0 fo r  i=3 , 11, 12,

s-b(x,)= xisOx i -ss fo r  j = 15, 23,

0(xk)-2x120xk-12+420xk-24 f o r  k=27, 35,

0(x/)=3x120x/-12+3420x/-24+420x/-28 f o r  1=39, 47,

where ç"; is the reduced diagonal map induced from the multiplication on X.

Notation. A =H*(X  ; Z 5 ) a n d  271=17*(X; Z s).

We shall construct a n  in je c tiv e  resolution o f  Z , over A  using th e  same
construction as that in  § 3 o f  [3].

L et L  be a  graded submodule o f 27I  generated by

{X 3 ,  X 1 1 ,  X 1 2 ,  X T 2 ,  X 1 2 ,  X t2 ,  X 1 5 ,  X 2 3 /  X 2 7 ,  X 3 5 /  X 3 9 /  X 4 7 } •

L et B :A ->L  be th e  p ro je c tio n  a n d  e: L ->il th e  in jec tio n  such that c.0=1 A .
We name th e  se t o f  corresponding elements under the suspension s  as

(2.3) sL= { a 4 , a 1 2 , a i s , C 25 , C 3 7 , C 9 9 , b 1 6 /  b 2 4 , d 2 8 ,  d 3 6 /  e 4 0 ,  e48} •

Define 0 : A ->sL  by 0= .s.0 and  e : sL->I1. b y  e--- cos -1 . L e t  T (sL )  b e the  free
tensor algebra over sL  with th e  natural product 0 .  Consider the two sided ideal
I  o f T (sL ) generated by Im (00(000)00)(Ker 0), where 0 is the  d iagona l map of
A .  P u t  l717=T(sL)//, th a t i s ,  W=Z s {at, b, clk, el, cm} (i=4, 12, 13; j=16, 24;
k=28, 36; 1=40, 48; m=25, 37, 49). It is easy to see that I  is generated by

(2.4) [ a ,  p] fo r  all pairs (a, /3) of generators a, de  o f T (sL ) except

(ci i 5 , b,) and (c m , b,) fo r  1=16, 24, m=25, 37,

(a,,, d k )  and (c m , d k ) f o r  k=28, 36, m=25, 37,

(a,„ el ) and (c m , el ) fo r  1=40, 48, m=25, 37,

(a i s , cm ) fo r  m=25, 37, 49,

(c m , cm ,) fo r  m, m'=25, 37, 49 (m#m');
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[ a 13, b j ] + C25 a j - 12,

[C25, b j ] +C 37a1-12 ,

[C 3 7 , b i]+ C 9 3 a j-1 2 fo r  j=16, 24 ;

[a i 3 , d8]+2c28b8 -12±c37a k -24

E C 25 , d81+
2

C37b0-12+C49a k -24 7

[ C 3 7 ,  dill +
2

C 43bk -12 f o r  k =28, ;

[ am , e 1] +
3

C25(1
1- 12+ 3 C37b1- 24+ C49a 1- 36,

[ C 2 5 ,  ell +
3

C 3 7 d 1 - 1 2 +
3

C43b1-24 7

[ c 3 7 , et]4 - 3e49d1-12 fo r  1-=. 40, 48,

w h e r e  [ a ,  ]-=a i(3-(-1 )*/3a with *-- -- deg a•deg 13.

Note that TT contains the polynomial algebra

V =Z 8 [a 4 , a12, b16, 624, d28, d36, e40, e 4 8 ]  •

Notation. V 4 - Z 5 [ (1 4 ,  b io  d 2 8 .  e 4 0 ]  and 1712=Z8Ca12, b24, d36, e‘isi•

We define a  map
d = -0 . ( 0 0 - )000e: sL-->T(sL)

and e x te n d  it  n a tu ra lly  o v e r  T (sL ) a s  a  d e r iv a tio n . S in c e  d (I )E I  holds, d
induces a  m ap W - , W, w hich is again denoted by d :  17P->W by abuse of notation.
I t  is  e a sy  to  check th a t d o d = 0  and s o  W  i s  a  differential algebra over Z.
Using the relation

do6+0.(000)00=0

w e can construct the tw isted  tensor p roduct W =A OW  w ith  respect to  0  [5].
Namely, W  is  an A-comodule w ith  a  differential operator

d-- --  10d +(100).(10001).(001) .

More explicitly, the differential operators c an d  d are given by

(2.5) cl(x401)= l e a  /-F f o r  i=3, 11, 12,

d(xi201)=10c25±2x120a13,

d(x1201)-1(2)c37±3x120c25+34.20a13,

-d(x1,01)-10c46+4x120c37+420c26+4x120a13)

a(X .10 1 )
-

10 b p - 1 + x 3 2 0 a i - 3 3

j ( x k O1)-10dk+,4-2x120bk_33±x720ak-23

j(X00 1
)

= 1 0e1+1+ 3
X 1 2 0 d 1 -1 1 +

3
X 1 2 0 b 1 -2 3 + X 1 2 0 a / -3 5

fo r  j=15, 23,

fo r  k =27, 35,

for 1=39, 47 ;
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(2.6) d a i =0 fo r  i=4, 12, 13,

dc22-3a73,

dc37=21a13, c23],

dc43=Ca13, c37]-- ch

dbi =

d (18 = - 2a 13b 4 -1 2  C 2 5 a  - 2 1

det= - 3 a 1 3 d 1 _ 1 2 - 3 C 2 5 b i- 2 4  C 3 7 a  1 - 3 6

fo r  j=16, 24,

f o r  k=28, 36,

fo r  1=40, 48.

Now we define weight in  W =A 0 1-47 a s  follows :

(2.7) A :  X 3 ,  X 1 1 ,  X 1 2 ,  4 2 ,  X 1 2 ,  X l2 ,  X 1 5 ,  X 2 3 ,  X 2 7 ,  X 3 5 ,  X 3 9 ,  X 9 7

W: a4, a12, 1213, C 2 5 ,  C 3 7 ,  C 4 9 ,  b 1 6 ,  b 2 4 ,  d 2 8 ,  d 3 6 ,  e4 6, e 4 8

weight : 0 0  1 2 3  4  2  2  6  6  1 2  1 2

(The w eight o f  a  monomial is th e  sum  o f th e  w eights of each element.)
Define a filtration

(2.8) Fr= ix  w eight x .

P u t E oW-=E F 4/F4 1. T hen  it is  easy  to  see  tha t

A(x s , X i i ,  X 1 5 ,  X 2 3 ,  X 2 7 ,  X 2 5 ,  X 3 9 ,  X 4 7 )

Ø  Z '5 [ a 4 , a12, 616, 624, d28, d36, e40, e4810C(2(x12)),

w h ere  C(Q(x 32)) i s  t h e  cobar co n stru c tio n  o f  Z21x121/(x72). T h e  differential
formulae (2.5) and  (2.6) im p ly  tha t E o W  is acyclic, and hence W  is acyclic.

Theorem 2 .9 .  W  is an injective resolution o f Z , over A =H*(X  ; Z 5 ).

By the  definition of Cotor w e have

Corollary 2.10. H(IT: d)=Ker d/Im dr --CotorA (Z 5 , Z2).

§  3 . Cocycles in  V4 a n d  V 1 2 .

We define a n  operator a by

aa,=o f o r  i=4, 12,

abi = a j_ 12 f o r  1=16, 24,

ad8=-2b8_12 for k =28, 36,

ae1=3(11-12 for 1 =40, 48,

and  ex tend  it over V-=Z6[24, a 1 2 ,  b 1 6 ,  b 2 4 ,  d 2 8 ,  d 2 6 , e 4 0 , e 4 8 ]  so that it satisfies

acp+0=ap+aQ a n d  a(PQ)-=aP-Q-1-PaQ
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fo r any polynomials P an d  Q of V.
Then we have

Lemma 3 .1 .  Fo r any polynomial P  in  V we have

(1) a5 P=0;

(2) [an, —c22aP-3c37a2P—c49a3P ,

[c 2 5 , P1=—c 2 7 aP-3c 4 9 a2 P,

Ce37, P1=—c42 aP;

(3) dP=—a n aP+2e 2 2 a2 P—c27 a3 P+e4 9 a4 P.

P ro o f. (By induction.)
(1) Suppose th a t  a5P=o holds f o r  a n y  polynomial P  o f  degree up to /.

Then fo r  a  monomial xP o f degree 1±1, we have

85 (x P)=a 5 x • P+ xa5 P=0 .

Thus a5P=0 holds fo r any polynomial of degree 1+1.
(2) Suppose that (2) holds for any polynomial P of degree up to I. Then for a

monomial xP o f degree 1+1, we have

[a i ,, x11---ra 1 3, x1P- FxCa33,

— ( c 2 0 3 x 3c3 7 a2x c4 9 a3x)P+ x( c2 6 aP 3c 3 7 a2P c 4 9 ,33P)

—(---c 2 5 ax 3c3 7 ,92x c 4 9 ,33x)P (c2 5 x + c37 ax +3c 4 9 az x)aP

—3(c37 x+c4 9 ax)a2P—c 4 9 xa3P

—c 2 5 (ax • P+ xaP)-3c 3 7 (a2 x • P+2ax • a P+ xa 2 P)

—c 4 9 (a3 x • P+3a2 x •ap+3ax •a2P+ xa3 P)

=—c 2 2 0(xP)-3c 2 7 a2 (xP)—c 4 2 a3 (xP ).

Thus th e  first relation holds for any polynomial of degree 1+ 1. T h e  other two
relations are proved similarly.

( 3 )  Suppose th a t t h e  differential form ula holds f o r  a n y  polynomial P  of
degree up to /. Then fo r  a  monomial xP of degree 1+1, we have

d(xP)=dx•P+xdP

—(— a i3ax+2c2,a2x c37a3x+c4 9 a4x)P

+ x (  ai 3 ap+2c 2 5 a2 P  c37 33P+ c494P)

=(—ai,ax+2c2,a2x—ca,asx+c4 9 a, x )P

—(a 1 2 x+c 2 1 ax+3c 3 7 a2 x+c 4 2 a2 x)aP

+2(c22x+c27ax+3c49a2x)a2P



Eilenberg-Moore spectral sequence 209

—(c 17 x +c 4 9 ax)a3 P-Fc 49 x8 4 P

=  a n (a x • P+ xaP)

+2c 25 (a2 x • P+2ax •ap+ xa2 P)

c37 (a8 x • P+3a2 x •ap+3ax-a 2 P+ xasP)

+c 49 (a4 x•P—a3 x•aP±a 2 x•a 2 p—ax•a 3 p+x a 4 P)

=  a n a(x P)+2c 2 ,a2 (x P)— c37 a3 (x P)+ c 4 9 a4 (x P) .

T hus th e  differential formula holds fo r any  polynomial of degree /-P 1. q .  e .  d.

Lemma 3 . 2 .  Let P  be non-triv ial in  V . Then P is  a  non-triv ial cocycle if
and only i f  ap=o.

P ro o f. If  P is  a  cocycle, d P =0 . T hen  by  th e  differential formula, w e have
ap=0.

Conversely, if  ap=o, then  a3p, 53p and a4p a re  a lso  0  a n d  w e  h a v e  dP=0.
Since  P  d o e s  n o t c o n ta in  an ,  i t  i s  n o t  in  th e  d-im age and  hence P is  a  non-
trivial cocycle. q .  e .  d.

W e shall find cocycles without elements of odd  degree , nam ely  those  i n  V,
in  the  follow ing m anner. F irst, w e shall find cocycles in  V4--- =Z5Ca4, b16i d28, e40].
Cocycles in  V42---- Z5[(212, b 2 4 , d86, e48] w ill be obtained quite sim ilarly a n d  o f  th e
sam e fo rm , s in c e  b y  th e  differential formula (2.6) w e see  th a t b o th  V , a n d  V 1 2

are  closed under th e  operator a and  th a t th ey  are of the sam e a -stru c tu re . Then
in Section 4  w e shall find cocycles o f "mixed type", th e  o n e s  w ith  b o th  a 4 a n d
an . There a re  1002 cocycles o f  mixed type, of w hich 1001 a r e  in  th e  al-image.
W e have little  in terest in  enumerating them, a s  w e can easily w rite them  dow n
in polynomial form by mere calculations o f a-image if  necessary.

W e shall find cocycles with elem ents o f odd degree in Sections 5  and 6.
Now we shall find cocycles in  V4=Z5[a4, b16i d28, e40].
Apparently a 4 a n d  bh a re  th e  only indecomposable cocycles in  Z5Ea 4,
A  cocycle in  ZIa4, b16, d 2 8 ]  o f degree 1  w ith  respect to  d z s  i s  o f  th e  form

P=A d 2 8 -2 B w i t h  A , B Z 5 [ a 4 , biG ]•

The form ula aP=aA •d 2 8 +2A b 4 6 -2 aB =0  gives rise to

5 A = 0  a n d  Abn =aB

We obtain, fo r  A =a 4 , a  cocycle a 4 d28 —b 6 . I t  is  n o t h a rd  to  se e  th a t th e re  are
no more indecomposable cocycles in  Z,[a.i, b16, d2 8]  except clh. T hus w e  have 4
indecomposable cocycles in  Z 5 [a 4 , biG, d28]:

(3.3) xi4o=dh=a 4 (d28e10),

x4=a4=63e40
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Y80
=  bh= a4( - b,,clh),

z 3 2 -  a 4  28 b!0 a
4
( •

A  cocycle Pi  in  Z Ia 4 , b16, d28, e40] of degree i with respect to e,, (i=1, 2, 3, 4)
is o f th e  form

P1=Ae40±2B ,

P2
=  A eL-Be40-2C ,

P3= Ae‘3,0+ B  40-Ce 4 0 -2D  ,

P4
=  A e10-2Be 340- 2 C 4 0 +2De4 0 - E  ,

where A, B, C, D, E E Z ,[a,, b ,,, d 28 ]. Now dP1 =0  gives rise to

(3.4) aA=0 (for P 1  P 2 , P 3 , P 4 )

Ad 28 =aB (fo r P  P  P- - - 3, P 4 ) ,

Bd 28 =aC (fo r P  P- 2 , - 3 , - 4 ) ,

Cd 22 =  a t ,( f o r  P,, P,),

Dd 28 =aE (for P4).

4 b16, - __a. .n Z51x440, 4, Y80, 
2

321Since aA_-_o, A  is a  cocycle i n  Z En , d t h  r 1

f o r  w hich w e see i f  there ex ist B, C, D  a n d  E  satisfying (3.4). If  fo r some
cocycle A  there exist B , C and  D bu t no  E , then there exist cocycles P,, P 2  and
P, but that there exists no  such P, a s  beginning with A 4 0 . Similarly, i f  there
exist B  and  C b u t n o  D, there exist P, and  P 2 ,  bu t no  P, or P 4 ;  a n d  so on.

Although choice o f  B , C, D  a n d  E  f o r  a  cocycle A  is  n o t unique, it is
sufficient to take one choice, if  any, since t h e  difference between two cocycles
that begin  w ith  t h e  same term A eL  is a  cocycle o f lower degree with respect
to e40.

I f  there exist cocycles P;=A 'el o + ••• a n d  P 1 =A "4 0 + •••  f o r  A ' a n d  A"
respectively, we have

•••
and

A 'P"i'=( A'A" )e 0 + • • •  .

Thus cocycle P, fo r  A= A' + A" and A ' A " exist b u t a re  decomposable (and so are
any cocycles fo r such A).

F o r A =x 1 4 0 = 4 8 o r  A =x 4 =a 4 , there is n o  B  satisfying (3.4). Thus there is
no  cocycle beginning with x 3 4040 o r  with x 4 e10 (i= 1 , 2 , 3 , 4 ). A n d  we also see
that there is neither cocycle P, for A = x 1140+ A ' (k =1, 2, nor for A = x 4 x 114 0 ±A "
(k =0, 1, 2, •••) whatever cocycles A ' and  A " may be.

F o r A =.4=-a 1 (- d 3) we have cocycles .p4=84(-d 8e 0)  (i=1, 2, 3, 4) an d  fo r
A = y 8 0 =b7 6 = 5 4(-1)4418) w e  h a v e  p4=54(-616d10 10) ( i= 1 , 2 , 3 , 4 ), a ll o f  which
a re  indecomposable.

F o r A=z32=a4d28-bi6=a 4 ( - 4 0), w e h a v e  B = b 4 6 A-1-(a-kerne1) and C=2d8
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+(other terms), but no D .  Thus we have

Pi= z82e40+21, 1 3 d h =a 4 ( - 2 4 0 ) , s a y  Z72

P2
=  zuelo —  bi6dhe 40+ d18=a 4 ( — elo) , s a y  2

112

but no P 3 o r  P,. And w e see also  that there exists neither P 3 nor P 4 for
A=z32440+A' (k=0, 1, 2, •••) whatever a  cocycle A ' may be.

For A=x4z32=a 4 ( - 2d22), w e have p4=a4(-2d5el0)-----x 4z 3g10+••• (i =- I, 2, 3, 4).
However P ,  and P 2  are decomposable as their beginning terms are  the same as
x 4 z7 2 a n d  x 4 z1 1 2  respectively. The cocycles P 3 and P 4  are indecomposable, since
there is no cocycle that begins with x 4 e 4 0  o r with x4e6.

For A=z3 2 , we have P1=z32z72, P2=42, 19 3=z72z112 and P4-- =4.12, which are all
decomposable.

Now let A be a  cocycle that has no term of the form xi'40, x 4 xl' 4 0 o r  z3 2 ..40.

Then, each term  o f  A  hav ing at least one of X L  Y 8 0 , X 4 Z 3 2  Or 4 2 ,  cocycles
(i=1, 2, 3, 4) for such A  ex ist and  are  decomposable except th e  ones that

have been found and shown to be indecomposable.
And for such a  cocycle a s  A=z32x 1140+A' (k=0, 1, 2, • •-) w ith  A ' a  cocycle

that has no term of the form x40 or x4,440, cocycles P ,  and P 2  ex ist and are
decomposable. (There exist no P 3 o r P 4 a s  we have mentioned.) Thus we have
found all the indecomposable cocycles of degree 1, 2, 3 and 4 with respect to e40.

Finally, e h  i s  the only indecomposable cocycle of degree 5 with respect to
€ 4 0 .  It is easy to see that there are no more indecomposable cocycles o f degree
greater than 5.

Thus the following are all the indecomposable cocycles in V 4 = -  Z  4, b16, d28/ e401

(3.5) x140=d8=a4(d20e10)

X200
=  e.540 Y

x i =a4

x 4 8 .= a,le 4 0 + • • • = a 4 (-4 8 e 4 0 ) ,

x 8 8
,  0 , 4 0 + • • • =a4(— d 8 e6)

x 128= 440+ • • • ---a4(—  d L e j o ) ,

x  a i e 1 0 +  •  •  •  = a 4 ( - 4 0 1 0 ) ,

Y.0 =  b h = a 4 ( —  b16 d

120-146e 4 0+ • •  =a4 (— b i l dhe4o) ,

Yi6o= bNeio+ •• • • =-a4( — b16 d 1 0 )

Y  200= bLe .10+ • • • =a4(— bi6dheL )

Y240-67.640+ " .  —a4(— bl6d1se`41 0)

Z 3 2  —  a 4d28 b i 6 — a 4 (  eh)

Z72
=

(a 4 d 2 8  b i6 )€ 4 0 + — a4 ( 2 4 0 ),
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z112 -=(a4d2B — M 6)40+ • •• =a4(-2e10),

Z5 5 6  a 4(a 4d 28— 148)40-1- • • • =a4c—ansei.) ,

z1 9
.8=a4 (a4 d 2 8 — M 8)40+ ••• =a4(-24,4) •

Remark 3 . 6 .  ( 1 )  T h e  generators i n  V 4 =Z 8 [a4, 61 8 , d2 8 ,  e4 0 ]  a r e  in  t h e  &-
imag e except x ,  and x 2 0 0 ;
(2) x 4 is  in  th e  a 3 -im a g e  b u t not in  th e  a 4 -image ;
(3) x 2 0 0  is not in  th e  a-image ;
(4) We have x i = a 4 (— d 8 )  and  we see that a  cocycle  in  V, is in  th e  64 -image if
and only if  it has no term o f th e  form x 4 x 0 0  o r  x 0 0 ;

(5) A  cocycle  is in  th e  a 3 -im a g e  if  it has no term o f th e  form x 0 0 ;

(6) A  cocycle  is not in  th e  a -im ag e  if  it has a  term x00.
In  other words, we see that a  sum A ± A ' is in  th e  a 3 -im a g e  o r  a 4 -im a g e  if

and only if  both A  and A ' are  in  the im age.

Quite similarly one can see that t h e  following a r e  a l l  t h e  indecom posable
cocycles in  V2 2= Z 2 [a 12, b24, d36, e42]

(3.5)' u150=d28-515(d3648)

U240
-

4 8

u n = a 1 2 ,

U72
— a L e 4 8 +  • • • '34( dhe48) 2

u125= aT 2ei8+  ••• =a4(— dhel s )

u 1 68 = a !1 e l8 +  •••  =a4c—dLe,18),

u2,G = aL e/8-F - ••• =a4(-46e18),

V220
—

 b34 —a4( b24d16)

v168
-

144e48
-
1
-- ••• — a 4 ( b24d16e42),

V216
- 1

4 4 4 8 +  —.94( b24(116ei8)

v264 — bLe184- ••• ==a4( b24(116e18),

v312=bL e18+ •••  a4(— b24dt6e18)

11)42— a 12d36 124
4 (

e,218)

W96
—

( a 1 2 d 3 6  144)e4,-+ ••• =a4(-2eis) ,

W144
—

( a 1 2 d 3 6  1 4 4)4 8 + —a4(-248)

W204
— ai2(a 12(

1
36

— bL)484 - = a 4 ( - 2 d h e L ) ,

W 2 5 2  a 12(a 12 d 36 1 ) 2 4 ) 4 + =a4(— 2c/ Le,4, 8 ) .

Remark 3 . 6 ' .  ( 1 )  T he  generators in  V12=Z5[a12, b24, d36, e48]
image except u 1 2 a n d  u240

a re  in  th e  a4_
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(2) ui , is in  th e  a3 -image b u t not in  th e  a4 -image ;
(3) u2 4 0  is not in  th e  a-image ;
(4) We have ul2 ==84 (—(136 ) and  we see that a  cocycle in  171 2  i s  i n  t h e  a4 -image
if  and  only if  it has no  term o f th e  form u1 2 744 0 or u140;
(5) A  cocycle is in  th e  a3 -image if  it has no term o f th e  form u140;
(6 )  A  cocycle is not in  th e  a-image if  it has a  term 1440.

In  other words, we see that a  sum PH-P' is  in  th e  a3 -image o r  a4 -image if
and only if  both P and  P ' are in the im age.

§ 4. Cocycles o f mixed type.

Throughout this se c t io n  th e  letters A, B , C, D  a n d  E  w ill be used  for
elements in  V4=Z3Ca4, b16, d28, e401 a n d  th e  letters P, Q , R , S  a n d  T  will be
used fo r those in  17 12=Z6[a12, b24, d36, e48].

Now we shall find cocycles o f  mixed ty p e , th a t is , those i n  V-- -- Z ,[a i ,
cl2 8 , e4 0 , a 3 2 , 624, d36, evil w ith  both a ,  a n d  a 1 2 . A polynomial f  i n  V is of the
form f =  A , P ,  where A i 's a re  polynomials i n  V 4  a n d  Pi ' s  i n  V1 2 . We may

suppose th at t h e  Ai 's  a n d  P,'s a re  all distinct and deg A i =m in {deg A i } .  The
condition for f  to be a  cocycle is a f= o.

Now we have af= aiii• Pi+ A i aP,±  E (aA i•P ,+ A iaP i). Note that
/22

deg aA i =deg A 1 -12<deg A ,

P,#P,

Thus, in  order that a f  be 0, aA, m ust be 0, that is , A , is a  cocycle.
If  a p , , o ,  then A i P, is a  (decomposable) cocycle.
If  a p ,* o ,  in  order that af  be 0, —ap, m ust be one  o f Pi 's  (i 2), a s  A,#A,

L et P2 =— ap 1 , then A, m ust be a/12. T h e  element f  is now o f th e  form

f= aA • Pi — A 2 aPi + E A i Pi w i t h  a2A2 =0
123

and
af_=—A2a2p,+ E (aA i • A i aPi ) .

123

If a2p1 = o, then f=aA2•132—A2aP1 is a  cocycle.
If a2p1 o , then, in  order that a f  be 0, a2P, m ust be, say, 13

3 a n d  A 2  m ust be
aA 3 so that

f=a2A3•P2—aA3•ap1+A3a2p1+ E A i P,
124

with a2A.-=-0 and
af=A3a2p

1 + E (aAi• A i aPi ).
124

If  a2p1 ---o, f =a 2 A 3 -P1 —aA 3 •3p1 +A 3 a2 p 1 is  a  cocycle.
If  a2p1 # o, then it m ust be, say , —P, and A 3  m ust be aA 4 , so that

f =a 3 ,4 4 •P1 —a2 A 4 •ap 1 --FaAe8 2 p 2 —A 4 a3 p 1 + E Ai  Pi
122
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with 4 A 4 =-0 and
af.---A 4a4P1+ E  (aA,• P i + .

t 2 5

If aip ,=o, then f= a 3 A 4 • ••• —A4 a3 P1 i s  a cocycle.
If a4P1 # o , th e n  it  must be, say, P, and A 4 must be a/4 5 . This time, asP,

being 0,
f=a4A5• P1 —a3 A 5 •aP1 +a 2 ,45 •a2 P1 —a,45 •a3 P1 +A 5 a4 P i

is  a cocycle.
T hus w e have had  5 possible cases, w hich  can  be  w ritten  as follows. The

first one A P  is decomposable and is omitted.

(4.1) (A, P) i = AQ — BP ,

(A, P) i i = AR— BQ +CP ,

(A, P)in= AS— B R±CQ — DP ,

(A, P) I v =-AT—BS+CR—DQ-FEP,

w here  A  is  a  cocycle in  17 4 = Z 5 [a4, b15, d 2 8 , 6 .4 0 ] with A=aB, B=6C, c---aD, D
---aE and P  is a cocycle in  17 12=Z5[112, b24, d 3 6 ,  e 4 8 ]  with P=aQ, Q=aR,

The notation (A, P ),  for J= I, II, III, IV w ill be used to denote som e cocycle
o f m ixed  type of the above form, as w e shall study such cocycles for pairs of
cocycles A  and P.

W e have

(4.2) (A, P ),+ (A ', P ) —(AH- A ',  P ) ,

(A, P ),+ (A , P '),= (A , P+ P '), ,

A'(A, P),=-(A'A, P) j

(A, P),I P '= (A , P P '),,

(A, P),(A ', P ') K =(AA ',

where J and K  are I, II, III or IV, and L  is II i f  J= K = I, is III if  J = I and K=-II
o r if  J-=II and K = I, and is IV otherwise.

W e see  tha t there  is  a cocycle of the form  (A, P ) ,  if and o n ly  i f  b o th  A
and P  are in the 5 g -im a g e , w h e re  j= 1 , 2 , 3 , 4  according as J= I , II, III, IV.
Thus by Rem arks 3.6 and 3.6' w e have

(4.3.1) There is no cocycle of the form  (A , P),, i f  A  has a  term  o f th e  form
x 0 0  o r  i f  P  has a term of the form  u 4 0 ;

(4.3.2) There exists a cocycle of the form  (A, P) j  fo r  J=-I, II and III if A  has no
term of the fo rm  x 0 0  and if P  has no term o f the form uho;
(4.3.3) There exists a cocycle of the form  (A, P ) ,  only i f  A  has no term of the
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form  x 0 0 o r  x4x 12'00 and only i f  P  has no terni o f the form  144 0 o r  u121440.

W e  s e e  th a t ,  i f  A-=a4 E  ( o r  P=a 4 T ) , cocycles in  (4 .1 )  can  be  w ritten  as
follows :

(4.4) (A, P)1=a 4 (EQ) (resp. a4(—BT)),
(A, P) 11 =a 4 (ER) (resp. a4(cT)),
(A, P)I11=a4 (ES) (resp. a4(—DT)),
(A, P) 1 v =a 4 (ET) if  A =a 4 E  and  P=3 4 T

Although th e  choices o f  B ,C , D, E  for a cocycle A  a n d  Q , R , S , T  f o r  P,
if  any, a re  n o t unique, we see

(4.5) The difference between two cocycles of the form  (A, P ) ,  is  a  cocycle with
subscript less than J  or a decomposable cocycle o f the form  A 'P'.

Notation. [A , P],, w ill be  used  to  denote  a  c o c y c le  o f  th e  fo rm  (A, P),
chosen explicitly.

If  follows from the relations (4.2) that

(4 .6 ) I f  both A  and P are indecomposable, then the chosen cocycle [A , P1,1 is also
indecomposable.

(The converse is  no t true.)

In  the  following, A. will be an indecomposable cocycle in V , o th e r  th a n  x ,
and  x z o o , fo r  w hich È w ill be th e  element in (3.5) such  tha t aq=21.- . Similarly,
15  w i l l  b e  an indecomposable cocycle in Vi z  o th e r  th an  u i ,  and u 240 , fo r  which
T w ill be th e  element in (3.5)' such  tha t a4T=13 .

Now we shall determine indecomposable cocycles o f  mixed type.
Remark that

(4.7) deg [A , P1,=deg A -Edeg P+12j ,

where j-=1, 2, 3 or 4  according as Jr--- 1, II, III or IV.

We choose [A , Pl i f o r  each pair of indecom posable cocycles A  other than
x 2 0 0 a n d  P o ther than  U 2 4 0  a s  follows :

(4.8) [ x i ,  u n ii— a4 b 2 4  b i6 a1 2 — a 4 ( 2 e 4 0 d 8 6  d 2 s e ,  )

rx4, Pi1---,94(-b16T) for each 15  ,

CA, u12i1-=a4 (Eb24) fo r  each A,

EA, Pi 1 =a4(f51T) fo r  each pair o f A  and 13  ,

all o f which are in the a4 -image and are indecomposable by (4.6).

A ny other (A , P) 1 is decomposable by (4.2) and (4.5). W e  h a v e  thus 16.16
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=256 indecomposable cocycles o f th e  form (A, P) 1 .
Quite sim ilarly, we obtain cocycles o f th e  form (A , P) j  ( J=II, III) for each

pair of indecomposable cocycles A  other than x 2 0 0  and  P  other than 11-  2 4 0 ,  which
a re  all indecomposable :

(4.9) [x4, u42]4—a4d38 264 6 b24+d2 8 d i,- -a 4 ( -2e40e48),

Ex4, 13 ]n=a 4(- 2d287) fo r  each P,
[Â, u12] 11 , a, ( -2Ed36) for each A ,

[A , P ] 11 =a4(Ea27) fo r  each pair of A  and P;
(4.10) Ix4, a4e484-2bi6d 36 — 2 d 2 8 b 2 4  e4od 12

Cx4, 15 1111=a4( —e40T) fo r  each P,
u12]111—a4 (Ee48) fo r  each -A ,

Pl111=a 4 (E aT) fo r  each pair of A  and  P,
which are all in the a4-image except fo r  [ x 4 ,  u la l l•

T he  cocycle [ x 4 ,  u l a n  is not in  th e  a-im age. So w e call it n/82:

a4e48+2b16d36 2d28b24 — e40a42 •

There are  256 cocycles in  (4 .9 ) and 256 in  (4.10), which a re  a ll t h e  indecom-
posable cocycles o f th e  form (A, P) i i  a n d  (A, P)m, respectively.

Finally, we shall determine indecomposable cocycles o f  th e  form (A, P)w.
Recall that there is no cocycle o f th e  form (x4, P)Iv o r  (A , 2112)iV.

We have

[A , P]1c-- - a4 (ÈT) fo r each pair o f 271 and P ,

741215v=a 4 (d h c lh ),

[ x

uhl
w

, P l y =

=a 4(— Ed36)

a4(-4 8 T) for each P,
[A , fo r each ,

i 

and any other (A, P)117 is decomposable, since each term in  A  h as  x i o r  ,71  and
each term in  P  has 742 o r  P  by (4.3.3).

,T h e  cocycles [A , P I  are  indecomposable by (4.6).

T h e  cocycle u T a v  can be shown by direct calculation to be decomposed
a s  — f [ x 4 , u12]111 2 - 2z32w48.

W e  h a v e  n o w  to  c h e c k  decomposability o f  t h e  cocycles P ill/  and
[A , 004v.

I f  [x i ,

(x,T i + •-•)(x 4 T2 + •••)+(other terms)

w ith x4 T 4 -1- ••• and  x4 T 2 -1- cocycles. S ince there is n o  cocycle o f  t h e  form
(x 4 , 5 4 Ti)1v (i=1, 2), it is necessary that a4T1 , a4T2 = 0 .  A n d  i f  T =T 1 T 2 w ith

P]iv= xiT± is ever decomposable, it is decomposed as
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34T1=a72=o, then  I d  Pliv=a 4( -487 ') is rew ritten  as

(4.11) (a4T1 — b16aT1 - 2 (1 28a2 T1 — e40a8 T1)•(a4T2 — b16aT2 - 2d28672—e40a 3 T2)

— {2(a4c/22-146)(a2 T1•T2—aT 1 •aT2+T 3 a72)
— (a4e40— b16d28)(197 1 •T 2 ± T ia 3 T2)

±(b16e40 - 48)(a s T1•aT2FaTi•a s T2)

-1-2d28 e4 0(a3 T 2 •a 7 2 + a 7 2 •a3 T 2 ) +  eLasT,• '372}

-=(x 4 , akT1)K (x4, .372)L

—2(z32 , a-02T1•T2—aT,•aT2-ET,a2T2Dm  ,

w here k  is  such  tha t akTi#o and  ak+7 1 =-0, K = 1 , II or III according a s  k=1, 2
o r 3; / an d  L ,  m and M  a re  sim ilar except that m can be 4  and  th en  M  is  IV.

Actually, we have  the  following decomposition o f  T fo r  ./3 :

(4.12)
13 T i T 2

U150 d„e:8 e48

U72 —clg6e48 —d36 d3448

U120
— dhe,21'8 —d36e48 due48

U168 — 4 6 e18 —d36 4 8 4

U216 —d36e18 —d3 6 4 8 d38ei8

V120 — b ah d 2 , ba h
Vi68 —b24d18e48 — b 2 4 d d 3 6 e4 8

V216 —1,24d18ei8 — bah d a 8 e i g

V264
—

b „ d h e ,348
—

b24(136 d3648

V312
—

b 2 4 (1 16e18
—

b 2 4 (1 36e48 d 8 8 e 3
4 8

1,1148 — ei, e48 e48

W96 — 2 4 8

W144 —20, 8

W204 —2dLe18

W252 —248e:8

T h e r e  is  n o  decomposition such as
fo r  which [x i, /5 1j v  i s  indecomposable.

F o r  .13 =w48 ,  T i= — e „  a n d  T 2 - = . e 4 8  i s  t h e  only decom position o f  T= — 4 8

except fo r  T i =e4, a n d  T 2 =-- — e,s ,  a n d  th e  decomposition (4.11) f o r  [x i, wasiiv
tu rn s out to be

(4.13) [ 4 ,  w 4 2 1 i v - = —  i[x4 , u lau l 2 — ( Z s z ,  0 2 )IV  •

W e shall choose th e  cocycle [x i, w4811v-=a4(d8ei2) t o  b e  indecomposable. Then
t h e  cocycle (z 22 , 742)iv i n  (4.13) becomes decomposable and so does th e  cocycle
[z 22 , uhiiv-=a 4(ehdh).

F o r P o th e r  th a n  w, (i=48, 96, 144, 204 a n d  252) t h e  cocycle [ 4 ,  /5 1i v  i s
decomposable, since t h e  cocycle o f  t h e  fo rm  (z32, P)m  in  (4.11) is  w ith  P # u h

T=T 1 T 2 f o r  Pi w w  w n r w-  1 4 4 >  -  2 0 4  - -  -  2 5 2 >
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and thus is  a  cocycle that has been already studied.
Decomposability o f  th e  cocycles [Â, uT211v=a 4 (—  R46) is checked sim ilarly

In  o rder tha t they  a re  decomposable, it is necessary and, th is  time, sufficient that
E be decomposed in  a  product E i E , w ith  a4E 1 = a4E 2= 0 . W e have a  list similar
to  (4.12) and w e  have four indecomposable cocycles, namely, f o r  .71=z7 - 1 1 2 ,  Z 1 5 6

and  z, 9 6 .
T hus w e  have show n that th e  following a re  a ll th e  indecomposable cocycles

o f th e  form  (A , P)Iv :

(4.14) [A , P1 1 v =a 4 (E T ) fo r  each pair of A and 13 ,

15 1Iv=a 4 ( — dhT) f o r  PT" i n  W W W  W-  -=  -  4 9 ,  -  9 6 r  -  1 4 4 ,  -  2 0 4 ,  -  2 5 2  Y

[A , Ed1 6) fo r  .7 1 .= - 2 .7 2 , Z 1 1 2 , 2 1 5 6 , Z 1 9 6  •U T 2 lIV
- = a 4( —

We have 15.15+9=234 cocycles here, all o f which are in the a4 -image.

Proposition 4.15. W e have 1002 indecomposable cocycles o f  mixed type,
namely, 256 in each o f (4.8), (4.9) and (4.10) and 234 in (4.14), all o f which are in
the a4 -image except 77/5 2 = Cx 4, 1412im in (4.10).

W e have little  in terest in  lis tin g  th e m  u p ,  b u t  w e  c a n  e a s ily  w rite  th e m
down in a polynom ial form , if necessary, by mere calculations o f a-image. (Recall
th a t  Â  is  a  cocycle in  V 4  other than  x , a n d  A-2 0 0 ,  E is  th e  element i n  (3.5) such
th a t a4E,---À, .13  i s  a  cocycle in  V 1 2  o ther than  u i ,  an d  2 1 2 4 0  an d  T is  th e  element
i n  (3.5)' s u c h  th a t  a 4 T .- -E .  R eca ll a lso  tha t deg  [A , P1,=deg A +deg P+12j
w ith  j=1, 2, 3, 4 according as J= I, II, III, IV.)

T hus w e have

Proposition 4 .1 6 . In  V  we have 1036 indecomposable cocycles, namely, 34 ones
listed in (3.5) and (3 .5 )' and 1002 ones o f mixed type in Proposition 4.15.

Remark 4 .1 7 .  ( 1 )  T h e  indecomposable cocycles i n  V  a r e  i n  t h e  54 -image
except x 4 , x200, u 1 2 ,  11 2 4 0  and ni 5 2

(2) x ,  and  n i ,  a re  in  th e  a1 -image, bu t n o t in the a 4 -image;
(3) x 2 0 0 , u240 a n d  m5 2  a r e  no t in  th e  a-image.

W e have the  following products in the a 4 -image:

(4.18) xi=a-(—dL) , 42=a 4 ( - 4 , ) , 2=a4(—d2 8d3 6)

x4m5 2=a4 ( - 48e48 - 2e.210 b2 4) , ni2m5 2=a4 (e40dh - F2b1548)

77Z2 2= a 4 ( —  dheL —  2eLd36+ eLb24e48) •

Therefore, monomials in  cocycles a re  divided into three groups :
(4.19.1) A monomial in  cocycles is  in  th e  a4 -image except th e  following ;
(4.19.2) x 4 x0 0 zt14 0  a n d  u 1 2 x  7.142 0 0 - 2 4 0  which a re  in  th e  53 -im ag e  b u t  n o t  i n  t h e  &-
image ;
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,(4.19.3) x ls'soulio and i n 5 2
 x l.;

A O
 u A 0 which are not in the a-image.

Finally we resume that

(4.20.1) A  cocy cle in  V  is  in the al-image if and only  i f  i t  h as  n o  te rm  of the
or m ,,x 12'00u140;f orm  x4x00u140, u12x 12'00A 0, x hou140

(4.20.2) A  cocy cle is in the a 3 - im ag e  if and only  i f  it has no te rm  o f  the form
X120011240 or m52)c0ou140;

(4.20.3) A  cocy cle is not in the a-im ag e  i f  it has a term ,001144, O r
 17162 4 0 0 1 4 4 0 .

In other words, we have

Rem ark 4.21. (1) A cocycle in the a-image is in the a s-image;
(2 )  A cocycle is in  the  as-image or in the a 4 -im age  if  and  only i f  each o f  its
terms is in the image.

§ 5. Cocycles with elements o f odd degree-I.

Next we shall determine cocycles with elements of odd degree, that is, with
a i s , C25, C27 and C49.

First we study elements in the free tensor algebra Z { a i s , c 2 5 , c3 7 ,  cas} , where
d  is closed. Clearly the  elements a i s and y62=Ea13, c40+2[c25, c 37 1 are cocycles.

Let e be an  element of the  form c352+ c37p+ co t', where A, p , v  are elements
in  Z 5 f a 1 3 , c 2 5 , c 3 7 ,  c491. By abuse of notation, we write, for example,

e - F- e = e ,

e.ai3=e

e.ci =e for j=25, 37, 49.

Then an element f t in  Z6 {a 13, c25, o37, c49} o f degree / can be w ritten as
follows

Lemma 5.1.

f2n = d ( E  312e +  E Y62e -F a A
n-1 n-1

i=0 ) i=0

f2n+1 = d (  n
i±r ie  A 2 e ) ± yt2e-i- ay 7:2a 13 ,

where a is a number in Z ,.

Pro o f . We prove the lemma by induction on degree. Obviously f i  is  of the
above form. Suppose that th e  lem m a is true up to  degree 2 n - 1 .  Then an
element A n

 of degree 2n is expressible as  a  sum

f 2 n = f 2 . - ia n ± f  Zn-1c25±f&-1c37+PA-Ic49

where f  2n-1, f  -  1 ,  f  /K n -1  satisfy the  lemma. So by the assumption we have
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• n -2 \ n -1
f 2 n - 1 a 1 3 .= - C lç  E  y h e a ls )+  E  A e a i3 + a y 1612- 1 03i=. i=0

m -2\ n -1
E E  Y 2 e + d (a y 1612- 1 2c25)i=0

=d(n -1 \ n -1
E  3 1 2 e )+  E  y h e .1=0 i=0

A lso w e have
/ n -2 \ n -1

f  i c 2 5 = q  E yhe)c25+ E  y2ec25+ay'6 12- la23c251=0 i=0

n -2 \ n -2 n -1=CI( 342ec25)— E Aedc25-1- E _2_C25
i=0 i=0 i=0

+ d (3 a y 1612- 1 c37) — a31 1612- i c25a13

/ n -1 \ n -1
E  3 4 2 Ç )+  E  31 2e  •
1=0 i=0

B y a  similar calculation, we have

1- 02'.-ic3.7 = d ( 7
, 0

1 Y .h e ) +  n
.E 0

1 Yh e

and

f  1:71-1C 49 =  d ( nE2 3 1 2 e )  C 4 9 +  nE i  Y h e C 4 9 + a Y 16'2  l ai3c491=0 1=0

-=d(n -2 n -2 n -1
EA 2 e c 4 9 )—  E  yhedc49+ E  y2 ec4 91=0 1=0 i=0

-F a y 76'2— a y 1612- 1 c49a13±ay 76'2- 1 2[c25, c37]

=d(E
n 

A 2e
n -1
E  Y I2 e - F a Y 76'2.

-1

i=0 ) i=0

Thus, the sum f 2 „  is  of the required form:

d(
 n - 1 \ n -1

E  3 1 2 )+  E  3 1 2 e+ a y 16i2 w i t h  a E Z 5 .
i=o 1-0

Quite similarly, an element f , n ,  of degree 2 n + 1  is expressible a s  a  sum

f 2n+l — f2nal3+f2nC25+fncs7+f in C 4 9  I

where

62 13 62 13 62  13f2n a i3 -=d ( y i e)a n E I  y i ea + ayn  a
1=0 1=0

=d(n -1 \ n -1
E  37 1 2 e )±  E  Yhed - a y 7A a i3 ,
1-0 1=0
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f yZ:2 )c25+ n
t

i
o yLec,+ a

i= o

n-1 n-1 n-1
E  y2ec26)+ E y 2 ed c2 5 +  E  312 4 - aY6' 2C25i=0 i=0 i=0

= d(n-1 )  n - 1
E  y'd2e + E  312 +ayli2c25i=0

f  &c37=-d( Y  Y h e )± Y2Ec37+ayg2c37i=0 i=0

f 'Lx 49= d (nE l
oi  y h e ) +  Xi  A 2 Œ - FaYg2c49 •

Therefore, as required, we have

f 2 n +i-- f  2 n a,+f  f lc 2 5 +f  & c 3 7 + f  C49

,-=- d( X 0  A 2 e ) + Yhe-FY16'2(aais-Fa'c25-Fa"c37±affic49)

n - 1

)=  d (E y h e + YLe-Paygzais w ith  a E Z 5 . q. e. d.i=0 i=0

Suppose e  is as above. Then

de=d(c2524 - c371i-H4 9 )

= 3 2 + c 2 5
d 2 + 2 [a 1 3 , c25],u+c37dp

+(ran, c371 cZ 5 )v±c4 9 d),

=30324-2(213c25p+ a isca7v+ c 2 5 d2 —2c 2 o  i n

+c3 7 dp—c37 a1av—c 5 1-Fc49 d1 .

We see that the first 3  terms are the only terms that begin with ai 3 , a i 8 c2 5  and
ai 3 c3 7 ,  respectively. Thus, d e  i s  0  only if 2, f t  and ).) are O. The converse is
obvious and so we have

(5.2) de-=-0 i f  a n d  only i f  e= 0 .

Note that de has no term (Y62X some other term).
Writing an element f 2 7 ,  as in Lemma 5.1, we have

n-1
df2n

o
=  E  A d e i

i =
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where e ,  a r e  elements o f  t h e  same form a s  e .  (The suffix i  of e i  does not
indicate its degree.) Therefore, d f 2 n  is  0  only if  each de , is 0, that i s ,  each
is O. Thus, th e  only cocycle o f degree 2 n  i s  a y .

Similarly, writing a polynomial f 2 1 a s  in  Lemma 5.1, we have

df 2n+1 = A d e i  .
i=0

Therefore, df2n+1 is  0  only if  each de i  is  0, that is, each e i  is O . Thus, ay 76'2a 13
is  th e  only cocycle o f  degree 2n+1.

Thus we have shown

Proposition 5 .3 .  T he elements a 1 6 an d  y 2 2  are  all the indecomposable cocycles
in  Z 5 {an, c25, c37, c49}•

§ 6. C ocycles with elements o f  odd degree-II.

Denote by F k  a n  element i n  W  o f  degree k  w ith  re sp ec t to  a 1 3  a n d  c,
( j= 2 5 , 3 7 , 4 9 ). T h e  a rg u m en t here is quite similar to that for f 0 ,  though W  is
not a  free  tensor algebra as Z, {a 13 , c22 , c37 , c42} is.

Lemma 6 .1 .  F k  can be w ritten as follows:

F,„=
n-,
E y12(c2,F2n-2ti-1+ c37F2n-i=0 22-1+C40FËn-21-1)+Y 7612P+(d - image),

n-1
F2n+1— E yl1 (c25F2.-22+c37Fn

j=0
-21+C49F2n-21)

+ .112(a 13S+ c26R+ c 37Q ± c42P)+(d -image),

where P, Q , R , S E  V.

Pro o f . Using (2) o f  Lemma 3 .1 , w e can  p u t  t h e  elements o f  odd degree
before elements in  V .  Thus each term o f F k  is o f  th e  form
before and  P  is a n  element in V.

Writing f ,„ a s  in  Lemma 5.1, f2 .P  can be written as

f 2 n P
=

d ( Y62e)P + 312VP±a)12Pi=0 i=0

= d ( A2eP)- - F n
i4  3 /6 2 (ed P + eP )+ aY 7612P•

Thus any element F 2 n  o f  degree 2 n  is o f th e  form

f  5P, where f 5 is as

n-1
F27,== E ) ±  y3, 12(c2,F2n_2i_i+C37F2n-2i-i±C 40F2'n-

i=0 21,-1 7612P+(d- image).
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Similarly,

n  l.f 2n+iP= E .312( — ed P±E'i=o

- F- y 2 (a a 1 3 - Fa'c25-E a"c37+ a m c49)P -F (d - im a g e ) ,

and any element F 2 „ ,  of degree 2 n + 1  is o f the  form

n -1
F 2n -{ -1 -=  E  y 4 2 (c 2 ,F 2 r i-2 i+ C 3 7 F 2 n -2 t+ C 4 9 F 2 n -2 i)

i=0

+.3) 76z2(a10S±c25R - F- c34 ± c 4 9 P )+ (d - im a g e ) ,

where P, Q , R , S E  V. q. e. d.

By an argument similar to (5 .2 ) w e  se e  th a t th e re  is  n o  te rm  ( y , , x  some
other te rm )  in  d(c2,Fk-Fc3 7 F-Fc4 9 F;:) a n d  th a t  d(c2,Fk±c37Pk+c4 9F ,: )= 0  if and
only if  c2,Fk-Fc3 7 F-Fc4 9 F;1 itself is O.

Lemma 6 . 2 .  ( 1 )  d F 2 7 , -- - 0  if and only  if  F 2 n  is  of the f orm

F 2 7 ,= y 7
6

1,24 w ith A  a  cocy cle in  V;

( 2 )  d F 2 . + 1 = 0  if and on ly  if  F 2 n + 1  is  of the f orm

F2n-F1 — y 7:2 ( a 1 0 S - 2 c2 5 aS H -- c37a 2 S — c49 5 3 S)
with a4s=0.

P ro o f .  ( 1 )  Writing F 2 n ,  as in  Lemma 6 .1 , w e have

n -1
d F 2 n — yt2d(c25F2n-2ti-l+C87F2/2-2i-1+ C 4 9 F & _ 2 i - i ) d - y 7: 2 d P .

i=0

Since the term  y2d(c25F2n-21-1+  •••) is th e  o n ly  te rm  th a t b e g in s  w ith  yt2

b u t n o t  w ith  A -P ,  the relation dF2 i ,  = 0  gives rise to d (c2 5 F 2 .-2 i- i+  ••• )= 0  (for
each  i )  a n d  d  P = 0 ,  a n d  th u s  to  c25F2.-211+ ••• =- 0  (fo r each  i )  a n d  d P=0.
Therefore d F 2 n = 0  only if  F v ,  is of the form yg2 A  w ith  A  a  co cyc le .

( 2 )  Writing F 2 , 4 .1 a lso  as in  Lemma 6 .1 , w e have

n -1
dF2n+1—  E  Y 6 2 d (C 2 0 F 3 n -2 i+ C 3 7 F 2 n -2 i+ C 4 0 F 2 'n - 2 i )

i=0

±Y 7612 d ( a 1 3 S ± C 2 5  R 4 - C, 3 7  , C 4 9P )

and dF2n+1=0 if and only if  c25F2n-24-F- ••• -= 0  (for each i ) a n d  d(a13S+c251?-1-c37Q

--Pc49 P )= 0 .
Now we have

d(a 1 3S  c25R + c37(2 e49P)

=Y 6 2 (—a4 s ) - 2 a 1 1 (R ± 2 aS )± 2 C a l 3, c26i(Q — a 2 S)

--F[a13, c251P+a3S )d-c25a13(aR +2a2s)
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— ch(P±2a 2 R)+c25c37(a3 R +2a 4 S)— c2,c4PR

4-c3 7 ai3 (aQ  a3s)+c37c25( 2a2Q+2a4s)

+c37a3c2 c37c49a4Q+c49a13(aP+34S)

2c49 c25 a2 P4-c49c37133 P  c L a 4 P

Thus d(a13S+c25R+ c37Q±c49P)=0 if and only if

a4s=o , P = — S , Q = a 3 s  ,  R = —2as .

Therefore, dF 2 .+ 1 =-0 if and only if  F21H
-
1  is of the form

F2n+1=---  YM a 13S — 2c 2 5 3S+ c 3 7 32 S— c 4 9 33 S)

with 4s=0. q. e. d.

We have now only to find cocycles of the form

F1 = a 1 ,S -2 c 2 5 aS+ c 3 7 a2 S— c,,asS with 4 s =o .
We divide into the  following four cases :
( i ) If  as=c), then F 1 =a 1 3 S  w ith S  a  cocycle.
( ii) If 325= o, then F1 -- -- a 1 3 S -2 c 2 5 aS  w ith as a  cocycle. I f  as , =as, then

the difference of tw o cocycles F ;= a 1 3 S '- 2 c 2 5 3S  and F 1 =a 1 3S -2c 2 ,aS  is a cocycle
a 1 3 (S '— S ), a  cocycle i n  (i). Thus w e m ay choose one S  fo r a  cocycle of the
fo rm  S.

Now, by Remark 4.21, a  cocycle of the form as is  in  the  33 -image, say a3T.
Choosing S  to be a2T, w e have

F1 =a 1 3 a2 T - 2 c 2 PT =d (— aT ) .

(iii) If a3s=o, then F1=a13S-2c2 5 aS-F-c37 a2 S  w ith a2S a  c o c y c le . Again, it
is sufficient to choose one S  for a  cocycle of the fo rm  a2S. Again by Remark
4.21, a  cocycle in  th e  32 -image is of the form a3 T .  Thus choosing s=aT , we
have

F1=a13aT-2c25a2T+c37a2T-=d(— T).

(iv) Finally, as 4s=o, a3s is a  cocyc le . I f  a3s i s  54 U  fo r  som e U , then
choosing s=au, w e have F i =d(— U).

A  cocycle of the form a3s but not in  the  34 -image is, by (4.19.2), expressible
as

a(k, 1)x4x 12'001440+E 13(k, 1)u i 2 x J
2'0 0 144 0 -1-a4 U

where a(k , 1) and 13(k, 1) are numbers in  Z 5 .
In particular, for x 4 =- 33 e4 0  a n d  u 1 2 = 3 3 e48 ,  we have

3'53 =  a 13e40-1- C25d28 C37b16-F-C49a 4

and
Y61

=  010'48+ C25d 36+ C37b24+ C49a 12 •

For a3s=Ea(k, 1)x 44007440+E /)u12x007440+34U, w e  h a v e  a  decomposable
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cocycle
F ,- =E  a( k ,  0 6 3 x 12'00u40+E 13(k, OY 61x 12e0ouh0d- d(— U ).

T hus w e have

Proposition 6.3. The elements aia, Y62
,
 Y 6 8  and y 6 i  are  all the indecom posable

cocy cles with elements of  odd degree.

For la te r use, w e shall sta te  a more concrete form of Lemma 6.2.

Lem m a 6.4. (1) A  cocy cle o f  degree 2 n  w ith respect to elements of odd
degree is as in  Lemma 6.2 :

312 ,4  with A a cocy cle in  V ;

( 2 )  A  cocy cle of  degree 2n-I-1 is

A a i s A +  E  a(k, /)Y 76z2Y53x12'00n140+ E  /3(k, 0.312Y 61x00uh0
k, t k ,1

with A  a cocy cle in  V  and a(k , l) , p (k , 1 )G Z 5 .

T hus w e have found all the indecomposable cocycles :

Theorem 6.5. A ll the indecom posable cocy cles in  TT are the 34  listed in  (3.5)
and (3.5)', the 1002 of mixed type and ais , Y63

,
 Y 5 8  and y61.

§ 7. Commutativity o f generators.

N ow  that w e have found all the indecomposable cocycles, w e shall check for
com m utativity and find relations among them.

Theorem 7.1. H(W  : d ) is commutative.

P ro o f. Since the cocycles in  V  sa tisfy  ap=o, th e y  commute with
c g ,  and c4 9 ,  and hence w ith  a13, Y 6 2 , Y 5 3  and y61.

W e have

Can, Y 6 2 1
=  d(2[c2 5 , c49]+ cg7)

[a n , y53]— d(— C25e40+C37d28 C49b16)

[a n , Y61]=d( — c25e484- c 3 4 3 6  C4 9b2

13) 5 31 Y6 11 
—

d (C 2 5 e4 0 e4 8 + C 3 7 (d 2 8 e4 8  e4 0 d 3 6 )

C 48 (b16e48+d28 (136  e40b24 ))

EY53, Y621
- 6 1

(
2

[C26
,  6

4 9 ] e 4 0 ± d 7 e 4 0  
2

[C 37 , C 49 ]-
1

28± d 3 b 1 6 ) ,

31
6 21— d (2 [C 25 , C 4 9 ]e 4 8 + 4 1 e 4 8  

2
[C37p C49]

61
36+ C 9 b 2 4 )•

al31 C25,
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Thus commutativity holds in H ( W : d). q. e. d.

Lemma 7 .2 .  The follow ing elem ents are non-triv ial and they  are linearly
independent:

A2XLOU12240 Yt2M52Xi001112' 40 3 A 2 X  4 X i0 0 1440

342 11 12X  001,112'40 y!2a lax 001112' 40 yhdi3m5240oulLo

h Y 5 3 4 0 0 1 1 1240 A23)61xZ0011 12'40

where i ,  j ,  k  are non-negative integers.

Pro o f . Note first that th e  differential operator d augm ents the degree by 1
w ith  respec t to elements o f  odd degree. Thus E F,,Ed-image f o r  different
degrees k  occurs only when each F k  i s  in  th e  d-image.

N ow , a cocycle F 2 n + 2  o f degree 2n+ 1 is , by Lemma 6.4, o f th e  form :

F,n+,--- r.Y 16'2(ai3A +E a(i, i1v + 5 ' ,  3 ( i  i ) v, , ,  53- ,00- ‘ 10 . , 61- 110-- n40,

= 3/2 l a i s ( A ±  a ( i ,  j ) e 4 0 4 0 0 u L 0 + E i)e48 , 400u40)

H- c2 5 (E  a(i, i)d28:c00u40 -P E l)d36.6ou40)

± c37(E j)b26x ii00u40-P E  13(i, i)b24xoouL o)

d -c4 9 (E j) a 4 x 0 0 u L 0 d -E  1 3 ( i ,  i)anx'houLo)}

where A  is a  cocycle in  V  and

E  cr(i, j)a4 .60440+ E  A(i, .i)a12x i200u40

is not in  th e  01-image by (4.20.1).
O n the other hand any element F 2 7 , o f degree 2n can be written as in  Lemma

6.1 and  its d-image is calculated as

n-1.
CIF2 m =  E  Y h d (C 2 2 F 2 n -2 1 -1 + C 3 7 F 2 n -2 1 -1 ± C 4 9 F /2/n-21-1 )

1=0

y 7612(— ai3aPH-2c2,a 2 P—e37a8 P-hc4 9 a 4 P) •

Comparing our cocycle F 2 n + 1  w ith  d F 2 0 0 ,  we see that F200+3 is not in  th e  d-image
so  lo n g  a s  it h a s  a  term  Y i6123/53X2.0014 4 0  o r  Y 76'23761x00ui40• T h a t  is  to  say,
Yg231 53x'LlowL0 and  AY61xo0u,)240 are non-trivial, and they a n d  34zz a 2 3 A  ( if  it is not
trivial) are linearly independent.

Comparing 3/7612a13A again with dF 2 n ,  we see that 3, 7
6'2 a 1 3 A  is  i n  t h e  d-im age

only when A =— P  a n d  371
2'2 a 130( — P )-= d (A P ) . Referring to (4.20.3) we see that

.312a is x . 0014409 y 2 a 33 m2 2 x 0 0 u 4 0 a n d  their sum remain non-trivial.
Similarly, a  cocycle o f degree 2n+ 2 is, by Lemma 6 .4 , o f  t h e  form yZ',+' A

with A  a  cocycle in  V . A n d  any element F2n 1 of degree 2n+ 1 can be written
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a s  in  Lemma 6.1:

F 2 n + 1
—

Y 6 2 ( C 2 5 F 2 n - 2 i + C 3 7 F 2 n - 2 i +  C 4 9 F 2
'
n - 2 i )

i= 0

- 1- .3, 76i2(a13S - H25R - Fc37Q±c49P)+(d-im age) ,
whence we have

n - 1
cIF2n+1= E yhd(C25F211.-2i+CS7F2n-2i+C49F2'n-2i)

i= 0

+  y 7
6

1, x (some terms)± ylg - i(—a4 s)
where we observe th a t  th e re  is  n o  te rm  ygi" x (so m e  o th e r  te rm )  except the
last one.

Comparing y V A  w ith  dF213+1, w e  se e  th a t 3/1
5'3+ 1 A  is  in  th e  d-im age only

when A = a 4 T  fo r some T .  And

Y 16'2+ 1 194 T = d (Y 76'2(— a13T± 2 c25aT — c37a2 T - Fc490 3 T ) ) .

By (4.20.1), we see that

.34'2÷1 x1,,ouL, Y1612+11 52X2'001d40

y612+1 X 4X 20011240 y 762+1 /112XLOULO

and  their sum remain non-trivial ,q .  e .  d.

Lemma 7.3. A  cocy c le  with elements o f  odd degree is either triv ial o r
a linear combination o f  th e  cocycles in  Lemma 7.2.

P ro o f. We have

al3=-d(2c25)

yh =  d (2 c2 o l0  +  c3 7 d 2 0 e4 0 —  c49(b26e40— 2d h))

y g ,- - -d (2 c .e ls+ C 3 7 d 3 6 e 4 8 — C 4 9 (b 2 4 e 4 8 -2 4 6 ) ) ,

any53--= d(2c25€40±2c3428+ C 4 0 1 6 )  Y 6 2 X 4  Y

a 10
)
61

=  d (
2

C 2 5 e 4 8 ±
2

C3
,
4 3 6 + C 4 9 b 2 4 )

—
Y 62U 12

Y 53Y 61
,--- d( - 2c25e40e48— c37(d28€48 - 2e40d36)

—c49(2b16e48-2d286136—e40b24))+ Y 62M 52  •

Thus any monomial in  co cyc les  is  equ iva len t to  a  monomial i n  co cyc le s  each
term  o f which has at most one of a i s ,  y 5 3  o r  Y b.

We have shown

Y6384 T = d( — a13T+2c25aT — c37a2 T - Fc49a8 T ),

a n d  a 1 3 a T = d ( — T ) .  In  particular

a 1 3 a 4 T—d(—a 1 T ), a13x4—d(—b16), a13u12---,d(—b24)•
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Finally w e have the following d-images :

y 53a4T , d (— a 4 T — a (b 1 6 T )+ 2 a 2 (d 2 8 T )— a 3 (e 4 0 T )),

h 1 a4 T=d(—a12T—a(b24T)+2a 2 (c135T) — a2 (e45T))

y55x4=d(2c18—bi5e4o)

Y65 x 4 .--Fa 13 n 5 2 --- d(-2616e454 - 2d28d 4—e b36 - 40- 24) I

Y 6 3 U 1 2  a 1317/52— d(bi6e45+2d25d35 —
 2

e 4 0 b 2 4 )

Y51u12—d(246-624e45)

Y63M62
---

d ( (
2

d 8  b16e40)e45 2d28e40d36+ 40624)

Y61M52
—

d (  b164±2d25436e45+e40( 2d 6 - l- b24e48))

Using these relations we see that any m onom ial in cocycles is  e i th e r  trivial
or equivalent to one of cocycles in Lemma 7.2. q. e. d.

Theorem 7.4. CotorA(Z 5 , Z 5 ) with A = H *(X  ; Z 5 ) is generated as a commutative
algebra by the elements in  Proposition 4.16 an d  an , Y629 Y63 and 3/ , where

Y62
—

Ca Is, C 4 0 +
2

[C259 c 3 7 ] Y

Y53
=  a 1 3 e 4 0 +  C26d28+ C37b16+ C40a 4

and
Y61

=  a 13e48+ C26d36+ C37b24±C49a 12 •

The elements satisfy the relations

ai3y53= — Y62X4 a13y61--Y62u12

, Y 1 = 0 h a Y 6 1 7 - - - - Y 6 2 M 5 2

a i ,a4 T=0 , y5 5 a4 T=0, h13 4 T=0, Y62a4 T = 0 ,

al3x4=0 anu 12=0

Y53x4=0 — aion52

Y53U12
=  a 1377

/52 9 y611112-=0,

Y53m52= 0 , y 51m52= 0 .

§  8 .  Collapsing of the Eilenberg-Moore spectral sequence.

Consider th e  Eilenberg-Moore spectral sequence mod 5  {E ,,,
w ith  X G  {E 8 : :

associated

E2 
-
2

-
' C o t o r A (Z 5 ,  Z 5 ) w i t h  A=H*(X; Z5),

E c„'":= gt H*(BX ; Z 5 ) .

r, t -T o  b e g in  w ith  w e  r e c a l l  th a t  th e  differential dr: E;s+ r + 1  ( r >.2)

augments the total degree by 1 and the homological degree by r.
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Obviously dr x 4 =- 0 for r 2, since there is no element of degree 5.
There is no element of degree 14 or 54, since any element o f  even degree

a n d  o f  degree less than 6 2  i s  o f  degree 4 n  for some n .  Thus d r a 1 3 = 0  and
43753=0 for r _ 2 .

The element 3/2 2  is  the  only element o f  degree 6 2 , b u t  y 5 1  a n d  315 2  a r e  o f
th e  same homological degree and hence y 5 2 cannot be dr y6 i . Thus d r y 5 i = 0  for
r  2 .

A s dr y,, is of odd degree, referring to Lemmas 7 .2  a n d  7 .3 , we see that
4 3 , 62= 0  for r . 2.

Referring again to Lemmas 7.2 and 7.3, we see that there is no element of
degree 201 or 241 and hence d7 x 2 5 5  a n d  d r u 2 4 5  a re  also 0  for r - 2.

Clearly ai ,  is the  only element of degree 13, but u i ,  and a,, are of the same
homological degree, whence a i , cannot be d 7 u 3 2 . T hus d r u 1 2 = 0  f o r  r _ 2 .
Similarly d r m5 2 = 0  for r . 2 , since there is no element o f  degree 5 3  except y 5 2 ,
but 3/5 3  is  of the same homological degree as m52.

We have shown that an, Y53, Y 6 1 ,  Y62, X4, U12, M 52, x 2 0 0  and U240 survive to E._
Remark that any other generators are in  the a 4 -im age  and of even degree.

Suppose th a t th ey  a ll survive to  E r . T hen w e have E r E 5 . T h e  only
possibility f o r  th e ir  d ,- im a g e  Q  is, by Lemmas 3 .2 3  a n d  3 .2 4 , a  sum  of
3/2a134057.440, Azal3M52X j200U1240, Y6:2Y53400 74 ' 40 and y,123/51450u /2245.

Suppose now that we have a possibility of the relation dT P = Q , w ith  PEa4.-

image a n d  Q  a s  above. Multiply both sides by y 6 2 .  Then the  right hand side
is not 0, since 315 2 Q  (with Q  as above) is not 0  in  E , by Lemma 7 .2 , a n d  hence
i n  E r . O n the  other hand, y05d7P=d7(Y62P)=0, since, P  being in  the  a 4 -image,

Y 62P is trivial in E , by Theorem 7 .4 .  Therefore there is n o  such possibility as
c l,P = Q . Thus, all the  generators survive to Er+2.

Now by induction on r  we can see that all the  generators survive to E o o .

Theorem 8 .1 .  The Eilenberg-Moore spectral sequence mod 5  associated with
X  collapses fo r  all X E  {E 5 : 5}.

And

Theorem 3 . 2 .  As modules, for XE{E 5 : 5},

H *(B X ; Z 5 ) =- CotorA(Z 5 , Z5) w ith  A = H * (X ; Z 5 ) .

In particular we have

Corollary 8 . 3 .  As modules

H*(B E 5 ; CotorA(4, Z5) w ith  A =H *(E 8 ; Z 5 ).
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