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§ O . Introduction and main results.

In  [4], J. Nash obtained the following estimate ;  if  (a i ,(t, x )) satisfies ai i =
and

(0.1)C 1  J  C  2 a i i ( t ,  x)eiei.c21e12, e=(ei)ERn,
j=1

( t ,  .X )E  [0, 00)x R I  for some constants 0<C 1 <C 3 , th en  the re  ex is t constants 0<
C,<C, depending only on C.,  and C3 such that

1/2
(0.2) C3(n(t—s)) 1 / 2 < . f ( y i

)

2 )  
P(S, X, t, y )d y< C 4 (n(t—s))" 2 ,nn i=1

w here p (s , x, t, y ) is  the  fundamental solution of

a a 
7 t— A =7 t— Viaii7-7(7tI=I at  , a X i  ) •

An importance of the estim ate (0.2) lies in the f a c t  th a t  C3 a n d  C , a re  inde-
pendent of the d im ension n. T h e  purpose o f  this paper is to obtain sim ilar
results for general moments of p (s , x, t, y).

For th is  w e  assume the following conditions on (a i ,(t, x))((a i i )  is not neces-
sarily symmetric).

(0.3) ai,(t, x)e i e; _>_vIel 2f o r  e v e r y  (t, x )c [0, co)x R 4 .

(a o )  is  in  the form ; there exist a symmetric matrix (bi ,(t)) and a m atrix (c i ,(t, x))
such that ai ,(t, x ) =b i j (t)-Fc i ,(t, x),

(0.4) sup bii(t)I -5 2
i j s n  z = 1

and

(0.5) su p  I  c ( t ,  x)I —n , for e v e r y  (t, x) E [0, co) X R 12 .

71,, 

H ere w e assume th a t  the constants A, p, v  are independent of the dimension n.
The assumption b i =b i i  i s  no loss of generality because, if b = —b 4 , th e n  w e
have
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Vi (b i j7 j)= (71bi j)Vj+ b 1 7 1 7 = 0 .
j= 1 z , j= 1 z .  j= 1

Under these assumptions we obtain the following results.

Theorem 1. Let p  and q  be non-negative integers. Then there exist positive
constants C , and C, depending only on A, a , y,  p  and q  such that

(0.6) Cog+1(t—s)(P+012

s) (P+0

fo r  all x E l? n ,O s < t< c o .

In the case of p= 0 and q=1 (or p=1 and q= 0 ), w e have more precisely

Theorem 2. For any  x  R n ,

I x i —  Y i  P(s, x , t, y)dy
(0.7) lim inf R  1 -1  k ( v r e - 3 ) 1 1 2

n -c o  t>s In ( t — s ) " 2
xE R n

Yi x , t, y)dy , ( p + 2 ) ( e + + 2 )

(0.8) firn sup {  R n 6=1

t>s n(t—s)"2xER.

where c  and c+ (c<c+ ) are roots of the equation

ex = ( 2
e
:  ) 1 /2 (a + 2 )(x+ 2 ).

Note that the equation ex= C (x+ 2 ) has just two real roots when e- i <C<00.

Our study of such  estim ates for m om ents is  m o tiv a te d  b y  th e  following
problem  o f  in teracting diffusion processes in  probability  theory. L et L „  be  a
diffusion operator given formally by

L f l = -

1
A +

1
(0.9) E 6(x„—x .„)7 i ,2 2(n-1) i*;

w hich can be rew ritten as
1 1

(0. 10) L n . = A + E  7,H(x„— x,)7,,
22 ( n - 1 )  t, , =1

w here H(t)=(1/2)1(e>01—(1/2)1(3<01. Therefore we can define the diffution process
{X .(t)}=  M V O ,  X ( 0 ) }  w ith  generator L,„ by  th e  fundamental solution of
7/—  L . .  The problem posed by H. P. McKean in  [3 ] is to show the propagation
of chaos for th is  {X .(•)} ; th a t is , fo r a n y  f ix e d  in te g e r  in ,  i f  {X n(- )1  starts
from some identically and independently distribution, then  {YT(.)} = {(Xg.), •-• ,
XT(.))1 converges in C([0, 00)—>R 74 ) to  the in-independent copies of the Burgers
processes. One of the key  steps to  show th is fac t is to  estab lish  the tightness

x, t, y)dy



Parabolic equations in  the divergence form 475

of the marginal processes {Y(•)}`,7= 77,. However this follows immediately from
Theorem 1 i f  w e  observe the symmetry of the process {X n(•)1. Actually in
Theorem 1 setting (p, q)=(3, 0), w e have

E 1X(t)— X(s)11C7n1t— sl3".

This together with symmetry o f  {X„(-) } implies

E {1. X ,L,(t)— X (s)1 81 - C.
7 1t—s: 312

for every 1 i n ,  w hich  assures the tightness o f  {17 (•)} -, „ , .  Although it is
not complete, a partial result for the convergence of {Y,T(.)} a s  n--00 has been
given in  NJ.

The author would like to express his profound gratitude to Profs. S. Watanabe,
S. Kotani and  T . Fujita for their valuable comments and encouragement.

§1 . Preliminary lemmas and notatinos.

In this section we prepare some lemmas and notations which will be used
in the subsequent sec tions. First, we clarify the notion of fundamental solution

of 7 t —A=V t - i, J=1

Definition 1.1. A  measurable function p(s, x, t, y )  is  s a id  to  b e  a  funda-
mental solution of 7,—A if  it satisfies the following conditions :

(i) p(s, x, t, and .f p (s  x  t  y)dy=1.

(ii) Let s O be fixed and ço be a  continuous function on R n w ith compact

support. Set u(t, y)=1. 1 e n p(s, x, t, y)ço(x)dx. Then V 1 7 . /  L 2([ a, b ]xR n ) for all

s<a<b<oo, u(t, y)—T(y) uniformly on R n as t—*s(t>s) and

nuniu74—
a i , 7 , u 7 . 4 } d y d t = 0

i, J =1

for every continuously differentiable function çb(t, y) on (s, 00)x Rn with compact
support.

Lemma 1.1. There exists a u n iq u e  fundam ental so lu tio n  o f  7 ,— A . I t  is
continuous and satisfies

(i) L n p(s, x, t, y)p(t, y , u, z)dy=-p(s, x, u, z)

(ii) c i (t — s) - "")n exp { — C2I x — y I 2 /(t — s)} x , t, y)

. C3 (t— s) - (2 1 2 'nexp {— C4I x — Y l z/(t— s)}

f o r ()_s<t<u<co, x, y , zGRn, where C1, C 2 ,  C 3  an d  C 4  are  positive constants
depending only on 2, v, p and n.
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See Aronson [1], [2] and Nash [4] for the proof.
The next lemma is due to  J . Nash [4 ] and plays an important role in  our

argument.

Lemma 1.2.
/  8   \ /  ((1/2)n)! 

p(s, x , t, y )_-<_(f 7,7.4r(t— s)) -  " 1 2 'n  where f . . =  n ±2  A  1+(l/n) ) •

Since the constants appearing in  Theorem 1 and 2  d o  not depend on the
smoothness of (a 11), in  order to show Theorem 1, we may assume that (a 1 1)  are
smooth a n d  hence th e  strong perivative 7 t p(s, x , t, y )  exists. W e may also
assume (s, x )=(0, 0).

We introduce some notations.

p(O, 0, t, x ),

X p = I x  P f o r  x =( x 1 ) Rn,

X q=(X i )g= Ix ) .

For integers p  and q, w e set

M(p , q)= ,ÇR n X p X q P d x  ,

E(p, q) _ log Pdx  ,

1F(p, q)= E(p, q)— —
2  

nill(p, q) log (f „v7rt) . 0 ,

where f  r,  is the constant defined in Lemma 1.2,

G(p, q)-= . .R 7 , X 1,21013 ( 7 i log P) 2dx ,

H(p, q)= . E n .X,XQP(log P) 2 clx 0 ,

J(p, q)= X P X t  1 7  i P log P Iclx X pXq 1(71 log P) log P I P d x 0 ,
Rn 1.-1 i=1

K(p, q)= .L n XpX qi P  I dx = 171 log P I P d x 0  ,

L(p, 9)--A i n XpX q llog P I Pdx

Also we set
I M(p, q), p>= 0  a n d  q. - 0

M*(p, q)-=
0 ,  p  < 0  o r  q<0,

and similary for E*(p, q), F*(p, q), ••• , L*(p, q).
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Theorem 1  is obviously concerned with th e  estimate o f  M ( p ,  q ) .  In  [4]
N ash estimated M(0, 1) by obtaining inequalities between the moment M(0, 1)
and the entropy E (0 , 0 ). H ere w e w ould like to follow  this idea of Nash by
obtaining similar inequalities among M (p , q ) and E ( p ,  q - 1 ) .  In obtaining these
inequalities, however, there involve the auxiliary quantities F (p ,  q -1 ) ,  G (p ,  q -1 ) ,
• • •  , L (p , q -1 ) ; but these quantities can be managed by the induction on p  and
q. In  th e  subsequent section 2 ,  w e obtain estim ates w hich is necessary to
perform the  induction . Before proceeding, we state some simple properties of
these quantities in  the  following lemma.

Lemma 1.3.

.1(1), q)--(nG (P, q)H (p, q))' 1 2 ,

x (p , q )M (p , q ) 1-12 ,

L(P, 9 )M (P , 0 ) 1 1 2 .

Lemma 1.3 is obtained by the Schwarz inequality immediately.

§:2. Recurrence inequalities among M , E , G, ••• .

Main object of this section is to obtain Lemma 2 .4  a n d  Lemma 2 .5  which
are key lemmas for the induction procedure in section 3.

We denote by I , ( x )  th e  function I(x 1 ) , i=1, 2, ••• , n , x = (x i , ••• , x n )  where
1(t)=1it>0) - 1{t<0,•

Lemma 2 . 1 .  For non-negative integers p  and q  and for any  t,

(2.1) Iv t m (p ,  q )1 < p (p -1 )2 m * (p -2 ,  q ) d - p q 2 M * (p -1 ,  q -1 )

± p n - 1 (p + 2 )K * (p -1 , q ) -F q ( 4a + 2 )K * (p ,  q -1 ) .

Pro o f . We show (2.1) in the case p 2  first. B y  an integration by parts

(2.2) VtM(P, 9)-= V 1(X,Xq)a07,Pdxrani,

=—P.fR n,,i

—qX I 1 X - l a 1 V P d x .
.127,

Since p . 2 ,  ( v i i i )Ix i iP - ' = () in the distribution sense and hence we have

(2.3) X il P - i X q bij7 jPdX 1

P(P - 1 4 I X i1 P - 2 biiX g  PdXFen 1=1

+ p q ) .I i1 x 1 I P - u ) x g - ib i jF d x
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5.p(p-1)2m (p-2, q)d-pq2M(p- 1, q -1 )

Clearly we havle—pR.:±i

(2.4) P-1Xqc071)Pdx 5pnipK(P-1, q)- 

and

(2.5) lqnn -5_,q(p+2)K(P, q-1).

By (2.2)--(2.5), we obtain

(2.6) 17tM(P, 9)I_ P(P - 1)2M(P - 2 , q)d-pq2M(p- 1, q -1 )

-1-pn - iteK (p-1 , q)A-q(p+2)K(p, q-1).

In the case p=o, w e have

(2.7) 17,M(0, q)I= — 7i(nX)aii7;Pdx1
Rn

= I — 4 R n  A nX"I1a1i75Pdx

q — 1) .

Next we consider the case p = i .  Since M(1, q)=12 - 1 M(0, q+1), we obtain by (2.7)

(2.8) 17M(1, q)I <n - '(q+1)(p+2)K(0, q)

-=n -Ap+2)K(0, q)±q(p4-2)K(1, q-1)

By (2.6) , , , (2.8), we obtain (2.1).

Lemma 2.2. Let p  and q be non-negative integers. Then, for 0<t<co,

(2.9) G(P, q)57,E(P, q)+P(P —1)2 E*(p-2, q)1±pq2L*(p-1, q-1)

+-AnIlog (f i i vrt)I m*(p-2, q)-1-p(2±p)n - IK*(p-1, q)

-Fp(2± du)n - 7*(p-1, q)±q(2-P da)K*(P, q-1)

+ q (2+ p )n i/2(H*(p,  q _ i)G*(p, q 4 ) ) " 2 .

P ro o f . In the case we have

(2.10) 7,E(p, q )= J  X ,X q (l+ lo g  P )7 t Pdx
Rn

i n X pX g  (77 i log P)(7 ;  log P)a i i  P dx

+p).  R . x i  P ' X g ai;(7./P)(1 -flog P)dx

±q I i X,,Xq - 1  ai ; (7 J P)(1± log P)dx
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First we shall estimate the second term on the right hand side of (2 .10). Since

(7,P)(1+ log P)-=7,(P log P)
and

(Viii) I xi I P-1 =0
we have

(2.11) p  R . j P ) ( 1 +  log P)dx1

-=1 — P(P —1) R . :il l X i1 P - 2 X q b i iP  log Pdx

tilxi1P - i IiXg - '60P log Pdx- gn i j

p ( p - 1 ) xi1P-2xgbiiP(— log PH- --12 n log (f oirrt))dxRn i=i

n log (fnvrt)

—Pq,L n t i 1 x 1 p - i i i x , i b i j p  log Pdx

- P(P — 1 )2 I E(P 01+P(P —1)2n I log (f nvrt) M(P —2, q)

here we
we have

(2.12)

By (2.11)

(2.13)

Next
We have

(2.14)

and

(2.15)

4-pq2L(p- 1, q -1 ),

used —log PH-(1/2) Iog(f n virt) 0, follow ed from  Lem m a 1.2. Clearly

p log P)dx1
Rn

q)+Aan-JK(p— 1, q).

and (2.12), we obtain

' Rn  j
I i  x 1 1P- 'Xqu i ; (7 i P)(1+ log P)dx

- P(P — 1 )2 1 E(P 01+ P(P -1 )2n1  log (f .v r t ) M(P —2, q)

d-pq2L(p- 1, q-1)± ppn - 1 ,1(p —1, q)-Eppn'K(p— 1, q).

we shall estimate th e  th ird  te rm  o n  th e  right-hand side o f  (2.10).

I 1X p Xg - 1 a0 (7 ; 13 ) log Pdx
Rn j

q(2H-tt)J(p, q— q(2-{-14(nH(p, q-1))1t2

IqLi n I i X p Xq - la i ,7 ; Pdx1q(2-1-p)K(1), q-1).
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Hence we obtain

(2.16) a1(1-1- log P)7 .,P dxl

p)(nH(p, g—i)G(p, g-1)) 2 -kg(2+,u)K(p, q -1 ) .

Using (2.10), (2.13) and (2.16) and noticing

.X.„Xq (7  log P)(7, log P)a,.,Pdx?:_vG(p, g)
Em j j

we can conclude (2.9) for p_>.2. In the case p=0, (2.9) is clear, and when p=i,
the similar device as in  the proof of Lemma 2.1 yields (2.7).

T o show the fo llow ing , it is  no t necessary  tha t P  i s  a  solution of the
parabolic equation.

Lemma 2 .3 .  For non-negative integers p and g and any t, 0<t <00, we have

(2.17) H(p, 05411/Ap, q+ 2)+ G n 2 (log (f„v7t)) 2 +1)m (p, q)

+6e - 'n 2 (p+g+1 )!.
Pro o f . Let

f a (x)=x(log x) 2 — ax, a> —1.
Then

max f (x )=  f„(exp(-1— (1+ a ) 1 " ) )

Therefore, if 0 < P e - 1 . w e have

(2.18) f a(P)-2(1-F(1-Fa) 1 ")exP ( - 1— (1 - Ea)" 2 ).

Putting a=4.X 2 - 1  and multiplying both sides o f (2.18) by X ,X q, we then inte
grate them over {x : P<e - 1 } . Then we obtain

X,XqP(log P) 2X , X g + 2 P  d x  d l *X , X g P d x
P<e— 1P < e —  1P < e  1

. 2e j X „X g e - 2 1 1  d x + 4 e - 1 . X  Xg+le-2x, dx
p<e - p<e — I  P

6e - 1 ng+ 2 (p +g+1) ! .

Hence

(2.19)
P<e— i

X,XqP(log P) 2 dx g+2)+6e-im2+2(p±q+1)!.

Clearly we have

(2.20) XpXgP(log P) 2 dx5M(p, g).
e- I s P < 1

On the other hand by Lemma 1.2 we have
1(2.21) X,XqP(log P) 2 d x  T n2m(p, q)(log (f n vrt)) 2 .

15P
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Combining (2.19), (2.20) and (2.21), we obtain Lemma 2.3.

Set

g , , p (p -1 )2m *(p -2 , q)d-pq2/1/*(p-1, q-1 )+pn - '(2+p)K*(p-1, q),

g 2=9(2+ p)(v - I nM*(P, 9 - 1))'" ,

3-=P)P — 1)2 I E*(P — 2, q—l) I+2nllog(f 7,2)2r0I m *(p —2, q-1 )

+p(2+1.1)n - W *(p-1 , q-1 )+p(q-1 )2L,*(p -1 , q-2 )

-Hp(24-1)n - T (p  —1, q-1)+(q-1)(2+p)K*(p, q — 2) ,

g 4 =-- (q-1)(2+11)(nG*(p, q-2))" 2 ,

g 6= (1 n 2 (log (f onrt)) 2 + i)m*(p, q-2)+6e - ing(p+q-1)!.

Then by means o f the  previous three lem m as a n d  Lemma 1.3, we conclude
the following.

Lemma 2.4. For non-negative integers p  and q and for any  t(0<t<00),

(2.22) 17eNAP, 9)1 5g 1 +9",(77t E(p, q - 1)+9- 3+ff 4 (4M(p, q)+g 5)1 / 2 ) 1/2

Next we obtain an  estimate on M(p, q) from below as Lemma 2.5. It should
be remarked that only the following three properties o f P will be used:

P(t, x) dx=1  a n d  P(t, x):5(f n urt) - (" 2 ) n.
JR

Lmma 2.5. For non-negative integer p  and q,

( i )  C i nl+lexp{(E(p, q-1)—nqn--1)/((n+p+q-1)mp,  q - 1))} M(p, q),

where Ci  i s  a positive constant depending only on p  and q,
.. 1( 11 ) e -1 (n + p + q  1 )M (p ,  q _1)0/2((f . v r )-(1/2)nh(p ,  q _1))-1/(n+P+q-1)

2
exp {(F(p, q-1)—t(P+q - 1 " 2)1((n+p+q-1)M(p, q - 1))1 M(P, 9),

w here  h (p , q -1 )= -L , X,Xq - le - 2 x1dx ,

(iii) C2 nM(p, q-1)t" 2 exp {—t ( P+q- ' ) 1 2 1((n q-1))1 5M(p, q),

where C, is a positive constant depending only on p, q and v.

Pro o f . For any fixed a  w e have

min Ix log x-Faxl=—e - a- '..r>0
Hence

Xp Xq - 1  P  log P+ P I  — X,Xq - 1  e-  a- 1  .

Letting a=fiX i -÷y, where fi and y are constants, and integrating by Lebesgue
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measure, we obtain

(2.23) -E (p ,  g--1)--F pm p , 0 + 7 m (p , g -1 )

X p X 2 - 1 e- gi1 dx
Rn

= — C 1 -1 (2113) n + P + q - 1 h (P, g -1 ).

Here we choose p  and r such that

IS= ng+1 1M(p, g )  a n d  e- 7 - 1 (21/3)n+P+2 - lh (p , g-1 )=1.

Then by (2.23), we obtain

(2.24) m(p, g-1)—ng+1-1

and

(2.25) er=e-1(2M(p, g)n - (0 - 1 ) ) 1" - P+g- lh (p , g-1 ).

Combining (2.24) and (2.25) we obtain

(2.26) exp {E(p, q - 1)—n -1 )1 ((n+p+q— i)M (p , q -1 )))

< ( e - lh (p ,  q -1))1/(n+p+q-1)2m(p , o n -(q+i)

Since inf (h (p , g -1 )) 1 1 ( n+P+2 - 1 )>O, (2 .26) implies (i).
To show (ii), we choose ,9 and r in  (2.23) such that

13, (n±pd-g— i)mp,  q —l)/M(p, g)
and

cr-1(2113)n+P+"h(P, g-1)=0P+g - 1 ) " .
Then we have

(2.27) er=e - 1 (2M(p, g)1((n+p-Fg—i)M(p, g-1)))n+P+g - 1 12(P, g—l)t - ( 1 1 2 ) ( P+2 - 1 )

and

(2.28) TM(p, q-1)_>_E(p, g - 1 )— (n+P+q - 1)M(P, q - 1) — t(n+q - m 2

1= F (p , g -1 )-q - y n log (f ,i vrt)— (nd-pd-q— Omp, g-1)

_t(p+q-1)12

Combining (2.27) and (2.28) we obtain

exp( {(F(p, q-1)—t(p+q-1)12)1M(P, 4 - 1» +  n  log (f nv7rt)— (n- F P -F q —1))

- e- 1 (2M(p, g)I((n+p+g—i)M(p, g-1))n+P+q - lh(P, g—l)t - " 1 2 )(P+2 - 1 ).

Therefore

(2.29) e-i(f 0n/2(n+p+2-,) e x p  F ( p ,  g-1)—t( 9 +2 - 1 ) 1 2

(n+P-Fg-1 )M (p , g -1 )

< h(p , g -1 ) 2 1 ( n+P+q- 1 ) 2111(p, g)1((n+p-Fg-1)tAp, g-1)012),
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which yields ( i i ) .  Since lim f n =41e, sup (h(P, 4- 1)) 1 / ( " P " - n < 0 0  and F (p , q-1)
n -00 7121

(iii) follows from (2.29) immediately.

§ 3. The proof o f  Theorems.

In this section we shall complete the proof o f  Theorem 1  a n d  2  given in
Introduction. First, we shall obtain estimates of M(0, 1), E(0, 0) and G(0, 0).

Proposition 3.1.
(i) (yr e -  3 ) 1 " et -  . 1im i1r> 1  {M(0, 1)/(n 2 t 2)},

lim sup IM(0, 1)/(n 2t1 1 2 )}..<_(//-1-2)(c++2)(20 1 1 2 ,
t > o

where c-  an d  c+ are the constants defined in  Theorem 2. There exist positive con-
stants C1 , C 2  and C, depending only on 2, p and y, such that

(ii) lim sup T(73E(0, 0)) 1 " ds/t" 2 n} 5
n-•cro t>0 0

(iii) lim sup {ç G(0, 0) 1 /2 dslt 1 2 n} C2 ,
t> 0 0

(iv) lim Ç1E(0, 0)1 ds/n 2 ,<C3 ,
0

P ro o f. We are choosing a  non-Euclidean metric, hence we have to modify
the argument of J. Nash [ 4 ] .  By Lemma 2.4,

(3.1) 171M(0. 1)1 5_Y- ( " 2 ) (p+2)n(7,E(0, 0 ) ) " 2

5.1) - ( " 2 ) (p+2)n(71F(0, 0)+n 2 /20 1 1 2 .

It should be remarked that 7 2E (0 , 0 )_ 0 . Here we used the definition of F and
M (0 , 0 )= n . since lim M(0, 1)=0, we have

(3.2) M(0, 1) y- " 1 2 ) (p+2)n .Ç:(73 F(0, 0)+n 2 /2s) 2 ds

(1 /21 (p+2)n .f:{((2s) 1/2/2n)73F(0, 0)±n/(2s) 1 1 2 1ds

1 1 1 )(p+2)n {((20 1 1 2 /2n)F(0, 0)- -En(20 1 1 2 1.

Here we used the fact F 0  and the following inequality (a+b) 1 1 2 1(2b" 2)-1-b" 2

for b>0 and a + b > 0 . By (ii) of Lemma 2.5,

(3.3)
1  

e -1 ( f  v r )1/2 n -l/n e F(0,0)/n 2 e - i i , 2 ‹ M(0, 1)/(n 2 t 2)2 "

Combining (3.2) and (3.3), we obtain

(3.4) _2_1 e -i-n-2(f n v 7 01/2n -itn e F(0,0),,,2

1)/(n2t"2)
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5(1i+2)(224 - " 1 2 ) ((F(0, 0)/n 2 )+2)

1Since 
. 1 - n - 2 ( f  V i r ) 1 1 2 n - 1 l n = ( , 7 r e - 3 )

1 1 2 ,  we obtain
n—co 2

(y re - 3 )1 1 2 exp {Um inf F(0, 0)/n 2 }
t> 0

<(p+2)(2) - 1 1 2 )(lim inf {F(0, 0)/n 2 } +2)
Th -.o  t  >0

which implies

(3.5) inf F(0, 0)/71 2 .c+

and similary w e have

(3.6) c- . 1im sup F(0, 0)/n 2 c+.
t >0

By (3.4), (3.5) and (3.6), we obtain (i). Since (3.1) and (3.2) imply

L(78E(0, OW" 2(2t):2 F(0, 0)±n(20 1 /2 ,

we obtain (ii). ( i i i )  follows from Lemma 2 .2  a n d  (ii). B y  th e  definition of
F(0, 0), w e have

1(3.7) I E(0, 0)15.F(0, 0)+ —
2

n2 I log (f  n inct)I.

By (3.6), (3.7) and lim f „=-41e , we obtain (iv).
n -•oo

Now Theorem 2 is a  consequence of ( i )  of Proposition 3.1. Next we shall
proceed to the proof of Theorem 1 through showing one proposition.

Proposition 3 .2 .  Let p  and q  be non-negative in t g e rs .  Then

(i) M (p, q) C4 n v - it , P+0 1 2 , 0 <t <00 ,

(ii)
.105,7,-,8-1)121 E * (p , q -1 )I d s C5 lq+1 ,

(iii) Yo(G*(P, q - 1)) 1 ' 2  d s_ C 6 n(q+1 )1 2 ,

(iv) 1°11*(p, q-2) ds C7 ng+' ,

( v ) K * (p , q -1 )d s C o 8 +1 ,

where C4 , ••• C g  are positive constants depending only on 2, p , y , p  and 9.
P roo f. We first remark that it is sufficient to show

sup M (P, 9)-5C40 + 1

0<051

in  order to prove (i). For 21E = ± 7,a„(t1s 2 , x l$ )7 1 also satisfies the conditions

(0.3), (0.4) and (0.5) w ith the same 2, p  and y , and C , does not depend on the
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smoothness of the coefficients. Hence ( i) and ( i ) '  are  equivalent.
In  th e  fo llow ing C . a lw ays denote  poitive constants depending only on 2,

y, p and q.
W e introduce the following order —> on  the  se t {(p, q): :

(Y , 9 ')
if and only if

P - 1- 9 < P '± 9 '
or

p + q = p 1 H -q ' a n d  p<p'.

W e shall show Proposition 3.2 b y  induction on (p, g ) w ith  respect to this order.
If  (p, q)=-(0, 0), then, every  estim ate  is trivial. I n  t h e  c a s e  (p, q)=(0, 1),

(iv) is c lear and the other statements follow from Proposition 3.1 and Lemma 1.3.
Choose (p, q )  and assum e t h a t  th e  statem ents ( i )-• •(v) have been already

proven up to (p, q). T h en  w e  have to  show  a l l  th e  sta tem en ts a lso  fo r  this
(p, q). F irs t w e  co n sid e r  the case q = 0 . In th is  case ( i i ) .  • (v ) a re  tr iv ia l. To
prove ( i), w e use Lem m a 2.4; since 9' 2 =0, w e have

g i =p(p-1)m *(p-2, 0)+p(2+p)n - 1 K*(p —1, 0).

Since (p -2 , 0)—>(p, 0) and (p-1, 1)-qp, 0), the hypothesis of the induction implies

ol g i d s
C 9 n

Therefore, noting lirn m p, 0)=0, w e havet-0

M(P, 0)54:17 tIll(P, 0)1 ds

which proves (i)'.
Secondly we consider the case q 1 a n d  (p, q)# (0, 1). B y  th e  hypothesis

of the induction and Lemma 1.3, w e have

(3.8) ds Cionq' ,

(3.9) 9.2 1t( 1 1 4 )  ( P+ g n (
1 /2 )  ( q+" 0  t <oc

(3.10) Yos(112)(2)+q-1)n`q+1)(g0-Fg4(4M(P, g)+9' ds

_ C„n 2 ( 2 +1 )s u p  M (P , q )) ' ,0<2,1

here w e used pd-q. -2. Com bining (3.8)--, (3.10) w ith  L em m a  2.4 a n d  noting
lim M (p, q )=0 , we obtain

(3.11) M(P, 9)5C100+ 1 +-C14(01 "s (1 ) ( P+q 1 )- 7,E(p, q-1) ds: 

+Ci5n"q+ 1) +C i 6 n3( q+1)12 ( sup M ( p 7 q ))1/2)1/2 7

0<151

for 0 < t 1 .  Now,



486 Hirofumi Osada

yo s(P+q - 1 )127 4 E(p, q-1) ds

1
= [s (1)+0 - 1 ) 1 2 E(p, q-1)s(13+")12 ds ,

Jo

1By Lemma 1.1. and —
2  

(p+q-1 )>O , we see

lim t ( P+ 0 - 1 ) / 2 E(P, q -1 )= 0 .

Moreover we have by Lem m a 1.2 and the hypothesis of the induction
1

E (p , q-1 )._ —
2  

n M (p , q -1 ) log ( f iz vrt) . —C, 7 12g+1,

Hence

(3.12) sup ,Ç s ( P+q- 1 ) 1 2 7,E(p, q-1) dsJO

sup (VP+ 0 - 1 ) /2 (E (P, 9-1)+C 1 7 0+)—t ( P"- 0 - 1 ) /2C1 7 0÷ -

0<t1
1)/2C 1 7 0-1-1)

.5 s u p  (E(P, q-1)-1-C 1 7 0+ 1)0<es1

sup (E (p , q - 1 ) - 0 + 1 -1)-1-C„ng+'.
0<t1

B y (3.11) and (3.12), we obtain

(3.13) sup ./I/EP, 9).- Ciong -F i +C14(0 4.1 sup (E (P , g -1 )—  0 + 1 - 1 )0.<041.

H - C 1 9 n 2 ( q + n
)112±c20noco+1)14( su p M (p ,  q ))1/4 .

To prove ( i ) '  and (ii), we divide the situation into two cases. First suppose
sup (E (p , q-1 )—  0 4 1 - 1 ) .5 0 .  T hen (3.13) gives0<w

sup m o ,  qv nq+1 5C21+C20( sup m(p, q )/To+i) 1
12,

0<041 0<t51

which yields (i)'. Lemma 1.3. combined with E (p , q -1 )r tg + 1 + 1  implies

1E(P, 9 - 1 )1 5 0 + 1 +1-14  n Af(p, q-1)1log(f onrt)1,

w h ich  show s (ii). O n  th e  other hand  w hen sup  (E (p , q -1 )-7 0 -" -1 )> O ,  weo<141
have b y  ( i )  of Lemma 2.5 a n d  sup m (p , q -1 )(n - f -P -E q -1 ) C2272q+' (this comes

0.<041
from  the hypothesis of the induction),

(3.14) C2072q+1exp ( sup (E (p , q - 1 ) - 0 + 1 -1 )/ (0 + 1 C22))5 sup M(p, q)
0<11 - 0<t41

B y (3.13) and (3.14), we obtain

(3.15) C23 exp ( sup (E (P  q-1)—  710 + 1 - 1)/(11 q - 1 C22))
o<041

f o r  0 < t 1
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sup m(p, q )/ n '
0<251

' C„H- C14(0s<INi (E(p, q - 1) - 0 + 1 - 1)111' 1 H- C19)1 "

+C 2 0 ( sup m p, q)Ing+1)' 14

0<t z1

However, it is easy to conclude from  the  inequality

C23 exp (y1C 2 2 )< x _ C 1 0 d-C 1 4 (y +C 1 9 ) 1/2 - C2OXI "{  

o y

th a t  x  C z _i a n d  y__C 2 5 . Hence we obtain

(3.16) sup M(P, 9).C24,0<egl

(3.17) sup (E(p, q-1)— n 0 +1 - 1 ) _ C 2 5 n 0 +1 .

(3.16) implies ( i)'. (3 .1 7 ) together w ith Lem m a 1.2. gives (ii).
A s fo r the  proof o f  (iii) ,--(v) we proceed a s  fo llo w s . ( iv )  i s  a n  immediate

consequence o f Lemma 2.3 an d  ( i ). ( i i i )  follows from Lemma 2.2, (ii) and (iv).
Since Kr(p, q - 1 ) ( n G ( p ,  q - 1 ) ) 1 1 0 ,  w e obtain (v ) from  (iii). N ow  the
proof of Proposition 3.2 is complete.

The final step of the proof  o f Theorem 1.
In  the  statem ent o f Theorem  1, the  estim ate  from  above can  be  obta ined

by applying Proposition 3.2. T h e  lower estimate is shown without any difficulty
by using (iii) of Lemma 2.5 inductively. There readers should remark inequalities
nm(p, --1)>=Ai(p-1, 0) fo r  p=i, 2, ••• .

Remark 1. In  the  case  p=0, Theorem 1 can  be  obta ined  under a  weaker
assumption (0.6)' o r  (0.6)" :

(0.6)' sup
1 j Th 1=1

(0.6)"
3 c u e i l l i  ;5/11E11721, for any C = ( i ) ,  ll = ( 7 D E R .

n

Remark 2. Theorem  1  is  ob ta inab le  f o r  a  s lig h t m o re  genera l c lass of
parabolic equations ; let

B = V i a u ( t ,  x ) 7 H - i  ( i V i d u ( t, x ))7 ii, J=1 i=1 J=1

w here (a u )  satisfies th e  sam e conditions as in Section 0 and  (d u )  satisfies

i»  x ) I  2 1 n
and

du(t, x )7 i 7AD(x) dx=0 for a n y  ça E g ,(R ").
E n  j = 1

Then there exists a  fundamental solution satisfying Theorem  1. S e e  [ 5 ]  for
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the precise meaning o f a  fundamental solution and its  existence.
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