
J. Math. Kyoto Univ. (JMKYAZ)
25-3 (1985) 459-472

A  necessary condition for H--wellposedness of
the Cauchy problem for linear partial

differential operators o f Schriidinger type

(Schr6dinger equations and  generalizations, IV)

Dedicated to Professor SIGERU MIZOHATA on the occasion
of his sixtieth birthday

By

Jiro TAKEUCHI

(Communicated by Prof. S. Mizohata, May 22, 1984)

Introduction.

Consider a partial differential operator of Schrlidinger type :

(1) P(x , Ds , D t)=D t+ (DJ —  (1,(x)) 2 + c ( x ) ,  ( x , Rn X ,.) =1.

where a(x ) , c (x )  are complex-valued functions in  ..qr(Rn).

1  a a 
sD t = = —  D  = ( D i ,  • • •  Du), Di= •  nat' z  ox ; —

We are concerned with the Cauchy problem for P (x , Ds , D t ) both for the future
and for the past in H'°-space:

J
 P ( x ,  Ds , D t ) u ( x ,  t ) = f ( x ,  t )  i n  Rn x  [ —T, T ],

1 u(x, 0)=14 0 (x ).

Recently, W . Ichinose [4] has given a necessary condition (*) for the Cauchy
problem (2) to be I-I- -wellposed :

There exist constants M  and N  such that{

To prove this result, he used localization in phase space along the  classical
trajectories for Hamiltonian I V . H is  m e th o d  is  an  ex tension  o f the  method
developed by Mizohata [7] for hyperbolic equations.

In  th is  paper, using asymptotic solutions, we shall give another proof of
this result for higher order operators "of Schrtidinger type" w ith distinct chara-
cteristic roots.

(2)

(*) sup
( x ,w ) e R n x s n - i

n
E Im  a,(x-Few)o) dO0 .J=1

-. M log(l+p)+N for
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§ 1 .  Statement of the results.

Consider a  linear partial differential operator

(1.1) P(x, t, Ds , D t ) =Dr-Fa i (x,t, Ds)DP - 1 + ••• +am(x, t, Dx),

where

(1.2) a,(x, t, D s )=
l a i  2 j

aa f (x, t) ..qr ( R n X R 1 ).

We are concerned with the Cauchy problem fo r  P(x, t, Ds , D t ) both  for the
future and for the past in  1-1w-space:

P(x, t, Ds , D t )u (x , t )=  f(x , t ) i n  RnX [ - T ,  1 ],
(1.3) 1 D.It u(x, 0)=u,(x),

W e say that the operator P(x, t, Ds , D t )  is  "of Schrbdinger type" if the Cauchy
problem (1.3) f o r  P(x, t, Ds , D t ) i s  wellposed both for the future and for the
past in  appropriate function space. (cf. Takeuchi [12], [13].)

The first assumption is the following :

Condition (A.1). aa i (x, t)=a a ;  (constant) for la l = 2 j, 1 .j n.

Denote the principal symbol of a i (x , t, Ds )  by a ( C) a n d  th e  homogeneous part
o f  a,(x, t, $) of degree 2 j—k by a"(x, t, $), e.,

(1.4) a3(e)=,,, j acrie", t, $)= ka a j(X  t )e a

(1: k - 2j,

(If k > 2 j, w e assume tha t al(x, t, $) is identically zero.)
Denote the principal symbol of P(x, t, Ds , D t )  a s  2-evolution in  th e  sense

of Petrowski by P2.(e, 7 ):

(1.5) 7)=-7m+a?(e)7'14- •••

Put

(1.6) ./32„, ( x ,  t, $, t, e)rm- i+ ••• + a ( x ,  t, $), (1.• k.<2m),

and
P2 „,(x, t, e, 7)=P2.(e, 7).

The second assumption is as follows:

Condition (A.2). T he roots o f P2m(e, r)=0 are r ea l, distinct for EERn\ {0} ,
i .e .,

(1.7) P2m.(e, r)= ñ(7 -2(C)),k i ( e ) * 2 k ( e ) , (1# k, $#0).
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Remark 1 . 1 .  2,(e) is homogeneous o f  degree 2  in P2.-k (x, t, e, r )  is
quasi-homogenous of weight (1, 2), i. e.,

Pz n i _k (x, t, pe, p 2 r)= p 2 m- k P2 „ ,(x , t , e , r ), f o r  pER '

Remark 1 .2 .  It is necessary for the Cauchy problem (1.3) to be I-I- -wellposed
that the roots 2,(e)(1_ j_ m) are real for eE Rn. (cf. Petrowski [11], Mizohata
[7]. )

The third and main condition is  the following.

Condition (A .3 ). There exist constants M  and N  such that

(1.8) sup .Y°IM P2 1 (x  s (7 $ 2; )(w), 0, w, 2i (o)))ds

log (1+1 pi)d-N, f o r  pE Ri

Our results are as follows.

Theorem 1. Under the assumptions (A.1) and (A .2), it is necessary  for the
Cauchy problem (1.3) to be H - -wellposed that the condition (A.3) holds.

Corollary 1. Under the assumptions (A.1) and (A .2), it is necessary for the
Cauchy problem (1.3) to be H 3 -wellposed that the condition (A.3) with M=0 holds.
(cf. Takeuchi [ 1 3 ] .  See also M izohata [8], [ 9 ], I c h i n o s e  [ 4 ] ,  Takeuchi
[14] ,  [15].)

Corollary 2 .  Assume the conditions (A.1) and (A .2 ). Moreover, assume that
one of the roots o f p2 7 ,(e, 7)=0 is identically zero. Then, it is necessary  for the
Cauchy problem (1.3) to be H - -wellposed that Ima a ,„,(x, 0)-- 0  al = 2m -1) holds.
(cf. Ichinose [4].)

Remark 1 .3 .  W e shall prove this theorem by constructing th e  asymptotic
solutions. (cf. Birkhoff [1], Leray [5], Maslov [6], M izohata [8].)

§  2 . Asymptotic solutions.

For simplicity, we put

(2.1) 2(e))Q(e, r), Q(E, 2(e))#0, (e 0),

and pt=s where p is a  real parameter, so that D t=pD s. We define the phase
function ço(x, s, to) by

(2.2) ço(x, s, co)=cox-E2((o)s, ,

so that ço(x, s, (o ) satisfies P „ ,( aç° )  0 W e construct th e  asymptoticax as =
a 

solutions of the following form :

(2.3) u(x, t, w)=eitwx-" ) v(x, s, co), (s=pt).
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Applying P(x , t , D s , D t )  to  u (x , t , w ), w e have

(2.4) e-i w w ) P ( x , sip, D s , pD 3 )(e 1 N' ( x. 3 '' ) v(x , s, w ))

= p 2 1nr- iM i (x , s , D s , D 8)v (x , s, co)

-Pp 2 I 2 M 2(x , s, D s , D s )v (x , s, co)

H- M 2m (x , s, Dx , D s )v (x , s, co).

Here Mr (x, s , D s , D 3)  is a  differential operator of order r:

(2.5) M r(x , s, D x , Ds)
sh
, P2V 2k+iali-1-vh, a (0,h)(x, 0, w, 2(w))13 D's,

where

(2.6) P 2 , h ) ( x ,  O, w, 2(w))

=  aae) a ( aar  ) 1( aax : t ) h P M - k ( X  t 7 )  ( (O, w, 2 (0,)

Especially, M ,(x , s , D s , DO and M 2 (x , s , D s , D 3)  have the following forms:

(2.7), Mi(x, s , D s , = P 2T,'"(6), 2(0)))D 8

+  E  Pg,' ° ) (w, 2(w))E4d - P2m -i(x , 0, w, 2(w))
1(11=1

= Q (0) ,  2(w))[D3 — (7 $2)(w) • D - P2.-1(x , O, w, 2(w)) ,

(2.7) 2M 2 ( X ,  s , D s , DO

1 
=  E , P 2 ' 1 ) (w, 2(co))frID's

I a 1+1=2 a  1

E  ral+1=1 a  I

P,(4,_12(x, 0, co, 2(co))1:4Dis: 

±sP27,1(0.1)(x , 0, co, 2(w ))+P2.-2(x , 0, w , 2(w )).

We pu t v(x , s, co)-= E s, w ) .  Then we have
J =0

(2.8) e - iP o x '" ) P ( x , sip, D s , pD s )(e i P o x ." ) v(x , s, w ))

=,0 2 7 ' 1 M 1(x , s, px , Ds)vo(x , s,

+ p 2 m -2  { M i(X , s , D s , D s )v i (x , s, co)+M 2 (x , s , Ds, D3)v0(x, s, w)}

+ p  2 M  - 1- N {MIV N±M2V N  -1+  ± M27,1VN+1-2 7n1

p  2 7a 2  { M 2 ) )  N  M 3V  N - 1 +  •  •  +  M2 in V N 2 - 2 7,1,

+ p  2 M - 3-N WO) N +  11/1414  -1+ M 2m14 -1- 3 - 210
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We solve the transport equations:

M i(x, s, Dx, D s )v o (x , s, w)=0,
(2.9) 0 tvo(x, 0, co)=g o (x),
and

M i(x , s, Dx, Ds)v ,(x , s, w )+M 2v1-1± ••• ±M , +1 v 0 =0 ,
(2.9),

v,(x, 0, w)=0,

where M k (x, s, Dx , D8 ) 0  i f  k > 2 m . Put

(2.10) v,(x, s,co)=elsb ( x, s, w) w,(x, s, w), (O_ N )•

From (2.9) 0 ,  w e have

(2.11) sb(x, s, co)=1 : P 2 ._ 1 (x ± s '(7 v 1)(w), 0, co, 2(w))ds'IQ(co, 2(o))) ,

and

(2.12) wo(x, s, w)=g0(x+s(7$2)(0)))•

Lemma 2.1 . 0(x , s, 0)) and w o (x , s, co) have the following properties:

(2.13) sb(x+s/(742)(co), s— s', w )=0(x , s, w )-0(x , s ', co),

(2.14) w0(x+s'(7e2)((o), s— s', a))=w 0 (x , s, w ).

Pro o f . Obvious.
Substituting (2.10) into (2.9),, w e have

Q(co, 2(w))CD8—(742)(0))•Dx]w ) (x, s, w)

± e- ' 0 (x. 8 M 2 (x , s, D x , D 3 ) e1 s ,  co)

(2.15), ±••• •••

± e- 1 •0 ( s. 3 'M, + ,(x, s , D ., Ds)OL ' w o (x , s,

w ,(x , 0, w)=. 0.

Lemma 2 .2 . The solution of the equation

(   a' sa  ax ') w ( x ,  s)=g(x , s),f (aER n),

[ w (x , 0)=0

is given by

w (x , s)= .Ç og (x ± s 'a, s— s')d s '.
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Pro o f . Obvious.
Using Lemma 2.2, we can prove

Lemma 2.3. The solution of (2.15) ;  has the following form:

(2.16) ;  t y , ( x ,  s, co)-=e - i sh ( "1 1 7 1 ,(x , s , D ., D 8)e 2 0 ( " , w) w 5 (x , s,

where

(2.17) ; A ( x ,  s ,  D ., D 8)= [ Q ( 0 ) ,  2 ( 0 ) ) ) a d s , L d s , • • 1 2 ds i

X e i 0 ( "Pw ) 1112(x +s,(7E2)(w ), s— si, D ., N e x ' ' . f . w )

X e z 0 " i - 1 .w) .11/12(x+si_ 1(7E2)(a)), s — s,-1, D ., Ds)e - i " i - 1 . ° )

X  ...........  X

X e1 0 ( x 5 , ' ) M2(x+s1(V E2)(w), s— s1, D ., D s )e - i 0 ( x• 8 1•W)

+(lower order terms).

P ro o f .  For simplicity, we omit the variable w o f  functions 0 (x , s , (o )  and
w o (x , s , co) in the proof. It follows from (2.15) 1 that

as( 7 i2) (w )  aax iw i(x ' s )

C1(0), 2(w))
e - i 0 ( " 1 1 2 (x , s , D ., D s )eio ( x "- w o (x , s).

By Lemma 2.2, w e have

W i ( X ,  . S ) =  
 Q ( c o ,  

2—i 

( w ) )

X  M2 (x +s /(7 e 2)((o), s— s', D., De)

X e i sb ' ' ' ' F ' 0 ) ( w ) - 9 ') w o(x +s /(7z2)(a)),

=
Q ( c o ,  2 ( w ) )  . Ç

e - '1 0 ( x ' S ) - ( ' ' ' M 2(x +s"(72)(0)), s — s ',  D., Ds)o

X e i t0 ( x 8 - 0 1 x. 8 'nw 0(x , s)ds' (by (2.13) and (2.14))

s) f l i (x , s , D ., Ds)e i çb ' x ' s ) w o(x , s),

which proves (2.16), and (2 .1 7 ) , From (2.15), and (2.16),, w e have

w2(x, s ) = [  
Q ( a ) ,  2 (w ) ) o

ds2e-io(x+32(rea)(<0.3-82)

rs-s2
X  M2 (x+s2(762)(w ), s— sa, D., DO .) dsi

O

x e i o ( s + 8 2 ( v 0 ) ( w ) , s i ) M2(x+s2(7e2)(0))+si(7$2)(0)), s — s2— s1, D., Ds)
e -i0(x+s2(QA) (co), 11) e 00(x-1-82(Q2) (w), s-s2 )

X wo(x+s2(7e2)(w), s— s2)
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Q ( 2 ( ) )
d s ,e - 1 0 ( s+3 2 ( r w) -9 - " ) M 2(x ± s 2(71$ 2)(w), s — s2, Ds, Ds)

0), w 0

X e 1 0 ( x + 8 2 ( re 2 ) ( w) . 8 - s 1 wo(x-Fs2(Ve2)(w), s — s2)

I-
L Q(0), 2(0) j  30

ds2e-iN (2  2 ) - 0 ( s , 8 0 '1112(x+s2(7e2)(w), s— s2, Ds, Ds)

>< ds1e i t0 ( x• 8 0 - 4 ( x . 0 2 ) '1112(x±5i(V )((0), s— si ,D x , Ds)
32

X e - i [55(x. 01)-sbc,r,s 2):e i [o( x ,o)-0 (s.82)]
w o ( x ,  s )

Q (c o ,  2 ( ( 0 ) )  5
.
0
ds2e - i [ O x ' s ) - 0 ( " 2 )3 M3(x+s2(7v1)(0))), s— s 2,  D x , Ds)

X e i Cçb ( " ) - 4 ( x ''2 ) 3 w ,(X , S )

= e - isb ( x's ) 11/12 ( x , S , D s , D s )eisb'x 's)w o (x , S ) .

By induction in j ,  we can prove (2.16)i  an d  (2.17) ; . Q. E. D.

In view of (2.17) i , we have

Lemma 2 .4 .  0 ( x ,  s ,  co) a n d  w ,(x , s, co) have th e  follow ing estim ates:

(2.18) Sb(x, s, (0) I _ const.(1-1- I s

(2.19)I  wJ(x, s , w) const.(1+ I s ph i •suP wo(x, s, w ),

(2.20) suppx[w;(•, s , (6)]Csupp.r[w 0(•, s, (0)] f o r  e ac h  (s, co).

Summing up, we have the following asymptotic solutions;

(2.21) u (x , t, (0)=eicpsocx, 0,0)+0(x, pt..)]
p t ,  c o ) ,

where wo(x, s, w ) and w i (x , s , w ) are of the form (2.12) and (2.16) ;  respectively.
u(x , t, co) satisfies the equation

(2.22) P(x , t,  D ,  D s )u (x , t, co )=f (x , p t, co),

where

(2.23) f ( x ,  s ,  co = e icp s0cx, 2,w)+0(s,s,,,,)3[p 2m-2-N

X fe - 1 0 ( x ) M 2(x , s , D s, Ds)e i sb ( x 's . 'w N (x , s, co)+ •••

+e - i sb ( x. 0 .w) M 2 . ( x ,  s ,  Ds , DOe 1 0 > " . 'wN+2-27r,(x, s, 0))}
r l e - io c 3 ,3 , . ) 1 1 / 1 3 ( x ,  s ,  D x , D s)e i ° ( " 'w ) w N (x , S , (0)

••• +0 - i '' ( " 'w ) M 2m (x , s , Ds, D3)e i 0 ( z . " ) W N+3-27n(x, S, to»

H-p - Ne - i° ( x. " ) M m (x , S , D s , Ds)e i ° x . " ) WN (x , S , (0)3 .



(3.1) t)111(0).__C(T)111u(•, 0)111(q)±

where

(3.2)

Mf( r)11(,)dr t E [— T , T ],

n i

Illu(-, 0111%)=.0 1 1 1 0 ,
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§ 3 . P ro o f o f  Theorem  1.

3.1. Using th e  asymptotic solutions constructed i n  a  previous section, we
shall prove Theorem  1. H - -wellposedness of the  C auchy  problem (1.3) means
that there exists non-negative integer q  such that

(3.3) u(x, 0111q)= , ; (1 11/4/i(x, 011i.2(R7p•

Assume th a t the conditions (A.1) a n d  (A.2) h o ld , b u t th e  c o n d itio n  (A.3)
does not h o ld .  T hen  w e shall construct a  sequence of solutions of the Cauchy
problem (1.3) which violate th e  inequality (3.1).

T h e  following Lemma is essentially due to  Ichinose [4].

Lemma 3.1. Assume that the condition (A.3) does not hold. Then, for any
positive integer k, there exists (x ( k ) , com, pk)ERn><Sn - l x R 1 such that

(3.4) P kim  p2._1(x(k)+0.(7e2)(0)(k)), O ,  w
(k) , 2(0 ) (k)))d o ./Q(0 ) (k) , 2(0 ) (k)))

_>_k log (1+ I p k 1)--kk,

(3.5)
k-H-co 

p k= -F o o ,

and

(3.6) ImP„,_,(x(k)±a(7E2)(a)(k)), 0, w " ) , 2(a0 ) ))dalQ(0) ) , 2(a0 ) ))
0

_1:1 f o r  0 [O , 1 ].

P ro o f . (3.5) follows from (3.4). Thus w e only prove th e  Lemma with (3.4)
and  (3.6).

(p k ) ,  0 )( i ) B y th e  assumption, fo r any positive in teger k, there exists w ,
fik)ER n ><Sn ' x R 1 such that

(3.7) kim  P2 .  1(1(k)+ac7vRxw(k)),
 O ,  w

(k) , 2(0. )k)))d a /Q(0 ) (k) , 2(0 ) (k)))

_klog(1+113kI)-Ek•
Set

yr.
"\ /
w H . k i m

 P 2
0 ,  w oo , 2( w o o N g /Q ( w (k) , 2( w (k)))

f o r  0 [O , 1 ].

If  ?Irk (1) 0, w e p u t 
1 ( k ) _ : i ( k ) + , 3 k ( V e 2 ) ( 0 ) ( k ) ) ,

T h e n  w e  have
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k Im p2m _i (1 + 0 .(7e 1)((0 (k)) , 0 , w (k) , 2(00 )) )d o 7Q( (.0 (k) , 2(00 )))
Jo

7)khr i  p2 m _i ci(k) ± 0 -(7E2)(w co) , 0 ,  w (k) , 2(0 ) ) ) )d (T /Q(w (k) , 2 ( 0 ) (k )))
Jo

.

Thus we can assume that Wk (1) 0.
(ii) W e take k E  [0 , 11  such that min Wk (0 )= T k (O k ). We putose.:1

pk=  j3 k- 0  k k = ( 1 - 0  013 k •

Then, for t=0 p k (0  EEO, 11, we have

Ç
oIrn  p2 m ,  i ( x (k) + 0 -7 v 1)(a ) (k)) , w (k) , 2(0 ) (k)))d 0 ./Q(0 ) (k) , 2(0 ) (k)))

ç+o k-i),, Im p2„ , (s .(k) ± 0 .(ve2)((0 (k)) , O,
(0 (k) , 2(a ) (k)))d a  1Q(0 ) (k) , 2(a ) (k)))

k:9 k

=0 k(0(1 - 0 0+0 k) — g k(0

(iii) P2m-i(x(k) 6(7 $2)(a)(k)), 0,  w (k) , 2( 0 j (k)))d o ./Q(0 ) (k) , 2 ( 0 ) (k )))
JO

.=.Ç
P k + O k ;k

hn p2 m  i Gick)+ a (v i ,I)(a ) (k)) , o , w oe), 2(0.0 ) ) ) (/0 ./Q(0 ) (1) , 2(00 )))
kP k

hn  P2 m , 1 (,:e(k) ± , i (v e,i)((o ch)),w ( k ) ,  2(w (k))) (10.1Q(ak) , 2 ( (k ) ) )
k A19  k

—wk(1)+ {—Tkceo}

>-wk(i) c .. 0--wk(0)-- orpeipi Tk(0)=Wk(00)

log(1 -Flfikl) - kk

_ klog(1+Ipk1)+k (..• p kl 5 I"fi kl) •

3.2. L et G (x ) be C - -function such that

Q. E. D.

(3.8) G (x)>0 f o r  Ix I <1, supp G (x )c  {x ERn ; <1} .

In (2.12), (2.21) and (2.23), we define

(3.9) go(x )=  9 k In' 2 G(1 p kl(x— (x(k)+ pk(V ) ( w ) ) ) ) .

In  (2.21), (2.22) and (2.23), we define p= pt, t= pT, 3 , (o=co" ) , so that pt-= p k . We
denote u k (x , t)= u (x , t, w " ) ) ,  f  k (x , s)= f(x, s, co(k)) with g o (x ) in  (3.9). By (3.1),
we have

x ( k)=  - (k ) -Feki3k(V ) ( (o ) ,1

(3.10) pT3)((0)—_ C(T){111u k(', 0)111(0+ p i 4 I Pok f  k ( '  s'A(ods,1}.
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3.3. Evaluation of IIIuk (•, pi 3 )111(0)• u k (x ,  p in  is the following form:

(3.11) uk(x,p173)=e'Ptox.P0+isb(x,pk)

X [w o (x, pk)+p17 1 ( p i 8 w i(x , p k ))+ + ,017N (pw 'wN (x, pk))1 .

It follows from (3.11) that, for large k,

(3.12) I u k(x,

0, co (k) , 2 ( 0) (k)))d o./Q( co (k) , 2 ( w (k)))]- expb .

P k

 Tm /3
2 . _ i (x + c (7 2 )(c ) ( k ) ),0

x  wo(x , pk)l— —I pkI - N 1 pi 3 Nw N(x, pk)11

Pk
±CrReil)((0(k)), 0, ( 0 (k ) ,  2

(
0 ) " ) )) " 1 1.•- - - Iw o (x , ph) I exp[ Tm P2.-1(x— 2 0

Q(co(k), 2(0 ) (k)))]

(by (2.19) in  Lemma 2.4)

exph- P k ImPom_1(x ( k ) -Fu(77$2)(u) ( "), 0, w , 2 (w ) )d c l/ Q (0 0 ) , 2(0) ( k ) ) ) ]0

xexpEdOidaIm(7.,P2m-i)(x ( k) +pkoTV )(00 ) )+0(x— x , k ) ),

0, co ck) , 2(cock))). p k (x _ x (k))/Q(co (k) , 2(w ck)) ] i
w 0

(x ,  p h )!

By (2.12), (3.8) and (3.9), we have

(3.13) wo(x , p k )=  I pk In i 2 G (1  p k I (x — x ')) ,

(3.14) suppwo(x, p k ) C i x E R n ; 1 Loki

In view of (3.12), (3.13) and (3.14), we have, for large k,

(3.15) pV)111(0)>=1/1k(., p 8 )11(0)

Co II IIG(x) L2 (Rn) exp B.
O
P k Im P o ._ , (x ( k ) -Ecr(V w)( (k)),

0, w " ) , 2(a
( k )

))dalQ(co ( k ) , 2 (00 ) ) ) ]

>C011G(x)11L2(R.)•(1+1,01,1) k , (by (3.4) in  Lemma 3.1),

where Co is a  pasitive constant independent o f k.

3.4 . Evaluation of Illuk (•, 0 )III(0 ).
It is easy to see that, for large k,

(3.16) Illuk(•, 0 )111(0
11/2=  77E'  E  11/Y1(1—A x )m - j a f t

- l uk (x , tniod t=oj=1 laisq
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1/2
5constli Ilpk1 41 " 1 1pk 14( ' - ' ) " " - "1 2 ] II G(x)I1(0)

j = 1  latsq

const.lph1 4 @ " - "IIG(x)11(0)•

kp3.5. Evaluation of .ç Ilfk(•, s')II (o ds'. I n  view  o f  (2.13) a n d  (2.14) in

Lemma 2.1 and (2.19) in  Lemma 2.4, we have, for large k,

(3.17) P171P
o

k lIfk(x, s')11(ods'

I Ifh(x-FsVE2)((0")), ph—s'Ac o ds'

< const.I 4 + 4 ( 2 7 7 1 - 2 - N ) + 4 4

Phi

I . Pkil e .-1.0(x+s , (ve l)(0,(k».p k -s.,(0(k»
— 0

fe - iox+ , - (rE 2 mo(k».pk - 2 -(k)>Al2(x + 5 A 2 )(a )(* )),  ph— S', D . ,  — Ds , )

N(X ± S i  (V e2)((0 ( k ) ), p h —.3', Ds, —D0,)eisbc.+1,(Q2)(.(0)).ph-8,,,,,(k))}

Xw0(x+sT7E2)((j) ( " ) ,  pk—s', w(k))11(0)ds'

▪ const. I Pk I 44-4(2 111-2—N)+4Q-1-3N+2

X e—ImE0(x, p le , w ( k ) ) - 0 ( x .s ' ' w ( k ) ) ]  W  0 (X , pk, (10 1 )11(0)ds'

<const. Ip kl4(2m+q)-10—N
P  k 

e —Itntib(x(k), p k ,w (k )) -0 (x (k ) ,s , , w (k))1
0

R— Im [0 (x ,  p k . , ( k ) ) _ 0 ( x ( k ) ,  p k , w (k ))]-1 .1m [0 (x , ( k )) _ x  (k ( k ) ) ]

xw o(x , ph, w( h) )11(0)ds'

(3.18) —Im [0(X, Pk, 0.0 ) )_ 0 (X (k ) , p h , (1)(k))]

= j 1IM(7x0)(X(k)4-0(X-x(14)),
 P h ,

 w (k )). (X _X (k ))d e
0

1
= . , , d ( )  0  I m ( 7 1 s P z i n - , X x

ch) +0(x_x(k ))+0.(ve2)(0 .0 )), 0, co ck) , 2(0 0)))

• (x—x ( k ) )dalQ(u) ( k ) , 2(w" ) ))

.
1=  0d0Yoda 'Im(V.P2m-i)(x ( k ) + 0 (x — x ( k ) ) +pho* A 2 ) (0 0 ) ),

0, 00 ) , 2(00 ) ))• ph(x — x "W Q ((0 " ) , 2(0 (
k ) )),

1  which is uniformly bounded on supp wo(x, ph, w( k) ) =  { xER" ; lx — x ( k )  I I N I  I '
Similarly, Im [0 (x , s ', 00 ) ) _ 0 ( x <k) , e y co ck) ,) j is bounded on suppwo(x, ph, ( 0 ( k ) )
uniformly in  k  and s'(I P k l ) .  Thus, using (3.6) in  Lemma 3.1, we have,
for large k,
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P k
(3 .19) piT1I I  f k(x ,

const. I p k  I 4 ( 2 ' + '
9 - N e - T M  sb(x(k), p k , (

)
" ) ) 1IG(X)11 (0): 

=const. p kl 4 (2 " g ) - 9 - N  liG(x)11(0)

xexp[.ÇP 1m P2m -1(X ( k ) + 2)((0(k)), 0, w ,
 2 (0 0 ) ))d 0  1 0 0 ( k  2 (0 ) ( k ) ) ) ] .0

3 .6 .  Proof o f Theorem 1. In  view o f  (3.15), (3.16) and  (3.19), from  (3.10)
w e have the following inequality.

(3.20) C0lIG(x)11(0)e-Im0(x(*),Pk.o,(10,

C(T) {C11 p k1 4 ( q+m- 1 )  Il G(x)11 (0) +C21 pk1 4 " ." ) - 9 - N

xlIG(x)11(0)e-bn o(x(k), p k ,s„(k), }

where C o, C1, C, are positive constants independent o f  k. I f  w e choose N =
4(2m+q-2), then (3.20) is  impossible as k tends to  in fin ity . T his completes the
proof o f Theorem 1.

§ 4. Examples.

Exam epl 4.1. Consider an  operator o f th e  following form:

(4.1) P (x , y ,  D x , D ,, D t)=D t±dx+ y)Dx,

bk (x, y)D, k ± c (x , y )  in  li'mxRnxR 1 .
k=1

Denote th e  dual variables to  (x, y)ERmx Rn by (e, 72)E R 7 4 x R n . The condition
(A.3) means that there exist constants M  and N  such that

p m n
(4.2) sup E a,(x y)e,± Imb k (x+ se, Y) ,  2 4ds(2.,,)ERmxRn k=1(,v) esm+ n - 1

__.Mlog(1+1p1)+N, pER 1 .

We take E=0 in  (4.2). Then we have from (4.2) that

Imb k (x, (15.k<n).

Thus, from (4.2), w e have

m
slip

(4.3) (x. Z 1
E Im a,(x±sw, y)w i ds - Mlog (1+ I pl) - EN, pER 1 ,

0 2 T R n  0 j=1

Imb k (x, (1 1e n).

Note tha t (4.2) is equivalent to t h e  inequality i n  (4.2) with
 p O .

 W h e n
(4.3) is satisfied, we would like to say that the  operator (4.1) is of SchrOdinger
type in the direction (e, 0) and of hyperbolic type in the direction (0, 72).



P
o lmb±(x+sco, ca)ds

Mlog(1+1p1)-FN,

1
b±(x, e)= —

2  
{14(x, eilei)-±m(x, vim ei,

(4.8)

where

(4.9)

SUP
(.2 ,  w ) E R n x S n
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Example 4.2. Consider an  operator
n

(4.4) P(x , Ds , D t )=D7— (E D3)
2

 +B (x , Ds , De),.)=-1

defined on (x , t)E R n X R ', where

(4.5) B (x , Ds , D t )-=b i (x , Ds)Dt±b2(x , Dr),

and

(4.6) b,(x, -1b„,(x)D1, j=1 ,  2.

The principal part of P(x , Ds ,  D t )  is

(4.7) Di— C ti  D3)2=  R a
a
t ) 2.-FAfl

which is appeared in  the equation of vibrating plate. (See Courant-Hilbert [2, p.
252]. S ee  a lso  T ak eu ch i [14]. ) The condition (A.3) m eans that there exist
constants M  and N  such that

(the same sign)
and

(4.10) bf(x,e)-=ial j- ib (x )e a, ( j=1 , 2).

The condition (4.8) is equivalent to the following.

(4.11) sup Im b co3(x +s, (o )ds
(x ,w )E R n x S n - 1 1,f0

_-_<Mlog(1+ I p E R '.

Note th a t (4.8) and (4.11) are equivalent to th e  inequalities i n  (4.8) a n d  (4.11)
w ith  p 0  respectively.
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