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1. Introduction.

In  th e  paper of V. J a .  I v r i i  an d  V . M . P etk o v  [5 ], they have proved
that the strongly hyperbolic operator is effectively hyperbolic. H ere w e
m ean by the strongly hyperbolic operator that the operator for which the
Cauchy problem is C -  well posed independent of lower order term s. W e
say that P  is effectively hyperbo lic (th is term ino logy is due to  L . Hiir-
m ander, se e  [ 4 ] )  i f  t h e  fundam ental m atrix  o f  P  h a s  non-zero  real
eigenvalues at every  critica l point of P.

In  th is paper, w e shall prove the converse for second order operators
(in  th e  m icrolocal s e n s e ) .  T h a t is  th e  effectively hyperbolic operator is
strong ly  hyperbo lic . R ecen tly  th is fact w as a lso  p roved  by N . Iwasaki
[ 7 ] ,  [ 8 ] .  In  [8 ] ,  he has proved that effectively hyperbolic operator of second
order has a  special expression of symbols by solving nonlinear equations
an d  in  [ 7 ]  for such operators, the C -  w e ll  posedness w as proved by the
method of V. J a .  I v r i i  [ 6 ] ,  which is based on transformations of operator
powers of operators.

H ere , w e  sh a ll a p p ly  d ire c t ly  th e  energy in tegral m ethods to  tw o
standard forms in  [1 3 ] ,  which a re  obtained by a  homogeneous canonical
transform ation in the cotangent bundle on  the space v a r iab le s . We shall
derive the local energy estim ate which indicates th e  loss of regu larity  of
solutions w h en  th ey  tran sverse  a  certa in  hypersurface in  th e  cotangent
b u n d le . O ur argum ents follow those o f [1 1 ], [1 2 ] qu ite  far.

L et u s consider the following operator.

P(x„ x , D „ D )= -- 14—Q(x o, x , D )+ R (x „  x , D )D o,

where (2_,(x0 , x, D ), R(x o, x , D ) i s  a  classical pseudodifferential operator
of second and zero order depending smoothly on x0 ,  and

x = (x1, •••, Xä ), e= (e1, •••, ea) e R d ,  D — ( 1 a
 • • •  

1  6
 )  D  — 1  6

i a 1 ' I  a x d  '  °  i a x , '
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W e a lso  w r ite  X = (x „  x ), E= (e0, e), x(P)= (x i , •••, x a ), e(P) = ( e  p ,  •  •  Cd),
for 0 p d .  D en o te  b y  Q2 (x 0 , x , e ) the principal symbol of Q 2 which is
assumed to be non-negative, and set

P2 ( x
0 ,  

x
, eo, e)-ee, Q2 (x0 , x ,  e)•

Assum e that (0 , 0 , 0 , f )  is  a  critica l point, th a t is , grad .,,,,, P2 vanishes
a t  th is  point. T h e n  the effective  h yp erb o lic ity  o f  P 2  m ean s th at the
fundam ental m atrix Fi. 2 h a s  non-zero re a l e ig e n  v a lu e s  a t  t h i s  point,
where

F, 
2
(X , ,E) =

[ P 2 „ E . E

-  
132, )X. X  - 1 2, E,X

an d  P2 . x , 5 i s  th e  (d+1 ) x  (d+1 ) m atrix w ith elem ents (a2p2/ax 1a ; ),,f_o .
From [1 3 ] ,  there exists a  homogeneous canonical transformation inde-

pendent o f  (x„ e 0 ) ,  defined in  a  conic neighborhood o f  ( 0 ,  f ) ,  taking
( 0 ,  f )  to  (0, under w hich P 2  is transformed to one of the followings.

p-1
( 0  p  e g ' - , 3 (X, - - X,+1) 2q, (x , e) - E i. Cr (X, e) - f(x,-0,(x(p+1.), e(p+1))) 2

{

+ Op (X (P + 1 ) , e 1) )} qp ( X , C ), with t95p, tOp, Sbd 1  (0 ,  (i'+1) ) =0, 0 . p _-_(1-1

P-1eg-E xi-F1) 2q , ( x ,  e ) -E  efri(X, C)-gp(x ( P) , e ( P+u)r i,+ 1 (X , e),
1=0 i=1

w ith  E r1(0, (a2,g•p/ax;) (0, =0, 1 - 1 ,

where q„ r, is  positive and homogeneous of degree 2 , 0  respectively, and
p ,  g p ,  v an ish in g  a t (0, is homogeneous o f degree 0 ,  2  respectively,

non-negative, an d  Op is homogeneous of degree 0. W e m ay assume that
the above functions a r e  defined in  / x Rd x  U , where /= ( -  T ,  T )  an d  U
is  a  conic neighborhood of

In this paper, we treat the operators of type (1) p  with grad Op (0, '(P+ 1))
= 0 .  M aking a  lin ear change of coordinates x(P+'), i f  necessary, we may
suppose that (0, • • •, 0, & i = 0 .  In  th e  la s t  section, w e shall g ive
some remarks o n  th e  case  (1) p with grad Ø(O,  ' (1)+1) ) = 0. Operators of
typ e  (2) p w ill b e  treated  in  a  forthcoming paper.

Set

x' =  (x 1,  • • xp) , (x p+ 1,  • • •, xa) , (ei, • ••, e t ) ,  e" =- (ep+i,• • •,

a n d  m ake  a  c h a n g e  o f  sc a le  o f v a r iab le s  introducing a  parameter
( 0 < p  1 ) ;

770 _  p i n e o ,  7 2 ,  = 72" = e" , y o p -1 / 2 x 0 , -  /1 -112x % y "  x " .

T hen w e are  led  to  the operator

(2) p
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p - i

p2 E  (xi —xi+) 2qi (x, e, — E ef-i ( X ,  e , p) — p2 (xp— (x", C", p)) 2 X
i=0 i=1

qp(x, e, p)—pooc", e", q (X, e, + ppi(x,e, p) + p i "Do(x, C , p) CO3

where gx", e", p) = p - 1 1 2 0p (x", e"), 0(x", C", p) -=çb p (x", e"), and f(X , e, p)
= f ( t t 1/2x 0 , p112 x ,

,  x ",  d a -112e ,
, C " ) .

Obviously, ri(x, e) is homogeneous of degree i .  Set

1<tt112, leiK/./1121e1 ,C  IV(p, { ( x ,  e ) ;  x

an d  denote by 95 (x", e, p), O (x- , e, p ) , ri(e, p), q i (X , e, p), r,(X , e, p),
T,(X , e, p) an extension of ç, çb , $ ,, q 1, D i w h ich  co incides w ith  the
o rig in a l o n e  in  V(d,u112, '$ ) an d  belongs to  a  c lass of pseudodifferential
operators o f  ty p e  (1 , 0 )  (o f  L . litirm ander) w ith  param eter p , where 3
is  a positive constant w hich w ill be fixed in  la t e r .  These extensions will
be clarified in  th e  next section.

After these modifications, we consider th e  following operator.

(1. 1) (,) =. CS— p2Y 1 (X , C, p) 2qi(X, e, p) — ri(e, p) 2r1 (X, C, p)i-0 
—p0(x", e, p)qp( X , e, p) + pT i ( X, C, p) + p1 / 70 ( X , e, P)eo,

where Y i (X ,  e ,  p) = xi — x1+1, — 1, Y I,( X , C , p )--- xp- 0(x", C, 12 ).
W e denote by /3 s(, ) ( X , 2F) th e  subprincipal sym bol o f  P w . Obviously,
,a- 1 /3 L0  ( 0 ,  0 ,  0 ,  '$ )  d o e s  n o t  d e p e n d  o n  p > 0 , a n d  w e  d e n o te  it  b y
/3 ' (0, 0, 0, $‘).

To formulate the energy estimate, we introduce some notations.

(1 .2)p x ,  e ,  p)=-{ Y (X , e , t o 2+ <pe>-111/2 ,e ,  p )

0 (X" p), <e> 2 = 1 + =1

T ake xo (s) (R )  such that X0 (s) = 1 for s —1/4, Xo(s) =0 for —1/2
and  define

(1.3) J ±  (X , $ ,  p) (20(±Y  (X , C , p)<pe>'/2) — 1} Y (X , e, p) +
± < p e>-1/2 .

Next, choose x ( )  EC -  (R ) w i t h  x(s) x( —s) =- 1 fo r  s E R , x(s) =0 fo r
—1, x(s)=- 1 for 1, and set

(1. 4)a  (X , C, =x (± n 112 17  (X , C, p ) <  p e> 1  2 )

Using these notations, we introduce the following semi-norm.

I I ----- 1<teD>kI„(n —r)cçull 2 + i<I1D>1J+ n

where /„(n —r), J + ( — n — r), a denotes the pseudodifferential operator with
symbol <pe>n.f- (X , e, P)n - r, J+ (X, e , /1)_ n - r

, a ( X ,  e ,  p ) respectively, and
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Ilulls denotes the usual Sobolev norm in  l is (R d ). W e set Hull
3
=114.

Theorem 1. 1. For a n y  L E N , w e ha ve

C  ( n ,  p ,  L ) e -
asool l Tsw u 1 1 2_2Ldx 0 + e -2x0e,, I n

I Ilr wun.odx0 ci n5e- 2 x0IIIDoullIn
2

± c2nSe- %6 IIIIIIII2”+1,0dx0+ c305e- 2 x06 1IID0ulII2
112dx0 + c

3
6Se- 2  'IlluM  ,so -1/2dx0

+ c 40 3 e- 2 xce lluII2_,c1x0+ c 403/2Se -2x ,0° i IDoull2 ,dx„

fo r  n_C„C, 0<p.. p o (n), 0 .. 00 (n, p, L), u E C ; (I x Rd),

C=IPs(0, 0, 0, ')1 +1, C 0 =-00 (q,(0, ')).

Theorem 1. 2. For a n y  s E R , w e have

C(n, s)Se - 2 x0 IIP(olr,+s+idx0- e 3 / 2 e- 2 x0 IID0uIrdx0

+0 3 Se- 2 06 11u1

fo r  n 0.00(n, s), u EC (7'(Ix R d ) .

Remark 1. 1. W e note that

<pe>nJ_(X, e, p)na,7 (X , e, ,a) + J + (X, C, ti) - "a;,' (X , e,
is  equ ivalen t to  <tee>' w h en  x,—  (x ", C , p ) — c, to  <pe>n/2 w h e n  ix0

-95 (x% • c < t t e > - 1 / 2  a n d  to  1 w hen x0-0 (x ', e ite) _c with arbitrary
positive c.

2. Preliminaries.

W e shall specify the extensions of q , a n d  others. F irst w e in troduce
som e notations. L e t  a (X , e , p )E C - (/ xR 2d ), w h ere  p  i s  a positive
parameter. W e  s a y  th a t  a (X , e ,  p ) belongs to  (Es)mp , . (p .3 , 3 0 )  if
a (X , e , p ) satisfies the inequalities with some tii >0,

la(a) (X  e C<(a) 5 - 5 --- "1—PlaI-61,81 " . \
./81' \ g ,

for a ll a  E N ', i9 E N d+ 1 , ti E ( 0 , p i )  w ith  Ca .f i independent o f p. We also
say that a(X, e, p) belongs to S- - (p ), if for any l EN , a (X , e , p ) satisfies
the inequlities,

oso 5__C ii)<e\-1—lal/2+1,81/2la ) (X  e a
9

for a l l  a, 5 ,  ri E  (0 , i(p )], where C„, i (p )  m ay depend o n  p .  It is  c lear
from Calderón -Vaillancourt theorem [3 ] that

D, 1.00 5_C (1, pE  Co, i ( p ) ] ,  for an y  1EN.

where
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Here a(X , D , p )u  is defined by

a(X , D, p)u =Se'xci(X , C, p )û (C )d e , ii( ;)=e u(x )dx , u E C7 (R d
)  .

W ithout special m entions, we denote by a (a(X , D , p ) ) , o p (a(X , ; 9 p ) )
the symbol of a(X , D , p )  and  the operator with symbol a(X , e, p ) .  But
sometimes, we do  not distinguish operators an d  their symbols.

L et a,(X , e , p )E (E s) (i= 1, 2). T h en  it is  n o t d iff icu lt to  show
b y  standard methods that

(2. 1)( a , ( X ,  D, p)a 2 (X , D, p ))  —
iai N- 1

1c i ; .
) (X , ;, p)a 2 ( a ) (X , ;, p)

a!

belongs to (Es):1,4 m 2 ' . ' 1 - " 2 - ( P + 6 ) N  m o d  S — (p). T h is  m eans that one can
write

a1 (X , D, p)a 2 (X , D, p) —op{ E  4 4 " ) (X , e ,  p)a 2 w  (X , e ,  p)}  = op (TN )lat_N-1. a.

± o p ( r ) ,

with rN (X , C, E  (ES) ;lie+  m2 
N , I i + 1 , - ( p + 8 ) N

e , p )E S - - ( p ) .  Similarly,
for a(X , e , p ) E (E s)7J, we see that

6 N ,1 -(p + 5 )N(2.2)a  (a(X , D , p)* ) —  E ( —1) lalac,',; (X , e , p) E (Es)mp :
lal5N-1 a:

mod S - - ( t i ) •
Take 1J1 (s) E C  (R )  with 0 (s) 1, 1(s )  = l  fo r  Is I 1, 771 (s) = 0  for

IsI an d  define qi ,2 (X , C , p ) by

(2.3)q 1 . 2 (X , e, p) = fq i (X , ;, p) — q i (0, x ", 0, e")} x
x y )1 (3-2t1-1 2 --2),71( 5-21.1 ix

,
1 2) .

Obviously, 02 p -

0<,ti_ 1, 0.<6 .3, ) o n  th e  su p p o r t  o f  721 (5 - 2 ,u- '  e ' 2 I el - 2 ). T h en , from
Taylor expansion of o rder 1, it is easy to  see that

(2. 4) I q,,2(X , e, 1 1)  I Ca I 2 , ac arvq, , 2 (X , e , p) E  (Es)T.721701. Cal - 1 ri)/25

(making a modification near e =0, if necessary), where C does not depend
on p  an d  3. Sim ilarly w e set

(2. 5) qi ,l (x", $) = lq, (0, x", 0, e") —q, (0, ICI 9 x
x 772 (ô- 1 ( e" ICI 1 _ " ) )2 ô 1 x " )  +q , (0 , I 2,

w ith 772 (Z) EC7 (Ra - P )  satisfying 0 772 (z) 1 ,  772 (Z ) =  1  if  I z I 1 ,  7/2 ( z)  =0
i f  I zi 2 .  Now we define q ,(X , e , p )  by

(2.6)q , ( X ,  ; ,  p) =41,1(x ", e)+q,, 2 (X , e , p ) .

1 I e' I 2 +  e "  I 2 is  equ iva len t to  IC I 2 u n ifo rm ly  in  0
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It is clear that this extended q,(X , $  , p ) coincides with qi in  V(3p 1/2 ,
and w e have

(2. 7)q 1 (X, e, (0, es) — C al e 2, q1 E(Es)M ,„ e)E(Es):S .

From the asymptotic expansion formula (2 .2 )  a n d  (2. 4) , we get

(2. 8) op Le/2 17 1 (X) 2q1 (X, e, tp2Y (X)2q1(X, e, p)) * E  (Es) /,
mod (p ).

By the same w ay, following the formulas (2. 3), (2 .5 )  a n d  (2. 6),
will be extended to ri ( X , $, p) =r e) +ro (X , e , p ) , where

(2.9)r i  (X , e, tr (0, $‘) —Co}, 8:,are ,r1,2 (X, C , p)E(Es)M schiri)/ 2 .

Choose r),(s) EC7 (R ) so that 723 (s) s  i f  is 2, ri 3 (s) =0 i f  isi 3  and
set

r,(e, p) = p 1 / 2 )23(P- " 2 (e,lei - ' — ti)) ICI, Z,(x, p 1 / 2 7 )3 ( p -1 / 2  xi . ,

)  1

We observe r,(e, p)2r i (x, e, p )  which coincides with in  V(6,u1 1 2 ,
T aking (2. 9) into account, it follows that

(2. 10) op tnygl —op {rfr,} * —  L,F, (Es)?) °2,0, mod S—  (p),
L, ( X, $, p) E (Es)77u.

N ext, w e define the extensions of 00 (x " , $ ") an d  p- 1 /2 Op (x", $").
Setting

r(e, p )=(r1 (6 , p ) , ••• , rd(e, p)), Z (x , p) = (Z i(x , p), ••, Z d(x , ,u)),

w e d e fin e  (f, e, p) =01(x', e, tt) +0 2 (x", e, p )  by

1(2. 11) 0 1 (x", e, p )  =  E Z(x, p) r(e, p)ŒalagOp(0, e'") ICI Hai,I a- FRI =2 a! i5!
1

02(x", e, p)=Isbp(x",e") —  E x13 (e ICI - 1 — ‘)ŒalagO,(O, '")}la+131-2 a!/3!
X 772 (11 - 1 / 2  (e"  e  - 1  — en " ) ) )72 (P- 1 1 2 X" )

w ith  )22 b e in g  a s  above. Since O p (x ", $") 0, sb i,(0, "$") =0, it follows
that 01 (x", e, p )  is  n o n -n eg a tiv e . I t is  a lso  c le a r  th a t 01 (x", C ,

 p )  E

(ES) 11%12,1/2, 02 (X" ,  e , p) E  (Es)7 .132./ i/2.

Proposition 2. 1. çb (x", e, 0, çb (x", e, p) (Es)? ./11/2,

ax i aob(x -, $, p),=Ci(x", $, ,u),0 x ,a obp(0, $'") ICI - 1  + Ci(x" , e, p) lel

w ith Ci (x " ,  e ,  p ) E  (E s )  
1/2

 which is equal to 1 i n  V (21.11/2, and
C,(x", e, p) E (Es)?'/12/,?/2.

Proof. T o  p ro v e  the second  assertion , it s u f f ic e s  to  n o te  that
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(820p/axia a ) (0 , t ') = 0  a n d  72?) (p -1/2(ei  e , _1 _ .0)6,a,,lei-1 belongs to
( E s) TAY/22 if j — 1.

Consider po(x-, 6, p) q p(x, 6, p) E  (Es)ii22.112. In  v irtu e  of proposition
2. 1 a n d  (2. 4), it follows that

ax i a,,(0 q ,) —pC,axi de ,Op (0, " )  I el - 'qp E (Es)ii3q/2.

Hence, we have

(2. 12) op fpçbqp I —op {pçbqp } * op (pC a x  i d E JO p (0, CI-1qp) E (Es)iii /.1212.

Sim ilarly, following (2. 11), w e extend  iti- 1 1 2 q5p (x " , e " ) to  95(x- , e, p)
w hich  belongs to  ( E s ) ' / 2 .  C onsequen tly , recalling  Yp (x, e, p),_xp —

(x", e, p ), it follows from (2. 3) that

(2. 13) op {p2r,q p} — op {p 2 17 q,} * E (E s)10 / 2, mod S —  (p), p 2 Y qp e (Es) N1/2.

Finally, we extend Di (X , e, p) . L e t 7)4(s) EC;'(Rd) b e  1 f o r  Is' 1
and  be 0 fo r  Is 2. We define T ,(X , C, p ) by

(2. 14) T 1 (X, e , itt) = tpi(x, e, p)
(0, le 11774(ô-1p-1n (e e -1 ) 724 (3-111 -1/2x )

T o (X, $, p) — T01 (X, e, p) + T 0(0,
T i ( X , $ , p) —T1.1( X, e, p)

+T1(0, ICI --in ( 1  — C i )ax i kOp(0, e‘") lel'qp,

where C;  a re  th e  same ones in proposition 2. 1. The following properties
are  easily verified.

(2. 15) Ti (X , e, p) E (E s ) .i/ 2 , I Ti,i(X , e, 1.) I
T i ( X , $, p) = î '( X ,  e , p ) in  V(5,P - 1 /2,

3. Pseudodifferential operators with parameter p.

W e shall say that a ( X , e, p) (/ x R24 )  belongs to Jr.SV i f  there is
th> 0  such that

law(x, e, p)I =ca.,<e>- -

1, 2+1a1/2<pey j(x, 6, p)r,

holds for all m ulti indexes a E N4 +1,  rem an d  fo r pE (0, p i ]  with
independent o f p. W e donote b y  J'S'. 1 th e  se t o f  a ll a ( X , 6, p) (I
x R 2 4 )  such that, with some pi >0, the following inequalities are valid ,

laW (X , e, /4 )1 .-•Ca,7<e>"̀ -1,1<pe>14-iaii2+Iri/2 j(x,

for a ll a  E N ', T E N '', P E  (0 , p i ]  with G„,,, independent of p.
Let a ( X , e, p) E (Es)",;;; and take ri(s) (R )  with 7)(s) =0 fo r  Is 1,

ri(s) =1  f o r  Is! 2. O n  th e  su p p o rt o f r)(p'+ 2 ( P-" ) <E>), it is  c lear th a t
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p- ( P+') _<pe>1/2, hence p- la(X, $, 1.1))7 (p' -' 2 ( P-" ) <e>) belongs to f S " " .  On
the other hand, obviously, 1 —72(111+2(p+a)<$\2  belongs to S—  (p ) a n d  then
w e  have p- ia(X, $, p) E JoSmno m odulo S- - (//). W e  w r ite  a(X, $, p)
tes,fr5n3 (resp. lisJrS'N) i f  p- sa(X, C , p) (resp. J ' S ) .  A l s o  w e  set
ST4 =

W hen deriv ing  th e  energy estim ates in  t h e  fo llow ing sections, the
operator belonging to S—  (p ) bring only error terms which will be treated
in section 8 . Therefore we freely omit the term "modulo S- - (p)" throug-
hout this paper except for section 8. According to this abbreviation, we
can write

(3. 1) a (X , $ , p ) E  pS "" if  a(X, $, p) E (Es)7j.

L et R E Y S T A . O n the support o f (te<e>) w e  h a v e  <e> 2p- ' and
hence <pe>s<e>- s - C"s ps (s 0 ) .  Again, according to this abbreviation, we
get

(3.2)R J°S,m;2- s.'  ( s  0 ) i f  R EfSind.

Especially, we have

(3.3)( x " ,  e 5 p )  E  JOS - 111.0 fo r r  < 1 .

T he following propositions are easily verified.

Proposition 3. 1. Y (X , $, p ) =x 0 —Ø(x", e ,  p) EPS", <p$> - ' 12 E P S ",
JrSmi cfS"'. 1+' /2, w ith  r- = m a x (0 , — r). L et a,(X, e, p) EJSnu, h1 (1=1,
2 ) .  T hen  w e have

ai (X, $, p)a2(X, e, p) E J  1+r2Smi+m231+12.

Note that for any f ( s ) E  (R ) with f a )  (s) E C  (R ), w e have
f (y  (x 5 e5 p )< p e > 1  / 2 )  joso,o .

Moreover we have the following estimates,

(3. 3) I acalf (IT  (X , e, p)<pe>i/2)1 e, p)-1a+71<>-Irl.

Proposition 3. 2. A ssume t h a t  a(X , e , p ) E j r Sm ' 1 a n d  a(X, $,
cJ (X , e, p)r<pe> 1<e>"1 w i t h  c> 0  independent o f  p .  T hen w e have

a (X , e, p)'EJrnSm'. 1n f o r an y n ER.

Especially it follows that J(X, C, ft)nEPS".

Proposition 3. 3. c i J( X , e, p ) - - J ± ( X ,  e ,  p ) , , c 2 J ( X ,  e ,  p )  w ith c ,> 0
independent of  p.

Proof. W e  s h a l l  sh o w  th e  in e q u a lity  fo r  J (X ,  C, p). When
Y (X , e, p)<p$P 2 0  o r  Y (X , e, ifi)<pe>1/2 —1/2, w e have J+ (x, e, p) =
117 (X, C, II) I +<tie> - 1 / 2  from the definition, then the inequality is immediate.

tt)
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W hen — 1/2 Y(X, e ,  p)<pe>112 0, it follows that

J+ (X, $, p) --<1.1e>-1 1 2Y ( X ,  $ ,  p) >. { I Y(X, C, 1-1)I “ tte> - '121.
Thus we obtain the desired inequality.

From this proposition, it follows that j , ( x ,  C, p)nE ps0 , 0 for any n ER.

Proposition 3. 4. aar61±(x,e,p) , , Ejn - la+, , s - 1, 1.° f o r la ±TI

Pro o f . It suffices to show that (X, C, p ) E  J 1 - la + T IS -1 7 1 ,0  fo r i a ,±

1. I f  w e note th a t <pe>iny(x, e, p )  is bounded  on the support of
+ 7 1 112y(x, C , 14) < !ley. / ,  the assertion follows from proposition 3. 1.

Next we consider the composition of pseudodifferential operators.

Proposition 3 .  5 .  L et ai (X , e, p) ( i  =  1 , 2 ). Then

a (ai ( X , D, p)a2 (X , D, p)) — t a l E 1.( e i  ar (X , C, p)a2 ( a ) ( X , e, p)
j ri + r2 s m

1
+m2-N3 1+ /2 +N

•

L et a(X , C , p ) S '3  then a (X , D , p)* E j r Sm 3  and

(a(X , D , p)*) 1E  ( _1) lal az (x , e, 1 .1 )  j r S m -N , I+ N
lal5N-1 a!

w here a (X , D , p)*  denotes the  ad jo in t o f  a (X , D , p )  w ith  respect to  the
scalar product in  L2 (Rd).

Proof . (c f. [2 ],  [1 ]) Set

d(y, e, )7, p) +<4> ly1 2 + <tie>- 1 1)712.
Then rem arking the following inequalities,

J(x „ x  +y , e, te)s CsJ(X , C, p)sd(y,
J ( X ,  e  Or), p)s (X , e, 1-1) scl(Y, C, e ;7:7 '1-)111?11:21 :f o r l CI 2(1-F 17)D,
J(x , 6+07), p)s C,J(x, C, ) s02>31s112,  fo r  lel (1 + 17/I ),
are alad(y,e, 71, 11)-K Cr,13,6<pe>182-161/2<e>--Irld(y e )2, p ) 

with C„ Cn s ,a independent o f p , one can proceed in  th e  sam e w ay as in
[12].

Proposition 3 .  6 .  L et a, ( X , e, p) EPS 7/2
3 i (i = 1 ,  2 ) .  Then

ai (X , D , p)a2(X , D , p) EP + 2 SÇ ' 2 3 1 2 . I f  a  ( X ,  D ,  p ) E  JrS N , then
a(X , D, p )* E J r S s d

N ow we study the sharp GArding type inequality.

Proposition 3 .  7 .  L et a(X , e , p) E J Y S m l .  D e n o te  b y  aF (X , e ,  p )  the
Friedrichs symmetrization o f  a(X , 6, p ) .  Then we have
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a ,(X ,$ , p) = a (X ,$ , p )-F b (X ,e , p ) with b (X, e, p )E P S V .i+ 1.

Proof. (S e e  [ 9 ] )  I n  th e  proof, w e om it w ritin g  th e  v ariab le  x0 .
Take q(u)EC0' (lc I < 1 )  and set

F(e,C) =q(CC — e)<e> - " 2)<e> - " 4, AF (e , f, p) =SP(e,C )a(R , C , p)F(f, C)c1C.

W e assume that Sq(cr) 2da = 1, q ( — o.) =q(u). First we rem ark that

(3. 4) qF(C,C)=-.<e› - d" E r r (e)((C--e)<$> - " 2 ) T1 X
Ir1611.r1r 1 (.974)((c $)<e>,2 ) 5

with 0 7 ,7 i eSi- ,0" 1 - 1 7 - ' 1 1 / 2 ) OEST,V1/2 . From [9 ] , w e have

a,(x , C, p ) =  E   1   A(a.0)(e, x, $, p )
la] cd F ( a )

+ 2  E  
1 
 ( 1  — 0 )  

 f Se- iY"AlTa ($ + 0)2, x +y, $, ti)dydril dO
lai =2S0

,

where

A (Faa)(e R5 f ,  p) = agalarp4F (e, 5e, e- 5 11).
Since q ( c )  is even, it follows that

AF (e, x, e, p) = -a(x, e, p)
( 1 n,

+ 2  E  <e)a(r)(x, E+0•<> 1./20, q(0.)2do.d0
ir i=2SSO r!

From  this expression, it is  eas ily  seen  th a t AF (e, x, e, p) —  a(x, $, p) e
Jr Sm-1,1+1• As for A'cr,

)
( ) )  ( e ,  x , e ,  p )  ( * I  = 1 ) ,  from  (3 .4)  o n e  can  see

that these  term s be long  to  r Sm-1, 1+19 F in a lly  w e  observe the oscillatory
integral

Se- iY7,41T6e;)(e+07), x+y, e, p)dych2.

I f  we rem ark that

C, p ) e+u<e>v2, tt) (R5 e5 iti)

with positive ci  independent of 10- 1 1, p , using Cauchy-Schwarz inequality,
it follows that

IAN) (e, C5 p ) C a . ,  3. 7 j ( x- $  9  p )r <4> 1+1131 /2<eyn - lal /2<f>- 171 /29

T h en  ap p ly in g  th is  estim ate , th e  sam e reason ing a s  in  t h e  proof of
proposition 3. 5 proves that this oscillatory integral belongs to
And this completes th e  proof.

T h e  fo llow ing tw o propositions are analogies of the sharp  Glrding
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inequality.

Proposition 3. 8. L e t  a(X, $, p) EPS'n. 1 a n d  sup la (X ,  e, p)
<pe>- i e. Then f o r any  L E N , there is C (a, L, p ) such that

11a4 2 ( e 2 C  (a) [ ) 11<p>m <ttp>14 2 -PC (a, L, [ ) 11u112- L.

Proposition 3. 9. L et a(X, 6, p) EJ° , a(X, $, p) e<pe> 1<e>m, with
e>0 independent o f  p .  T hen  f or any  L E N , there  is  C (a, L , p ) such that

Re(au, (e. —C (a) p)11<pDp2 <p>», /211112 —C (a, L, [)114 2-L.

Pro o f . Set B( X , D , p )  a( X , D, p) — e<pD>i<D>m . Then from proposi-
tion 3. 7, it follows that

14(X, e, p)=B(X,e, p) +C (X , e, p )  w ith C (X , e, ,u)

I f  w e w rite  C=<pDr 2<D>m/2 0<pDr 2<D>'n/2 with C'EfSai, according to
(3 . 2 ), w e see th at C belongs to pSY2 m odulo S  ( p ) .  Therefore from
Calderón-Vaillancourt theorem, it follows that

(O<D)'n/ 2 0-1-Dr2u, <D>m/ 2 <PDY"u) C (a) till<D>mi 2 <teDr 2 112

-PC (a, L, p)11a112-L.
This proves the proposition.

W e shall m ake som e observations on "elliptic" sym bol in  P P .%  th at
is  a  symbol a(X, $, p) E J r S m l  satisfying

(3.5)a  ( X ,  e, p) c, ( X , e, p)r<pe>̀<e>m, with some positive c
independent of p.

Let b(X, e, p) =a(X, 6, 11) - 1 , then  from  proposition 3. 5, it fo llow s that

a(X,D, p)b(X,D, p) =l+r(X, D, p), r(X, 6, p)

I n  virtue o f (3 . 2 ), w e k n o w  th a t r itiS?•/ °2 m odulo s--( t ) .  From [9],
00

q= 1 + (r( X , D , p))i
.J=1

defines a pseudodifferential operator in ID,STA and hence
a(X, D , p)b(X, D , p)q(X, D , p )  l. H e re  w e  note th a t  b(X, D , p) x
q (X , D, p) belongs to P rS ,72'. - 1 . B y the same way, we can construct a  left
parametrix.

Proposition 3. 10. L et a( X , $, p) E j rS ' .1 an d  satisfy  (3. 5) . Then there
ex ists a  parametrix (le f t and righ t) b (X , C ,  p ) o f  a (X ,  e , p ) belonging to
PrST/2n.- l.

Proposition 3. 11. Assume that Ai (X, e, p) (i=  1 , 2 ) is elliptic
in the sense o f  (3. 5) and B (X , 6, p) EPS'n.i. Then one can write
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B A ,(C + R ) A, with R E p r " -2 ) S"̀ - ( m '+ ' 2 ) . 1 - ( 1 '+ `2 )
,1/2

where C (X , $, p) =B (X , e, p)A ,(X , e, p) - '242 (X , e,

Proof. W ith the above choice of C(X , 6, p ) , it follows that

A 1CA 2 =B  +r, with r EfSm - 1 .1+1-c

W hereas, using the parametrices  A 1 o f  A, constructed in  th e  above, one
c a n  w r i t e  r  A, (A,r AO A 2 . F ro m  proposition  3 . 10 , A ,  belongs to

J
- r  - m  ,

Denote E(c) = 1(X , $); 1Y(X, C, p)1<4>1 1 2 _<c} .  Note that if  a(X , $, p)
E TS"' 1 an d  sup p [a ] c E (c ) , then  it is c lear that

(3. 6) a (X, $, p) E Jr+ 2qSm3 +q , for an y  qER .

Let a,(X , $  , p) E f 1S (i =1, 2 )  a n d  a s s u m e  th at a,(X , $ , p )  satisfies
the following estimates

(3.7) laii2i) (X , e , p)I e, p ) r 1 I a+TI<pC>l1<C>m1 ITl

for any m ulti-index a E N d +1,  rENd with C a ,„ independent of ,u(0< du
If supp [a l ] n supp [a 2] is  co n ta in ed  in  E (c ) , th en  th e  above arguments
show  th a t  ar (X , e, e ,  p )  b elo n gs to  J r 1 + r 2  N S m l + m 2 3 1 + 1 2  N 1 2  for
an y  N E N .  O n the other hand, from proposition 3. 5, it follows that

aJX , D, p)a,( X, D, p) _ o p { (a)a ,  a 2 ( a ) } E j
r i -l-r2-N s mi + m2, /1 1-12-N /2 .

a!
N 71+12 -N/2Consequently, we h a v e  al (X , D , p)a 2 (X , D , p )  E f l + r 2  S

Proposition 3 .  1 2 .  Let al (X , e, (i=- 1, 2 )  and assume that
al (X , $ , p ) satisfies the estimates (3. 7) . I f  supp [a l ]  n supp  [a2] c  E(c),
then

a,(X, D, tt)a2 (X, D, p), a 2 (X ,D, p)ai(X , D, p )  j r l + r  2- N  Sm l + m 23 1+ 1 2- N /2

fo r  any N EN.

4. Energy integral.

W e start w ith  the following identity.

(4.1) —2 ImS (I ,(n —1/2) (Do —i0) 2 w, I„(n —1/2) (Do —iO)w) dx o

=2111 .„(n —1/2) (Do -0)1011 2 dx o

—2Re (a0I„(n — 1/2) (D o —iO)w, I „(n —1 /2) (Do — i0 )w)dx0

where / n (m) -=op (<4>',1  ( X, e, p)'") and  a0I n (n -1 /2 )  denotes the operator

and  then  R = A, belongs to the desired class.
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w ith  sym b o l pe>na0 J (  X , e, p)n - 1 1 2 . Since

supp[a0J_ (X, C, P)n.'"+  (n -1 / 2 )J _ (X ,e ,  a) - 3 2
]  n su p p [a ,]  = 0 ,

fo r n 16 an d  a ; sa tis f ie s  t h e  estim ates (3. 3), proposition 3 .1 2  shows
that

taol„(n —1/2)
(n —1/2)/„(n —3/2)1 a; =1 ,(n -1 )*a J n (n  — 1) I n (n —1)* a2J _k ( —n —1),

with a, E itin i °2. O n the other hand, proposition 3. 11 gives that

i n (n —1/2) *i n (n — 3/2) I „(n —1)* (1 + a3 ) I (n — I), w ith  a3

Then, tak ing in to  account that a ; + a; = I, w e have

(4.2) i n (n —1/2)* ao /„(n —1/2)a; — (n —1/2)/,(n */(n —1)a;
4-1.„(n —1)*aI„(n —1)a, -FI n (n —1)*bJ± ( —n — 1)a, with a, bE,PSIL/°2.

T he sam e reasoning gives that

(4.3) I  ,,(n —1 /2)* ao / n (n —1 /2) Doa,7 —1/2)/„(n —1) * I  (n —1)Docr,7
„(n — 1)* n (n —2) cr,T. +/, (n * —n —2)a: , with ci, 6E p S .

From  (4 .2) a n d  (4. 3), th e  r ig h t h a n d  s id e  o f  (4. 1) w ith  w =ccn
- u  is

estimated from below by

(4.4) 2 0 SIV.(n —1/2) (D 0 —i0)a:// 12dx0

+ (2n —  — C(n)ti) (n —1) (D0 -0)a,Tull 2dx0

— C(n)PSHI(Do — C (n)l u  l d x o ,

modulo C (n, p, L)S1241 2_,,dx, w ith  InI 2-L= {1111112-L+11(Do — i6 )nir-J.

Next consider

—2 ImS (I n (n —3/2) (D 0 —ie)w;, i n (n —3/2)w - ) dx0=28SIII „(n —3/2) zul 12dx0

—2Re (a0 /(n —3/2)w -- , I ,i (n —3 /2)z.v - )dx0 ,

where w; = a ;u .  F rom  the sam e reasoning obtaining (4. 4), th is is esti-
mated from below by

(4.5) (2n —3 —C(n) p) 11„(n — 2)a;ull 2dxo

4-26Ili n (n —3/2) a,TulFdxo —C (n) 1-1 S111u111.2dxo,

modulo C (n, p, Ldxo. O n the other hand, remarking th e  following
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expression,

(n —3/2) * „(n —3/2) =/ n (n —2)* (1 + a)I(n  —1), with a EpSU2',

it follows that

2 I (/(n —3/2) (D0 — i0)a,Tu, ,(n —3/2) cr ,Tu) 1
(1 +C (n) 11)11i 8(n — 1) ( D — a ,Tull2

+n  (1 + C (n) 011 „(n —2) a ,Tu112 + 0 - 1 /2C (n, p, L)11(D 0 le)u11 2-L
+0 " 2C (n, p, L)11u112-L.

Then this inequality a n d  (4. 5) imply that

(4.6) ( I  + C ( n ) t t ) — 1 )  (D 0 —i0)a„u11 2dx 0

_20nS111(n —3/2) a; u112dx

+n(n — 3 — C (n) ti)S111n (n —2)a,Tu112dx0
 — C(n)PS1114128,2dxo,

modulo C(n, p, L)S1u1 2-L.edxo, w ith  lu  2
-  L.8= 0h/2 1 (D0u 1 1 2  L.+ 0 1 / 2 11u112-L.

Similarly, it follows that

(4.7) ( 1  + C (n )p ) i l/ n (n —1/2) (Do —i0)a,TuRixo

.202nSIIIn (n —1)a ,TuIrdx 0 + n(n —2 — C(n)p) n(n —3 / 2) a;u1Pdxo

—C (n) 1411u1K3/2dx

modulo C (n, L)011.112-L.0dxo.

From  (4. 4), (4. 6) a n d  (4. 7), we have

Proposition 4. 1.

—2 ImS (I „(n —1 /2) (D0 —i0) 2a;u, „(n — 1 /2) (D0 —i0)a;u) dxo

(2n —1)(1 —5—C (n) (n — 1) (D 0 —i0)a;u11 2dx0

+ 01111 „(n —1 /2) (D, —i0)a „- 11112dx 0 +3cn 3 S11I,(n —2)a;u112dx0

+c0n 2 Sil/n (n —3/2)a;u112dx0 +c02nSIII„(n —  1)cr;u112dx, — C(n)P111u111,2dx0

—C (Do —i19)1i111 i dx0 — C(n)P0 SIllulirn.3/2(ixo,

modulo C (n, L )01u1 1„o dx , where 0<p-. ,e20 (n).

Replacing i n (n —1c), a,T by L .( —n —k) = op (L. (x, e, ti) - n - h ) (k = 1/2, 1,
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3 /2 , 2 ) , a n+ one can proceed exactly in  the sam e way as  in  th e  preceding
argum en ts and  th is  p ro cedu re  g ives th e  in equa lity  of proposition 4. 1
where I „(n —k), a ;  m ust be rep laced  by J + ( —n—k), a n+. T o  s u m  up,
we introduce

(w, v) = —2 ImU n (n -1 /2 )w , I „(n —1/2)v),
07, (w, v) = —2 Im( J + ( —n —1/2)w, J ± ( —n —1/2)v),
Ilul L .k =  I II .02 —10 (1)0 -0)a:7111 2 + I IJ+( —n —k) (130 —i0) coo
(k =1, 1/2).

Then w e have by com bining the inequalities for a,71/ and a u ,

Proposition 4. 2.

ESO, ( (D o —i0) 2a,u,(D 0 — i0) u) dx0
- (2n —1) (1 —3 —C (n) 1.1 )Situll 2u.n.idx0

▪ cOSiluir 2dx 0 ± c 723 (1 —C (n) p) Si lIulil.2dxo
▪ c rg (1 —C(n)p) =.3/2dx 0 + c 0 2 1 2 Slilua idx

—C(n)pSill(D o

modulo C (n, p, L)0Slur_ L ,o clx0 ,  where 0 < p  p o (n).

5. Some basic estimates.

L e t  B (p ) b e  o n e o f pçbqp ,  p2Yiqi ,  O i p , rf r i , From the
arguments in section 2 , we know that

(5. 1) I 2.rlaa ii„B (p )E  (Es) !JAW fo r la i

Following section 3 , w e m ay suppose that

(5. 2) aorvx(p) josi-171.1 if

W e begin w ith the following egality.

(5. 3) 2  Im S  (I (n —1/2)Bw, /, (n —1/2) (D o —i0) w) dxo

= 2 8 Ite  (B I n (n —1 /2) w, ( n  —1/2)w)dx o

- {(Baoin(n —1/2)w, I n  (n — 1/2)w)

(B I(n  — 1/2)w, ao / n (n —1/2)w)} dx,

- ((a 0B)I „(n — 1/2) w, / n (n —1/2) w)dx,,

(B — B*)I (n —1/2)w, I „(n —1/2) (Do — iO)w) dxo

+2 ImS([/,, (n —1/2), B]w, I „(n —1/2) (Do — iO)w) dxo

lai + Iii
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- - 0 ( l „ ( n  —1/2)w, (B — B*)I n (n —1/2)w)dxo .

In  th e  following, for the simplicity of notations, sometimes we write tv,-7,
w„'• instead  o f J  (  —1/2)/,(n —1/2)a,Tu,  J . (  —1/2) J + ( —n —1/2) a lit. We
also denote

d d

(n) BUI12E  1 1 B 3 >Ecfl12 -F E11 D> - 'B(;)z.vn 2 ,
i= p + i i= 1

w here B (i ) ,  B ( )  denotes the operator w ith sym bol a, .B  (p),

W e study the second term  of the righ t hand  side o f  (5. 3).

Proposition 5 .  1 .  Suppose that B=  B  ( du )  s a t i s f i e s  (5 . 2 ) an d  B _B *  E
J°S°. 1. T h e n  f o r a n y  3>0, w e ha ve

—Re [(B ad . „(n —1 /2)w -  , In (n —1 /2)w - ) + (BI„(n —1 /2)w - ,  a0/(n — 1 /2 )w - )I
(2n —1)Re(Bw,T, w,T) — (6 - 1 ±C (n) (n)Bull2 R1Bu47 ze;) —

— (R2 1 3 tv: w>1- ) I — C (n) (n)

w ith  R ,E pS M , modulo C(n, p, L)Huil 2-L.

P r o o f .  Since one can write

ao /„(n —1/2)a,T — (n -1 / 2 ) J_ ( —1/2) J _ (  —1/2)/„(n —1/2)a; —
— J_( —1/2) *R i J_ ( —1/2)/„(n —1/2) a,7

( — 1 /2 ) * R2J+ ( — 1 /2 )J+ ( —n — l/2)a,
J_ ( — 1/2) */„ (n  — 1 / 2 ) (1 -I- R3 ) J_ ( — 1/2) I „(n — 1/2), with R 1 E pSU2,

it follows that

(5 .4) —  (Baor,(n —1/2) /n(n —1/2)w - ) (n —1 /2) (B w , (1 +  R 3) ww.)±
(R i w,T R 2 w:, Bw)+  (n — 1/2) ([B , J_( — 1/2) ]w,T, /„(n — 1/2)w - )

▪ (Ritt) I - (  —1/2), „(n —1/2)w - ) +
+ (R i te); -1-R2w:, J_ (, — 1/2) (B — B*) I „(ii —1/2)w - ) .

I f  w e  note that J _ (X ,  e ,  , a )  does not depend o n  x ', it follows from  the
assumption (5. 2) that

(5. 5) [J_( —1 /2), ‘ B (;)op(J12(i)) — B w o p (  j iT )  rJ_( —1/2)
i= 1

d
E op ( J i i 2( i ) ) B c i )  — op ( J1 )/ 3 W ( —1/2)
j=1

E  j - Is 2/2,with r, Writing
op (J i 112(i) ) mLi J_( —1/2), op ( J -_1

(!;) ( —1/2), Li E °, L J 1S1
0 ,

an d  consider [13 ( ; ) , L i] (1  j _ d ) ,  [B u), Li ] (p + 1
N o tin g  aga in  th at L  L ;  does not depend o n  x ' ,  w e see that these

commutators belong to P 'S i-22/2.1. Consequently we get
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(5.6) [J _( —1/2), /3] L B _( —1/2) — 4,6 (3 ) J_ ( — 1/2)
J i i = P + 1

-Pr J_( —1/2),

with r E J - 1 S /
1
2

/ 2 . 1 . O n the other hand, for an y  r E J - 1 -ST/
1
2/2 '1,  w e have

I„(n —1/2) * J_( —1/2) *rJ_(-1/2)1„(n —1/2)
—=/„(n) * <pD>A<ILO>I „(n), A E !II/2 SM,
J+( —n —1/2)*J+ ( -1/2)*rJ_(-1/2)I„(n —1/2)

J +  ( —n)*<teD>ÂepD>I n (n), AE p 1 / 2 S .

Also, the following expressions follow by the same arguments.

(Li(D>)*J_ ( —1/2),1„ (n —1/2) A11 n (n —2),
L7J_ ( —1/2) I „(n —1/2) a - AV n (n —2),
op ( J - 1/2(5)) _0  1/2 ) a -„ ( n  —2),
op (LI ) * / ( n  —1/2) _= „(n —2),

with .A.f, 4171,ESN.
T hen  tak ing  (5. 5), (5. 6) in to  account, a n d  u sin g  th e  above expre-

ssions, the th ird  an d  fourth term  o f  (5. 4) is estimated from below by

—C(n) ‘ 1 (n I<D>-1B(hw,TH — C(n) iii1"Vn(n — 2 ) I —J-1
— C(n)pHluiii,2 — C(n) pH (n)BU112 —C(n) /2 1 / 2 11 1111=1 rtP++ 11,0*

I n  v irtue o f th e  fac t th a t R,E pS?S,B* — B J°S°.', it  is  e a sy  to  s e e  th a t
the last te rm  of the righ t hand  side of (5. 4) is estimated from below by
—C (n) (u) pillu11141,0.

Analogous argum ents g iv e  th e  sam e estim ates for
—(BI „(n —1/2) nr, a0 1n (n-1/2)w -), and  this completes the proof.

Next consider the te rm  ([I „(n —1/2), B]w, I „(n — 1/2) (Do — ie)w)•

Proposition 5 .  2 .  Suppose th a t B= B (p) sa t is f i e s  (5. 2). Then f o r any
6>0, the fo llow in g in equa lity  is va lid .

I ( [ l „(n —1/2), B]w -  , (n —1/2) (I) 0 — i0)w- ) I a - 1 11a -  (u) Bull 2

(n) + p1/2)I I n (n —1) (D0 -0 ) +C (n) P1 /2 111u11L1,0

modulo C(n, p, L) Iu1 2-L.

P r o o f .  T he same arguments deriv ing (5. 5) gives that

[/„(n —1/2), B] m op (o- (I „(n —1/2) (i)) /3( ; )  —.J=1
— op (o-(/„(n —1/2)) cf,) B(i)

i=p+1

with r EJ '"i 2S- 1 / 2 , 1 + %
 H ere w e note that
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l(n — 1/2) *op (a (I „(n —1 /2)) ( i))
=i„(n —1)*Li J_( —1/2)/n (n —1/2), L.

n (n —1/2) *op ((r ( i n (n —1/2)) ( J O
= I n (n —1)* Li J_(— 1/2)/n (n —1/2), L1 E S .

Admitting the following proposition 5. 3, it follows that
d

i n (n  —1 /2)* [I (n —1/2), B ]  E  (n —1)* Li<D>(<DX4 B u ) )J _ (-1 /2)I n (n -
j =1

1/2) — E  I,,(n —1)* Li B(i)J _( —1/2) In (n-1/2) +r, w ith  r 1 / 2 . 2 , 1 + 3 1 2 .

i=p+1
W hereas, for r j 2 n - 1 S

- 1 / 2 . 2 n + 3 / 2 ,  we can write

r = i n (n —1)* R<pD>l „(n), R

an d  this proves the proposition.

Proposition 5 .  3 .  Let B = B (p ) satisf y  (5. 2). Then

[J.  ( —1/2)/n (n —1/2), /3( ; ) ] j n — i Sb3 + 3 / 2 , 1
[J_( —1 /2) /„ (fl —1/2), B ull e j n - isi-A."- 312,

Pro o f . W e show  the second assertion. Write

J_ ( —1/2)/n (n —1 /2) =i„(n —1) + T, w ith  T  j n - 3 S - 1 'n C P - 1 S — L n + 1 ,

w h e re  T  d o e s  n o t  d e p e n d  o n  x'. S in c e  [T ,  Bcf) ] jn-1S-2'n+512
p  j n - 1 S - 1 ' n + 3 / 2 , it  suffices to consider [I n (n —1), Bw]. B u t it is  a lso  easy
to see that

[ / ( n  — 1 ) ,  B o ) ]  e  jn-2S-1.n-1-1 j n - 1 S - 1 ,  n-1-312,

and this completes the proof.

Proposition 5 .  4 .  Suppose that B= B(p) is positively homogeneous of  degree
2 in  $ f or large  e , non-negative and satisf ies (5. 1). Then we have

(n) Bul12p  R e ( B w , , H-C (n) 11 1 1 2 111u11141.0+
C (n) 12 1 1 2 111u1112,2+ C (n, /AI

modulo C (n, p,

Pro o f . From the assumption, it follows that

1.8( ; ) (X , e, p)<$> - 1 12 5C pB (X , e, IB(i) (X , $, p)I 2 -5CpB(X, e, p),

p-kl j d , w ith C independent of p .  The argum ents in section 2 show
th a t  B ( ; ) <D>- 2 B ( ; ) — op ( <ÇY'B ( i ) I 2 )  E  (Es) modulom odulo S- -  (p), hence it
belongs to te joso.i. O n  th e  other hand, w e know  that B ) —B( J ) belongs
to  (E s )  q , 2 , m odulo S-  ( p ) .  Therefore it follows that

Bti ) <D>- 2 B cb = op ( <e>-1B(i)1 2) _L r J O S O . 1 ,
I 1  1, 1
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Sim ilarly, we get

B ( i)*B ( j) =.- op ( 1B(i) 12) d_r2, r  2 p+  1

Then, b y  Melin's in equality  [10], one has

(5. 7) C p R e  (By,
,

r) + vil<PD>w ylr C p) Ilvl I<D>-1BWVI 12( r
C pRe (By, y) + 2)11<teD>1"Y112 + C(), p)11v112v I 1 2 (r 2v , v)I

for an y  positive v. H e r e  note the following expressions.

n (n —1/2) *J_ ( —1/2) *<pD>J_ ( —1/2)1 n (n —1/2)
a-- /„(n —2) * Ai <pD>I n (n) ,
J _( —1/2)/n (n —1/2) a - A2I n (n —1) , A2 EY,LA,
I n (n— 1 /2) *J_ ( —1/2) *r.1-_(— 1 /2) (n— 1/2 )
=/„(n —2) * Â<pD>I n (n), X E  t o s m ,

for r E p i/2 joso,i. I n  (5. 7), taking v=  w ,  a n d  u s in g  th e  above
expressions, (5. 7) yie ld s the desired inequalities.

Proposition 5. 5 . L e t  B= B (p) b e  as in  proposition  5. 4. W e assume
th a t B — B* EJ°S°. 1 an d  A= A ( p) EpSiV2. T h en  fo r  a n y  e> 0 , we have

E l I (ABw:, w )  I  (cs + C (n) /PP) Re E (Bw: , 4) + (cs+ C (n) /iv  2) 1111111-1,o
(ce+C(n)p)Illun .2 +C(n„e2,0111ula i ,

f o r  0 po(n, e ) ,  m odulo C (n , p, L)11u11,, w h e r e  E l d en o t e s  th a t  th e  sum
is tak en  over a ll com b ina tion s o f  ( ± , ± ).

Proof. S in c e  B  B *  E  Jo so, 1, A * F p.SM, it su ff ic e s  to  e s t im a te
(BAw: , w ) .
For any g iven  e> 0 , w e set

X(p) =e± (A+ A*) /2.

Then for 0< po (s), there exists X(p) v2 ES 10202 w hich is defined by

X (t ) 1/2 (X , et p) 27r1 i 5 rCli 2 (C_ X (' p))

where i s  a  co n to u r contain ing th e  spectrum  o f  X  (p ) a n d  lie s  in
Tm C > 0 . From [9 ], it follows that

( c  x  p ) ) _ i e  j o 02 , ac.a r e ( c  X  p ) )  -1 E  p  joSil/ Œ21 -171)/2, i f  a + r i  > 1 .

This implies that

(5.8) a f ai x ( p ) 1/2 (X , et p) E /IJ°S 1HTD12,0 fo r  la+ ri
S ince (X (p) 1 /  *  X  ( p) 1 / 2 ,  we get

(5.9) Re (B./V/ 2u, X 1 1 2 11) =E Re (Bu, u) ± Re (B Au, u) ([A, B]u, u) —
—Re(Xu, (B — B*)u) —
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— Re (X 1/2u, [X 1 1 2 , B]u) ±2 - 'Re(u, A (B* — B)u).

Sim ilarly, i f  w e  se t Y(1t) -=ie±(A— A*)/2, then  it fo llow s that Y ([) 1/2 E
J 'S  a n d  ac0rEy ( t ip / 2 (x , $ ,  j osT721—Iriv2a for 1. Taking into
account that (17 1 /2)*= — i17 1 /2,  the same arguments give that

(5. 10) Re (BY 1/2u, Y 1/211) =E Re (Bu, u) ±Im(BAu, u)
± 2 - 1  Im  ([A, B]u, u) —Im (Yu, (B* — B)u) —
—Re

O n the other hand , M elin 's inequality shows that

(5. 11) Re (BX 1/2u, X 11 2u) +Re (B17 1 1 2 u, Yv 2u) — 1) {110/D>
1 / 2 X 1 / 2 u 1 I 2

+11<11-1 3 >1 / 2 1 7 1 / 2 u112} — C(,p) (11X1 / 2 4 2 +111 7 1 / 2 u1121
U sing the expressions

<t i pp2x1/2_A < teDy./2, < f i D>ii2y1/2,,R p D p 2 , A, AG so./c2i,

it follows from  (5 . 9 ) , (5 . 1 0 ) a n d  (5 . 11) that

(5. 12) 2 e R e (B u , ( B Au, u) — I B]u, u) I — I ( Xv 2u, [X 1 1 2 , Mu)
- I (Xu, (B* — B)u) I —  (Yu, (B* — B)u) — I (A (B* — B)u, u) I
- ( Y 1 / 2 u, [Y 1 1 2 , B ]u ) — vC (6)II<PD> 1 /2 1 1 1I2  — C 0), 1-01111 112.

From the hypotheses on B  a n d  (5 . 8 ), the following estimate is easily
verified,

(5. 13) E ll (B* — B )4 )  I + E± I ( Y4, ( B* — B)ze),) I +
+  E I  (A (B *  B ) 4 ,  tun I ( c a d  -C (n) 11 )

,  modulo C(n, ,a, L)IluIr-L.

N ext w e shall estim ate (Xv 2u, [X 1/2 , B]u) . H ere w e rem ark that X 1 1 2

does not depend on x'. F r o m  the expression
d

[ X " , B] Al<D> - 1 B(i) - MB(i)+r,
E  p 1 / 2 C 0 . 1

2
/ 2 ,  

r /2S??12.5
=1 i=P+1

we see that

i n  (n —1/2) *J_ ( —1/2) * [X 2, _( — 1/2) I n (n —1/2)

I n (n)* <1.2D> 4 < D > - 1 B _( — 1/2)/ n (n —1/2)

nI (n) *< D>i f 0 (.1) J_( — 1/2) /„(n —1/2) ± /n (n) *01D>AI„(n —2),
..1=P+1

with A  E g 1 2 .SM, A E p S M . Hence one can easily estimate
E. (X 1.1 2 re),, [X 1 1 2 , B]u),..) by

C(n)P 1/2 E lla '(n)B ull 2 ± C  (n) /P 2 1 1 1 4 1 2 .4 4 .0 +  C (n)

Applying proposition 5 .4  to  lia '(n )B u lF , this is also estim ated by

(Yii2u, [Y 1 1 2 , B]u) ±2 - 1 Im (A (B* — B)u,u).
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(5. 14) C(n) pv2 Re E (Bw: +C (n)
C (u) C (n P)111011.1.

It is c lear that the same estimate holds for E± I ( Y112w, [17 1 /2 , B]z v) I and

E± I (EA, Bit € t v , )
Then, in virtue of the identity,

4(BAu,v) (BA(u+v), (u+v)) — (BA(u—v), (u—v)) ±i(BA(u-l-iv), (u-kiv))
—i(B A(u — iv) , (u— iv)) , the estimate (5. 12) with v= p yields the required
inequality in view  o f  (5. 13) and (5. 14).

6. Estimates of commutators with
W e start w ith  the identity,

[(D o —0) 2 — B]ce = a r [(1), —i0) 2 — B]±2D o a: (1),—i0) Dg4 , B].

W e need to estim ate the last th ree term s of the r igh t h an d  s id e  of the
above equality . F rom  proposition 3. 12, we know that

I n (n — 1/2) */„ (n —1/2) D a;  E  j 2 n - l - N S 0 , 2 n + l - N / 2 ,  for a n y  N

and hence one can write

(6.1)I  n (n —1/2)*/„(n —1/2) Mce; ._-,nln (n —1)* (A + b ) n (n —2) _-=-
mn/(n —1)* (ii.± -6I )J+ ( —n —2),

with b, E pSb°2 ,  where

(6.2) A  ( X ,  e, p) = J  _ (X , 2<tie>x(2) n1/2y X ,  C9 p) < pe>1 / 2)

j (X  e  p) = (<pe>J _( X , e, p)J + (X,C, p)) (X, e, p) 2<pe> x
X X(2 ) ( —n112 Y (x, e, p)‹pe>w).

To handle A, A , w e prepare the following proposition.

Proposition 6. 1. Let n  16. Then there exist positive constants c inde-
pendent o f  n such that the  inequalities

t<pe>,1 + (X , e, p)J_(X,e, p)}±. c 2 ,

hold o n  RX, e) ; 1Y (X , e, p) j <4>1/2< n -1/21

Proof. W h e n  I Y (X, e, p)I <4>1/254-1, w e know  from  the definitions
that J ,  (X , E, te)J_ (X , e, p) =<pe>- 1 —  Y (X, e, p) 2 .  T h en  the inequalities

(1 —1/n)±nc 2, w ith positive ci independent o f n,

prove this proposition.

From the above proposition, it follows that

IA (X, e, p) I, Â(X, e, p) I C, with C  independent o f n  and p.
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Therefore, applying proposition 3. 8  to  A , A, it fo llow s from  (6 . 1 )  that

(in (n — 1/2) Ma,;u, 1 n (n —1 /2) (Do —i0) tçu ) I 5
5 Ilin(n — 1) (D o —i0)ce,u1I 2 +n 2 (c+ C (n) t)111u111,2,2.

B y exactly the sam e w ay , w e have

10;2' (Ma;,' u, (D0 — i0)a14)1-11 + ( — n —1) (A - 0 ) 4 4 2 +
+ n 2 (c + C (n)

Summing up , we get

Proposition 6. 2.

E (Do— ie)a,u) I Ilull2Di+n 2 (c+C(n) tt)111u1112,
E I (D04 (D 0 — iO)u, — i0) a,u)

.711 1 2 1luill,.,i+ n1 /2 (c C (n)

modulo C (n, it, L) lul L .

Proposition 6 .  3 .  Assume that B =-- B  (p) satisfies the conditions in propo-
sition 5. 4. Then we have

E I (k. (E 4 (D0 —  i0)a,u) 5C,u'i4ReE(Bw,, u),) + C (n)P 1 / 4111u111L-1.04-

+C(n) /21/41 I lull I!.2+ C(n) 12D,,I+C(n, if-#11 11111!.1,

modulo C (n, L )

Proof. Since the argum ents of deriving th e  estimates for 0,7 (...) ,
(•••) a re  paralle l each  o ther, w e shall estim ate on ly (••-). Consider
I ( n  —1 /2)*1(n —1/2) [a; , B]. R em ark in g  th at a  do es n o t d ep en d  on
x ', we see that

d d

(6. 3) [a, , B]==.- E a; (i)13( ; ) —  E a,7(;)13(i) + r,  r  j o s - 1 , 2 .

=1 i=p+i

In  ad d it io n , th e  f a c t  th a t  rE J - N S - 1 , 2 - N / 2  fo r  a n y  N E N  follows from
proposition 3. 12. T ak in g  (3 . 6 ) into account, we get

I(n — 1 /2) */„ (n — 1/2) a „- -
( 1 ) . 1 „(n —1)* IV  _(-1/2)/„ (n — 1/2)

—1)* I V  ( —1/2)J, ( —n —1/2),

w ith V E S M . H ere using proposition 5. 3, one can write

/ ( n  —1/2) * In (n —1/2)a,Tw B (i) . /„(n —1) */),B ( j ) J_ ( —1/2)/„ (n —1/2) ±
+/„(n — 1) * W p D > I n (n)
I n (n —1)* 193 (i )J, ( —1 /2) J ,  ( — n — 1/2)
±I„ (n — 1) *C iuD>J+  ( —n),

with /Ili i tiS?./°,. Thus, from  a ;+  a ; ', = 1 , w e have
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0,7- (a,Tw Bu'u, (1)0 —i0)a,;u) I iv-iElla.(n)Bul12+
C (n) (ô +p)te) Hun - C (n) 111110141m

modulo C (n, L )  l u l  ,  fo r  a n y  6 > 0 . I f  w e take 3 = pv4 in  th e  above
inequality, by virtue of proposition 5. 4, the righ t hand  side o f the above
inequality is estim ated by

(6. 4) Cp114 E Re (Bu),, 4) +  C (n)l- 1 1 / 11luil Li,o+C ( n )  1-11 11011,12 +
C (n) 'Hun i+ C (n p)111012,1.

T h e  same arguments show th a t  1.1), (a; (5) B (130 —i0)crwu)I is estimated
a lso  b y  (6. 4) modulo C (n, i ,  L ) 111 12-L.

As for r EPS - L2 i n  (6. 3), recalling that r EJ-NS-2-N/2, w e have

/(n —1/2) */„ (n —1/2) r i n (n — 1)* b<1.t.D>I ,(n)
I,(n —1)* -6<pD>J+ ( —n),b, 6 E /ISM.

Now, the rest of the proof is clear.

Next, we consider T (X , e, it) . Since

(n —1 /2) ' I n (n —1/2) [a,; , T1] E  j 2 n — l — N S - 1 , 2 + 2 n — N / 2 ,  for any N E N,

one can  express i t  a s  follows

I „(n —1)* a<pD>I n (n) a; + I ,(n — 1)* V pD>J+ ( — n)a, w ith  a, b E OM.
Thus this implies that

(6. 5) 10,7 ([a, Tdu, (1),— i0)«„-  u) I -5C (n)pljun, i +C(n)gllullL i .o .

On the other hand, in  view of the fact [T 1,  I „(n —1/2)] G jn -3 / 2 S -1 ,n + 3 / 2 ,

it follows that

(6.6)( [ T i ,  „ ( n  — 1 / 2 ) ] c r ; u ,  I „(n —1/2) (Do —i0)a;u) 15
5C (n)tilllu1112.+0+ C(n)

Combining (6. 5) a n d  (6 . 6) we get

(P,; (a T1u, (D0 — i0) a ; u)
= - 2  Im (T i I n (n —1/2)a;u, „(n —1/2) (Do+ (u),

w h e re  1K;,- (u) (n) 11 1111 112D,„,i+ C (n) .111111411Li.o. A fte r h av in g  d o n e  the
same arguments for 0 :  ( •  ) ,  w e have

Proposition 6. 4.

(4Tiu, (.130 —i0)a,u)
= —2 Im (n —1/2)a; u, /(n — 1/2) (D 0 —i6)6r,Tu)+
+ (TV ( —n — 1/2) a:u, J +  ( —n —1/2) (Do —i0)40) + Kn(u)
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where 1K „(u) (n) g u n  .1+ C (n) Ailulli 2 +1.0, modulo C (n , t, L) lui 2- L.

Assume that ToT h e n  the sim ilar arguments to  that of obtain-
in g  (6. 5) show that

E I (Ca>, T  (D  o — iO)u, (Do —i61)c f, u) I -5
_C(n)pllull 2D,„,i+C(n)t/111(D0 — ie)u1112n,1/2.

Therefore it follows that

(6.7) E I (a, T o (D o —i0)u, (D 0 -0 ) 4 u ) I 5
(c+ C (n) ts) H u n  / 2+ (c+ C (n) o — i60uN,v2.

Here, u s in g  proposition 6. 2, w e  rew rite  th e  estim ate in proposition
4.2.

Proposition 6 . 5 .

ESO, (4  (D o — (D 0 — i0) a  u) dx,_ (2n — 1) (1 —3 —n - 1 /2

—C (n) coSllulro,„.1,2dx0+ acn3 (1 — —

—C (n) .2d x 0 + c0 n2 (1 — C (n) 11)1111,111I, .3 / 2d x 0+

(671"2 C ( n )  1-)111(D 0 — i0 ) 01,2,

f o r OK u  P o (n ), modulo C (n, ,,L)OS1u1Ledxo.

7. Energy integral (continued).

In  th is section, we specialize B = B (p ) in section 5 . First we sum  up
the results in sections 5 an d  6 . Assume that B satisfies the conditions in
proposition 5. 4 an d  B* — EB W e tak e  3=

1 1 1 / 4  
i
n  

propositions 5. 1
and  5. 2, then  from  propositions 5. 1 th rough  5. 5 and  6. 3, th e  estimate
(5. 3) yields

(7. 1) — (D0—i0)4u)dx0_20 E Re S (Bw_ 7.n d.x.1/2, -  n -1 / 2 . - -O  •

± (2n —1 —C (n)s — C (n) ii 1 4 ) E Re (B4 , u),) dxo+

(B — B*)I „(n —1/2)4u, .1. (n —1/2) (.130 —i0)4u)

((B — B * ) — 1/2) J + ( —n — 1 /2) (Do —i0)cr:u)Idx o

E Re ( (a0/3 )w,-1/2, w,-112)dx0 — C (n) (E

(n) (e p"4) S u 1,2dx0 — C (n) tilm S I lul 12D.,idxo —
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—C(n, p, e, L ) i i l u i l l i d x o — R e  ( 4 - 1 1 2 ,  (B — B*)4.-1/2)dxo,

where /1),T-112 =-1,(n — 1/2) c u, 4-112= J +( — n—  1/2) a u ,  0<tt-5-ti0 (n, 6 ) ,  mo-

dulo C (n, p , L)Siu1 2-L,orixo.
L et B b e  one o f p2y,(x, e, p) 2q1 (X , e, p ), 0 5 i 5 p .  From  (2.9) a n d

(3. 1), one m ay suppose that B — B* pli 2J°S°. 1, whereas, this im plies that

i n (n — 1 /2)* (B—B*)I,z (n— 1 /2) (n — 1) *A<pD>In (n)
-=1.„(n — 3/2)*A"<pD>I n (n + 1 /2 ) ,

w ith  A, Â.E p1 1 2 S(PA. Therefore, th e  in teg ran d  o f th e  th ird  a n d  th e  last
term  of the right hand side o f (7 . 1 ) is estimated by

C (n) P11211111113,,1 + C
 ( n )  p 1 i 2 illulil:+1,0, C (n) 0 p1 / 2 illuill.3/ 2+ C (n) 0p"21  lui I l +1.-112

respectively, modulo C (n, p , L) 0 lui 2-L5•
Next consider a013. Suppose that 1..,i. p , then  since Y i does no t de-

p en d  o n  x , and  lqi(X , e, p)I le 12, c> o , it fo llow s, w ith  som e 0 0 >0,
that 00 B — 0. Then from  the inequality of M elin , w e have

(7.2) R e (  A B  — a0B)w, w) - - vil<lip> 1 / 2 w112 C (v, p)IIwII 2 0 , fo r  any 2)>0.

Remarking the following relation,

I n (n —1 /2) *<,///)>In (n —1 /2) =- I  (n —1)* A<pD>I n (n ), w ith A E S ,

it fo llow s from  (7.2) w ith v = p, w w;_ i /2 , that

Re ( (0013 — 90 B) w;_ 1 1 2 , wn-112) (n,

Sim ilarly , ( ( 0 0-13 — a013) w,;_1/29 w -112,t 1  has th e  sam e estim ate a s  above fromn 
below.

W e proceed to consider a0 B  when B = p'Y 0 (X) 9q,( X , C, p). We know
that B belongs to (Es) b22.0 an d  then we see that

I <tie>- 1 ,90B (x, e, p) I 2 B(X,E, p ) ,

w ith  e independent o f p. W e note th a t one can  take  e=2 I qo (0, ") I + 1,
if  6, defining V(41 1/2, ,  is  s u f f ic ie n t ly  s m a ll  an d  0<ti_.. , ( t o. Noting the
expression

(d0B)*<pDY 2 aoB op( 1<tie>- 1 6 0-B (x , 6, it) 12 )
 +  r ,  r  t i v2

and  again  app lying the M elin 's inequality, it follows that

e Re (Bw, w) + 1)11<ft-D>1 / 2 4 2 C te)14112 -..-11<tel» - l aoBw112 — I (rw, no) I,

w ith  a n y  v > 0 . O n the other hand, it is easy to  see that
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I n (n — 1/2) *J_ ( —1/2)*OLD>J_( —1/2)/ n (n —1/2) „(n)* <pD> ,,(n — 2),
/n (n —1/2) *J_ ( —1/2) *r _( —1 /2) I n (n —1/2) _./.

n (n) *<,up> ,217 ,,(n — 2 ),

w ith A E SM , ilE tti/T . ./S, where 
r E p v 2 j o s o . i .

 T h e n  ta k in g  v .= p' 12,  in  the
above inequality, we get

(7. 3) e Re (Bw, , te47) -ll<1.1 1 ) >- 1 a0Bw,;I 12 — C(n)/-01141L-1,0 —

— C(n)/1 1 1 2 111/1 1112n,2— C(n, p)1110117,,i.
W e tu rn  to  ((a0 .13) wn-112, 11/ :-1/2) • U s in g  the expression

/n (n —1/2) .=.1_( —1/2)*(1+R)/ n (n ) , REpSN,

this is reduced to

( —1/2), a0 nvW-112, (1+ R)I,(n)a,Tu)
(02.13› - l 9c,Bw,T , <pD> (1+ R) n (n)a;u).

S in c e  [ J _  ( —1/2), ao ] E J -312S12 ,  t h e  first t e r m  is  e s t im a t e d  b y
C(n) W hereas the second term  is estim ated  by

ii<PD› - i d0Bw;11 2+ (1 +C(n) /4111012n +1,0

Then from  (7 . 3 ), it follows that

(7. 4) I ((d013)ww_112, te_112) Re (Bw , w) ± (1+ C (01-e1 2 )IIMILI,o+
+C(n)P 1/211W 2n,2+C(n, /-01110%.

Sim ilarly w e have

( (a013 ) 4-1/2, wtt-1/2) I -5o Re (Bw:, 4 ) +  (1 +  C (n) P1 / 2 )1110Li,o+
+C (n) P1 / 2 11111111,2„2+C (n,

Summing up, from  (7 . 1 ) , w e have

Proposition 7 .  1 .  L e t  B  b e  o n e  o f  !PI' e, p) 2q,(X, Ç, p),
Then

— ESO, (a,V3u, (Do —i0) a,u)dxo _> 2(0  —00 E Re (Bu)
- 1/2, u) ---1/2)dx0+

± (2n — 1 — e —C(n)e—C(n)pv 4) E R e  (B a , dxo —

— (1+ C(n) (e+ p1 /4 ))5111u111L-Lodxo—C(n) (a+

- (n) D —  (n ) p l 2d x 0 —

—C (n) 2dx 0 — , p,

modulo C (n, ,u, L)Slul2-1„edxo.
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Now we assume that B  is one of r,(e, 142r,(x,e, p), l i p. Obviously,
with some 00> 0 , w e have 00 13 - fl'! 0. T hen it fo llow s that (see (7. 2) )
Re (00Bw_112/ wr7-112) I Ir ew;-112112till lid IL 1,0 (n,
hand, from  (2. 10) we can write

12)111u On the other1112n.i. 

B -B * i+ r„ w ith Li fie  /2 Jo so .0 joso,o,

and thereforel((B - B*)w;,--1/2,/„(n- 1 /2 )(D0 - 0)an- n)l,el((B -  B * )w,,--1/2,w;-1/2)I
is estimated by

(7.6) Re (0 0Bw-1/2, w:-112) +C(n)P 1/211n112D..,1+
C (n) lid112 +C (n,

Re ( 0 0Bw:-.1/2, w:-112) +02 (C (n) p 1/2

II IC (n, p) 0 - 1 )1110112.J+ C (n)

respective ly . T hus w e have

Proposition 7 . 2 . L e t  B  be one of  ['1(C, p) 2r1(X , e, p),
we have

— E (a,V 3u, (D 0 - it9 )a,u )d x 0 . 2 (0 -O s) E Re S (B4_1/2, w,--112)dx0+

+ (2n -1 -C (n )6  - C ( n )  t t"  E R e  (Bw,T, w,)dx 0 -C (n ) Pl i  S illull ,+1,0dx0

-C (n) (E+ p1 1 4 )111u111,2dx0—C (n) —02(C (n) P 1/2 +

C (n, /)O - 1 ) SI Ill a1dX0,

modulo C (n, p, L) 0 lui 2_1„edxo.

Now we are in a position to  consider B  =p0(x ", e, p)q p (X , e, p ) .  Set

R(X , e, p)=ip  C iax .a.O p(0 , e‘)i = i 1 1

then w e know  from  (2. 12) th a t B - B * = g + r ,  w ith  r E i j i/2 joso,i . = 0it  we
note th at P H -R E /P T Y .° , the following estimate is immediate.

0 I Re ( (B -B* )w,7--112, w;--112) I 5- C (n)iii/2111u11141.0 + C (n) 02p 1 / 2 1 I lul l ro.

Consequently, taking proposition 6. 4 into account, we have

(7.6) -  ESO,t(a,(B - duT i )u, (D 0 - i0 ) a ,u ) d x 0 -?=.

2 (0 -O n) E Re /-0,-112)d,c0+ (2n -1 -C ( n )  -

-C (n) ,u 1/4 ) E R e (B w ,  w ,)dx 0+

+2 Im 1( (2 - 1 R - t i T i ) w , 7 - 1 / 2 ,  „(n  -1/2) (D, - iO)a +

Then
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((2 - 1 1? !ITO w;,Li/29 J + (  — n —1/2) (Do — u)} dxo -

- C (n) (s+ p 1 1 4 )SIllull Li.odx0—C (n )( 6 - 1-  p1 1 4 ) 111ul a2dx0 —

—C (n)P1 / 4 Silui L o d ; — 02 (C (n) pu2 +C (n,

modulo C(n, p,

From the definition of Ti  (X, e, p ) ,  we see that

2- 1 R— //T .x . a  E.0 p(0 $") qp lei — $ p) — /47'1 (0, lei ..J=1

In addition, taking 5  in  th e  definition of qp and sufficiently small,
it follows that

(7.7)ê 0 =  s u p  I (2- ik—pTi)<Pe> - 1 1 I Ps (0,0,0, I +1.

Then using this eo,  the third term of (7. 6) is estimated by

n- V  (a+ c(n) p)Illull1 2,+1,0 + nô1j lui

Let us set

(7.8)( x ,  e , = tt24  Y, (X, e, p)?qi (X, e,

r(C, p) 2r, (X  , e, p) pçb (x" e, p) q p cx ,e, .

From the definition of Y (X , e, p), it follows that

Yi (X, e, p) = -  (X, e, p).i=0

Hence, with positive constants e,> 0 , independent of p, we get

a (X , e, ey (x, e, to 2<pe>2 + •e2 r to'
Here el  is determ ined  by fq, (0, )1 1:=0. Set K (X , e, =Y (X , e, <pe>,
then

K* K = op ( Y( X, C, p) 2<pe>2 ) +r, rEpPY'l.

(in virtue of Y( e E  S... and  (3. 3) ). U sing the expression

I „(n —1/2) *J_ ( —1/2) *r J _(-1/2)/„(n —1/2)
I „(n)* <pD>AI „(n —2), A E pS1).1)„

Melin's inequlity shows that

(7. 9) R e  ( w;, w ) vil<PD Y
/ 2 w;i12 + u p)11w,7112+

e.2 1 11r 1w,7112 —C (n) plIlu1112,1.0 — C (n)i=i
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for an y  v > 0 .  Remarking that

I„(n — 1/2) *J_ ( —1/2) *01.13>J_( — 1/2) I„(n — 1/2) =-
(n)*<pD>A1,(n —2), A EST.72 ,

J_(-1/2)1„(n — 1/2) . _-A./.„(n —1), .ziEn/S,

the in equality  (7 .9 ) w ith  v = p  gives that

Proposition 7. 3. Notations being as above,

E R e (a w ,, eiEllKwN2+ e2E
tt)111u111•1,

modulo C (n, p ,

Sim ilarly, w e have

Proposition 7. 4.

E Re ( Rzy-112, z4-112) -. 1'.1.E111(w_1/2112+e,E 11rJv1/2112 —

—c(n)telllullF,.+1, -1/2 C (n) C (n, P' )1 HUI I 12n , l ,

modulo C (n, p,

H ere we prepare the following lemma.

Lemma 7. 1 . Notations being as above,

EllKwV12 +111ullro. (e,— c (n) t)lllu11141,0 —  (n , p,L)IIu112-L9
Ellicw1/2112 +111u111,3/2_ (e3 —c(n)r-e)111u1W,+1, -1/2 C (n , p, L)liu11 2

Pro o f . W e shall prove the first assertion. N oting that KEPS°.', we
see that

(7 .1 0 ) I„(n —1/2)* J_ ( —1/2) *K* KJ_( —1/2)/„(n —1/2) +
+./„(n —2)*/n (n —2) =/ n (n) * </ID> (A + b)<pD>1„(n), b

where

A (X, $, p) = K(X , e , t ) 2oje> _2 (x , e , p ) 2 + <f i e>-2j (X ,  e , p) -4 —

= (x0  ç (x", $ 9 p)) 2j_(x,$, p) - 2  + <pe>- 2 J_(X, C, p) - 4 9 ( ErS° . ° ) •
As for A (X , $  p ) , it is obvious that

A (X p) =J_(x, $, p) - 4 1(xo — 0(x", e, p)) 2J_(x, e, p) 2 -1-<pe>- 2 1
> cj_(x,$, p) - 4 1(x0-0(x",$, [)) 4 + <4> - 2 1

Thus, from proposition 3.9, it follows that

(7.11) Re (Ate), w) +C(p, L)1011 2-t-?-_ (1'3 — C (A) P)IIw112.
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P uttin g  w =- <pD>I „(n) awu in (7 .1 1 ) ,  i n  v ir tu e  o f  (7. 10), th e  estimate
(7 .11) yields

ilKw,7112 +iliJn — 2 ) a w i t l i 2 + C ( P ,  L)11u112-L?— (e3—C(n) /1)11<PD>I(n)a,Tu11 2 .

B y the same w ay , we get

11Kw112 +11J+( — n — 2)a;u112 +C(P,L)NueL-- (e .3—

—c(n)p)110,1D>J4_( — n)a,tu112,

and  these prove this lemma.

F inally , from  proposition 6. 5, lem m a 7. 1 and  the argum ents o f this
section, w e have

Proposition 7. 5.

E (A -0 ) c ru )d x o__ C.3(2n —1 — ei — n- 1 — c (n)s —

—C (n) p l" )S iH u l l IL -L o c l i  + c0 (Co — C (n)

+ (2n —1) (1 —a (n) ttl ")11u11,iclx0+

+ acn3 (1 — (n) —C(n)p'4)11 ull1 2 d x0 +  On' (1 —C (n) P1 1 4 )11114112,3/2dx0

+ cO2n (1 —C (n) p 2 —C (n , 0 - ')S111u1110dx 0 — (cn1 12 + C (n) 11)111 (Do —

— i0) — C (n) PSIll(Do —  i 0 )u111112dx0, modulo C (n, p, -L)()
 l u i

 2- L.ocixo,

where P (p),6= (Do — 2 + ,uTi + p1/2 T0(D 0—i0).

N ext we handle th e  term I (k = 1, 1/2).

Proposition 7. 6.

ni lui2 ' n i  (D 0 — ie)u1112,1—  n2 (c+C(n)p)Illu111 2,2,
01 lui ,n,1/2 2 - 1 0 111( D o — — nO (c C (u) 3/25

modulo C (n, p, L)0

P roo f. We write

i n(n —1)D0a ;  n1 1 2  (A + a) I „(n —2)a; +n1/2 (.4+ c0J+ ( —n —2)a, a, IL-S(1A

where

A(X,e, p) =1_(X, E, p )  <p e>2x (1) n1/2y ( X , e, p) < pe>1 / 2) , Jo so .0) ,
21 (X, e, p) = (<tte>J +(X, e, (x , e, p)2J_(x,e, p)- 1  < p e > 1 / 2  x

x(1) n2y (X , e, p) < pe> 1 2) , joso,o)

From proposition 6. 1, it follows that

IA (X, e, P ) , Â (X , e, P) I C ,  w i t h  C independent of p, n.
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Hence proposition 3 .8  im p lie s  th a t II/„(n —1)D0an'ul 12 5.n (C+C(n)P)111u1112,2.
S im ila r ly , w e  g e t  11J + ( —  1 )D 0an'ull 2 <n (C ±C (n) I1)1Hu1112,2. Combining
these, we obtain th e  first a s se r t io n . T h e  proof of the second assertion
is  similar.

Consider (a V 3( D 0 — i 8 ) c r u ) .  Since one can  express
I a(n —1/2)*/n (n —1/2) -==- /n (n —1)*(1 +a)IJn), J +( — n —1/2) *J+ ( —n —1/2)

J + ( — n — 1)* (1 + J ( —  n), w i t h  a, b E p,STA, it i s  c l e a r  t h a t
(a0 ( u, (D o  — ie)a,u) I  is estimated by

(7. 12) II iPcto,eul I F,,o+ (1 ±C' (n) P)11n11.„,i+C (n, p, L)I1P (,),6,11112-L,

modulo C (n, 1u12--L.
N ow  using proposition 7 .6  a n d  (7. 12), w e  rew rite  th e  estimate in

proposition 7 .5 .  F i r s t  w e  f ix  n  so  that C(q,)e„ where C (q 1) is a
su itab ly  chosen  constant depend ing  on ly  o n  (M O , ')}. N ext w e take
s>0  so that C (n)s is suffic ien tly sm all. T hen  w e have

Lemma 7. 2.

5HIP(pL0ulirn.0dx0+C(n, p,

+ c2nIII(D0 — i6)u1N, dxo , c 30  Hui 1+1, ±c30 I (D0 — i 0 )0112n,v2dxo - F-

c 01111111112,2clx -1- c40n25l11111112, 31 2dx 40 2 n5111111112,1d x

f o r n_>:.0 (q eo, OK 11 - po(n), 0 a:0 0 (n, , modulo C (n, p, OSIn 1 2- L.edxo.

8 .  Estimates of error terms.

From the relations

1 -=..A1J+( — n A,I„(n —1)a,T ,
1 --= 4 J +

 — n —1 / 2) a  A 2I (n —1/2)a,T, A i ,

it follows that

(8. 1) ilu1l2 .(c+C( 7 )1.)111u1112,1+C(n, p, L)11u112-L,
11(D0 — i0 )11112 -5(c+C (n) )I (D 0

 — i0 )u1112,112+C(n, p, L ) (D 0 — 0 ) 11112- L.

O n the other hand, the following inequalities a re  immediate.

(8. 2) 20311u112_L-5.021102+0411u112--2L,
20/Il (D0 — i0 ) 11112-L e11(D — 0 ) 4 2 + 0 2 11(Do — i0 )U112-21,.

Therefore, from (8. 1) a n d  (8. 2), w e have

(8.3)0 3 (2 —G(n, p, L)0 - ')11u112_ 2 (C±C (n) P)11111111!.1± ° 4 1114112-2L)
03/2 (2 —C(n, p, 0 - 1 / 2 )11 (Do — 0)11112-

0 (c C (n) p)111(D0 — iflu1112n,i/2- 1-  0211(D0-0)n112-2L.
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A  rough energy estimate gives that

IP(p).euii2dx0 6'00111 (D0— ie)ui12dxo+co0 4 11u112dx0 —  c ( p) 192 1I<D>ul12dx 0.

Then if  w e note that

<D>- 2 LP(,) ,5 =/3
( ,) ,0 <D>- 2 1  H-q<DY 2L  r i0)<D>-2L,

with q r SO depending on p ,  we see easily that

(8.4)5 HP ,euIIoLdxo c o (02 — C (/-1 ) ) I I (D0 — ie) ul12_2Ldx0 +

c0 e41 lui 1 2Ldxo c(p )0 2 1 Ipl 12-2L+idxo.

Proposition. 8 .  1 .  For 0< 115 tio(n ) , 0  0 0 (n , p, L ),  L  1 ,  we have

SHP (p),6uli 2-21.dx0+ 0 5(11(D0 — i 0 )0112n.i./2dx0+ c1e25 l ui L.edxo.

Proof. Since —2L+ 1, and 0 3 1I uir_L+ 0 "2Il (D0— 02 11112_1..0,
th is proposition follows from (8. 3) an d  (8 . 4 ) immediately.

In  view  of th is proposition, one can absorb the error term s. T hen

L em m a 8 . 1 . For any LEN,

51IP(A ).euR0dx0+C(n, p , L)SIIP (p).0n112,,dxo 6 . 1+1111 d  +1.0 xo

c2iI I (D 0 — i 0 )u n ic ix o  .. C3 + c3OSIII(D0 — ie)un.i./2dxo++  

C 4173 SINI 2n , 2d x00 C  nillun .31 2d X  0 C  4° 2 i l l u l l i 2n,14 X 0 +

C503 1 2 1 I (Do — u11,dx0 + c503 1111112-Ldxo,

fo r  n C(q i ) e o ,  0 < p 5  p o ( n ) ,  0 . 0 0 (n , p, L).

Now, to  p rove theo rem  1 . 1 , it su ffices to  no te t h a t  (Do — i0)e 1°°  =
e

- x

°
B

D o. Next, we shall prove theorem 1.2. Observe =  V D > s + 1 , ED> - - - 1
,

where a is defined by ( 7 . 8). From  (2. 7) , (2 .9)  and  (2 . 13 ), it is c lear
that M i  belongs tof.V . 1 . M oreover it is a lso  im m ed iate that

(8. 5) M 1 m E [<D>'+ 1 , op (n r i )] <D> -
 '- 1 +R 1, w ith / 2  jo s o .i ,

G  p i./2 jo s o ,o 5 r i E t t i/2 joso.o .[<D>', op ( rir i)]<D> - s- 1 +  r  Li

From  proposition 6. 4, it  fo llo w s  th a t  E l( 4 M 1u, (D0 — i5) 4 u )  is
estimated by

2 I (Miw,7-1/2, 1.(n - 1/2) (Do — i0 )cr;u) I +
+ 21 ( M i u rrnE_1 / 2, ( —n-1 /2) (D 0 —Warn' u)I +C (n) (n) P1114141.0,
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modulo C (n, p, L) lui  L
. In  ad d itio n , in  v iew  o f th e  exp ressio n  (8. 5)

(c f . (7. 6)), it is also estim ated by

E Re (O o g w_112) C (n) Pi / 2 11111 IL,„,i+C (n) te1 / 1HuilL1,o+C (n, 12 )111412,i.

Denote h i  = [<D>s ii-in<D> - s- 1 , [<D >'+1, /2 1 / 2 T0]<p› - s - 1, then tak-
in g  proposition 6 .4  a n d  (6. 7) into account, it is easily seen that
E (D 0— i6)411) E 1 (4h0(D0 (D 0 — u) I  is esti-
mated by

C(n)p112411 1 +  ±C (n) p) HURL, n ,1 1 2 + C  (n)
C (n) ft)111(Do —  iflul11,i/ 2.

I f  we operate <D>s+1 to  P (p ) ,  it results that

<D > s+,p(p) , p (p )<D >s+i, 15w _ AI— + 117- 1+ pv2T0D0+ f?,.+ f o o.

T h u s th e  above argum ents show  th a t lem m a 8. 1 h o ld s  a lso  fo r  P (/ )

w ith o u t an y  change. O n  t h e  o ther h a n d , since i n (n)
( —n) cS1'g12, it  fo llo w s th a t i<D>s+1 P w ul I C (n) IIPw ul 12n+s+1,

and  hence

(,)<D>s + 1 1 1 1112,=.0-5C (n)I IP(,)ulLs+i, H (/5,)<D>s+Iu
I 1

2
_ 2 L  =  I I

P
( , )

u
 I 1+1-2L•

Then from lemma 8. 1 with L = 1, app lied  to  /5
(p ) a n d  <DY+Itt, it follows

that

— 2x0 ,
 luiC(n, p, L)Se - 2 -' 0 8 IIP w ill1 + ,± i dx, c560 3 1 2 Se 11D o ull2

sdx, c503 5e 11dx

After changing a  scale of variables, we get theorem  1. 2.

9. Some remarks.

In  th is section, we make some observations on  operators of type
d

w ith  g rad  çbp (0, (i'-' 1) )  * 0 .  I f  dy50 is  n o t  p ro p o r t io n a l to  E  e,dx, ati=p+i
(0, '(/)-".)), then one can construct a  homogeneous canonical transformation
tX5 (x (P+1), e (0 +') ) , E f (x (P+11 ,  e ( P + 1 ) ) 1 1 = p + i  such  that

Xp+1 = OP, Xj ( 0 2 .(1'-E 0) ) = 0, p - F 2 j _ d ,  ; ( O ,
 ( P+1) ) =0,

p+ 1-5j-5d —1, E(0, " (-P+0) ) *0.
d

When dçbp is proportional to  E  e,dx, a t  ( 0 ,  ( i'+' ) ) , making a  linear change
i=p+i

of coordinates x(P", i f  necessary, we m ay suppose that

(9. 1) açb8/ax 5+1 = 0 , agSp/ax;  = 0, p +25i_d,a0p/ae i = 0, p
a2sbp/M = o  a t  (0, )

Therefore, we a re  led  to  the following operators.

(1 )  p
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P P
{  VD-  E (x i -x1 + 1 ) 2q,(X, 0 -  E efr i(X , e) - Sbp(x( P + 1 ) , e(P+1) )qp+ I (X, e)

1=0 1=1

/ P-1
E(j -  E (x i -  xi + ,) 2q,(X, e )  -  E efr,(X, E) - ((x p - 95 p(x (P+') , $(15+1) )) 2 +(9. 3) 1-0 1=1
+ 0 (x (P+1) , E(P±")} qo  (X, $ ), w ith  O p ,  O p  satisfying (9. 1).

W e consider the operators o f type (9 . 3 ). Set

x" = (xp+1, g), e" = (ep+i, x"(p)= (pxp±ip p 1124 5  ( p )  -  ( e / 2

an d  make a  ch an ge o f scale of coordinates; yo=lixo, =Fix% Yp+i= tap+1,
y, p1/2

Then it results
p--1

p2 E (x, $, p) -  E $77, (X, $, p ) -
,=0

ti2 (xp - 9-5(x",e", p)) 2qp(X,E, p) -0(x", e", p) qp(X, e, p) +
+ p) + $, $ 0 ,

w h e r e  ( x " , e", p) = p - 1 0p (x" ( p), (p ) ) ,  0(x", E", p )  çbp(X "  (p) , e" ( p ) )  and
f (X ,  $, p) (pxo, px' , x" (p), E', E" (p)).

When we define extensions of q-, and others following section 2, a  little
m odifications are needed , b u t  fo r  extended sym bols, exactly th e  same
reasoning as in  section  3 through 8 are app licab le  to  th is  case  an d  we
obtain theorems 1. 1 an d  1. 2.

H ere w e shall ind icate  th e  needed modifications briefly. W e  d e f in e
/-1) = 7 1 1 ( x " ,  e, ts) +q1,2(X, E, te) by

E, p) = (q 1 (X, E, p) -q 1 (0, x" (p), 0, r (P))) 721(5-2p-2 le
, 12 El

x

X 7)2(5 - 2 (e " lel s")),
qi. i ( x", e, p) fqi (0, x"(p), 0, 6"(p)) -

q1(0, E) ell)72( 5 - 1 ($' IC $') 1E1 2.

I t  is  c le a r  th a t  q 1 1 G  (Es)0, q 1,2 E  (E s ) ,  acare„q1,2 G (Es) N. Similarly,
f ; w ill b e  ex tended  to  ri (X ,e , p )= r i ,i (x",e, e, p). E i is exten-
d e d  to  A (E, p) = p n (p - 1 (eilel - 1 -  esi)) l el E  (Es )N . T h en  the following
properties a re  easily verified.

p2 Y1 (X) 2q1,  Fr 1 E  (Es) ( p 2 Y i (X ) 2q1) ,  aa7,-„(Pfr1 )  E  (Es)
op (p 2Y i (X ) 2qi ) -  op (p 2Y i (X) 2qi )* G (Es)H,
op (Pfr i ) -op  (./--- ri )* - L 1 • P , E  (Es)(1:8, w ith  Li E  ( E s ) .

Next, we define 0(X, e, p) = 01 (x" , e, p) + 0 2 (x", e, p )  which is an exten-
sion of 0(x", e", p ) by

101 (x", e, p)'= p E z (x , p) or (e, 40aalagopo, ‘,,)
la-FRI =2 a:p:

(9.2)
w ith  (a2çbp/a$41) (0, (P+1)) =0, = (0, • • , Ed),
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1(x", = (x" , e"( !I)) —  E  (x" (1-e))' (e" (p )  le —
1.-Ffil =2 a!le!

_ , )aaraci op (09}  )21 (ti -ilf 2 e , 1 - 2) yh (p - 1 ( e p + i

4 H-1) ) Yii (P - 1 2 ) ,

w here z i (x, p), r i (e, i t), p a re  th e  same ones in  section  2  and
Z 1 (x, p) =- pli2x p + i . S in ce  0200/ae + 0(O, 'e(P+i)) = 0 , i t  fo l lo w s  th a t  0 1 E

(ES)?722,1121
 ç b E (Es)°,:b2 a n d  aaoe (Es) 1 '  for k x + rI 2 .  Moreover, for

instance, w e have
d

op (0q 1,) — op(çbq p )* E op (c i axi a , p(o, E  (ES)IN,

w ith C; (x", e, p ) E (ES)U2,112 being equal to  1 in  tIfi <2p 1/2 ICI, < 2 g / 21.
I n  th e  sam e w a y , w e  ex ten d  .;-6 (x ", e ", p ) t o  95( x", e, p )  which belongs
to  ( E s ) n 2 .  I f  w e  r e m a rk  the following expression,

0(x" , e, p)=ax p ,_,± S(x" , e, p), w ith a= (a0p /axp + 1 ) (0, '(a+1)) ,

$(x", C, p) E (ES)7:1/29

it follows that OW e, p )  E  (Es) j,°  i f  a  + r 1.
N ow  it is easy to  verify that the extended symbols have the required

properties listed in  section  2.
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