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§ 1. Introduction.

In  o u r  p a p e r  [1 0 ] , w e  m ad e  a  m istake in  reasoning a n d  proofs of
Theorems 1. 1 an d  1. 2. U n til now , under the cond ition  (A ), it should
seem difficult to the author to obtain the conclusion of the Theorems 1. 1
and 1 . 2  from the on ly  C o n d itio n  (B ) o r  (B ')  . (In  o n e  space variable,
Theorems 1. 1 and 1 . 2  are true. cf .  Examples 6. 1 and  6 . 2  o f [I0 ].)

Prof. S . M izohata proposed necessary conditions and sufficient condi-
tions fo r an  operator given by Exam ple 6. 3 o f  [1 0 ] to  b e  L 2 -wellposed.
( S e e  [ 5 ] ,  [ 6 ] ,  [ 7 ] .  I n  [ 5 ] ,  a  necessary condition w as  g iv en  for more
general operators.) I n  th is paper fo llow ing th e  inference of M izohata,
w e  show  th a t  f o r  a n  o p era to r w ith  constant le ad in g  coefficients the
conclusion of the Theorem 1. 2 o f [1 0 ] holds under th e  additional condi-
tions.

§ 2. Statement o f  results.

Consider a  lin ear p artia l differential operator defined o n  (x ,  t )E R 'x

P (x ,D , D ,)= D r-F a i (x,D„).D7 - 1 -+- • • • +a„,(x, D r ) ,

a i (x, D )  =  E 2 j ao (x)Dc; (1 . 1.727)

1 a awith coefficients ao  (x) (R"). Dx —  l a x . W e are  concer-•

ned w ith  the "two-sided" C auchy problem for P (x , D x ,  D e ) :

(2.1)

where

(2.2)



742 Jiro Takeuchi

(2 3).
P (x, Dx , D t )u (x, t) =f (x, t) in  Rn x [— T, T],

I Di"u(x , 0) =g,(x ),

We seek for the conditions for the Cauchy problem (2.3) to  b e  TP-
wellposed.

O ur conditions are as follows.

Condition (A . 1 ) .  a ( x )  =a a , (conctant) f o r  l a  = 2j ,

Denote the principal symbol o f a,(x , D x )  by a ( C )  a n d  th e  subprincipal
symbol of a;  (x, D O  b y  a.i(x , e), j. e.,

(2.4) aM )  =  E aaiea , a ) ( x ,  e) = E  a 3 (x )Ca ( 1
lal =2j-1

Denote the principal symbol of P (x, D x , D t )  a s  2-evolution in  th e  sense
of Petrow ski [8] b y  P° (e, 7), i . e.,

(2 .5) P°(e, 7) =7ni- a 7(E) 7 m _1+ • • • + 4 (C ).

The second condition is  the following.

Condition (A. 2 ) .  T he roots o f  P°(e, r) = 0  are non-zero, real, distinct for
(0), e.,

(2.6) 13° (e, r) =fi (r — 2 3(e)) , 25(e) 2 0 (C), ( j  4 k ,  C 0).

Remark 1. 23 (e )  is homogeneous of degree 2 in C.

Remark 2. I t  is necessary fo r th e  C au ch y  p rob lem  (2 .3 ) to  be 11-

(R")-w ellposed that th e  roots 2,(e)(l j  m )  a r e  re a l fo r e  E R n  (Pet-
row sk i [8 ], M izohata [4 ]).

Remark 3. C o n d itio n s (A . 1 ) an d  (A . 2 ) are  th e  same as Condition
(A ) in  th e  previous paper [10].

W e put

(2. 7)( x ,  e , (x, e) 7 m - 1  +  • • • +  (x, e).
W e rep lace the C ondition  (B ) of [10] b y  the following.

Condition (BO :

IFor any (x, co, t) e Rn x S n' x R 1,

St Irn Q° (x d-s (FA) (w), w, 21 (o)))ds
0

remains bounded, (1_,j m).

For a n y  m ulti-index ex(lal 1),

Condition (B a ) :
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IF o r  a n y  (x, co) E Rn x Sn - 1-,

V0 ID Q° (x d-s(F e li ) (co) , co, 2 ; (co) ) i ds

rem ains bounded, (1 ,j . .m).

Remark 4. Under the condition (A . 2), we have, b y  Euler's identity,
e.172(e) 4221(e) 40 fo r e4 0, i. e., 17,2,(e)k 0 for e 4 O.

Remark 5. T he above conditions are essentially th e same as the con-
ditions given by Mizohata in the case  m = l. ( c f .  [6 ], [7 ]).

O ur results are  th e  following theorems.

Theorem 1. Assume th a t th e  con d it ion s  (A . 1 ), (A . 2 ), (B0 )  and  (B a )
fo r  a l l  a  ( __1) hold. T h en  the C auchy p rob lem  (2.3) is H' -wellposed f o r
any sER 1, t h a t  i s ,  f o r  a n y  (gi (x), , gn i (x )) E Hs+2 'n x Hs+2 ( m- 1 ) x
x Hs +2 a n d  any f (x, t) E C ( [ - T ,  T ]; H 3) ,  th ere  ex is ts  a unique solution u(x,
t) o f  (2.3) : u (x, t) ECT( ET — , H s ' )  n [ — T , Hs+2(- - - i)) n .........
n Cr - i ( [ —T, T]; H" - 2 )  and the fo llow in g en ergy  in equa lity  h o ld s :

(2.8) HI u (t)Ill (s) C (s , 1111u (0)111(s)+  St
ollf(r)11(s)del } , t E [ —T, T].

Here

(2.9) —4,)"M-lu (011 2(s),J=1
(2.10) lu(t) ills) = (27r) - nS (1 + el2)s lace, t)12de,

(2. 11) t) = t) = e - i4 u(x, t)dx.

A s  a  special case of the conditions (B O  a n d  (B a ) (lai , we consider
the following conditions.

Condition (BO' :

i F o r  a n y  (x, co, t) E R "xS n - ' xR 1,

St Tm aii(x + s (V e2; ) (w ), co)ds0
remains bounded, (1 . j ,  k m ).

For any m u lti- in d ex  a , la i __ 1,

Condition(Ba )' :

IF or  a n y  (x, co) E R n X Sn - 1 ,

Sc.* I -Mal( x + s (I 7' 62i ) (co) , co) l ds0
remains bounded, (1 .__ j, k m).
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Corollary o f Theorem 1. A ssum e th at  th e  co n d it io n s  (A . 1 ) ,  (A . 2) ,
(B O ' a n d  (B O ' f o r  all a  ( lai 1 ) hold. T hen th e C au chy problem (2. 3)
is Hs (R")-wellposed f o r  any  sER 1,

Remark 6. Assume that the conditions (A . 1 ) an d  (A . 2 )  hold, and
that Im e) mO ,  (1 .j . m ).  Then it is easy to see that the conclusion
of Theorem 1 holds w ithout the cond ition  (B a ) ( la 1). In  th is case,
the condition (B O is automatically satisfied.

Concerning th e  necessary condition, w e  assum e the following weaker
condition (A . 2 ) ' th an  (A . 2).

Condition (A . 2)'. T he roots o f  P°(e, r) = 0  are real, d is t in c t  fo r  eER"\ :

(2.6)( $ • = (r — 2;(e)), 2.; ( )  * 2k (e), (j# k , # 0 ) .
i=1

Rem ark that 2. ; (e ) m ay be zero for some $  or for all C.

Theorem 2. Assume that th e  conditions (A . 1 ) and  (A . 2) ' hold. Then
th e  con d ition  (BO is necessary fo r  th e  C a u ch y  problem (2. 3) to  be 111 (Rn)-
wellposed f o r  any non-negative integer 1.

§ 3 . Proof of Theorem 1.

T o  m ake th is  p ap er se lf-co n ta in ed , w e ren ew  th e  p roof from  the
beginning.

3 . 1 . Reduction to a system and its diagonalization.
Let P(x, D ,  D 0)  be a  differential operator of the form  (2. 1). Assume

th a t the conditions (A . 1), (A. 2), (BO and  (B a )  for a ll a  (lal 1 )  hold.
We consider the C auchy problem (2. 3). W e put

(3. 1)u f ( x ,  t) = (1 _ (x, ,

(3 .2)U ( x ,  t )  = t ( u i (x, t ) , . . . , t)).

Then w e h ave  a  system of the following form:

f(3 3) (x,t)= M (x, D a ) U(x, t) +F(x, t),. 1 U(x, 0) =G (x).

H ere M (x , D ) =  M 2 (D ) + M i (x, + Mo(x, D x )  i s  a  pseudo-differential
operator o f  o rder 2 .  T h e  sym bol Mii (x , e )  of M (x , Da ) ( j= 1 ,  2 )  has
the following form:

0 1 • 0

(3 .4) M2(e) = •
• 1

•
, ICI)  ..... a7(e / lel)
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( 3 .5 )  M i  (x, =
0 0

l e l )   .....al(x, e /
Mo(x, D x )  is  a  pseudo-differential operator of order O.

(3.6) F(x , t) = 1(0, , 0 , f (x , t)),

(3. 7)G  ( x )  1 ( (1  — J) gi (x), (1 — g2(x), , g,,,(x)).

From the condition (A. 2 ) ,  m2(e) h as distinct eigenvalues 2 1 (e), • • •
(e) for e k  0 .  Thus the system (3 .3 )  is  diagonaizable as  follows.

Lemma 3 .  1 .  There exist a diagonal pseudo-differential operator g (x , D x )
OPSN  and an  invertible pseudo-differential operator N (x, D x ) EO PS N  such

that

( 3 . 8 )  N(x, D x )(D,—  M (x, D x )) (D ,—  g  (x , D x ))N (x , D x ) (mod. OPSo)•

P ro o f. At first, consider the equation

(3.9) N (x ,Dx)M (x , D x ) —=g (x , D x ) N (x ,D x ) (mod. OPS1. 0 ).

We put

N (x, e) = N o (E) +N _ 1 (x, e),
g (x , C)= g2 (e) + 9 (x ,(x, e),

where N , are homogeneous of degree j  in C.
Then (3 .9 )  implies that

(3.10) No (e ) M 2(e) =  2(e) No (e)

Since

(3.11) det ( r/ — M2(e)) =1)° (OE,T) =11 (z--2;(e)),
we have

21(ç) 0

(3.12) 32(C) =
.

0 2„, (e)

and

 

(3.13) No(e) =

 

2,„
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where 11 (C ) is  a  left nu ll vecto r o f 21(e) I — M2(e) a n d  o f  homogeneous
degree 0 in  $,
Obviously, we have Ne ( e )  E S N  a n d  Id a  No(e) I 5>0 fo r e*O.
Next, consider the equation (3.'8) (mod. OP4 0) ,  that is,

(3. 14) V,(x, Dx ) M i (x, D x ) +N_ 1 (x, Dx)M2 (Dx )
2(D.)N _1(x, D x ) + Dx) No (x, Dx ) (mod. OP40).

It follows from (3. 14) that

(3. 15) N o(e)m icx, + A (e)
g2(e)N_1(x, e) + g,(x, e)No(e).

We put N_ 1 (x , e)No(e) - 1 =g_ 1 (x, e) =(ñ1 (x , e)), then we have

(3.16) g_1(x, e) g2(e) — 212(e)g-1 (x, e)
= 1(x, $) — No(e) Mi(x, e)N0(e) - 1 .

W e put R i (x , e) =No(e) mi(x, e)N0(e)-1= ( r , ; (x ,  e ) ) .
T hen  w e choose 1 (x, e )  such that

(3. 17)

Define

(3. 18)

.91(x, e)'-=diagonal of RI (x, .

C)' ,  (2 (e) — 2.(e)) -
1r,; (x, $) (i #j)

(i =i).

T h en  g1(x , e ) an d  N_ 1 (x, =g-1(x, e)No(e) satisfy (3. 15). Thus g
(x, =  2 (Dx ) g  1 (x, D x )  and  N (x, D x ) = (I + r_ 1 (x, D x ))N o (Dx )  satisfy
t h e  equation (3. 8). Furthermore, we can choose s, _1(x, e) such that

C) b e lo n g s  to  S  an d  fo r  each s 0 ), operator norm 11g-1
(x, D x )112 ( H

s,,  ) c an  b e  a s  small as one wishes by modifying g_, ( x , e) in
e I 1?,. Then

(3. 19) ( I +  _ 1 (x, D r )\) - ' -= I — Sr_i+ Sal+ • • • + ( - 1 ) k Siti+ • • •

exists a n d  belongs to O PS N  ( c f .  Kumano-go [3], Appendix I). Thus
N(x, D x )  is invertible in  OPSN and  N(x, D x ) - 1 =N0 (D ) - 1 (I- T _1(x, D.)) - 1 .
This completes th e  proof of Lemma 3. 1.

From the proof of Lemma 3. 1 we have more explicit formula for 91(x, e)
( 6 , q ( x ,  $)).

Lemma 3. 2. In  L em m a 3. 1, w e have

(3. 20) 21) (x, e) = e, 2 ,(e )) (21(e) —A(C)),

w here Q ° (x , Ç , r) is d efin ed  by (2. 7), (1 5 .

P r o o f .  A  left null vector 1,(e) of
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2,(e)i —m2(e) =[2,(e — m2ce e lei 2
 

in  (3. 13)

is  a constant multiple of (w) , , 2 i „, (w) ) (a) e /  e  )  where

(w) = A (0)) m - 1  +  (w) 2 (0)) m - 2  + • • • + al -1 (CO

(3.21) 112(w) = 2 (w)m-2  a7(w ) (0))' + • • • ± 4_ 2 (w)

li m (W) =1.

O n the other h an d , a  righ t nu ll vector ri (e )  of 2; (e)/ —M2 (e ) is  a  con-
s tan t multipel o f  (1, 2 ;  (w) , 2; (0)) 2, ,  A;  ((Om") (co= C/ ICI ). W e d efin e
/i (e) =  (e /  e  ) (iii(e/ I el ), • . • , iim (e / ) )  b y  (3 .2 1 )  a n d  choose r 1 (C)
such that i i (e) ri (0  = 1 .  T hus w e have

r(C) =,(1, 21(e/ Iel ) , . . . , 21(e/ I w ni-ivaaP:(e/ ICI, 2,(e/ ICI )).

From the fact that 21 ( e) , ,  2.( e) are d istinct, it follows th a t /, (e) (e)
=3,3j m ) . T hus w e have

(e)
•N 0 (e) = •
• , N o ( e ) '= [ r i (e) r m (e ) ]

1„z(e)
and

2 '(x ,e ) r i ( e )
— (al(x, (0)2i (w) n' - 1 ± • • • + aim  (x, w)) ICI / 

 a
a
P

:   (w, 2, (w))

to, (0) ) )  ICI /7. (2i(w) — 2(w))

= — Q° (x, e, 21 (C))/ .
11

. ( '21(e) — 21(e) ) , (a) ---epel ).

3. 2 . Proof of Theorem 1. Following the inference o f  Mizohata [6],
[7], we transform  D1 —  (x ,  D )  t o  a n  operator without th e  first order
term D i ) .  For th is end , w e p u t V(x, t) =N (x, D x ) U  (x, t) and

(3. 22) V(x, t) =K(x, t, D )  W (x, t)
ki (x, t, Dx) 0

•
km (x, t, D x )

where K (x , t, D „) i s  a  d iago n a l pseudo-differential operator. Applying
D 1 — 3(x, D x )  to  V (x , t), w e have

(3. 23) (D1— (x, D x ))[K (x, t, D x ) W (x, t)]
= [D i K(x, t, D )  —

Ç  (D i ) K ( J ) (x, t, Dx ) —
.1=1

— 9 1 (x, Dx ) K(x, t, D x )]W (x, t)

0
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+K (x, t, Dx)[Dt — g2(D)]W  (x , t)
t, Dx )K(x, t, D x ) W (x, t).

W e define th e  symbol K ( x , t ,  e )  o f K (x , t, D x ) b y  the solution of the
equation

(3.24) I n 

[D e — E
a

2(e)1).; —  .91(x, e)]K(x, t, e) =0,de;

K(x, 0, e) =/,

that is,

(3.25)
1 [D, — 17 A (e) • Dx-FQ° (x , e, 2;(e))/11 ( 2;(e) — 2i(e) )] xj.i

x k i (x , t, e) =0,
k i (x, 0, e) -=1, (15 j_.<m ).

The solution of (3.25) is  the following form :

k3 (x, t, e) =exp[i0 ;  (x, t,

Q°(x+s172J (E), C, 2,(e))ds
(3.26) ( x ,  t ,  e ) ° if (e) 2 1 ( e ) )

z#.;

It follows from (3 .3 ) a n d  (3.23) that

(3.27) K(x, t, D x )[D, — .g 2 (D )]W  (x, t)
— K,(x, t, D) W  (x, t) 11710 (x, D x ) N (x, D x ) -1 1 (x, t)
=N (x, D x ) F(x , t)

where K i (x , t, D x )  = -  o (x, t, K(x, t, .
B y  the conditions (B 0 )  a n d  (B a ) ( k i( x , t ,  e )  h a s  th e  following
estimate (Mizohata [6], [7]).

(3.28) IDI/D7k; (x, t, e)1 M a ,B Iti la i ,

k j(X, t, C) belongs to  Sg., (t : p a ra m e te r ) . B y  the theorem of Calderon-
Vaillancourt [1], K (x , 1, D x )  and  K i (x , t, D x )  a re  bounded operators on
[lis (R ')]m . O n the other hand, w e have

(3.29) exp[ —i0;  (x, t, Dx )]ex p[i0 ; (x, t, D i )]=I ±  R i (x, t,

and  from  (3.28) w e have

(3.30) t, Dx )II 5const. It' .

B y the theorem o f  Calderon-Vaillancourt, (/-ER ; (x , t, D i )) is invertib le
in  OPS L  w h en  It is  sm all. T h u s K (x, t, D x )  is invertib le in  oPsg,0 when
It  is  sm a ll. F in a lly  f ro m  (3.27) w e have



[  p0 - (E  2 .(e))1)14-a P °
"  ce, 2 -F.(e))D, Q2(x, e, A(E))] x

k =1 ae,(4.4) x vi  (x, t, =0,
z,; (x, 0, Ç) =g(x).
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(3 31) {11D1— g 2 ( D.) — go(x , t, DA W  (x , t) =g0 (x, t, D x ) F(x, t). 
W(x, 0) = N(x, Dx ) G(x)

where go, Ro Eopsg,, for sm all It
The Cauchy problem (3.31) is Hs-wellposed and N(x, D x )  and K(x, t, D x )
a r e  bounded a n d  invertib le  on  H s  fo r  small I t I . T h u s  th e  proof of
Theorem 1 is complete when T  i s  sm all. R ep eatin g  the above argument
step by step we com plete the proof of Theorem 1. (Q. E. D.)

§ 4. Proof of Theorem 2.

4. 1. Asymptotic solutions. W e construct th e  asymptotic solution of
the following form :

(4.1) u(x, t, e) =e4v (x.i.ov(x, t, e), {01.

Applying P(x , D x , D1)  t o  u(x , t, e), w e have

(4.2) e-'9(x-i•c)P (x, Dx , D1)(e'9(x.t'ov(x, t, e))
=P(x , D x +  daWx , D 1 +  rt )p(x, t, e)

pa( 
 aw aç° v(xax , a t )  "t

+ E ° (  
)D t + aP° (aax w  ,a, at k=1 aek ax

+ (x   a
aç.:   , rt )io(x, t, e)

+R(x, Dx, Dt,  ag°\
ax at ) v (x ' t ' " .

We define the phase function ço(x, t ,  e )  by

(4.3) çoi (x, t, e) =ex+ 2J (e)t, eERn\(o) ,

so that wi (x , t ,  e )  satisfies P°(  aa:  ,  att  ) — 0.

W e solve the transport equation :

aç°)Datk

Differentiate P° (e, 2; (e)) =0 w ith respect to  ek,
apoa p o

we have (E, ) (e, 23 ($) ) —o.ae„ aek
Since  aP° (e, 2,(e))= (2 ; (e) — 21(e)) k 0 from  (2.6),

w e have
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a2,(e)  D  Q ° ( x ,  2i (0 )  ] , ; (x,t, e) =0,ae, H (2,(e) — )i(E))(4.5)

   

vi (x, 0, $) =g(x).

The solution vi (x , t , e ) has the following form:

(4.6)

where

(4.7)

and

(4.8)

v;  (x, t, e) =exp[i0 ; (x, t, e)]w i (x, t, E),

0;  (x , t, e) = çt  Q°, (x+s(172 ; ) (e), e, 21
(E)

ds
j°H  ( 2; E) —2,(e))j=,

wi (x, t, e) =ex +t(17,25)(e)).

Remark that 0.; (x, t, e) is  the same function a s  th e  function in  (3.26).
N ote th at 0; (x , t, $) =Sb; (x, I E I t, e/le ) a n d  wi  (x , t, $) =a) ; (x, el t,

E/ le!) so that vi (x, t ,  e) =v ; (x, lei t, e/ lei). Thus we have the following
solutions u;  (x, t, E ) of the equation

J(4 9) P(x, D a , Di )u ; (x, t, e) =-f; (x, t, e),. ui(x, 0, $) =eixg(x),

where

(4.10) u;(x, t, E) = ei9P.t.E) e4 i ( 1 3 .0 u); (x, t, e)

=exp i[Œx+2; ($)t —St °Y x+s(Fel.i) ($) , e, 2i ( e)
0 H  ( 2 i(e ) —21(e)) as i x

x + t(7,2) (e)) ,

(4.11) f ; (x, t, e) = e 4 i(x.t.E)R5 (x, Da , D„ e)(eioi (x.t.ow; (x, t, E))

=eivi (x.t.oeioi (x.i.E) R; (x ,  Da + e)w,(x, t, e),

(4.12) R;(x, Da , D„ E) = R(x, Da , D„ aa9ti  ) .

Here R. consists of the following three terms.

(4.13) R;(x, D a , D o  E)

a= I al aae ) ( )i13° 1.)1141;if
s= . ( )

+
I a I dae aa'r )1Q - 3  ( x ,1-)1D ic":g

r=A;(e)
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a y ( a y+ E a, (x) es 2A ilD) axA.ae ■ ar I  Is 1+21 2on-i.)

For g(x)EC7 ( IV ) ,  w e have the following estimates.

(4.14) IIR; (x, D, D„ e)w i (x, t,
. -111?3 (x, D , D , E)g(x +t (17 eRJ) (e))1i

const. E E a 0 1 - 1 - 1 12i(e) i " 1(17( e )  Iillg(x)11 ( l a i + 0
IS1+2/=-2m

+const. E E le ,  1$ 1-1.1 12a )  I L-=  (17,23 )  ( e) I i ll g (X ) 11(1a1+0
la ' + i a i  1/31+21=2m-1

E lel 12(e) I I (FE2i) (e) I'llg(x)110a1+0

+const. E l e i  2 m - 1—Clal
( Ia l+ i)

+const. E le i (1$1+2 1) — (1a1+1)11g(x) l ( l a iE
la ' 1$14-21 2(m-1)

COnSt• el O(m-l) g ( x )

4. 2. Proof of Theorem 2 .  Following Mizohata [6], [7], we show the
necessity of (B 0). L e t u s  su p p o se  that the C auchy problem (2.3) i s  1-11-
wellposed an d  th e  inequality  (2.8) holds for s =1. Suppose th a t (B o ) is
violated. T h e n  th e r e  e x is t  j o 1 1 , 2 , ,  ( 0 ° E S ' - '  an d  t0>0
such that

St°  Q2 (x l  s(Felio) (w
°
) w

°
, 2 30 ( 0 ) )   d s

I m(4.15)
H ( 2in (0 ) — 2 i (oP) )
i*jo

2 lo g  (2C (/, T )),

where C(/, T )  is  the constant in  (2.8) with s =/.
P u t x° xi+ t o (Iy i0 ) (0), e =p0) °,  tp =t o /p, p b e in g  positive parameter

tend ing  to  in fin ity . L et the function g ( x )  in  (4.9) be a  smooth function
with sm all support around x°.

W e put up (x, t) =u ; ,(x , t, (KIP), then  w e have

(4.16) (x, t )  =-zti o (x, t ,  pd)
=exp i[pçoi o (x, to, 0 ) +0 50 (x, to  w°)]zu ; 0 (x, to, 0 ).

Note that the support of wi a (x, to, 0 )  g(x + to (V e li o ) (wP)) is concentrated
around  x1( =x° —to (17

e2j0 ) (0 ) )  a n d  its  d ia m e te r  c a n  b e  m ad e  sm all by
schrinking the support of g ( x )  to x°.

It follows from (4.10), (4.15) a n d  (4.16) that

(4.17) Illup( • , tp)111(l) 2C(i, P"'llg(x)111,2 ( e ) .

W e put f p (x, t) = f10 (x, t, pd), then w e have from  (4.11)

(4 .18) f p (x, t) =exp ikoi o (x, t, pd) o(x, pt, x

+ const. E
const. E lei L-H-2

x(m-1)
Ig(x) II (I al



752 Jiro Takeuchi

ao; a 0 ;  x Ri c (x, D x a x
° (x, Pt, (0 9, D i+  at ° (x, pt, w°) poP)x

xw ; ,(x, pt, w°).

(4.14) a n d  (4.18) imply that
I p

(4.19) HL( • , 011(1)dr
to

I iexP[i 0 (x, t', a ) ]  Ri o (x, Dx + ° (x, t',,
o ax

ash;Dt± 
 a t

° (x, , (09 , oP)wic i (x, t',60()) 11L
2d t

T h u s (2.8) implies the following inequality :

p2 (. - 1 )+12C (1, T)11 g(x)11L2 (e)

<2C(1, r  e m - 1 ) + 1  {Ilex) 111.2 (u.)d -1-Ç j  f( . , e )1 1 ,2 ( e ) dt'}p
where

ao;
f ( x ,  t) =exp[i0 1 0 ( x ,  t, (00 ) ]R 0 i (x, Dx +  a x ° (x, t, d),

ao;D
t
+ 

 a t

° (x t, w°), 0 P )w ;
 0
(x, t, w°).

This is  impossible when p--->±00, which completes the proof of Theorem
2.

§ 5. Examples an d  concluding remarks.

5 .  1 .  If th e  C auch y problem (2.3) fo r  a n  operator P(x, D ,  Dt)  of
the form (2.1) i s  wellposed both for the future and for the past in  some
functional space, w e w ould like to say that the operator P(x, D x, D t )  is
o f  Schrddinger type.

Example 5. 1. (Mizohata [6], [7])

P(x, Dx, Ê  (Di  --bi (x)) 2 .z
(B0)  a n d  (B a) ( a i

 1 )  have the following forms :

sup
i 
Im  i b. ; (x + sw) wi ds 1 < + co.

(x,,,,meroxsn- 1 xR19 i=11 

(5.1)

The conditions

(BD

For an y  a  (Ial

(x,coeexs. - 1 .S0
(B a) sup 1V ; (x± sw)cui lds< +00.

.J=1

Then the conclusion of Theorem 1 holds.



E sw)(oilds< + 0 0 ,
=1

E v (x sw)cou Ids< + co .
12)1 =3

( - 1
sup

( x,w).Rnxsn - 1 3 0  I

(x, )E R N s fi-iSo
sup

(B a ) ' 0 0

753Remarks on my paper

W e take the fu n c t io n  ( x ,  t, e) in (3 .2 6 )  a s  follows :

0 (x ,  t ,  $) =- —  1  Sib  •  (x  —  se) e ds.
2  0

following equality holds :

[ D , +  
1
( D 3 • — b i ( x ) )

2
1
eicx.t.ox)

2 J=1 -

= e i0 (x .t .D x )(D t+  —1 
3 

D y ) ,

2  -1

Example 5. 2.

(5.4)P ( x ,  D x,Dt) = g —  i g l  4 +  E bi (x )D i D t +  E  c„ (x )D .
11, 1=3

(5.5)p o ( e 5  r ) le12)(r+ le i 2) .

It follows from (5 . 5 ) th at the conditions (A . 1 )  an d  (A . 2 )  are  satisfied.
The conditions (BO' a n d  ( B a )' ( I a 1 )  have the following forms :

(BO'
sup I m  bi (x sw) w i ds ± co ,

1 =1

sup I m  E  (x + sw) coudsl <  o o
(x.co,t)eRNSn  l xR1 SO

(5.2)

Then the

(5.3)

(mod. 0 P S 8 ,0 ) •

In  this case, the condition (BO [resp. (B e ) ]  is equivalent to the condition

(B0) ' [ r e s p .  (Ba ) 1 .  Principal part o f P (x, D x, D t )  is  eq u a l to  _ [(_ _ )2

-1-J2]  w hich is appeared in  th e  equation of vibrating p late  (cf. Courant-
H ilbert [2 , p . 252], Schrbdinger [9 , footnote]).

5. 2. Obviously, th e  resu lts o f th is paper can  be extended to  som e
systems of lin ear partia l differential equations.
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