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Introduction.

In the preceding paper [5], we established a method to calculate the spectra
of 1-forms on simply connected compact irreducible Riemannian symmetric spaces.
By use of it, we determined the spectra of 1-forms on [AIll] SU(p+q)/SWU(p) X
U(p) and [G] G,/SU@2)xSU(2). The purpose of this paper is to show the com-
plete lists of the spectra of 1-forms on all simply connected irreducible Riemannain
symmetric spaces except: (1°) Compact simple Lie groups; (2°) [AIl], [G];
(3°) [BDI, 1I] SO(p+q)/SO(p)x SO(q) (¢=p, p=1, 2). The spectra of 1-forms on
[BDI, II] (9=p, p=1, 2) can be seen in Ikeda-Taniguchi [4] and Tsukamoto [9].
See also Gallot-Meyer [3], Levy-Bruhl-Laperriére [6], [7] and Strese [8]. The
spectra of 1-forms on compact simple Lie groups can be obtained by Theorem 2.1
and Corollary to Theorem 1.3 in [5], however they are not treated here.

In order to explain the contents of this paper, we review some fundamental
notations. Let G/K be a simply connected compact irreducible Riemannian sym-
metric space with G simple. We denote by 9(G) the set of equivalence classes
of irreducible representations of G and 9(G, K) the set of equivalence classes of
spherical representaitons of the symmetric pair (G, K). Let g=t+4m be the
canonical decomposition of the Lie algebra ¢ of G associated with G/K. We
choose a Cartan subalgebra t of g containing a maximal abelian subspace of m.
Let I71={a,, ---, a,} be the set of simple roots with respect to a suitable linear
order in t. We denote by p the Satake involution of the set I={i|a; 1, a; b},
where b=tN\f. Let D(G) be the set of dominant integral forms on t and let
D(G, K) be the subset of D(G) consisting of all highest weights of [p]€ 9(G, K).
The set D(G, K) is given by the additive semi-group generated by the following
M/s Gel, p()=i):

24;  p@)=i, (a;, IND={0};
M;=3 4; p@)=i, (a;, IINMD)== {0} ;
A+ 1,0 p)>1;

where {4;, ---, A,} stands for the set of fundamental weights.
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Let AYG/K) be the space of complex continuous l-forms on G/K. Under
the canonical action of G, A*(G/K) can be regarded as a G-module. By defini-
tion the spectrum of A'G/K) is the function 9(G)s[pl—a([pl)EZ determined
by a([pl)=dim¢Homgs(V*, AY(G/K)), where we mean by p:G—GL(V*) an ir-
reducible representation of G. The spectrum describes how AY(G/K) decompose
into a direct sum of irreducible G-submodules. Actually the number a([p]) in-
dicates the number of irreducible factors isomorphic to V# as G-modules in such
a decomposiuion. The purpose of this paper is to determine the spectrum of
AYG/K) for each simply connected compact irreducible Riemannian symmetric
space G/K with G simple. For this purpose we give in the following table the
function D(G)> A—a(A)eZ defined in [5]. We exhibit all dominant integral
forms A€ D(G) with a(A4)#0 and the numbers a(4). As was announced in [5],
if A denotes the highest weight of [p], then two numbers a([p]) and a(A)
coincide, i.e., a([pl)=a(A4). This equality can be verified by the examination
of the subset B(A) of 4 detemined by A (see Proposition 3.4 and Proposition 3.6
in [5]). The details are omitted in this paper. Thus the spectra of AY(G/K)
on all simply connected compact irreducible Riemannian symmetric spaces G/K
with G simple can be obtained by the following tables.

Throughout this paper M, means an arbitrary element of D(G, K). Making
use of the generators M,’s stated as above, M, can be expressed by M,=3 m;M;,
where m;eZ, m;=0. We also mean by m(M,) (M,=> m;M;=D(G, K)) the
number defined by the following equality : m(My)=4%{m;|m;>0} .

LAl SUn4+1)/SO(n+1) (nzl)

o O 0——0

o, s Qp-1 Qg
- Vr_““_ "“f o a(A)
K R T
) A A A A M, (1SiSin) 1 |

LAl SU@RMn+1)/Sp(n+1) (nz1)

[ 2 O A 4 s —O—@
«y 48 «; Myn  Qapgy

‘ Q19)] 44zi—1+/12j+1+A[0 (1=i=j=n) 1 ‘




The spectra of 1-forms

[BIl SO@n+1)/SO(p)xSO2n—p+1) (3=p=n)

ay «a, Apyq ﬁ (7121)—{-1)
oO— ... —O0——>0 (n:]))
44 a])—l a])
Y| a(A)
(1) M, m(My)
() Agy+ A+ A+ A+ My (1Si<j<p—2) 2
Ai-i+Ai+1+Mo (1§1.§]§"2)
(1) 0 1
(M, a;¥)=
+ 2
Ai_1+/1i‘|‘/1p—1+]wo (1§Z§P—2)
(Iv) 0 1
(Mo, ap)*=
+ 2
(V) A+ 4+ AP +M, (1Zi<p—1) 1%
Ay ot M,
(M, aps*) (Mo, ap*)
0 0 0
(VI
-+ 0 1
0 + 1
+ + 2
VD) | Ay AP +M, 1(%
Remark (*). Apiy (nz=p+2)

AV =324, (n=p+1)
24, (n=p)
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[CIT Spn)/U(n) (nzl)

a; a, Wy Ay
A a(A)
(1) M, 2m(M,)
(1) A+ A+ A+ A+ M, (1SiS7=n—1) 2
[CIT Spp+a)/Sp(p)XSplg) (1=p=q)
(i ¢zp+l: &—o0—— -+ —o0—e— - o<~—o

o, [ a; Qop  Qapsy Opirg-1 Opiq

A a(4)
(1) M, - m(Mo)
(1) Ao+ Aoj+ M, (1<i<j<p—1) 2
(1) Aoyt Aopii+M, (1=i=p) 1
(V) 245i-1+M, (1=i<p) 1

W o e T T s o

A a(A)
(1) M, m(M,)
(1) Aoioy+ Aoj+ My, (1SiSj<p-—1) 2
uy) 245 +My (1=i=p) B 1




The spectra of 1-forms
[DI] SO@n)/SO(p)xSO@n—p) (B=p=n)

(i) n=zp+2: o—o o o — .--.
(24} (423 447 Apiy Ap-o
A a(A)
(1) M, m(My)
(H) Ai—1+/1i+/1j+/1j+1+Mo (1§1.<]'§])—2) 2
A1—1+Ai+1+Mo (1§l§]§—2)
(Im) 0 1
(MOJ al*):{
+ 2
M At Ay s+ M, (IZi<p—2)
(IV) 0 1
(M,, ay*)=
+ 2
(V) Ai—1+Ai+A(Z)+M0 (1§i§ﬁ_1) 1
Apoe+M,
(M,, ap—l*) (M,, ap*)
0 0 0
(VI)
+ 0 1
0 + 1
+ + 2
() | Ak AP M, 10
(nzp+3)

Remark (¥%). {/1]”1
A® =

Ap+l+-/1p+2 (n=p+2)
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g
(i) n=p+l: o—o0— --- I
(447 (44 ap—l |

(4 X5

4 a(d)
(1) M, m(M,)
(m) A+ i+ A4 A+ My, (1=i<j<p—2) 2
Ao A+ M, (I=i£p—2)
(1) {O 1
(M,, a*)=
+ 2
Ai-1+Ai+Ap—1+1M0 (1§z'§j)—2)
) 0 1
(M, ap*)={
-+ 2
V) Ai+Ai424,+M, (1=i=p—1) 1
Aot At 245+ My (1<i<p—1) 1
Ap-ot+M,
(M, a'p—l*) (M, ap*)
0 0 0
(VD)
+ 0 1
0 + 1
+ + 2
Ayr 24,4+ M, 1
(VII)
Ap~l+2Ap+1+M0 1
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Ap-1
(iii) n=p: oO—o0—— ---
a; (24 Ap-a
ap
A a(d)
(1) M, m(My)
() A+ A+ A+ A +My (I=Zi<j=p—3) 2
Ai—1+Ai+1+Mo (lélé]')—g)
(Im) 0 1
(M,, ai*)={
+ 2
(Iv) Ai A+ Apost+ Ap s+ Ap+M, 1=i<p—3) 2
(V) Aiy+ A+ Ap o+ A+ My, (1=i=p—2) 2
Ap-o+M,
(Mo, ap1®) (Mo, ap*)
0 0 0
(V)
+ 0 1
0 + 1
+ + 2
Ap-st+Ap s+ Ap+M,
(VII) 0 1
(M,, ap-a*)={;
+ 2
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[DII] SO@2n)/U(n) (n=3)

&op-1
i n=2: ¢e—0—0— --
(243 (443 [ £ a‘.:p—z o
2p
A a(Ad)
(I) M, 2m(M,)
(m) Azi—1+A2j+1"|’-A4o (léléjéf)—z) 2
(]]I) A2i-1+/12p—1+/12p+]wo (1§l§p_1) 2
op
() n=2p+1: 6—o0 @ --- I
[243 4¢3 24 dop-1 Capis
Y| a(d)
(1) M, 2m(My)
(H) Azi—1+/12j+1+]wo (1§Z‘—_<—].§f)—l) 2
Asi 4240y +M, (1=i<p) 1
(1)
A2i—1+2A2p+1+A'{0 (1§Z§i)) 1
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LEIl E./Sp@4)
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(443 'y oy (443 (2]
243
4 a(4)
(1) M, m(My)
Ay 24,4 M,
A4+2/12+Mo
A+ A4+244+M,
(m) 1
/12+A3+A5+2/14+Mo
A AA424+M,
As+-24+ M,
(1) |la|+M, (asd, a>0, acll) 1 (F%%)
Remark (¥**). |a|= é}llmil/li (a= gmi/li)
[EIl] E¢/SU2)-SU(6)
/K__\\
(447 (4¢3 oy (443 (44
(24
yl a(4)
(1) M, m(Mp)
A1+A3+Mo
A1+A3+/12+Mo
() 1
A1+A3+A4+Mo i
A1+A3+A2+A4+Mo
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As+ A+ M,

As+ Ao+ Ao+ M,

As+ A+ A,4+M,

As+ A+ Ao+ A+ M,
A2 454+ M,

A1 4-245+ A, +M,

A 2454 A4 M,

A 4245+ A+ A+ M,
245+ A+ M,
245+ Ao+ Ao+ M,
245+ A+ A+ M,
245+ A+ Ao+ A4+ M,
24,4+ A5+ M,
24,4 As+ A+ M,
24+ A+ A+ M,
24,4 As+ Ao+ A+ M,
As+24+ M,

As 424+ A+ M,
Ag+24+A+M,
A+ 24+ A+ A+ M,

(Im)

Ao+ M,

(Mo, ar*) (M, as*)

+ o + + ©o o + o
+ 4+ o 4+ o 4+ o o

(MO! a4*)

+ + + <+ o o o

W W w N NN -
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ActM,
(M, a®) (My, @) (Mo, ais*)

0 0 0 1
+ 0 0 2
0 + 0 2

) . . N \
+ + 0 3
-+ 0 + 3
0 + + 3
+ + + 4

Ayt A+ Mo

(M, a®) (Mo, as*)

(V)

+ o 4+ o

+ + o o

W W N
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[EN] E./Spin(10)-SO(2)

N

oy (223 Qg O 243
28]
A a(4)
M,
(M, ar®) (M, as*)
0 0 0
(1)
+ 0 2
0 + 2
+ + 4
(m) A+ M, 2
A1+A3+Mo
As+Ae+M,
(1m) 1
2/11+A5+M0
As+-244+M,
[EIV] E/F,
o0——e- —e 0
24} (24 ay A5 [24]
22
A a(A)
(1) M, m(Mo)
A+ M, 1
(m A+ M, 1
As+M, 1




[EV] E,/SU(@)

The spectra of 1-forms

a(A)

(1)

M,

m(My)

(m)

Ay +24,4+M,
Ag+24,+M,

A+ A +245+M,
Aot Ay+As+24+M,
At A+245+M,
As+ A4-24+M,
Ag+24,+M,

(1)

la|+M, (aed, a>0, acll)

LG

Remark (£%).

|a|=i§|mi|/1i (a:zémi/li)
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[EVI] E,/SO(12)-SU(2)

(441 2%} ay Qs 44

Q'

a(d)

(1)

M,

m(My)

(m)

Ao+ A5+M,

A+ Ao+ A5+ M,
As+ A+ As+M,
A+ A+ Ao+ A5+ M,
Ao+ A:4M,

A+ Ao+ A4 M,
A+ Ao+ Ao+ M,
A+ A+ Ao+ A7+ M,
A5+ A4 M,

A+ A+ A+ M,
As+As+A4M,
A+ A+ A+ A7+ M,

(Im)

A+ M,
(MO) as*) (MO; a4*) (MO,' aﬂ*)

4+ o + + o o 4+ ©
+ 4+ o 4+ o + o ©
+ 4+ 4+ o 4+ o o o

BOwWw W w NN
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Ao+ M,
(Mo, ar®) (Mo, ai®) (Mo, o)

0 0 0 1
+ 0 0 2
0 + 0 2

(V)
0 0 + 2
+ + 0 3
+ 0 + 3
0 + + 3
+ + + 4

Ayt A+ M,
(M, a®) (M,, ag*)

(V) ° 0 ?
+ 0 3
0 + 3
+ + 4
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[(EVII] E./E:SO2)

(243 443

o @ : ———0—O0
I‘h

Y| a(d)
M,
(Mo, a,*) (M, ag*) (M, a*)
0 0 0 0
+ 0 0 2
0 + 0 2
(0 0 0 + 2
+ + 0 3
+ 0 + 3
0 + + 3
+ + + 4
As+M, 2
(m) Ao+ A4-M, 2
As+ A+ M, 2




[EVII] E,/SO(16)

oy

The spectra of 1-forms

a3 ay 44 O 244 g

o,
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A

a(A)

(1)

M,

m(Mo)

(m)

As+24,4+M,
Ai+-24,+M,

A+ A2 44 M,
Aot Ay A54-24,+M,
As+Ae+2 45+ M,
A5+ 44245+ M,

At Ag+-244-M,

A 4245+M,

(1)

la|+M, (a4, a>0, acll)

Remark (¥%¥).

8 8
la| = El [mi|4; (a= .217”1‘/1i> '
i= i=
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[EIX] ES/E,-SU(2)

2
1o

ag

444

24

a(d)

(1) M,

m(Mo)

Ay+M,

Ao+ A4 M,
A+ Ag+M,
Ao+ A+ A+ M,
As+M,

Ag+ A+ M,
A+ Ag+M,
As+ A+ As+M,
As+M,
As+A4M,
As+Ag+M,
As+ A4 A+ M,

(m)

/17+Mo

0

(Im)

+ o 4+ + o o 4
+ + o + o + o o

+ + 4+ o+ o o o

(Mo, a*) (Mo, ag®) (Mo, as*)

B W W w N NN
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Ag+M,
(M, a®) (M, as*) (Mo, a*)

0 0 0 1
+ 0 0 2
0 + 0 2
w 0 0 -+ 2
- + 0 3
+ 0 + 3
0 + + 3
+ + + 4

A+ A+ M,

(M, ar*) (M, ag*)

0 0 2
(V) N 0 3
0 + 3
+ + 4
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[FII F./Sp@3)-SU(2)

A a(4)
(1) M, m(M,)
Ag+24,+M,
A+ Ao+-24,4 M, .
Ao+ As424,+ M,
Ay Ay Ay 24,4 M,
A 24,5+ M,
Ay A A24,+ M,
(1) 1
. | Ao+ AA-244M,
A+ A+ A 24,4+ M,
Ayt A+ M,
A+ Aot A+ M, )
Ao+ Ay+ A+ M,
Ayt Aot At A+ M,
A+ M,
(Mo, ay®) (Mo, o) (Mo, a®)
0 0 0 1
+ 0 0 2
0 + 0 2
(Tm)
0 0 + 2
+ + 0 3
+ 0 + 3
0 + + 3
+ + + 4
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Az“l‘]uo
(M, a®) (M,, as®) (Mo, a,™)

0 0 0 1
+ 0 0 2
0 + 0 2

(Iv)
0 0 + 2
+ + 0 3
+ 0 + 3
0 + + 3
- + - 4

A1+A2+A/[0
(M, as®) (M, a,®)

0 0 2

(V)
+ 0 3
0 + 3
+ + 4

[FII] F./Spin(9)
° —>e o
oy 243 [24] ay
A a(Ad)

(1) A+ M, 1
A+ M, 1

(m)
A+ M, 1
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