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In tro d u ctio n

L e t X  be a  smooth projective variety with the ample canonical invertible
sheaf K x  defined over C .  Then, the Kuranishi fam ily rr: X --> S o f  th e  de-
formations o f  7-c - ' ( s o) ( s o E S )  is canonically polarized and universal, and
hence Aut (X )  induces an action on the family 7r: X-->S preserving s 0. Take
6E Aut (X ) , set S°=  { th e fixed p o i n t s  o f  o-  i n  S I and  d e n o t e  b y  e r : X 0

- 4 S 0 the restriction of the fam ily 7r: X—>S t o  S'r--).S. T h e n  6  induces an
action on the variation I-10  ( 1 4 ,  V0 , F', Q 0 )  of polarized Hodge structures of
weight n  arising from the restricted family 7r 0 : I n  p a r t i c u l a r ,  t h e
local system Ht"c = H O C  (r e s p .  each  H od ge  filte r ( F T )  decomposes H 'e
= (-31/1 (resp . (F 0 ) '= C )(F 0 )1 )  into the eigen subsheaves under the action

A

o f 6  and w e  have

I/100 50 ( F " ) ! I D (F")1 D • • • D (F")r D  {0 }

for each eigen value A (see Theorem 1. 4 ) .  In this manner, each automorphism
o f X  imposes a restriction on the variation of Hodge structures. We state this
fact in the section 1.

In the sections 2  and  3 , w e stu dy, a s  a n  example, the surfaces with
P0 = 4 = 1  and K  a m p le . W e calculate all the automorphisms of these srfaces
and determine explicitly the induced action of each automorphism on the vari-
ation 1-10 (111, Pr', F0 , (20 )  o f  polarized Hodge structures of weight 2 arising
from  the restricted family 7r0 : 1 '-->S0  (see  Theorem  2. 14) (The calculation
is carried out in the section 3 ) .  After constructing th e  fin e  moduli it:
-->M  o f  marked surfaces and period m ap 0: D ,  we rephrase mainly
interesting part of the above result into th e  language o f  period map 0 and
we get that some automorphisms of the su rfaces X  g iv e  a n  effect on the
period map 0 to  have positive dimensional fibres through the poin ts corres-
sponding to  X  (see Theorem  2. 29).

After having prepared this paper, the author notices the paper o f K . N . Chakiris [10].
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Notation and conv ention.

E very variety , in  th is  paper, is  d e fin ed  over th e  f ie ld  C  o f  complex
numbers.

F o r complex analytic manifold X,

..(21x  =the sheaf o f  holomorphic 1-forms on X,

S2rx  = A  S 2,

K x = det S 4  and

T x = the dual sheaf o f D'x .

§  1 . General theory

L et X  be a  d-dimensional smooth projective variety  a n d  le t  n:
b e  th e  Kuranishi fam ily o f th e  deformations o f  e: X 2 =->X 30 =zr'(s 0) ( s o ES).
W e denote by Aut (X ,  S, 7C, SO  th e  automorphisms o f  th e  fam ily r: X-->S
preserving the point .so S, and let

a *: Aut (X ,  S, 7C, So) -->Aut (X )

be the homomorphism sending CTE Aut (X ,  S, 7C, S O  to  C l o ( 6 1 X s , )  oe  E Aut (X ) .
W e assume, for simplicity, the fo llow ing tw o conditions throughout this

section:

(1. 1) Th e  c an o n ic al in v e rtib le  sh e af  K x  o f  X  i s  ample.

(1. 2) The p aram e te r sp ac e  S  is sm ooth.

Lemma 1.3.

(1. 3. 1) The f a m ily  rc: X-->S is  canon ically  po lariz ed .

(1. 3. 2) A u t  (X )  i s  a f in ite  group.

(1. 3. 3) e*: Aut (X ,  S, 7r, 5) —>Aut (X )  i s  an isomorphism.

P r o o f .  Since we consider the fam ily 7r: X-->S in  th e sense o f germ at
so and  since ampleness is an open condition, (1. 3. 1) fo llow s from  (1. 1) .

X  is canonically polarized an d  hence Aut (X )  is  a n  algebraic group.
B y  the vanishing theorem o f  Kodaira-Nakano, H° (X , T 1 ) = 0 , since Tx -= 9 1 - 1

0 1 ( i '  and  (1. 1). Therefore w e h ave  (1. 3. 2).
H°(X , T1 )=  0 implies that the Kuranishi fa m ily  : S has the universal

property (c f .  [9 ]). (1 .  3 .  3 ) is  an immediate consequence of this universality.
Q.E.D.
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L e t H =  ( H e , V , F, Q )  b e  the variation of polarized Hodge structures of
w eigh t n  o v e r  S  aris in g  from  th e  canonically polarized family 7r: Ï---->S
(c f .  [ 2 ] ,  [ 4 ] ) .  W e recall here briefly the notation H z , V, F  and Q .  Denote
by coEH° (S, R 27r* Z )  the cohomology class of the relative canonical invertible
sheaf K z ,s. Define

oid-n

13 '7r* Q -= Ker R 2d  -n  + 27r* Q )  and

Pn7r* Z = Pnn*Q n Tin (1nr* Z—>Rn7r* Q).

Then, we denote

b y  H, = the local system 13 '7r* Z ,

b y  17 = the Gauss-Manin connection on  H , =  H ,0 0  s ,

b y  F = t h e  Hodge filtration o f  H ,  and

b y  Q-= the locally constant bilinear form on  H ,  defined by

Q ( E ,  77) _  ( - 1 )  n(n--1)/2
E A O

( s ) d - n

X ,

for E P " (X 8, C) = H 0 (s ) (s  E S ) ,  w here X s = ( s )  and (0(s) E IT .' (X s)
induced from co.

Now we consider the effect o f  a n  automorphism o f  X  o n  th e  variation
o f polarized Hodge structure H .  Aut (X )  acts on  th e  fam ily  rt: ..T—>S via
(1. 3. 3). T ak e  6E A ut (X )  and denote by S '  th e  fix ed  p o in ts  o f 6  in  S.
N ote that S ' is  a  subm anifold o f  S  because 6  is  o f  fin ite  o rd er. Let

7r" :- - > S 6

be the restriction of the family 7r: --->S  to over S ' and let H ' = -(H FOE, F' , Q")
be the variation of polarized Hodge structure arising from the restricted family
7Tœ : .  W e see, by functoriality, that

H " -= th e  restriction of H  to  S'.
Since O  induces the action on H ',  in particular, the H odge filtration

= (F")° D (F") 1 D • • •  D  ( F " ) n  D {0}

is  compatible w ith  the action of a on LP, =  H 0 0  so.. Let

Hge  -= C ) 1 /1  ( r e s p . (F Œ ) =  (F ° )

b e  th e  decomposition o f th e  lo c a l system H --H c Z C )C  ( r e s p . th e  locally
fr e e  sh ea f (F " ) i ) in to  th e  e ig e n  subsystem s H I (resp. subsheaves (FŒ )1)
under the action of 6 , where 2  denotes the corresponding eigen  value.

Summarizing up the above, we can formulate the effect of an automrphism
6  o f X  on the variation of polarized Hodge structures H  as follows:

T h e o re m  1. 4. W ith  the abov e notion, w e  have
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H<I00 (Fr)1 D  (F")1D • • • D  (F D O}

f o r  each e i g e n  value 2.

R e m a rk  1 . 5 .  R e ca ll th a t t h e  identification T_ R i n * T x ,s i s  com-
patib le  w ith  th e  induced ac t io n s  o f  6. L et

TAD° s e =  T T ,

b e  t h e  decomposition into t h e  s u b s h e a v e s  under t h e  a c t io n  o f  6. Then
we have

T v = T ,

tha t i s ,  Tv can be considered a s  t h e  s u b s h e a f  o f  R 17-c* Txa/v
th e  6 - in v a r ia n t  sections.

§ 2 .  Exam ple; surfaces w ith  p g =c;. = 1  an d  K  ample.

consisting o f

(a) F .  Catanese showed in  [ 1 ]  that every canonical model of a minimal
surface X  with pg = d= 1  can be represented as a  weighted complete intersec-
tion  o f  t y p e  (6 , 6 )  in  P (1 , 2 , 2 , 3 , 3 ) (fo r  the notion  of weighted complete
intersection see  [ 7 ] ) .  N ote  that i f  we assume furthermore the canonical in-
vertib le  sh ea f K  to  b e  ample, X  has no rational curves with self-intersection
number —2 and hence X  is isomorphic to its canonical model.

L e t R= C[xo, Yl, Y21 z 4]  be the weighted polynom ial ring with d eg  x 0

= 1 , deg y, = deg y 2 =  2  and  deg zo d e g  z 4 3 .  T h e  defining equations of a
smooth weighted complete intersection o f  t y p e  (6 ,  6 )  in  P ( 1 ,2 ,2 ,3 ,3 )  can
be normalized as fo llo w s  (c f .  [ 1 ] ) :

2 1)
f +  f ( 1 ) z4x0+ f  ( 3 ) ,( .  
g = 4+  g ( 1 ) z,x 0 + g ( 3 ) ,

where f " ) an d  g ( 1 ) a r e  linear and f 5
 a n d  g '  are cubic forms in  4 , y , and

Y2, i.e., by using the notation y o

2

f(')=E f ( 3 )  = f i j a i y o ki=o

2
g (1 )  =  E  g i y i , g( 3)  =  E  g c ,k n y o k  .

,, j5k52

These coe fficients form  a  Z arisk i open set U  in  26-dimensional affine space,
that is,

{

U =  u  e  A "

th e  corresponding su rf ac e  i s  a  sm ooth

w eighted  com plete  in tersec tion  o f  ty p e  .
(6, 6) i n  P(1, 2, 2, 3, 3)
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F o r u, u ' E r I , denote by f  an d  y  (resp. f '  an d  y ')  the normalized forms

a s  (2. 1) corresponding to u  (resp. u ')  and by I .  (resp. .T.,) th e  homogeneous

ideal o f R  generated by f  an d  g  (resp. f '  and g ') , and set X  =Froi ( R / I )
(resp. X  = Proi ( R / I w ) ) .  Since K x . = 0  (1) (resp. 1 . ( 1 ) ) ,  w e have

( p H ° (X ., KI )  ( r e s P .  C )  H
°
 (X .

,
, K i

° ) = R / I w ) .

Hence, a n  isomorphism 6: X.-->X u , induces th e  automorphism a s  graded ring
6: R —>R  w ith  6/., -=- I „  (w e  u se  th e  same letter ci for simplicity o f notation).

M ore explicitly, 6 can be represented by a  non-degenerate matrix

1

d 1 0

.  d 2 0

du

d21

d12

d22

d 3

cl,

1

ass

d20

du

(121

d12

d22

a,
as

(2. 2)

(2. 3)

or

w ith  the action

in  case (2. 2) , and

in  c a s e  (2. 3) *).

6x 0 =  X0 ,

6y i  = dioxô 4 -  deiYi 4- di2Y2

6z3 =  d 3 z4 ,

6z 4 =  d 4 z3 ,

(i = 1, 2),

(i = 1, 2) ,

1 6 x 0 =  -to

y i = d o x i i  c l i i n  daY2

(i = 3, 4) ,

*) a can be represented in this manner by choosing a suitable pair of isomorphisms Kx„ --.•Ox. (1)
and Kz u •= 0 x . ,  (1).
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Denote by G the group consisting of these matrices 6. Then, the induced
action of G  on  U  is

f = 6 f i / c a ,  g = 6 g 7 d :

in  case (2. 2) and

/ ar4 f  =  /  c l l

in  case (2. 3). N ote  that the quotient space U /G  is  the coarse moduli space
of the surfaces with p0 =c1=1 and K  am p le  (c f. [11]) .

Set g': -->U  the smooth family of the weighted complete intersections
o f ty p e  (6, 6) in  P (1, 2, 2, 3, 3) parametrized by U .  The induced action of G
on  y i  is evident.

(b) L e t X  be a  smooth weighted complete in tersection  of type (6, 6)
in  P = P  (1, 2, 2, 3, 3) . D en ote  by  cp a  basis o f  H° (X , K x ) and b y  C  the
divisor o f th e  zeros o f  (P, i.e . th e  canonical divisor o f  X .  B y u sing  the
well-known exact sequences

(2.4)0 — >  T x —>T p C)0 ,

(2. 5) 0-->01,—> 0 O1 (e ) —>Tp001- 0
0 4

(where e0 =- 1, e,= e 2 = 2 and e3 = e4 = 3 ) and

(2. 6) 0—)1V'c/x—>S21/00c—>,%—>0

we can calculate easily the follow ing data on cohomology groups:

(2. 7) H° (X , T 1 ) = H 2 (X . T x ) = 0, dim H 1 (X , T 1 ) =18.

(2.8)H °  (X, S21
x ) = 0, dim H' (X , Sl'x ) = 19.

(2. 9) 111 (X . T ® 01) = 0, dim H' (X , T p C)K x ) =1.

(2. 10) dim H ° (C, S21
x 0 0  c ) <2.

L e t o) be the fundamental (1, 1) -form on X  corresponding to the canonical
polarization o f X  and let

H ' (X , T x C)K x ) ±)--> H 2 (X , K x )

be the map defined as the contraction with a). Tensoring Kx
sequence (2. 4) and taking the cohomology sequence, we have

H° (X , Nx / p C)K x )  6:>H' (X , T x ® Kx ) -->H 1 (X , TC)K x )

Lemma 2. 11.

//°  (X . N x / p C)K x ) 1 >H ' (X , T I C)K x )  (4 1 1 2 (X , K x )

t o  the exact
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is  exact.

P r o o f  wEEP (X , .f2ty ) com es from  som e (7)G H ' (X , S2 p C)0 x ) and  we

have a canonical factorization

H ' (X ,T  1 ® K 1 ) — >H 2 (X , K 1 ) .

z
/ 5

H ' T P ® K XÇpO K

Since co is surjective and dim 112 (X , K x ) =dim H ' (X , T p C)Kx )  =1  from  (2. 9),
w e get our assertion. Q.E.D.

(c) L et X  be a surface with p , =  = 1  and K 1  a m p le .  B y  (2. 7), we
see that th e  Kuranishi fam ily  7r: X—>S o f  th e  deformations o f  e:
=n - 1  (so) (so e S )  is a  universal family with th e  smooth parameter space S
of dimension 18. Let H  ( S ,  H z .1 7  , F, Q ) be the variation of polarized Hodge
structures of weight 2 arising from the fam ily n:

N ote that in  case of weight 2, by virtue of the polarization Q, the Hodge
filtration F  can be uniquely determined by its second filte r  F 2 ,  i.e. F° = H o

and F 1 = (F 2 ) -' w ith  respect to the bilinear form  Q .  N ote also that rank F°
dim /3° (X, C) =2 0 , ran k  F 1 =- dim P 2 . ° (X )  + dim P'" (X )  = 19 a n d  rank F 2

=dim P'"° (X )  = 1. Hence, in order to get the explicit form of the result (1. 4)
fo r  our present exam ple, it is enough to perform  th e  fo llow in g  program:

(2. 12) Choose a  representative from each equivalence class o f

3 X : a surface w ith  p,=c1=1 and K x  ample,

s.t. 6 E Aut (X )

where

X , X ':  surface w ith  p2 =4 =1  and K  ample,
<=>3

: X z X ',

s.t. 6 E Aut (X ) , 6 '  Aut ( X ' )  and 6' = roo-or - 1 ,

(2. 13) F o r  each representative a  i n  (2. 12) a n d  fo r  each surface
X  with C E  Aut (X ), determ ine explicitly the decompositions o f th e  sheaves
I-Pc ,  ( F 2 ) 2 and  T 5 ® 0 8 2  in to  th e ir  eigen subsheav es under th e  induced
action  o f 6. (H e re  w e  u se  th e  notation H 6

p ,  ( F 2 ) 2 a n d  T 5 ® 052 in  th e
same sense as in  the section 1.)

W e w ill carry out the above procedure in the next section . Consequently,
we obtain:

T h eo rem  2 . 1 4 .  A n y  autom orphism  a* id  o f  a  conzplete, smooth
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surface w ith  p g = c1 = 1  and K  ample is equiv alen t, in the sense  o f  (2 . 12) ,
t o  s o m e  6 i  in  th e  ta b le  b e lo w  and s u c h  a  6 i  is  u n iq u e ly  d e te rm in e d  b y
6. T h e  induced  actions of 6  on T s g O s a ,  I- Pc .  and  (F 6 ) 2 a re as f o llow s:

induced  action  o f 6  on T  s ® 0  s e ,  ( F 6 ) 2

and IF re sp e c tiv e ly

6 1 = (1, 1, 1, 1, -1) -(115, 13) ( - 1 )
( - 118,14)

6'2 =  ( 1 ,1 ,  - 1 ,  - 1 ,  i )
(17, - 18 ,11 2 ,  -  iI  ,) ( -  i )
( - 1 1 8 ,11 8 , 1 2 ,  -  I )

6 3 =  ( 1 , 1 , 1 ,  - 1 ,  - 1 ) -(112, 18) (1)
(132, - 18)

6 4 =  (1 , -1 , -1 , i, i)
(18, - .1 8 ,11 4 ,  - 1 1 2) ( - 1 )

( -  Is , -1 4, -  iI4, i 1 4)

- ,  i ,  -6 5 =  (1 , - 1, 1 i) (4  - 18 ,113,  -  i I 3) (1)

(18, - 14, 1 14, - 1 1 4)

=  (1 , - i, i, 6 - ')6 6 8 ,  
(1 2 , -  14 , i I s ,  - i l s , a l , 8 - 1 I „ -  8 1 2 ,  -  8 - 1 1 2) (1)
(14, - 14, i 1 2 , - 1 12, 612, 6 - 1 12, - 6 1 2, - 6 1 2 )

=  (1 , - -  ' )67i ,  i, e, E. 
(1 2 , -  14 , i l s ,  -  i l s , £1 2, 8 - 1 I , ,  -  8 I , ,  -  8 - i I 2 )  ( - 1 )
(- I „  Li , - iI 2 , iI 2 , - £12 , -  8 - 1 1 2 , C I ,  8 - '1 2)

68 = (1, 1, (0, 1, 1)
(1g , co I „ (0 212) ( 0 ))
(012, 0212 , 12)

.= 68( 1 ,  1 ,  co, 1 ,  - 1 )
(17, 0)16, - 1 2 , - 01 1, cf)2 12) (  -  co)
( - (01 7 ,  -  (021 7 , c0I 2 , 0 212 ,  - 1 2)

co, 6, 0 = (1 ,1 , - 1 ,  - 1 ) (15, 0)15, - 14, - (012, 0 212) (0))
(0) 15,„ (1)21 5 ,  -  0)1 4 , -  ((121

= (1 , co, , 1, 1)6 1, co 
(16, co21 (018) ((0)

2)2)
(0)217 c1)17 , 1 8)

6, 2 = (1 , co, c(1, 1 , -1 )
(Is, (0 214 , 0)18,I8, - 0)12, 11) ( -  (

(1
2)

( - (0 24  -  0 13 , - 1 4 , 12 , (021 1 , 012)

(1 2 ,  -  0 21 2 ,  -  I s , (1)21 2 , cols ,  -  cols , icol l , - 10)1 „ 110

613 = (1, (0 , - 0, - 1, 1)
( -  i o 2)

( - 1 0 21 3 , 101.
3 ,10 213 , -1(01 3 , - 1 1 2 , II I , 4

_ I I  co2I , ,  (o l,)

6, 4 = (1, (0 , 0) -  1 ,  -  1 ), 
(14, 0)21 4 , 0o14 ,  -  col' ,  - 13) ((02)

(0)2.4  0 ) 1 5 ,  1 2 ,  -  14 , -
 ( ( 1 2 1 0oI2)
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6, 5 = (1, c), 002 , 1,1)
(16, 0)16 , 0)21 ) (1)
(In), (01 5, (0215)

6  =16 o), 0), (1, 2 1 , - 1 )
(Is, - I„ c0I 5 , ( 0 2 1 5 , -  (0I, - 0) 21.0 ( - 1 )
( - 1 8 ,  1 2 ,  -  col. „ - co 2I 4 , col „ (021,)

617 = co, 0)2 , (1, - 1 ,  - 1 )
(14, -  1 2 , c0I 4 , (.021 „  -  c01 2 , ( )2 1 2 ) (1)
(Is, -1 4 , (013, 0 )2 1 3 ,  -  (012, -  (02 12)

60 , = ( 1 ,1 ,  - 1 ,  ( 1 ,1 ) ) (19, - 1 9 ) ( - 1 )
( -111, 19)

(16, -  1.
6 , i l s ,  -  i.13 ) (1)

6 3 . = ( 1 ,  1 ,  - 1 ,  ( 1 ,  - 1 ) )
(17, -  I s ,  i l l ,  -  i i 4 )

64 , = (1 , i, -  i , (1 , i))
(13, -  1 3 ,  i I 3 ,  -  iI3, S / 2 ,  -  6 ' I I , s -1 1 ,, -  6 .1 0  (-  i)
( -  i I , ,  i I , ,  1 2 ,  - 1 2 , s - lI 2 , e I 2 ,  -  6  / 2 ,  -  e - 1 1 2)

68 . = , ( 1 ,  - 1 ,  (02(1 , 1 ) ) (14, c0 2I 4 -  I s , -  0)21 „ (01,, - (a l ) ( -  (02)
(  -  (Oz . 19 ,  -  0)19 , 0)21 a , 0)1 4 ,  - 11, 1 1)

(1 2, 0 ) 2 1 3, - 13, -  6 0 2 1 2 , i 1 2, i 0 ) 2 1 1 ,  -  112, i0)211,
(01.1, - (01.1) (0) 2)= ( 1 ,  - 1 ,  0 2,  (1, -  1  ) ) f 7. r

((.0 2/ 3, 0.)/ 3 ,  -  ( 0 2/ 3 ,  -  c01 2 , i0o2I 2 ,  -  1(01 3, -  i 0o2 1 2 ,
10)12,1-1, - 1 f )

w here w e u se  th e  n o tatio n :
0"-'6 i  i s  t h e  equivalence re la t io n  in  (2. 12) .
i  = \ /  - 1 ,  to = exp (27ri/3) a n d  F.= exp (27-ci/8) .

1
d i

d 2

(1,

1
d ,

d2

a,
d ,

(1, d i , c12, c13, 414) =

(1, d 1 , cl2, (c13, (14)) =

e  G  a n d

E G .

•• • „ 2,1„„) in d ica tes  th a t t h e  r a n k  o f  21 - e ig e n  sub sheaves is m i

(i =1, • • • , r).
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Remark 2. 15. T h e re  are  se v e ral re lations am o n g  6 i ' s  in  th e  tab le
in  T h e o re m  (2. 14) , e . g .  61 =  01 = °": = =  6861161 etc. In  particu lar,
o n ly  the f o llo w in g  are  o f  p rim e  o rder:

61, 63, 68, all, 615 a n d  6 0..

Corollary 2. 16. F o r an y  su rf ace  X  w ith  p g ----61. - 1  and  K  am ple,

Aut (X ) --qiut (P 2 (X , C))

i s  injective.

P r o o f  Th is is  an immediate consequence o f Theorem  2. 14. Q.E.D.

(d) In  this subsection, we will rephrase some of the result in  Theorem
2. 14. W e  continue t o  use the notation X , 7r: 2C (S , H z , V, F, Q) ,
7r' : — >S ' and H a  

( S a ,
 Haz , r , Fa , (2 ')  in  the same sense as in the subsec-

tion  (c).
Let

(2.17)0 :  S-->D

be the period map associating to th e  variation o f polarized Hodge structres
H .  Recall that (2. 17) is constructed in  th e  follow ing w ay : F ix in g  a  C - -
trivialization o f th e fam ily 7r: X --->S, w e ge t the isomorphisms a s :  P 2 (X „

(x, (sE s) preserving the polarization Q .  Then  the map

0: S -->P 1 { l i n e s  in  P 2 (X , C ) th ro u g h  the origin}

defined by

0(s) th e  l in e  a, (P"  (X ,) )  in  P 2  (X , C)

is  holomorphic and factorizes

S  - - - >  P "
U

D C D

where

{$ E P i 9 1Q(Œ,OE) =0}  and

{ E G b 1 Q ( ,)  > 0 }.

Th is map S — >D  is  the period map (2. 17).

Lemma 2. 18. T h e  f ib re  o f  th e  p e rio d  m ap  0  th ro u g h  s o is  a t  m o s t
2-dim ensional.
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P r o o f  By the result o f Griffiths ( [ 3 ] )  t h e  differential (10 (so) of the
period map q5 at so can be identified with the map

111 (X, T 1 ) —*Hom (P" (X ) , P'" 1 (X ) )

induced from the pairring

T x ® K x—> S2 ix •

On the other hand, w e get the exact sequence

H ° (X , 2 )  --->H ° (X , ZO O  c )--->LP (X , T1 ) 2 ->H ' (X, D i
x )

where we use the notation (/) and C in the subsection (b) . Since H° (X, 2 1
x )

=0 (2. 8) , we have

Ker dq3 (s e ) Ker (H ' (X , T1 ) 2 ->H ' (X, gx ))
= H ° (X, S.21

x 0C e) •

Hence, we get the assertion from (2. 10) Q.E.D.

Proposition 2. 19. We use the notation in Theorem 2. 14. If there
exists 6  A u t  (X ) w ith  a — a , o r  68 (resp. ,  then th e  fib re  o f th e
period map q i n  (2. 17) through so is  of dimension >1  (re sp . =2 )  .

P ro o f .  Since 13 is a  smooth quadratic hypersurface in  P 19 a n d  D  is

an open subset o f b  in  th e classical topology, we see that T, is a  locally
free sheaf o f rank  18 . O n the other hand, the pullback of the horizontal
tangent bundle T 1  is Hom Fl /F 2)  which is also o f  rank 18. Therefore
we have

(2. 20) 95*TD = Horn (F', Fl / F2) .

N ote that, via the action on P  (X, C), Aut (X )  has th e  induced action
on D  and the period map 0 in  (2. 17) becomes Aut (X ) -equivalent. Denote
by D ' the submanifold o f  D  consisting o f th e  fixed points of 6 in D .  Then,
we have the commutative diagram

(2.21)
S D

U U
S '- — D 'D '

From (2. 20) and the functoriality of variation of Hodge structures, we get

(0') * (T D OO Da) (TD) 00 sa
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Hom (F 2 , F 1/F 2) 00ser

=.- Hom ( (F 6 ) 2 , ( 2 F) 2/ (1'6 ) 2),

W here the identification in  ev e ry  s tep  is  compatible w ith  th e  action  o f 6.
B y u s in g  th e  fa c t th a t th e  H odge bund le (FŒ) 2/ (F 2 ) 1 can  b e  id en tified

w ith  th e  com plex conjugate o f  (F 6 ) 2 a n d  th a t  6  induces a  real operator on
H 6

6„  w e can  derive  th e  induced action of 6 on Horn ( (F 2 ) 2 , (F 6 ) 2/ (F 6 ) 2)  from
th e  ta b le  in  T heorem  2. 14. B ecause o f  t h e  sam e reaso n  i n  R em ark 1. 5,
T D 0- can be naturally identified w ith  the eigen subsheaf of T D OO D 6 w ith  eigen
v a lu e  1 under th e  ac tio n  o f 6. T h us, w e get

(2. 22)

rank T 2 rank T Da

6 , , , (71 15 14

6 , --4 3 12 10

6 ,-, -, 68 9 8

T he assertion  fo llo w s fro m  (2. 22) a n d  (2. 18). Q.E.D.

F ix  a  smooth, complete surface X with 1,, -= 1 and K x  ample and denote
b y  L  th e  E uclid ian  lattice consisting o f  t h e  Z-valued prim itive cohomology
group P 2 (X , Z )  plus the H odge-R iem ann b ilinear fo rm  Q  on P 2 (X . Z ) .  Re-
c a ll th a t  ra n k  P 2 (X , Z )  20 an d  th e  signatu re  o f Q  i s  (2, 18).

W e  u se  th e  n o ta tio n  in  (a). Set

= { (u, a )  lu E  U, E  isoM  (P 2 (X„, Z) , L)}

W h ere  a  Isonl (13 2  (X„, Z) , L) means a n  isomorphism a s  Euclidian lattices, i.e.
an  isom orphism  of t h e  Z-modules com patible w ith  t h e  b ilin ea r  fo rm s . B y
using th e  fundam ental group 7,71 (U )  o f  U ,  w e  c a n  d e f in e  t h e  topology on
U  so  th a t th e  f irs t projection

(2.23) y: (1—>U

becomes a n  étale c o v e r in g . Let

: ' ' x CI

be th e  b ase  ex ten s io n  o f th e  fa m ily  rr ': X '— >U b y  th e  morphism (2. 23).
T h en  G has the induced actions on t i  and .1", w hich m ake if  a  G-equivariant
rnap.

B y  a  m arked su rface  w e  u n d erstan d  a  c o u p le  (X ', a )  consisting of a
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smooth, complete surface X '  w ith  p g  =  = 1  and an  am ple K r  and  of an
isomorphism a :  P 2 (X ' , Z) L  as Euclidian lattices. By a  fam ily o f  marked
surfaces we mean a  smooth, proper holomorphic m ap f :  Y— >Z o f analytic
spaces Y  an d  Z  w ith  the property that every fibre of f  is a marked surface,
and w e  ca ll th e  universal fam ily am ong these fam ilies o f  marked surfaces
the fine moduli o f  marked surfaces.

Proposition 2. 24. The quotient spaces M /G  and 1 = X  / G  have
the structures o f  c o m p le x  an aly tic  manifold, and the f am ily

Tr: 11G -->M =CI7G

i s  the f in e  m o d u li  o f  the m ark e d  surfaces w ith  dim /-11 1 8 .

Before proving the above proportion, we should prepare a  lemma.

Lemma 2.25. L e t  Y i  ( i=1 ,  2 )  b e  to p o lo g ical spaces and let  f :  Y ,
—>Y, b e  a  continuous m ap. L e t  G  be a topological group and w e con sid er
the situation t h a t  G  ac ts  b o th  o n  Y i  ( i = 1 ,  2 )  and , w i t h  t h e s e  actions,
f  becom es a G-equivariant m ap. T h en , if th e  a c tion  o f G  on  Y , is proper,
s o  i s  the action o f  G  o n  Y,.

P r o o f  Consider the commutative diagram

G X YiY i  X  Y i

(2.26)i d  x  f f x f

G X Y2 Y2 X Y 2  ,

where !V. (q,=  ( g y i , y i )  f o r  g E G  and y i E Y ( i  =  1, 2) . W e  must show
that (K )  is  compact whenever K  is  a com pact subset o f  Y, x Y1. We
may assume without loss o f generality that K  K "  X  K ' for compact subsets
K ' and K "  o f  Y,.

Restricting the diagram (2. 26) , we get

C
G x K ' >- Y i x  K ' .

id  x f' f  x1,1  f
CG x  f ( K ')  - - - - >  1 1 .

2 x  f  (K ')  .

S in c e  
2 is  a  proper map, so is i d x  f '  being also a  proper map, we
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see that the composite map C o (id  x  f ')  is proper and consequently the map
r ;  is  proper. In  particu lar, T,71  (K ) =T ; - ' (K " X  K ') is  com pact. Q.E.D.

Pro o f  of Proposition 2. 24. Let

T : G X U--->UX U

be the morphism defined by T (g, u) = (gu, u) for g E G and u  E  U . S ince T  is
a  morphism in  the category o f  schemes, we can u se  th e  valuative criterion
fo r  showing the properness of the morphism T .  Let A be a discrete valuation
ring  and  le t K  b e  its  qu o tien t fie ld . S e t V-= S p ec  (A ) and V ' =Spec (K)
and denote by 7/ (resp. s )  the generic poit (resp. closed p o in t )  o f  V .  Given
a commutative diagram

(2. 27)

V ' G x U

I3F

8V U x U

W e  must show existence and uniqueness o f the morphism r: V--->G X U  which
is  compatible w ith  the diagram (2. 27) .

S e t  (6  u,,) 8 ' ( v )  and

    

pr i o8

1, 2),

   

where p r i  means the i-th projection of UX U . Then, 6, induces the isomorphism
X ,,,= (v) -->X 1 ,„= 7r; ( v )  as canonically polarized surfaces. Hence, by the
theorem o f Matsusaka-Mumford ([6]), there exists uniquely the isomorphism

6: X ;  o v e r  V  which is the extension  of 6,. Considering this O.  a s  a
V-valued point of G, w e  g e t the desired morphism r: V -->Gx U.

Combining the above result and Lemma 2. 25, we see that the action of
G  on  C/ and a- are proper, and hence the quotient spaces M  =  /G  and

Y  = 1 " / G  ex is t in  t h e  category o f  analytic spaces ( [ 5 ] ) .  According to
Corollary 2. 16, the actions of G  on  ri  and h a v e  n o  fixed po in ts. There-
fo r e , M  and a '  a re  m an ifo ld s . T h e  la s t part of the assertion  is obvious
from  our construction. Q.E.D.

L e t  D  be the classifying space, used in  (2. 17) , with respect to the fixed
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X .  By using the fine moduli "it : 2"— >M  obtained in  Proposition 2. 24, we
can define the global period map

(2.28)0 :  A-1—>D

b y  (M) = ( t h e  lin e  a- , ( P "  ( X ) )  i n  L O C )  f o r  f -ti E M ,  where ir - 1  (01)
= (X a , a z ) .

F o r rn E M w ith  "if '  ( f g )  = (X , a ) ,  set

{ the autom orphism s o f  th e  su rf ac e s  X,1
Aut (X a ) =

(o m ittin g  th e  d atu m  a 6 i)

Using the notation in Theorem 2. 14, define

R i= {Fri Ei1711 th e re  e x is t s  6 E A u t(X f g ) w ith for each 6 i  in the
table in Theorem 2. 14.

After Remark 2. 15, we are interested, in particular, in the automorphisms
6 i  o f p rim e order, that is,

61, Ca, 08, au, 615 and

N ote that 61 has the conjugate

0 1 ,2 = (1, 1, 1, —1, 1).

We denote 61 b y  6 ,,, when we want to distinguish this from its conjugate
6 1 ,2 . Using these conjugates, we have the relation

6 3 - 01,101,2

Let 75: U --- M b e  the projection  (c f. Proposition 2. 24) a n d  le t  v :  Ci—>U
be the covering (2. 23) . Set

M =25 (v - 1  (Fix u ) ) =1, 2) ,

where Fix u  (6,d )  is th e set o f th e fixed p o in ts  o f 6i d  i n  U .  It is easy to
see that M i  an d  M i d  have the structures of analytic subspace o f  Si, and,
in particular, M 3 and  X11 ,, (1=1, 2 ) are submanifolds.

Theorem 2. 29. W ith  th e  abov e  n o tatio n , w e  h av e :
(2. 29. 1) dim M i d  -= 15 ( j= 1, 2) a n d  dim M 0 = 1 2 . M ti M—  —  —  1,2

an d  1g 1 ,,  ( j= 1, 2) in te rse c t  tran sv e rsally  w ith  M 1 ,1 n , , , =  s .  F o r ev ery
p o in t  fii. -1111 (re sp . E M 3 ) ,  th e  f i b re  o f  t h e  p e rio d  m ap  0  i n  (2. 28)
th ro u g h  rn  i s  o f  d im e n s io n  >1  ( re s p .  =2 ) .

(2. 29. 2) dim rag = 9 .  F o r ev ery  Po in t R. E M8, the f ib re  o f  0  through
h i  i s  o f  d im e n s io n  >1 .

P r o o f .  Take f n 'E .R  and -it E (fn."), and set u =  ( i t ) .  Note, first, that
(U,- - -> (U , u )  is isomorphic in  the sense o f  germs and ( M ,  ffi) can be
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considered as the parameter space o f th e  Kuranishi family of the deformation
o f X,-g . Hence, by Theorem  2. 14, we get that

= 1 5  (j=  1, 2),

dim M 3 =12 a n d

dim fa 8 9 .
=

M 1 , 1 U  M 1 , 2  is  an immediate consequence o f  their definition.
Since F i x u ( 6 1 . 1 )  (resp. Fixu( 6

1 . 2 ) ,  Fixu(63)) is G-stable with the equations
f " ) =0 (resp. 0 "  = 0 ,  f 111 =  0 ) and 25: tI,X1 is sm ooth, the assertion
o f  M ,,, and M 1 , 2  intersecting transversally with M 1 , 1 n Mi,, = M s  follows from
the corresponding fact about Fix u (61,j ) ( j= 1 ,  2 )  and Fixu(63)

T h e  statement about the dimension of the fibre of the period m ap 0  is
an interpretation of Proposition 2. 19. Q.E.D.

Note 2. 30. B y  u s in g  t h e  m e th o d  in  t h e  f o rth c o m in g  p ap e r ([8]) ,
w e  c an  f u rth e r observ e  th at

{ 2  i f  a n d  o n ly  i f /1-4"3 an d
dim% Ø2(Ø  (f it)) =

1  i f  ?X 1  g   u 1  8 — M 3 .

§ 3. Calculation

In  this section, w e so lve  the problems (2. 12) and (2 . 13 ). We employ
the notation of the previous section.

(a) A s  we mentioned in the section 2, (a ), U  and G  have the following
properties:

(3. 1) F o r an y  surf ace  X  w ith  p 9 = 4 - 1  a n d  K x  am p le , th ere  ex is ts
u E U , s u c h  th at  X  i s  i s o m o rp h ic  to  t h e  w e ig h te d  c o m p le te  intersection
X u c o rre sp o n d in g  to  u.

(3. 2) L e t  u ,  u ' E U .  T h e n , an y  iso m o rp h ism  b e tw e e n  X u a n d
i f  e x is ts , is  in d u c e d  f ro m  so m e  e le m e n t o f  G.

(3.3) F o r  uE  U,

Aut (Xu) = fo-  Gi 6 u = u}

B y these (3. 1), (3. 2) and  (3. 3), th e prob lem  (2. 12) is divided into
the following two elementary questions:

(3. 4) D iv id e  G  in to  th e  con jugate  c lasses w ith  respec t to  the  ac tion
o f  G  o n  G  i t s e l f  as  in n er autom orphism , an d  choose a  rep re sen tativ e  f ro m
each  co n ju g ate  class.

(3. 5) S e le c t th o se  e lem en ts  o f  G ,  f ro m  am o n g  th e  representativ es
o b tain ed  i n  (3. 4), b y  w h ic h  so m e  p o in t  o f  U  is  f ix ed .

A s  fo r  (3. 4), after elementary calculation in  linear algebra, we get:
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Lem m a 3. 6. A n y  e le m e n t of G  can  be  norm aliz ed  by  the inner auto-
m orp h ism  in to  one of the f o llo w in g  matrices, w h ich  is  u n iq ue ly  d e term ined
u p  to  the in te rc h an g e s  o f  d ,  and c12 a n d  of cl, and cl4 :

(3. 6. 1)

(3. 6. 3)

(3. 6. 7)

(3. 6. 9)

(3. 6. 5)

1

d ,

d,

1
a,

1
d ,

1 d ,

d,
1

1
d,,, 1

d 2

d,
1

1

1

d20 1

d ,

1

1

d,,, 1

1 1

d,

1

(3. 6. 2)

(3. 6. 4)

(3. 6. 6)

(3. 6. 8)

(3. 6. 10)
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1
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A s an  answer o f th e  question (3 . 5 ) , w e  g e t  the following:

P ropos ition  3 .  7 .  T h o s e  2 2  m a t r i c e s  i ' s  a p p e a r e d  i n  t h e  t a b l e  i n
T h e o r em  2. 14 f o r m  a  c o m p le t e  s y s t em  o f  r e p r e s e n t a t i v e s  o f  t h e  eq u iv a len c e
c l a s s e s  i n  (2. 12) , a n d  a n y  t w o  o f  t h e s e  s  a r e  n o t  e q u i v a l e n t  t o  e a c h
o th e r .

P r o o f .  T h e  proof consists o f several steps.

S t e p  1 .  Since Aut (X,L)  is a  finite group fo r  every uE U  b y  (2 . 7 ), we
know that, among the canonical forms in Lemma 3. 6, only the form s (3. 6. 1)
and  (3 . 6 . 2 ) can occur as automorphisms o f X „ fo r  some uE U and, a priori,
we also know  that every d ,  o f  these matrices must be a  root unity.

S t e p  2 .  T a k e  u G U  and  let f  and g  be norm alized form s (2 .1 ) o f
defining equations of X „,. I f  f  gin = 0 or f 222 =  g 2 2 2  =  0, X „ would have points
which lie  on  the singular locus of P r o j ( R ) .  Hence, we have that

(3. 8)
f 1 1 1 o r

f 2 2 2  or

gn i  is  not zero and

g 2 2 2  is not zero.

If f  i =  f f  i n =  
0 ,  X ,, would have the singular points with x o = y2 =

= O. S im ila r  reasonning shows that

(3. 9)

f i ,  f i l l{

f 2 ,  f 1 2 2  o r  f

o r  f 21,2 is not zero,

22 is not zero,

gl, g in  o r  g 1 1 2  i s  not zero

g 2 , g222 o r  g 2 2 2  1 S not zero.

and

I f  fo f 0 0 1  f 0 0 2  — g000 — 0, X . w ou ld  have the singular points with
y,-= y 2 = z a z 4 = O. Th ere fo re , w e see  th a t

(3 . 10) f 0 ,  f 0 0 1 ,  f 0 0 2 ,  f o r  g 0 0 0  is not zero.

By using the symmetry among the coefficients o f f  and g  caused by the
actions of the matrices

it is enough to consider the following possibilities:
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(3. 11. 1) f  n i l '  . g i g 2 f  o*O•

(3. 11. 2) f 1 1 1 f 2 2 2 g 1 g 2 f 0 0 1 * o •

(3. 11. 3) f  i n f  2 . g i g 2 f  0 0 0 * o •

(3. 11. 4) f 1 1 1 f 2 2 2 g 1 g 2 g 0 0 0 ± ° •

(3. 11. 5) f 1 1 1 f 2 2 2 g 1 g 1 2 2 ° •

(3. 11. 6) f  i i i f 2 2 2 g 1 g 2 2 2 * 0 .

(3. 11. 7) f 1 1 1 f 2 2 2 g 1 1 1 g 1 2 2 f 0 * ° •

(3. 11. 8) f 1 1 1 f 2 2 2 g 1 1 1 g 1 2 2 f 0 0 1 * ( 1

(3. 11. 9) f  i i i f  2 2 2 g i i i g . f  0 0 , * ( 1

(3. 11 .10) f  n if  2 2 2 g ii ig ,2 2 f  0 0 0 0 •

(3. 11. 11) f 1 1 1 f 2 2 2 g 1 1 1 g 1 2 2 g 0 0 0 * ° •

(3. 11. 12) f 1 1 1 f 2 2 2 g 1 1 1 g 2 2 2 f 0 0 .

(3. 11. 13) f 1 1 1 f 2 2 2 g 1 1 1 g 2 2 2 f 0 0 1 * ° •

(3. 11. 14) f 1 1 1 f 2 2 2 g 1 1 1 g 2 2 2 f 0 0 0 * ° •

(3. 11. 15) f 1 1 1 f 2 2 2 g 1 1 2 g 1 2 2 * ° •

(3. 11. 16) f  1 1 1 g 2 2 2 f2 g i * o •

(3. 11. 17) f 1 1 1 g 2 2 2 f 2 g 1 1 2 * 0 •

(3. 11. 18) f  1 1 1 g 2 2 2 f 1 2 2 g 1 1 2 f 0 * ° •

(3. 11. 19) f 1 1 1 g 2 2 2 f 1 2 2 g i i 2 f o o i * o •

(3. 11. 20) f 1 1 1 g 2 2 2 f 1 2 2 g 1 1 2 f 0 0 2 * ° •

(3. 11. 21) f l l l g 2 2 2 f i 2 z g i i 2 f 0 0 0 * o •

Step 3 .  Let 6 =  (1, c11, d2 , c12 , c14 ) b e  a  m atrix  o f  th e  fo r m  (3. 6. 1).
The condition 6 u  =  u  means explicitly the following relations: W e use the nota-
tion do =1.

(3.12)

{

 f i d i d 4 = f i d :  (0< i< 2),

f o k d i c l i d k = f i f k 4  ( 0 < i < j< k < 2 ) ,
gi d i d ,=g i d :  (0< 1< 2 )  and

go k d i d i d k =g o k d: ( 0 < i < j < k < 2 ) .

Now we can proceed case b y  case.
C as e  (3. 11. 1). F rom  (3. 12), w e  have the relations

d:= 4 --- A, d 1d 3 =d 2d3 = 4  a n d  d4 -= 4 .

Hence 0= (1 , e , 78 , y, 7-2) , where y  -  1 .  Suppose 7-* 1 ,  th en  w e get g l l ,  = U .
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=  g122  =  g222  =  0  fro m  (3. 12) . But this implies that X „ contains those points
x o = z, = 0  which are singular points o f  Proj(R) . Therefore, in this case,
on ly 0= (1, 1,1,1, 1 )  occurs.

C ase  (3. 11. 2) . F rom  (3. 12) , w e  have

=  = ei i d s -=  d ,d , =  4  and d 2 =  d.

Hence 6 -= (1, r 4 ,  r4 ,  r °, ,  where 7'8 = 1 .  Suppose 1 2* 1 ,  then we get a aUrn = u 112
U222 =  g2 2 2  =  0 from  (3 .  1 2 ) .  This is impossible as in case (3 . 1 1 . 1 ) . Therefore,
in  this case, w e w ou ld  have a =  (1 ,1 ,1 ,1 ,1 ) o r  (1 , 1 , 1 , 1 , -1).

W e  omit here such kind of routine argum ent for o th er cases (3. 11. i)
( 3 < i< 2 1 ) .  A s  a  result, in case o f  diagonal matrices, we would obtain

61, ' • ' 9 617

in  the table in  Theorem  (2. 14).

S tep  4 .  W e  deal, in this step, w ith  a  matrix = (1, d1 ,  d „  (1 , d 4 ) )  of
the fo rm  (3. 6. 2). N ote  that, in case 6  is a n  isotropy o f  some point u  of
U, 0 2 =  (1 , 4  4, d 4 , d 4)  must be also an isotropy of the same point u. There-
fore, after the result in  Step 3 , we may only consider the cases

0 2 0 . --= 0, 3, 4, 8, 10, 11, 14, 15, 17) ,

where 60 = (1, 1, 1, 1, 1) .

C ase 0 2 = 60 . Considering the conjugates by pi, w e have three possibilities:

6 = (1, 1, 1, (1, 1)) , (1, 1, 1 ,  (1 ,  1 ) )  o r  (1, - 1 , - 1 ,   (1, 1) ) . In case 6
= (1, 1, 1, (1, 1)) or (1 , -1 , -1 , (1 , 1 ))  , we get f (0 , Y  1, Y2) =  ±  g ( 3 ) (0, y i , y2) ,
but this implies that X „ contains singular points of P r o j ( R ) .  Therefore, in
this case, on ly  6 =  (1 , 1 , -1 , (1 , 1 )) would occur.

Case 0 2 =  64 . B y the same argument as above, we would have 0 4 ' = (1, i,
- (1 , i)) .

Case = ( 78 . W e  have four possibilities:

= (1, 1, d, (1, 1)) , (1, 1, - (0 2 , (1, 1) ) ,

(1, - 1 ,  (02 , (1, 1) ) or (1, - 1 ,  -  (0 2 , (1 , 1 )).

In case 0 =  (1, 1, t )2 ,  (1 ,  1 ) )  o r  (1 , -1 , (1 , 1 ) ) , w e  h ave  f 3,1, Y2)
-= g 13 ' (0, y„ y 2 ) ,  which is impossible as be fore . In  ca se  = (1, 1, - c ) ',  (1, 1) ) ,
f  and g  must be

f.----4+fiz4xon+foz4x+finA.+A.A+ follxilA+ fooixtYi +f000xg ,

g  z 2
4 +  f,z 3x o y i  + foz34+ A n f 22234 f  o n 4 Y i fo o ix b , f 0004 ,

and hence

= (z3 -  z4) (z3+ f ixoY f  0 4 )  +  2f 222A ,  which shows that X u  has
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the singular points with

z,— z, = z3 -1- z, f  ix oy i + f  0.4= y 2 = O.

Therefore, in  this case, on ly  68 , =  (1, —1, 0)2 ,  ( 1 ,  1 ) )  would occur.

C ase e= ô . B y  th e  sim ilar reaso n n in g  a s  ab ove , w e  w ou ld  ge t 61v
= (1, —1, a) 2 , (1 , — 1)) .

In  a  similar way as in  the above cases, we can prove that there are no
isotropies 0  o f  some uE (7  in case ô. 2 = 0  (i = 1 1 , 1 4 , 1 5 , 1 7 ) .

S te p  5 .  Finally, we claim  that every 0-
t obtained in  Step 3  and Step 4

really occurs. It is easy to prove, by Jacobian criterion, that, for general choice

of the coefficients, the following equations define smooth weighted complete
intersections of type (6 ,  6 )  in  P  (1, 2, 2, 3, 3) :

(3 .13 )

(3. 14)

(3 .1 5 )

(3. 16)

(3 .17 )

4 + fin A  + L 2 2 3 4 +  f000xr,; ,

g —  z  + gmyl. + g22234 + g000xil •

f = + fi223 , 134+ foo24Y2 ,

g = 4 +  g i1 2 y ; y 2 + g22234 + gool4Y1 •

f — fi223,134 + f000x(1 ,

g = 4 +  g0 z3 x,;-+- g1 1 2 y1y 2 + g 222 34 .

f  = 4 + f i i i A + 3 ` 2 2 2 A + f o n x ; i y + f o o i . 4 y i +  f oo0 .4 ,
g — f111.A+f22234+f011Y,IA f0014y3+f0002,1 •

f  — 4 +  f 1 1 1 y  + f112yy2 + .f122Y1A + f22234 + fooixtn + f002-43 , 2 ,

g = +  if112A Y 2 if122Y IA  +  if222A  +  ifooixoyj —  if002xty2 •

Giving an order by inclusion to the set consisting of the fixed points loci
in  U  o f  a t 's  the minimal members are those corresponding to

62, 0 6 ,  013, 614, 017, (fe  and

T h e  p o in t  o f U  corresponding to (3. 13) ( r e s p . ( 3 .  1 4 )  ,  ( 3 .  1 5 )  ,  ( 3 .  1 6 )  ,
( 3 .  1 7 ) )  is  fixed  by 61 4 an d  6,7 ( r e s p .  0 6 ,  62 an d  a 6 6-  1 3 ,  -  1 0 ',  -  4 )

R e m a rk  3 .  1 8 .  A s  w e  h av e  alre ad y  u s e d  in  s tep  5  o f  th e  p ro o f  of
Proposition  (3 . 7 ) , w e  c an  g e t  e as ily  th e  d e f in in g  e q u atio n s  o f  th e  f ix e d
points loci in  U of  64 's in  th e  tab le  in  T h eorem  2 . 1 4 , w h ic h  are  all lin e ar.

(b) le t  a t b e  one of the matrices in the table in  Theorem 2 . 14  and let
uE  U  be a  point w ith  01u = u .  Set X = X .

Proposition 3 .  1 9 .  E ac h  6 i  induces on T s C)O s ci the ac tio n  ind icated  in
th e  tab le  in  T h e o re m  (2 . 14).
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P r o o f  N ote first that, in  order to determine th e induced action  o f 6i

on the locally free  sheaf T 5 C)0,36 , it is  enough  to  investigate the induced
action of 61 o n  its  fib re  (T ,C )O scri) (se)---- .111(X ,T x )  a t so .

Since the morphisms in  the exact sequence (2. 4) a re  equivariant with
respect to  the induced actions of Aut (X ) ,  so is the morphisms in the exact
sequence

(3. 20) 0--->H° (X, T pC1)0 x ) —›11° (X , Nx/p) — *LP (X , Tx) - - ->0

w here w e u s e  (2 . 7 ) a n d  (2. 9). H ence w e can  reduce th e  study of the
induced action of 6e E  Aut (X )  on FP (X , T )  to  th a t on H ° (X ,T p 0 0 x )  and

(X,Nx/p) •
D en o te  b y  res H° (X , T  pC)0 x ) (resp. res H ° (X , N ix /p)) th e im age o f

H° (X ,T p (D0 x ) (resp. H° (X . N x ,p ) )  by the restriction map to the open subset
o f X  defined by x o *O .

N ow  the proof of Proposition 3. 19 will be accomplished in a sequece of
lemmas.

Lem m a 3 . 21 . W e can choose a s  a  C-linear basis o f  res H °(X ,T p (D0 x )
the following:

( a / 4  0  a  is  a  m onom ial i n  R  o f  }
0 (y i / 4 )  degree 2, i = 1, 2

U  
( a  /  

,a  i s  a  m onom ial i n  R  o f } .

(z i /4) , degree 3, i = 3, 4

P ro o f .  L e t q: A - 4 3  be the principal G„,-bundle over P = P (1, 2, 2, 3, 3).
Recall that the exact sequence (2. 5) is derived from  the exact sequence

0-->TA / p -->T A -->q*Tp--->0

by taking its direct image, taking Gm,-invariant subsheaves and finally restricting
to  X , th a t  is ,

(3 .2 2 )0 - 4  (q * T A j p ) G"'0 0  x —>(q* T A ) G'.0 0 x —).T p ® 0 x -->0 .

Taking the cohomology sequence o f  (3. 22), w e  have

H ° (X , (q * T A ) G 0 0 x ) >11° ,  C ) O 1 ) .

N ote that the morphism r above sends

a a0 a0— ao ,  +a l +a 2 +a3 +a 4 E  H° (X , (q * T  ) ° "̀0 0 x )
a•ro On ay2 az3

with a4E (R / I) (0 < i< 4 ) ,  to  th e induced operator r (0) e Fl° (X ,T p00x )
from O p  t o  Ox ,  that is,
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3\ a
u  v , i /  XV

res r (0) = E  (Yi/x) a (y i/.4 ( z e / x ° ) "\1 2

= (
a 2yiao a E  (a i _ 0

E  
1<i<2 / (y ,/ 3 5 i 5 4  .,vg 0 (zi/ ..vg)

In particular,

an a  +  E (— 3zw4)  ( z i / x )  -(3. 2 3 ) re s  (xo 0 ) — 2 3 1 i/ X u i  a ( y i / 4  3 5 i S 4

It is evident that we can take

(3. 24)
{

X ° aax o} U8 031t
a  is a  monomial in  R  of t
degree 2, i=  1, 2

  

u aa  o z i
a  is  a  monomial in  R o f
degree 3, i = 3, 4

 

as a C-linear basis of H ° (X , (q *TA )''CDO x ). Combining (3. 24) , (3. 23) and
the fact dim Ker z= 1, w e  g e t  the assertion. Q.E.D.

Lem m a 3. 25. W e can take as a  C-linear basis  of res H° (X. Nx/p)
the following;

a  is  a  monomial in  R  o f  degree}
6 except 4 and

a  is a  monomial in  R  o f  degree}
6 except 4 and z,2,

P r o o f .  Under the well-known isomorphisms

H° (X  , N  p ) H ° (X , x  (6) ) $2 =  (R/ I)r ,

(a, b) E  (R/ I ) T2 corresponds to the element rE H° (X , N x ,p ) with

res r (a / 4   0   +  (b / 4 )   0  
0  ( f/ ) 0 (g / 4)

We can exclude z.2, (i = 3, 4) by using the relations of the ideal I. Q.E.D.

L e m m a  3. 26. L e t  T  ( r e s p .  N )  b e  t h e  C-linear subspace o f
res H° (X, T p00 x ) (resP. res H° (X, Nx/p)) spanned by

dii(y i /4 ) o, 1, 2 ; j=  1, 2
0 ( y / 4 )

}

U
 { ( / 4 ) a

 ( z a,/  i— 3, 41

{(a / x,6,) o  ( f
a
/  

U ( a /41) a g( am )
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6
( r e s p .  i ( z ,x o y i/ x , a 

0) a (f /x)
i — 0, 1, 21

 

U /x6) aa (f/4)
a  is a  monomial in  yi t
(i= 0 , 1 , 2 ) o f degree 61

U 1
( z 2 x o y d  x

6
) 2  

a  
( g / 4

i-0 , 1, 2}

U i( a /x so
(g / .4)

a  is a  monomial in  yi

(i= 0, 1, 2 )  o f degree 511'

where we use the notation y o = .4,. Then, the sequence

0—> 7' N—>res H' (X , T1) -->0

induced from (3 . 20 ) is  exact.

P r o o f .  Recall that the morphism

res H° (X, T p (g10 x ) —>res H° (X, 1\T1,p )
sends

E  (at/.4 0 ,  2\ +  E  (ai/x) a 
1 2 a (y i i X 0 ) 3 5 i 5 4 6  ( Z i A r D

in res H° (X , T p® 0 x )  to

{ E  (a i/ x )  „  ,
x 0  3
°2 E 80((fzi/i x

x
)
) } a ( J.' 9u 1 x g )

1 2

8  (J./ x 61 + (ad 4 )■,y ii 4

+ {E (ai/x2.)  a (g /4 )
  + E (a i /x3)  a (g/xg)

  1  a  
1 2 0 (y i/ .4  35iS4 °  0 (z / 4 ) 1 0 (g / 4)

in  res H° (X, NA ,p ) , and hence we have, in particular,

. a a a{  a ((a/ x.,;)  6 (z3/ .0 ) — 2 (z3 a/.x) a ( f/  x o  +  (g(1)x0a/ 4) 8  0  / xo ,
(3.27)

( (a/ .4 a
 ) — ( f (1):roa/ + 2 (zia/ .4  a 0

8
/,0  

(z / 0 (f
where a  stands for a monomial in  R o f d egree  3. B y  the relations of the
ideal /, we see, furthermore, that

(3.28)

0 
P ((z3/ 4 ) a ( z 3

8 / .4 ) ) — — 2  ( ( f (1 ) z,x0+ f (3 ) )/ 4 )
6 ( f/ 4 )

a+ (go) z sx ,/ 4)

0  
,a ((z4/ -4 ) a (za,/ x 0 )— 4 ° °  a (g/X'63)

— (f ( 1 ) Z  X  /X6)

a (g/.4)

a —2 ( (0 ( "z3xo g (8 ) )
(fixô )
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B y  (3 . 27) and  (3. 28) , we can eliminate the members

{(.z8a / a  
a (f/x,1)

}a  is  a  monomial in  xo, Yi, Y 2

and z 4 o f  degree 3

  

U i
( z . t a  /  x g )

(g / zô)
a  is a  monomial in  xo, y i ,  Y 2  }

and z, o f  degree 3

 

o f th e  basis o f  res H° (X , N1 1 ) g iven  in  Lem m a 3 .2 5  and we obtain  the
assertion. Q.E.D.

C ontinuation  of P r o o f  o f  Proposition  3. 19. B y u sing  the bases of
res H° (X , T „.00 x )  and res H° (X , Nx , )  g iv en  in  Lemma 3 . 21  and Lemma
3. 25 respectively, we can determine the induced action o f 6 , on  res 111 (X , T 1

and hence, by the identity theorem, on  H' (X , T x ) . Lemma 3. 26 contributes
to save trouble in ca lcu lation . W e add  here a  rem ark that, in  ca se  o f Gi

(i= 0', 3 ', 4 ', 8 ', 10 ') , w e  have to  change the bases in Lemma 3. 26 into more
suitable ones, that is, the bases consisting of eigen vec to rs . The actual calcu-
lation is a routine task and w e  omit it. Q.E.D.

P roposition  3. 29. The induced action of each 6 i  o n  (F'9 2 i s  as in
the tab le in  Theorem  2. 14.

P r o o f .  A s in  th e  proof of Proposition 3. 19, it is enough to study the
induced action of 6 i  on the fibre (F " ) 2 ( X ,  Kx )  of the invertible sheaf
(Fœ 0 2 a t  so . L e t 0  b e  th e  g lob a l sec tion  o f Kx  corresponding to ..x0 E R I

under the isomorphisms

H° (X , Kx ) .--= H ° (X , 0 x  (1)) (R /  I )  1-=--Ri •

Then, by  the Poincaré residue formula, w e  have

(3. 30) res 0= (x o /x 0)   ( f / x °
'
 g

 x°)
  ) d (y,/ 4) A d (y 2/4),o(z8/4 z4 / 4 )

where by r e s  w e m ean  the restriction t o  the open  subset o f X  defined by

x0 0, ( f/ 4 ,  g* 0  and the Ja c o b ia n  / 4 S ince res fo rm s  a  basis of
(z 3 / 4  z 4 / 4 )

res H° (X , K 1 ) ,  w e  c a n  calculate, b y  (3. 30) , th e  induced action of 6 i  o n
res H° (X, , which determines that on H° (X , Kx )  b y  the identity theorem.

Q.E.D.

Proposition 3. 31. Each 6 i  induces on  H 6c; the action stated in the
tab le in  Theorem  2. 14.

P r o o f .  A s  before, it is enough to investigate th e  induced action of 0 i
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on the fibre Hcci (so) = P '(X , C ) .  By using the Hodge decomposition
P 2 (X , C )  P 2,0 (x - ) ep1,1 (X ) O p" (A )  w i t h  P "  (X ) -= P "  ( X )  and the

fact that 6 i induces a  real operator on  P 2 (X , C ), we have already known, by
Proposition 3. 29, the induced action on P " ° (X )  and P " ( X ) .

T h e  remaining thing is to determine the induced action of 6 i  on P "  ( X ) .
Tensoring Kx  t o  the exact sequence (2 . 4 )  and  tak ing its cohomology

sequence, we have the exact sequence

(3. 32) 0— >H° (X , T p C)Kx ) — >H° (X , Nx,p01(x),T,Li ( x - )  _4 0

b y  (2 . 8 ) and Lemma 2 . 1 1 . N ote that the morphisms in the exact sequence
(3 . 32) are a ll  equivariant w ith  respect t o  th e  induced actions o f Aut (X ),
and hence the problem is reduced to two parts, that is, determination of the
induced actions on H° (X , T p C)Kx )  and H° (X , Nx,p®Kx) •

Since, in  the rest part o f the proof, the arguments are parallel to those
in  the proof of Proposition 3. 19, w e w ill on ly  sta te the consequence o f  each
step. B y  re s  we mean here the restriction to  the open subset o f  X  defined

6by .x.,* (f / g/4)0  and the Jacobian * 0 .
6 (zs/ xô)

Lem m a 3. 33. W e can tak e as  a C-linear basis o f  res H° (X ,T p C)Kx )
the follow ing:

 

1(y1/401i=1,21

U { ( a / 4 )  ( Y ai/ xô) ® ° '

U {(a/ 4) a ( z
a
i/ .4 ) 00'

a  is  a  m onom ial in  R  o f  }
degree 3 , i 1, 2

a  is  a  m onom ial in  R  of
degree 4 , i=  3, 4

   

w here

 

_  0 (f / g  /  4  d  7 1 /  4  Ad  (31 2/ and
\ 0 (z,/ 4 z 4/ 4 /

0  —  ( a1 , 2 (y i / .4   a ( y  3 4 3  (z ai /4)  a ( z i / x t )  

Lem m a 3. 34. W e can take as a C-linear basis of  res H° (X , N11p0K1)
the follow ing:

a  is  a  m onom ial in  R  o f  degree}
7 ex cept 4x 0 a n d  z24x0

a  is  a  m onom ial in  R  o f  degree}
7 ex cept 4x o a n d  z2

4x o

w here  w e  u se  the  no tation  (I,' in  L em m a 3. 33.

{(a/ 4 a  ( f
a/ 4 0 0 '

U {(a/ 4 a
a ( g  t r g ) 0 0 '
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L em m a  3. 35. L e t  T '  ( r e s p .  N ' )  b e  t h e  C -linear subspace  o f
res H° (X , T p (j)K x) (resp. res H° (X . N x ,p ® K x )) spanned by

{(Y i/ 4 0 1  i =  1, 2}

U  ( a /  4 )

a  is  a  m onom ial in  R  o f }

i ( ; i / 4 )® ° '  degree 3 , i=  1, 2

U (zixo/xô) ( Z 4  0 0 I i = 3 ,4 }

(resp. (z4a/x70) a  is  a  m onom ial in  xo,Yi
a (; /.4  an d  y2 o f  degree 4

U i(a/ x70) 0 0 ' 
a  is  a  m onom ial in  xo,Y il; /.4a ( an d  y2 o f  degree 7

U {(zsa/ 4  a 0 0/ 4 ) 0 0 , a  is  a  m onom ial in  xo, yil
an d  y2 o f  degree 4

U { 1})(a  x 7o) 8 0
8
1.4  0 0  

a  is  a  m onom ial in  xo,y/ an d  y2 o f  d e g re e  7

T h e n , (3. 32) induces th e  e x ac t  sequence

0— > T ' -->Ni —>res P" (X ) -->0.

Continuation of  Proo f  of  Proposition 3. 31. By using the above lemmas,
we can calculate, as in the proof of Proposition 3. 19, the induced action of
6 i  o n  PL 1(X ).  Q.E.D.
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