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Introduction.

In the preceding paper [5], we established a  method to calculate the spectra
of 1-forms on simply connected compact irreducible Riemannian symmetric spaces.
By use of it, we determined the spectra of 1-forms on [AIII] SU(p+q)IS(U(p)x
U (q)) and [G] G2 1 SU (2)x SU (2). The purpose of this paper is to show the com-
plete lists of the spectra of 1-forms on all simply connected irreducible Riemannain
symmetric spaces except : (1°) Compact simple Lie groups ; (2°) [A III], [G ];
(3°) [BDI, II] SO(p+q)/S0(p)x SO(q) (q p, p=1, 2). The spectra of 1-forms on
[BDI, II] (q p, p=1, 2) can be seen in Ikeda-Taniguchi [4] and Tsukamoto [9].
See also Gallot-Meyer [3], Levy-Bruhl-Laperrière [6], [7] and S tre se  [8 ] . The
spectra of 1-forms on compact simple Lie groups can be obtained by Theorem 2.1
and Corollary to Theorem 1.3 in  [5 ] ,  however they are not treated here.

In order to explain the contents of this paper, we review some fundamental
notations. Let GIK be a  simply connected compact irreducible Riemannian sym-
metric space with G sim ple . We denote by 2(G ) the set of equivalence classes
of irreducible representations of G and .0(G, K) the set of equivalence classes of
spherical representaitons o f  th e  symmetric p a ir  (G, K). L e t g=f+nt be the
canonical decomposition of the Lie algebra g  o f  G  associated w ith G IK .  We
choose a C artan subalgebra t of g containing a maximal abelian subspace o f nt.
Let H= {a1 , ••• a n } be the set of simple roots with respect to a  suitable linear
order in  t. We denote by p the Satake involution of the set I =-  {i a, E I l , a i

where b = in t . Let D(G) be the set of dom inant integral form s o n  t  and let
D(G, K) be the subset of D(G) consisting of all highest weights of [p]G.W(G, K).
The set D(G, K) is given by the additive semi-group generated by the following

{2A 1p ( i ) = i ,  (a i , /7n1 )-101 ;
Mi =  Ai p ( i ) = i  ,  (a i , Hnb)# {0}

Ai +A„" )p ( i ) > i ;

where {A 1 , •• • , A n }  stands for the set of fundamental weights.
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L et A l(GIK ) be th e  space o f complex continuous 1-forms o n  G I K .  Under
t h e  canonical action of G , A i(GIK ) can be regarded as a  G -m odule . By defini-
tion the  spectrum o f  A l(GIK ) is  the  function g(G )B [p] ,— >a([p])EZ  determined
by a(Epi)=dimc Homc (VP , /1.1 (G/K)), where we m ean by p:G— >GL(V P) a n  ir-
reducible representation o f  G .  T he  spectrum describes how A '(GIK ) decompose
into a direct sum o f  irreducible G-submodules. Actually th e  number a( [p ])  in-
dicates the  number o f irreducible factors isomorphic to V P as G-modules in such
a  decomposiuion. T h e  purpose of this paper is to determ ine t h e  spectrum of
A '(G IK ) f o r  each simply connected compact irreducible Riemannian symmetric
space G IK  with G  s im p le . F o r  this purpose we give in  th e  following table the
function D(G)BA — >a(A )GZ defined in  [5]. W e exh ib it a ll dom inant integral
forms A D ( G )  w ith a (A )*0  and  the  numbers a(A )•  A s was announced in [5],
i f  A  denotes the  highest weight o f  [ p ] ,  then two num bers a( [p ])  a n d  a(A )
co incide, i.e ., a([p ]) .=a(A ) . T h is  equality can be verified by th e  examination
of the subset B (A ) o f ZI detemined by A  (see Proposition 3.4 and Proposition 3.6
i n  [5]). T h e  details a re  omitted in  this p a p e r .  Thus th e  spectra o f  A l(GIK)
on all simply connected compact irreducible Riemannian symmetric spaces GIK
with G simple can be obtained by th e  following tables.

Throughout this paper M o means an  arbitrary element o f D (G , K ) . Making
use  of the  generators M ,'s  stated as above, M o can be expressed by M0=E n4M0,
w here mi  Z ,  m,_>_0. W e also  m ean  by m(Mo )  (M o =-Em i M i E D (G , K )) the
number defined by th e  following equality : 7)/(M 0 )=#{ ni z >  .

[ A I ]  S U (n +1 )1 S 0 (n +1 )  (n 1 )

0 - - 0 - -  o 0
a l a 2 an-1 a n

A

(I) ! 1110

(II) A i- l- F A i+A rIL A J+,- F M o  ( 1 ijn )

[A ll] S U (2(n+1))1S p(n+1) (n  >1)

• 0 • o •
a, a ?, a :, a 2 .3 a2n+1

A

(  I )

A2_I-FA2J-F1+Al0

M o
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[B U  S O (2n+1)1S 0(p)x S 0(2n— p± 1) (3 _ p n )

ap
>e

a'n +1 an-, an

>0
p - 1a 1,

(71=P)

(tz--P+1)

A a(A )

(I) Mo in(Mo)

(II) A i-i+A i±/44--A i+1+M o ( 1 _ i< i_ p -2 ) 2

Ai - i+A +Mo (1 - i p - 2)

(I11) 1
(Mo, ai * )= 

10

2

A i_i+A i +A p_ i - I- Mo (1 i.- p - 2)

(W) 1
0(Mo, ap)*={

2

(V) A i-1±A 1d-A ")+M o ( 1 _ i_ p -1 ) 1(*)

A n _o+Mo

(11/10, ap-1* ) (M o. ap* )

0 0 0
(VI)

0 1

0 1

+ 2

(V11) A n-i+A ("±M o 1(*)

Remark (*). A p , (n p+2)

/1(1)={271, + ,, (72=p+1)

2Ap (n=p)
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[C I ]  S p (n )1 U (n )  (n >1 )

0--- - o - - - CK- r 1
a, a 2a n _ i

A a(A )

( I ) Mo 2m(M0)

(1 ) A i- i+ A i+A r I- A i+i+M o (1 .7. 72- 1 ) 2

[C111 Sp(p+q)ISp(p)xSp(q)

  

• •
a3p a 2 p + 1

 

a l a 2 a3 an + q -1  a r +q

A a(A )

(I) Mo m(M0)

(II) A2i-3d- A22+1+1110 (1 i_ j5 p -1 ) 2

(111) A21_1d-A2p+1-FM0 (1.-i— P) 1

(IV) 2A 21_3+M0 ( 1 - i - P ) 1

(ii) q-=P  •
a,

   

a 2 a, a2p-2 a2p- 1 a 2 p

A a(A )

( I ) Mo m(Mo)

(1 ) A 2i-1+ A 2J+1±Mo (1 i__ j_5.p-1) 2

(111) 2A21-1+M0 (1 i5p) 1
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[ D I ]  S O(2n)1S 0(p)xS 0(2n— p)

(i) o
a, a2

    

av Cfp-1-1

A a(A )

(I) Mo m(1110)

(II) A1-1-E-A0+11)+Ai+1+M0 (1 i<j_ p - 2 ) 2

Ai-i+Ai+H-M„ (1. i.- p -2 )

(111) 0 1* _ {
(M 0, a i  )—

+ 2

ili_i+Ai+Ap_i+Mo (1 i_ p -2 )

(w) 0 1
(M0, ap*)=

{ + 2

(V) A0-1+A0+A(2)+M0 (1_ i p -1 ) 1

/15 -2 + M 0

(M o , a n -i*) (Mo, ce,*)

0 0 0
(VI)

± 0 1
0 + 1

+ + 2

(VID A2--1+A(2)+M0 1 (**)

Remark (" ). {A i)+, (72_ p+3)A(2) =

Ap± , ± A n ,  ( n = p + 2 )
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a2,
(ii) n = P + 1 :  o o

a l a ,
a y + ,

A a(A)

(I) Mo m(Mo)

(II) A i-i± A i± A i+ A i + i +M o( 1 i < j _ 5 . p - 2) 2

Ai_i+Ai+i+Mo (1_i p - 2)

(III) 1
0(Mo, ai*)={

2

Ai_i+Aid-A n -i+Mo (1 -. i_ p - 2)

(IV) 1
(M o , a p *)=-

 {0

2

A1_14-  Aid- 2Ap+Mo (1 _ i_p - 1) 1
(V)

Ai_1+A1+2Ap+1+/1//0 (1 i54) - 1) 1

A p - 2 +  MO

(M o , a p _i *) (M o , a p *)

0 0 0
(VI) + 0 1

0 ± 1

+ ± 2

Ap_i+2Ap+Mo 1
(V11)

Ap_i+2Ap+H-Mo 1
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A a(A)

( I ) Mo m(Mo)

(11) A i-i+A i+A i+A i+i+M o (l i<•5_.p-3) 2

Ai_i+Ai+i+Mo (1. i_ p - 3)

MO
(Mo, ai*)= -10

1 

2

(IV) A 1-1+A 1+A p_2+A p_1+A p+M 0 (1ip-3) 2

(V) A i-i+A i-I-A p-i+A p+M o (1 i__p-2) 2

AP-2+Mo

(Mo , ap_ i *) (M o , ap*)

0 0 0
(VI)

± 0 1

0 + 1

+ + 2

Ap-o+ A9—id— A9 — E
1Y10

(VII) 10 1
(Mo, ap-2*)=

+ 2
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[DM] S O ( 2 n ) / U ( n )  (n_>_3)

(i) n = 2 p :  •
a,

  

A a(A )

(I) M, 2m(1V10)

(II) A20-1-FA25+1+.A4r0 (1 i_ j• p - 2 ) 2

MO A21-1+A2p-1+A2p+M0 (1 i_ p - 1 ) 2

A a(A )

( I ) Mo 2m(M0)

(111) A2 1-1-A2J+1±Mo ( 1 _ i _ j _ p - 1 ) 2

(11)
A 2i--1±2A 2,±M 0 (1 - i.-- - P)

A21_1-1-2A2p+1±1110 (i.u.i._p)

1

1
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[E l ]  Ed Sp (4)

a,

   

a, a,

A a(A)

(I) M 0 m(Mo)

(II)

A3+2.41+ M0

A4 +2A 2 -1- M o

Al+ A 4+2A3+ M 0

A2+ A3+ A 0 +2A 4 + M,

AA- A0+2A 5+ Mo

A 5+2A 6 + Mo

1

(ra) I ai - I- Mo (aEZI, a>0, acEll) 1(***)

Remark (***). ImiI A i  (a =  im i A i )1=1 1=1

[E ll] E 0 /SU(2) • SU(6)

A a(A)

(I) Mo m(M0)

(II)

A,. -  F -  Ao+Mo

AI+ A3+ A2+ MO

Al+ A3+ A4+MO

Al+ A3+ A2+114+MO

1
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/15—F /16+11/15

A,— — Ao + A2+ NI,
1

A5-1-- A0+ A4+ M,

A r d— A5+ A2+ A4+ MO

A1+2 AH

111- 1- 2 A 5+ A2+ M,
1

A,+2 /15+ A4+M0

A1+2/15+ A2-1— A4 + MO

2A 3 + A 6 +11/10

2A3+ A6+ A2+M0
1

2.43 + A6+ A4+ Mo

2 A3 d— A6+ A2+ A4+M0

2/11 + A5—FM,

2A3+ A3+ A 2 +M0
1

2/13 + A5—F- A4+M6

2/13 + A5—k .43+ A4+ M0

A3+2A,—EM0

113+2A6—F A 2 + M ,

1
113+2A 6+ A4+ M,

A3+2A6+ A2+ A4 - 1- M5

A2+Mo

1

2

2

2

3

3

3

4
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114 ± M o

(M0, al*) (Mo, a2*) (M0, a3*)

0 0 0 1

+ 0 0 2

0 + 0 2
(IV)

0 0 + 2

+ + 0 3
+ 0 + 3

0 ± + 3

+ + + 4

A2+ A4+M o

(M0, ai*) (M0, a3* )

0 0 2
(V)

+ 0 3

0 + 3

+ + 4
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[E M I E 0 lSpin(10)• SO(2)

A a(A)

Mo

(M o , ai*) (Mo, az* )

0 0 0
( I )

+ 0 2

0 + 2

+ ± 4

(II) A4H-M0 2

A,± A,+11 Jo
/15 + Ac+ A/10

MO
2'11+ A5+ Mo

A3 +2A 0+11/0

[EIV] E o lF,

0 • •  0
al a a cti a 5a u

az

A a(A)

( I ) Mo m(Mo)

Ao+Mo 1

(11) As+mo 1
"16+mo 1
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LEVI E 7 /SU(8)

a, a 3a ,  a c, a6a ,

a,

A a(A)

(I) Mo m(M0)

(II)

A 3-1-2A 1 +M0

A4 +2A2+ Mo

A 1 -1- A 4 +2A 3+M0

A2+ A3-1- A5+2A4+Mo

A4+ A 6 +2A5d - Ma

A 5 + A7+2A6+M0

Ac-1-2.474-Mo

1

MO lal+Mo (ae 4, a> 0, a (E.U) 1 (e)

Remark (e). I al =  I mi I A i  ( a =  iti mi  A i )
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[E V I] E 7 /SO (12) • SU(2)

a, a, a, a , a, a,

A a(A)

( I ) ill, in(Mo)

A2+ Ao+ M 5

A,-I - A2+ A 5+ M 0
1

.43-1- A3+ A5d - M 0

A 1 -1- A3+ A2+ Ao+ M 0

A2+ A7±Mo

Ai+ A2+ A7+ Mo
(11) 1

A ,± A2+ A7+ Mo

111 -1-- A3+ A2+ A7+ M 5

A5+ il 7 + Mo

A 1 -1- A5+ A7+ M 0
1

Ao+ Ao+ /17+ Mo

Ai+ Ao+ Ao+ A7+ Mo

Ai+ M o

(M 0, ao*)( M 0 ,  a4*) (Mo, cro*)

0 0 0 1

+ 0 0 2

0 ± 0 2
OE

0 0 + 2

+ + 0 3

± 0 ± 3

0 ± + 3

± ± + 4
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A3-1-M0

(Mo, ai*) (M0, a4*) (M0, a6*)

0 0 0 1

+ 0 0 2

0 + 0 2
(W)

0 0 + 2

+ + 0 3

+ 0 + 3

0 + 3

+ + + 4

/11 + Aa+Mo

(M0, a4*) (Mo, «0*)
0 0 2

(V)
+ 0 3
0 + 3

+ + 4
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[EVII] E 7 1E,•SO(2)

0
a / a 2a 4  a , a6a 7

a2

A a(A)

Mo

(Mo, ai*) (Mo, ao*) (Mo, a7*)

0 0 0 0

+ 0 0 2

0 + 0 2
( I )

0 0 ± 2

± + 0 3

+ 0 ± 3

0 + + 3

± + + 4

A3 -1-Mo 2

(II) A2-EA7-FM0 2

Ad-A7+Mo 2



The spectra o f 1-forms 157

[EVIII] E 8 1S0(16)

a, a, a, a l a , a, a,

o
a2

A a(A)

(I) Mo m(11/10)

(II) )

A 5 -1-2A 1 -1-M,

A4+2A2-1-M0

A 1 ±A 4+2A 3H-M0

A2+ A 5+ A5 +2A 4 +111,

A4+A0+ 2 A5+M0

A5+ A7+2A6+M5

A6+ A8+2A7+1110

A 7
+2A,H-M0

1

(M) la' - I- Mo (aDZI, a>0, aEr/1") 1(e )

Remark (v ) . = m 6 A i  (a =  im i Ai )
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[E IX ] E'8 1 • SU(2)

o • •
a3l a . 3 a , a, a, a,

A a(A)

( I ) 1w-o m(1/[0)

212 + M 0

A2 + A7+ Mo
1

A,+ AB+ M0

010

A2+ A7+ A, d- M,

A3 + M,

Ag+ A7 -,- M,
1

A3 + A 8 + Mo

A8+ A 7 + A8 + Mo

A5+ Mo
A5 + /17+ Mo

1
115 +  A8 +M0

.40 + A7+ A8+M0

/17 +M0

(M0 , a,*) (NI 0, a,*) (Mo, as*)

0 0 0 1

—I— 0 0 2

0 ± 0 2
(11)

0 0 + 2

± + 0 3

± 0 + 3

0 + + 3

—I— —I— ± 4
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118H- M,

(Mo, ai* ) (M0, a6*) (M0, a7*)

0 0 0 1

-4- 0 0 2

0 + 0 2
(IV)

0 0 ± 2

+ 0 3

0 ± 3

0 + 3

+ + 4

A7+ A8 - j-  11/10
(M0 ,  ai*) (MD, aG*)

0 0 2
(V)

+ 0 3

0 + 3

± + 4
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[F T ] F4 ISp(3)•SU(2)

a1a 3a 3a 4

A a(A)

( I ) Mo nz(M0)

A3+2A44 -Mo

Ai d - A3-1-2A4+Mo
1

A 3 -1- A 3+2A 4- F Mo

Al+ A2+ A 3 +2 Ad- M,

A 4 +2 A 3+M0

(11)
Ai+ A 4 +2A 3 + M,

1
A2+ A 4±2A3+ Mo

A,- F A2+ A 4 +2 A 3 + M o

A3-I-A4H-M0
,

Ai+ A3+ A 4H - Mo

A2+.434-A44-M0

A,- I - - A2+ A34- A 4 + Ma

Ai+ Mo

(A/70 , a 2 *) (11/10, a,*) (114.0, a4*)

0 0 0 1

+ 0 0 2

0 ± 0 2
(/[1)

0 0 + 2

+ ± 0 3

+ 0 + 3

0 ± + 3

± ± 4
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AH-Mo

(M „ a i * )  0 4 0 a3*) (11/10, a1*)

0 0 0 1

+ 0 0 2

0 + 0 2
(Iv)

0 0 + 2

+ + 0 3

± 0 + 3

0 + -I- 3

+ ± ± 4

A1+ A2+Mo

(M o , ct3*) (M0, a4 * )

0 0 2
(V)

-I- 0 3

0 + 3

± + 4

[F il l  F 4 /S pin (9)

4110- 1 1 1 1 1 - 0
a 2a 3 a4

A a(A)

( I ) A 4+M0 1

( 1)
A1-1-M0

A3+Mo

1

1

O SA K A  U N IV E R SIT Y  O F FO R E IG N  STUDIES
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