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1. Introduction.

Throughout this paper, A  denotes a  lo ca l r in g  w ith  m axim al ideal ut
and M  a  generalized Cohen-Macaulay module over A , i. e. d: =dim M>1
a n d  e(11;„ (M )) < 00 fo r  i = 0, ,  d — 1 , where (M )  denotes th e  i th
local cohomology module of M  with respect to  a t.

Let 1(M )  d en o te  the m axim um  of the differences

I (q; M): = e(M/qM) —e (q ;M),

w h ere  q  ru n s th ro u gh  a ll p aram eter id ea ls  o f  M  a n d  e (q; M ) i s  the
multiplicity of M  with respect to  q . T h en  M  being a  generalized Cohen-
M acaulay module just means that / (M )< 00  [2 ].

If q = (a 1 , . . . , ad )  a n d  / (q  M) =I (M ) ,  w e  c a ll a1 , . . . , a d a  stan dard
system of parameters of M .  I n  [9 ]  w e have shown that standard systems
of param eters enjoy m any interesting properties. For instance, al , , ad

is  a standard  system of parameters of M  if and only if by every permuta-
tion, a"2, ,  a 'dd  is  a  d-sequence of M  for a l l  positive in tegers  n1, . . .  , n d .
The notion of d-sequences was introduced by C . H uneke and  has been
proved a s  useful in  different topics of Commutative A lgebra [5 ].

It is know n that there ex ist ideals a  o f  A  such that every system  of
parameters o f  M  contained i n  a  i s  standard. S u ch  id ea ls  a r e  called
M -standard  idea ls . In  particu lar, M  is  a  Buchsbaum m odule if and only
if  In  is  a  M -stan d ard  id e a l, s e e  [6 ]  and [7] for m ore inform ations on
the theory of Buchsbaum modules.

It should be m entioned that all these notions can be extended over a
noetherian graded r in g  w ith  un ity  w h ich  has on ly  one m axim al graded
ideal.

L e t a  be an  ideal of A  w ith  i ( M /aM ) <0 0 . Then a  is M -standard
in  th e  following cases:
( 1 ) a  is  gen erated  b y  a standard system of parameters of M  [9, Corollary
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3 .3 ].
( 2 ) e(M/a2 M )=e (a ; M ) + /(M ) H-d6(M/aM) [9, Corollary 4.9  ( i i ) ] .

The second case is  of some interest because it generalizes Buchsbaum
rings w ith  maximal embedding dimension, see  [3].

For these cases, w e  have computed th e  lo ca l cohomology modules of
the associated graded module

Ga (m ) : 0  a niw a n+im

and  of the Rees m odule (blowing-up)

R a (M ): =  C ) M
n=1

with respect to the m axim al graded ideal o f  Ga (A ) and  Ra (A )  [9, §5 and
§6]. Concerning G ( M ) ,  th a t le ad s  to  so m e  in te re s tin g  re su lts . For
instance, w e can  g ive  a  criterion for Ga ( M )  to  be a  Buchsbaum module
in  c a s e  (1 ) . However, we could not do the same for Ra (M ) .  T he reason
is  th a t th e  graded  structure of  R , (A ) is  n o t o rd in ary  ( th e  zero-graded
part of Ra (A )  is  no t of finite length).

In  th is paper, w e shall investigate, instead of /I, ( M ),  some associated
graded module of Ra (M ) and then descend to Ra (M ) .  Roughly speaking,
w e w an t to  attach  to  R, (M )  a n  appropriate graded structure and  then
use  it  to  s tu d y  Ra (M ) .  O ur goal is to  locate som e standard id e a ls  of
Ra (M )  which would yield new informations on Ra (M ) in  th e  above cases
(1 )  a n d  (2) . T hat w ill be done in  a  m ore general context.

L et u s first introduce somo notations.
From now on , a  w ill b e  an  arb itrary ideal o f A  w ith  V(M/aM) < 00.

F o r conven ience, w e w ill deno te G „ (M ) a n d  Ra (M )  by M G  a n d  MR,
respectively. Som etim e, w e w ill im agine of A R a s  th e  subring A [a T ] of
A [T ] ,  w here T  is som e indeterm inate. In  particu lar, since AG':=1'
aA [an  w e may consider AG and  hence MG a s  a  graded AR -module.

Let P  denote the m axim al graded ideal of A , and  Q the id ea l (a , aT)
of A , .  Then our m ain result m ay be form ulated a s  follows :

Theorem 1. 1. Suppose that there ex ists an  integer r d - 1 such that

[H  
( mAn =o

f o r  n r  — i  i f  i =0 , , d —1, an d  f o r n>r —d i f  i = d .  T hen M R  i s  a
generalized Cohen-Macaulay module and Q is  a  M R -standard ideal.

B y  [9, §5], th e  assumption o f  Theorem 1. 1 is satisfied in  th e  above
cases (1 ) an d  ( 2 ) .  H ence we get the following consequences :

Corollary 1. 2. Let . , ad  b e  a standard system  o f  param eters o f  M
and a= (a1 , . . . ,  a d ). T h e n  a1, a,— , ad — ad _,T, ad T, is  a standard system



Generalized Cohen-Macaulay modules 613

of  param eters of (MR)p.

Corollary 1. 3. L e t  A  b e  a  B uchsbaum  rin g  w ith  m ax im al embedding
dim ension. T hen the Rees algebra R ( A )  is also  a  Buchsbaum ring.

In  p a rticu la r , from  G oto 's investigation  on  the re lation  between A
and G . (A )  [4 , T heorem  1 . 3 ] and  Theorem  1. 1 we im m ediately get the
following condition for R., (A )  to  be a  Buchsbaum ring :

Corollary 1. 4. Suppose th at  A  i s  a  Buchsbaum ring of  the f o rm  R/ I,
where R  i s  a  regular local ring w ith  maximal ideal n  and  I is  som e  ideal of
R .  T h e n  R . (A ) i s  a  Buchsbaum ring if  there ex ists som e positiv e integer
r-_d — 1 such that / c w - and m r± '=qm r f or som e param eter ideal ci of A .

It should be mentioned that the condition ci n  = qntn- 1  fo r  n  = 3 , .  ,r
o f  [4 , Theorem 1. 3] follows from the condition / c nr 4  1 . Corollary 1. 4
is rem arkable because it is the first tim e one can  g ive a condition for the
Rees algebra to be a  Buchsbaum ring.

T h e  paper is o rgan ized  a s  follows. In  th e  n ex t Section  2 , w e w ill
d ea l w ith  th e  problem o f  getting informations on M  from  M G  in  some
special s itu a tio n . T h e  proof of Theorem  1. 1 w ill be found in  Section 3
w here w e w ill show that some associated graded module of M R  i s  of the
type considered in Section 2.

The notations introduced before w ill be used throughout th is paper.
Moreover, i f  a ,  is some element o f a , w e  w il l  d e n o te  b y  az, th e in itia l
form of al i n  AG or the element al T  of A R .

Acknowledgement. T h is  p ap e r  w a s  w r itten  w h ile  th e  author w as
visiting the Department o f Mathematics of Nagoya University by a  grant
of the M atsumae International Foundation. H e would like to express his
sincere thank to both institutions and to Professor H. Matsumura whose
effort h ad  m ade th is v isit p o ssib le . M oreover, he is gratefu l to  S. Ikeda
and S. G oto for stimulating discussions on the subject of th is  paper.

2. From M G  to  M.

T his section  d ea ls  w ith  th e  problem o f  getting  inform ations on M
from M G . O ur goal is to  prove the following result:

Theorem  2. 1. Suppose that there ex ists an  integer r  such that

[1-4(M c)]n=0

f or n r —i —1, r —i i f  i =0, ,  d  — 1 ,  an d  f o r n >r — d  if  i=d . T hen a  is
M -standard if  and  only  if  Q  is  M G -standard.

T his resu lt has been  already proven fo r th e  case  a= m , M =A  b y  S.
Goto [4, Theorem 1. 1]. A s  in  [4 ] ,  th e  proof o f Theorem  2. 1 w ill go
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b y  induction on d. I t is  b ased  on the follow ing criterion for standard
ideals.

Let us first introduce some notation. L e t  S  b e  a  generating set for
a. T hen w e call S  a  M -base for a i f  every d  element subset o f S  forms
a system of parameters of M . It should be mentioned that M-bases always
exist by [8 , Lem m a 3].

Lemma 2. 2. Suppose that d > 1 .  T hen a  is  a  M -standard ideal if  and
only  if  there ex ists a  M -base S  f o r a  such that f o r every element cti E S , the
following conditions are satisfied:
(i) R M / a ,M )= I(M ).
(ii) a is  a  M/a 1 M -standard ideal.

Pro o f . B y  [9 , Proposition 3. 2 ], a is M -standard  i f  ond o n ly  i f  there
exists a  M -base S  for a such that every d  element subset a1 , . . . ,  a ,  o f  S
forms a standard system  o f  parameters o f  M .  B y [9 , C o ro lla ry  2 . 4 ],

, ad  is  a standard system of parameters of M  if and only if I (M/ a i M)
(M ) and a2 , .  ,  ad  is a standard system of parameters of M/ a i M . Hence

the statement of Lemma 2. 2 is immediate.

The following results will play an essential role in the proof of Theorem
2. 1.

Lemma 2. 3. L et a be as  in  Theorem 2. 1. Then
( i ) (H i

m  ( M )) (MG)) , i= 0  , d
(i i) I (M )  I (M G )

Pro o f . By [2 , (3 . 7)], w e only need to  show (  i ) .  For that we consider
the exact sequences

( 1) 0 Mit MR - >  M  - - >  0
( 2 ) 0 --->  M  -  1 )  - >  M MG - >  0,

w here M -
R'  denotes the positively graded p a rt o f M R . Then, fro m  (1 )

we get

( 3 ) [1 4  ( M ) ],  [1 4  ( M  R a i i f  n * O , i= 0 , , d+ 1.

From  (2) and the assumption o f Theorem 2. 1 we get

( 4 ) [1 -Pp(Mit)]n+1 [PPP (M R )], is  surjective if n> r i =0, . ,  d +  1,
and injective if n <r— i, i =-0, , d.

Note th a t  [FP, ( MR )] = 0  for a l l  n  sufficiently large, i-= 0 ,... , d +1,
because H i.p(M R )  i s  an a rtin ian  module and th a t [1-Pp (M R )]=0  fo r  all
n  sufficiently sm all, i=0, ,  d , because H ip(M R ) i s  o f fin ite length  [9 ,
Proposition 6. 1]. Then, from  ( 3 ) and ( 4 ) we can deduce that
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( 5 ) (A/) in+i= (MR)]n =0 for max {0, r —i+11, d-1- 1,
and for n< min {0, r —i}, i= 0, . ,  d.

In  particu lar, we have [ 1 4(MR) ]0=- 0 if r +1 1, and [H ip (Mii)]o
=0 i f  0 i m in  { r , d } . P u tt in g  th is  in to  th e  zero-graded part of the
derived local cohomology sequence of ( 1 ) w e can see that

(M )11:, [Hp (MR ) ] oi f  i< min {r, d},
, 

[ 1 4 + 1 ( M ) ] 0  if 1,

and  that there is an  exact sequence

0  — >UPP (M R ) I ( (W I
i f  i = r .  N ow consider th e  derived local cohomology sequence of ( 2 ).
T hen , u s in g  ( 4  ) , (  5  ) , a n d  th e  assumption o f  T heorem  2. 1 , w e can
estimate [Hip (MR )] 0 a n d  [Hip+1 (M - )1 0 a s  follows.
Case i< m in {r, dl : First, we have

Ern (M R )V - -=" [FPP ( 114;i)ii`=" -="' [H IP
[H iP(M nir-j:=" UPP(M R )]r-J-=": [ H ( M )

Since there is an  exact sequence

0 [14  ( M i n [ H i p  ( M R ) ]r l — , [14 0,

we can conclude that

-4 [ 1 4 (M R )]o ) = .eqH ip (M e )]r-J) = (H  (M G ) ) .

Case i = r: W e have

[Hip ( M R )]0=4 LIPP ( W I ,
[H I »  ( M n ] i()=' P (MG) 1-1.

Hence

(UPp (M R)io) +([H 1 (M ) ] 0 ) = 414 (M c)) •

Case i>r: First, w e have

[H 1ip+(AD =70'="" [14+ 1 (MR) I -1 . . . +1[H ip ( M M r- i+1 3
[F P »  (M R )  ] , _ i =

 [ H r '
[ H i p  ( M e ) ] - J - 1 .

Since there is an  exact sequence

0 -->  [H p (M G )]r- i — > [H ipt i  ( M nir-J+1. - - >[H »  ( M R ) ]ri  - - - - > 0,

w e can  conclude that

(A D P  = ( [H  ( M e ) ] - l )  . 0 [ H ip (M e )]- J-1 )
 = ( H

 (M e )).
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Therefore, in  an y  case, w e  a lw a y s  have .6(1-1( M ) ) =- ( H ip(M G )),
0 , . . . ,  d - 1 .  T h e  proof of Lemma 2.3 is now complete.

Corollary 2. 4. L et a  be as in  Theorem 2 . 1 .  Then
(i) H (M G ) is isom orphic to the submodule U of M G  generated by the initial

f orm s of  the elements of H°. (M).
(ii) (M /a 1M ),"' M G / di M G f o r  any  elem ents al E ci such that a i l-P(M )=O
and a, is  p art  o f  a system of  parameters o f  M G.

P ro o f .  Since
-

U= e  (In (m) n criff+a" + 1 M /a 1M)n=0
-= e(Ht(M ) n anM /In (M ) nn=0

w e have

.g(U)= E .e(H1(m) n ccm/1-11(m) n cr+1m) (M )).
n=0

Note that U  may be considered as a submodule of (M G ). T hen, from
th e  fac t .8(.11°.(M ))=.6(H°e (M G) )  o f Lemma 2.3  ( i )  w e  can  d e r iv e  the
statem en t ( i ). T o  see  (ii) w e consider the exact sequence

0 MG (M /M  (M) )G 0.

Since U  is  of finite length, this induces the following one :

0 U In (MG) .H°p (11/1/112, ( ) G) 0.

T herefore, using ( i ) w e can  deduce that H°p((M/ H°.(M)) G)  = 0 .  From
this it fo llow s that al  i s  a  non-zero-divisor o f  (M/11°. (M)) G . Hence

ceN1 : a, a n - sM +  (M)

for a l l  n  0, where s  is  the degree of al  in  A G  (w e set an- s=-A if  if  n<s.
Now we have

[  (
4 /ChM) G] n (a", ai ) M/ (a" + 1 ,  cl1)A1

crM/criffn (cr+1 , al) M
=cCM/an + 1 M -k a1(a'M : al)
= a niw a n+im + a l a n-sm , [ m G/

for all n 0, which then im plies the statement (i i).

L em m a 2 . 5 . L et a  be a s  in  Theorem 2 . 1  an d  d >1 . L e t  a 1 E a\a 2 b e
an elem ent such that al  i s  p art of  a system of parameters o f  M , .  Then

[H ip (MG/ diMG)]n= 0



Generalized Cohen-M acaulay modules 617

f o r  n#r —i —1, r —i i f  i =0, , d —2, a n d  fo r  n>r — d +1 i f  i d -1 .

Pro o f . S ince M G i s  a  generalized Cohen-M acaulay m odule, Om G  : a 1 C

H ( M G) i s  a m odule of fin ite length. From  this it fo llow s that

(M G /Om G  : a 1 ) H '

for i 0. H en ce  fro m  the exact sequence
j 1

0  - - >  MG/Om
G

: a1 —>11'1G MG/ d1MG -----> 0

w e can derive th e  following one :

[H ip (M A  - - >UPp (MG/ diMG)7„ ---> UP» (MG) L-1.

Now, the statem ent can be easily seen from  th e  assumption o f  Theorem
2. 1.

Proof  o f  Theorem 2. 1. ( )  B y [9, Theorem 3. 4], aHpn, (M ) =0. Hence
by Corollary 2. 4 ( i ), Q1-1°P (M G ) =0  because Q may be considered as the
ideal Q of A G  generated  by the in itia l forms of the elements o f a . N o w ,
if  d=1, Q  is  a  MG -standard id e a l b y  [9, Theorem  2.5].  I f  d> I , le t  S
be a  M G -base for Q consiting of elements of degree one (w e m ay assume
that the residue field  of A  is infinite). L e t S  b e  a  M-base f a r  a  such
that S  is  the set o f the in itia l forms of the elements o f  S. L et al  b e  an
arbitrary elem ent of S  and  a, the corresponding element in  S . Then

(M/a,M) G =' MG/diMG

by C oro llary 2. 4 (ii). N ow, by L em m a 2. 3 (ii) a n d  Lemma 2. 5, we
h av e  I ((M /a,M ) G ) = I (M /a ,M ) .  H ence, using Lem m a 2. 2 a n d  Lemma
2. 3 (ii), we can conclude that

I (M G / ci,M G ) =I (M / a,M) = 1( M ) =I (M G ).

M oreover, by induction, w e  m a y  a lso  assum e th a t Q i s  a  (m G /di m G ) -
standard  ideal. H ence Q an d  Q a r e  MG -standard ideals by Lem m a 2. 2.

( ) F ir s t , w e  w ill show th a t a l-11(M) = 0 .  S in ce  [H°p(MG )],, = 0  for
n r —1, r, from Corollary 2.4  (  i )  we can deduce that

(m )m
(M) n cr+1 M=0.

Therefore, since QI-Pp (MG ) =0  by [9, Theorem 3. 4], we can conclude that

(M ) c  H  (M ) n ar+lm= 0.

Now, applying Corollary 2. 4 (i i), w e have

(A4  /a1M )G =' MG/ diMG
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for any elem ent a ,  o f  a  M -base S  fo r  a  a s  a b o v e . Now, using Lemma
2. 2, Lemma 2. 3 (ii), a n d  Lem m a 2. 5 we can show that

/ (M /a,M ) =/ ( (M/aiM)G) =  (M G/diM G) / (M G ) =/ ( M).

Moreover, by induction, we m ay also assume that a  is  a  M/a1M-standard
ideal. Therefore, by Lemma 2. 2, a  is  M -standard . The proof of Theorem
2. 1 is now complete.

3. From MG to  MR.

In  th is section, w e w ill gain informations on M R  fro m  MG under the
assumption of Theorem 1. 1.

F ir s t ,  w e  h a v e  th e  fo llow ing estim atio n  o f th e  lo ca l cohomology
modules of M R :

Proposition 3. 1. L et a  be as in  Theorem 1 . 1 .  Then

( i ) H ( M ) H ( M G ), i = 0 , . . . , d - 1 .
' C )  1 - 1 ( M ) ( n ) if

(i i) (M R)
k

H ( M ) ( n )  i f  r<i_ d ,

where 1-1 ( M )  is considered as a graded module concentrated in  degree zero, and
[14+1 (M R )],, =  0  for

P ro o f .  These statements can be easily seen from the proof of Lemma
2. 3 ( i ). W e  let the reader to  check it.

Although standard ideals can be characterized well by m eans of local
cohomology [9, Theorem  3. 4], one can  not use Proposition 3 . 1  for the
proof of T heorem  1 . 1 . The reason  is that the zero-graded p art o f MR
is  no t of finite length. However, we can go a roundabout way by studying
the associated graded module

M *:=G Q (M R ).

First, it is easily seen  that

n
M * =  0  e  (an M /an+1M )T 1

n=0 i=0

= (anM/an+1M)P = RQ ( MG) •
i= 0  n = i

H ence M *  i s  a  b igraded  module w ith  respect to  th e  graded strutures
inherited from the ones of GQ ( M R ) an d  RQ ( MG) .  We shall refer to them
as the G-graded and R-graded structure, respectively.

L et (M *)+ denote the positively R-graded part of M * . Then we can
construct the following exact sequences of bigraded modules over A *:
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0 ---> (M ) M *  - - >  M G0
0 --->(M*)+(0, — 1) M* GQ (M G ) 0,

where all homomorphisms are of d egree  (0 , 0 ), and MG and GQ  (MG )  are
considered as bigraded modules concentrated in  degrees (0, n) and (n, n) ,

0 ,  respectively. F ro m  th e se  s e q u e n c e s  w e  c a n  e s t im a te  the local
cohomology modules of M * w ith respect to the maximal graded ideal P*
of A * and get the following result:

Lemma 3. 2. L et a b e as  in  T heorem  1. 1. Then

c) (M G ) (0  n) i f
(M* ) =

C) IP» (M G) (0,n) i f  r<i_ d .
y — i+ 2 5 n 5 -1

P r o o f .  S im ila r ly  to  the one of L em m a 2 .3  (1 ) w ith  respect to  the
(G, R )-graded  structure of  M * .  H e n c e  w e  omit it.

Note that MG is considered as a bigraded module concentrated in degrees
(0 , n), n O. T hen  from  L em m a 3 . 2  and the assumption of Theorem 1. 1
one can see that

UPp. (M*)E =- 0

for n # r r— i+1, i = 0 , . . . ,  d ,  where the upper index G  indicates the
G -graded com ponent. H ence, MR is  of the type of m odules considered
in  Theorem 2. 1 if  w e can  show the following

Lemma 3. 3. L et a b e  as  in  T heorem  1 . 1 .  Then

[111, t 1 (m *) ] =0
for n>r — d.

For the proof of Lem m a 3. 3 we shall need the following lemmas:

Lemma 3. 4. L e t a  b e  a s  i n  T h eo r em  I .  I  a n d  d > 1 .  L e t  a ,  b e  an
elem en t of  a\a2 su ch  th a t e t , is  p a r t o f  a sy stem  of  param eters of  Gm . T h e n

[H ip (M/a1M) G) n = 0

f or n#r — i if  i =0, , d —2, and f or n>r — d+1 if  i= d— l.

P r o o f .  S in ce  QIP,(M G ) = 0  (Q  m ay  b e  co n s id e red  a s  th e  positively
graded part of A G ) ,  from  Corollary 2.4 (i ) w e can deduce that  al-1°..(M)
= 0 and hence, by Corollary 2. 4 (ii), that

(M/aiM) G = MG/aiMG.

Now, proceeding as in  the proof of Lem m a 2. 5, we can easily verify the
statement.
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Lemma 3. 5. L et a  be a s  i n  T heorem  1.1 an d  a, be  a n  element a s in
L em m a 3.4. Then there ex ists an  ex a ct sequence o f  bigraded modules

Hy.(M G ) (1, 1) — )1 4 .(M *  /  M * ) — > (( M / ai M )*),

where all homomorphisms a re o f degree (0 , 0) and at denotes th e in itia l f o rm  of
al  in  A *.

Pro o f . Since Go  (M G ) M G a s  a  G -graded m odule, M G  is  of the type
of modules considered i n  T h eo rem  2 . 1 . Note t h a t  al  h a s  d eg ree  one.
T h en  it is  easy  to  see  th a t a,1 1 (M G ) = 0 . T h u s , w e  c an  show, similarly
as  in  th e  proof of C orollary 2 . 4 (ii), that

Qn114G n di M c =  ( Q,nm G: a l) = diQn - 1 MG

for all 1. From this it follows that

[MV ai M*] = Qn MG/ diQ: - 1 MG
=Q"MG/QnMG n di m G

= (Q7, al) MG/ diMG-- =[R 0(M G/diM G)],

where the upper index  R  indicates the R -graded component. Moreover,
according to the proof of Lem m a 3. 4, we have

(M /a 1 M )*=R 0 (M /d,M ) G ) =R 0 (M G /a-
1 M G ).

H ence, there is an  exact sequence of bigraded modules

0 aiM G--> M * /at M* — >(M /a,M )*---> 0,

w here all hom om orphism s a r e  o f  degree (0, 0).  Note th a t  M G  i s  a
generalized Cohen-M acaulay m odule. Then Om G : c  H°p(MG )  is  a module
of fin ite length. H ence

Hdp(ei i M G ) :11f ,(M G /Om G : ei1) ( 1,1 ) HY ,(MG ) (1 ,1 ) ,

w hich together w ith th e  above exact sequence im plies th e  statement of
Lemma 3.5.

Proof  o f  L em m a 3 . 3 . L e t  a , b e  a n  element of a\a 2 s u c h  th a t  al i s
p art o f a  system of parameters of M G .  If d = l, then

dim (M /a,M )* = dim (M /a,M ) R = dim (M /a,M )= 0.

Hence Hip.( (M /a,M )*)  =0. N o w , from the exact sequence o f  Lemma 3.5
and  the assumption on  HI, (M G )  we can easily deduce that

[14.(M * /a,* M *)E =0

for n > r .  If d > l ,  using Lem m a 3. 4 we m ay inductively assume that
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[Hap.( (M / ai M )*)E  = 0

fo r  n > r— d + 1 .  Therefore, from  the exact sequence o f Lemma 3.5 an d
the assumption of Hap(M G )  we can deduce again that

(  1 ) [Hd,*(M* M *)], =0

for n >r — d +1 . Now, we consider the exact sequence

( 2 ) 0 - - ->  M *  /OM * : ---> M * ---> M* /aP M* 0.

S in ce  M G  is  a  generalized Cohen-M acaulay module, th en  so  is  G  M_ ,_ _ Q , •
Hence, by [9 , Proposition 6 . 1 ], M * is also a  generalized Cohen-Macaulay
m odule. From  this it follows that 0A,/ * : ciP cH°p*(M*) is  a m odule of finite
length. H ence

Hdp.(M* /Ow  : Hdp*(M*).

Hence (  2  )  induces th e  following exact sequence

( 3 ) [H1.*(M */aP M *)], -- [ l l a p t i ( M * ) ]_ 1 -->[Hdp1, 1 (M * ) ].

S in ce  M t' (M * )  i s  a n  a r tin ia n  m odule, [HI,V (M *)]G„ = 0  fo r a l l  n  suffi-
ciently  la rg e . Hence, from (1 ) and  (3 ) we can conclude that [111,11 (A P)] G”
= 0  for n >r — d . T he proof of Lemma 3.3 is now complete.

Now, w e can easily derive Theorem  1. I from Theorem 2. 1.

Proof  o f  Theorem 1. 1. By Lemma 3. 2 , w e have

[H'p*( M *)E= 0

f o r  n # r— i  if 0 i r ,  a n d  f o r  n —i+1 i f  r < i _ d .  Together with
Lemma 3 . 3 , th is  show s th a t  M R  is o f type o f m odu les considered in
Theorem 2. 1. M oreover, i f  w e  d en o te  b y  Q *  th e  positively G-graded
part of  A * ,  t h e n  Q *  i s  a  M * -stan d a rd  id e a l  b y  [ 9 ,  Corollary 3. 12].
S in ce  Q * is  ju st the ideal generated  by the in itia l form s o f the elements
of Q  in A * ,  from Theorem 2. 1 we can conclude that Q  i s  a  M R -standard
id e a l .  T he proof of Theorem 1. 1 is now complete.
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