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§  1 . Introduction.

L e t R n  b e  t h e  n-dimensional E uclidean  space , a n d  fo r  e a c h  point x =
(x1, ••• , x . )  w e  w rite  Ix =(x1+ •-• +4) 1 1 2 . If  a = ( a , ,  • • •  ,  a .) i s  a n  n-tuple of
nonnegative integers cr,, w e ca ll a a multi-index and denote by xa the monomial
xi" ••• x7i n, w hich  has deg ree  al = E 7,1. , a , .  Similarly, if  D,=6/6.26, fo r 1 1*. n,
then

Da = DVt

denotes a  differentia l operator o f  order I a l .  W e also denote a !=a1! •-• a, J.•
T h ro u g h o u t th is  paper, let 1<p<00, (1/p)+(1/y)=-1 a n d  [ r ]  d e n o te s  the
integral part o f a  re a l n u m b e r  r . A s usual w e denote by L P  t h e  c la ss  o f  all
measurable functions for which

f(x )IP  dx) 1 / P  <œ •

Moreover, for a  nonnegative num ber a ,  II • Ilp, a denotes the  following norm :

If II p,...=-(S. I f(x)I P(1+ Ix 1) - adx)" P .

W eighted norm  inequalities fo r  various in tegra l opera to rs on R n  h a v e  been
investigated by several authors [l], [2], [4], [5].  I n  th is  p a p e r  w e  a r e  con-
c e rn e d  w ith  a  w eigh ted  norm  inequality  fo r  th e  operators of potential type.
Let m  b e  a  positive  num ber, and let  K ( x )  b e  a  hom ogeneous function of
degree m—n which is infinitely differentiable in  R I ' — {0}. For an integer k<m,
w e put

I K m ,(x— y)— E  (xa I a !)D .K 77,( — y) , O k < m ,
K„,,k(x, Y)=1 la 16 k

If,,,(x — y) , k -_ — 1  .

For a  locally integrable function f, K ,  k (x )  is defined by
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K k(x )=.ÇK .,k (x , Y )f (Y )dy

if  it exists. W e call K5 , k  a  potential of order (ni, k ) of f .  T h e  potentials of
order (m , k) play an important role in  the study o f  th e  space o f  Beppo Levi
type [3 ] .  In the paper [3], we proved the  integral estimate for ia ,k •

Theorem A .  Let m — (n1p)0,1, ••• , in - 1  and k =[m — (n1p)]. Then

1 I q
X l - q (  m P ) ) - n  "a, k(x) N ix) Ciifii

fo r  each q satisf y ing p q < 0 0  in case of ni — (n/p)>0 and p q p„, in case of
m— (n1p)<0, w here (i/p 7 )---(i/p)—(mln).

T h e  purpose o f  this paper is to establish th e  following weighted norm
inequality for n, k •

Theorem B .  Let in — (n/P)#0, 1, ••• , i n - 1  and k =[m — (n1p)]. Then

f o r  each  a  satisf y ing 0(a1P)<k -1-1— m -k (n1P) in case of in — (n/p)>0 and
0._<(alp)<(n113)—m in case of m— (n1p)<0.

T h e  proof o f  Theorem B  is  g iven  in Section 3. Section 2 is devoted to
several lemmas which we need to prove Theorem B.

Throughout this paper, we use the symbol C fo r  generic positive constant
whose value may be different at each occurrence, even on the same line.

§ 2. Lemmas.

We put / x =itx  ; a n d  denote by d(y, 1 )  th e  d is ta n c e  between
and lx .

We begin with

Lemma 2.1. I f  k 0 ,  t h e n  fo r  d(y, lx) lx112 w e have

11(..k(x, 31)1 -C1x1 k + 1 131 1m - k - 1  n  •

P ro o f .  By Taylor's formula, for yEE1, we have

'xi
K m , k (x, y ) — (k +1)( ( 1 x 1  —t) k la!)(x ')'D'K ,,,(tx '— y)dt ,

l a l= k + 1  0

where x '=x / ix i. From the homogeneity of K m  it follows that

IK-m,k(x, 3')I -C).'osr(1x1—t)k



c l ( p ,  x ) < I X ! / 1 ' x
— f ( y ) d y  d x

c l ( y , ,  I  x ) . < 1  x 1 1 2
! 1- ( a /  P )  I x — f(Y )dY
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for y E/z . Since d(y, x 1 /2  im plies 13'1/3 5_ Itx' — y15.-31.Y1 for 0 t xl,
we obtain

y)1-5C0Ix' (I x I — t) k

= C1x1 k + 1 1Y I n i - n - k

for d(y, 1) Ix I /2 and so the lemma is proved.

To each function f E LP  the maximal function M (f )  is defined by

M(f)(x)-=Sup(m(B(x , r)) -1 .
 B ( x m l f(Y )I dy , ,

where B (x , r) is the open ball of radius r, centered at x , and m (B (x , r)) denotes
its  Lebesgue m easure. By the Hardy-Littlewood theorem the following inequality
holds : For any f E LP

(2.1) 11M(f)11p-ClIf Ilp

As consequences of the above maximal inequality we establish two lemmas.

Lemma 2.2 . If ni — (n/p)>0, then

d ( p ,  I  x ) < I x 1 1 2
1 x — Y f(y )d y

P roo f. From m—(n/p)>O, we can choose a and q  such that a >0, 1<q< p
and m—(n/q)—(a I p )> 0 .  We note that d(y, l x ) < Ix  I /2 implies I x — yl < (3/2) I xl.
Using Holder's inequality we have

dx

x

x — y Im - ( a'P ) - n  f (y )Id y ) d x

_ y (n t - ( a / P ) - 1 1 )d y )P ig "

plq
f (y ) ig d y ) d x  ,

1.-vi<(312)Ixi

IX I - I n P + a 0 .

X I -77")+a0.

lx-y1<(3/2)1x1

lx - y 1< 1 3 / 1 )  I X I

where (1/q)+(1/q 1)= 1 .  From q'(n—(a I p)— n)> — n, it follows that

I<C 1  x  -nip+a+p(m-(a/p)-.)+(pivin0 f (y )Ig d y r  q dx
lx-yi<c312)1 xi

= C . ( 1  X
plq

I f (y ) lv d y )  d x
1.2-1/  1< 1 3 / 2 )1 1

. C.Ç(M( f  I q)(x))Piqdx
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Hence from (2.1) we obtain

/. C.Ç( f (x)Ig)Piqdx=C .ÇI f (x ) IP dx

This concludes the proof of Lemma 2.2.

Lemma 2.3 can be proved in the same way as the  proof of Lemma 2.2.

L am m a 2.3. If  m — (n1p)>0, then

(51x1--P 
.ç I  Yl<lx1 

I f (Y )dY  P  d x )' C Mf 23 •

T h e  follow ing lem m a is due  to G. O. Okikiolu [6], w hich  is  usefu l for
estimates of integral operators.

Lemma 2 .4 .  L et (X , nix ) and (Y , m y )  be m easure spaces, le t p, q, p i , te, be
positive numbers such that

(p1lq)+(p2IY )=1,

and  le t K (x , y )  b e  a  m easurable function on  X x Y . S uppose  that there  are
positive m easurable functions 0, o n  X , 0 2 on Y  and positive constants M „ M2

such that

(2.2)0 2 ( Y ) y)1P2cliny(Y ) M n b i(x )P ',

(2.3) i0 i(x)g I K(x, y)IP1dM X(X ) _Illg56 2(37) q •

If  the  operator K is defined by

K f(x)= K (x , Y )f(y)dy ,

then
IIKf MiM2Ilf p

As applications of Lemma 2.4 we shall show two lemmas.

Lemma 2 .5 .  I f  m— (n1p)>0, k =[m — (n lp )] and  05alp<k +1 — m +(n/P),
then

l i p
dy cllf II p . .  •((1+ x ( " " P

JIyIlxI
i y I f ( Y )

Pro o f . It suffices to show

Y I 7."-  - 1 - n (1+ y l ) i P g ( y ) d y l p

In order to apply Lemma 2.4, we put
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{(1+1x1)-m'alp)1x1"11Y1'-k-1-n(1+1.Y1)alp,
K(x, y)=

0 ,

ly l Ix',

ly 1<lxl.

For 01(x)=95 2 (x )= (1±  x 1) - ( " P " ) , P -- -q  and  du1 =p 2 = 1 , w e shall show  (2.2) and
(2.3). From (a/p)—(n/p)<0 and  in— k-1—(n1p)-Kal p)<O, it follows that

11=952(Y) P ' K(x, y)dy

= (1+lx1) - m - ( a 1 P ) 1x1 k + 1
,Ç lylm-k-l-n(1+ 1 y 1) ( a 1 P )

-
(n / P ) dy

i y ia ix i

"CD-In-Ca I P) Lyra k n +(alp )-(n 1 p )d yxi
11/1 1x1

= C ( 1 +  1  1 ) - m —  ( a  I P )  1 1 7  (n IP)-F(aIP)

Because o f m—(n/p)+(a/p)>O, w e have

x 1) -  ( n / P ) = C 0 i(X ) V

Thus we obtain (2 .2 ) . Next, in  order to show (2.3), w e put

/2-=. 951(x) P K (x, y)dx

= - ( 1 +  y  I r i P  y (1+ i x 1) - m - ( a/P' i p " ) I x  k +idx
lx161 yl

From —m—(alp)—(nIp')-F-k-F1>—n, it follows that

( 1 +  i x 1) - m - ( a l p ) - ( n k + i d X C ( 1 +  I Y 1 ) -
7n- ( a lp )- (n ip , ) I y I k+n-vi .

Therefore

I2.- C(1 - F 1 311)"  y  n t-k -1 -n (1 ±  y I)-m -(a/P )-(n/P ') y I k+n-vi

=C(1y1/(1+1371)) m (1+131 1)- ( n / v )

<C(1+ I Y1) - ( " P ' )

= C552(Y)P

Thus we obtain (2.3), and  so th e  lemma is proved.

Lemma 2 .6 .  If m—(nlp)<0 and 05alp<(nlp)—m, then

01 + 1 x 1 )- -P -a  
y l

1  l'n f ( y ) d y

P ro o f .  We shall show

0(1+ IX 1)- 7 ' L P - a I Y I m - n (1+ 1Y D a / P g ( y ) d y  Pdx)1/P<C1g4.

We apply Lemma 2.4 a g a in . T o  do so we put
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{ (1+1 x1) - m - ( a l P ) 1Y1m - n (l+I Y 1)", 371 1x1,
K (x , y)=

0 ,

For 151(x) =952(x)=- I x -  ( "PP' ) , p =g  and we shall verify (2.2) and (2.3).
We set

J1=552(Y )P. K(x y)dy

= ( 1 +1X1) -
7Th

- ( a / P ) .I  y  I m ( m i n ) n ( 1 +  I yl) a / P d y
ly1Z1x1

From m— (71/ P)+(a P)<O, it follows that

I 3? m - ( n l i n - n (1 ± Da l P dyC lx1 m - ( n i P ) (1+ Ix Da / P  •

Therefore
J-

1 C(1A- I xi X  r - ( " P ) ( 1 +  X Da / P

= C(IX1/(1+1X1)Mx1 -( " )

<CI X H n i p )

= C 0 i (X ) P ' .

Thus w e get (2.2). Next, to show (2.3), w e put

.141S 1(x ) 2'K(x, y)dx

=I 31 Im - n (1 +  I y I )a / P
.

l x i s l y i  
IX I -(41P') (

1
+  X1) - m dX

On account of — m— (n/p')— (a/p)>— n, w e have

xl - ( n / P "( 1 +  x  ) - m- ( a l P) dx5_CI y In 1 P (1 + I 3? I ) m
-

( a / P )

Hence
./25Clyl m - n (1 - HyD a ' P lYl n i P (1 +13/1) - m - ( " )

=C((1.37 1/(1 +131 1))rn ly1 - ( " P "

=CO2(Y) P •

Thus we obtain (2 .3), and so the lemma is proved.

The final lemma is due to E. M. Stein and G. Weiss [7].

Lemma 2 .7 . I f  m—(n1 p)<O, then

xl - ' 15 x — yr - n f(Y )dyr dx)11P
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§ 3 .  Proof o f Theorem B.

F irs t  le t  m—(n/P)>O, #1, 2, ••• , m-1, k =[in— (n/P)] a n d  0 a/p<k±1
— m±(n/p). From the definition of K„,, k  and  the  homogeneity o f K .  w e have

.1= - 0 ( 1 +  I x 1) - 7 " - a  I la, k(x)1Pdx)i/P

_<cOcid- x x— y 1 ni - nlf (y )1dy ) P dx Y P

cy ,l x )<Ix112

E ((1-P 1 x I)-mp-a( li (Y )Id y ) dx)
d ( y , t s ) < I X 1 / 2

\13 .1/p

+6 (1 + Ix 1)- 7 " - a ( .ç1 K . , k ( x ,  3 1 ).f (3))1dyrdx rd(y,1x )aixii2

For 1,, w e have

yi m 0 + I y I  ) a lP
d(?1,1x)<I,Z1/2 \1+1x1

x I f (y )1(1+ 1Y 1)- ( a / P ) dY) P dxr .

Since d(y, lx)<Ix1 /2 implies (1+1 Y 1)/(1 +  x 1)5C , we get

x
d( y , i x)<I XI /2

) 1 I P
Ix — y I n t - n  lf(Y)1(1+ I y 1) dy)d x .

On account of Lemma 2.2, w e have

1, 5C11 f  II p,
For .12 ,  w e have

12 E (1x1-(m-ial)P(.ç \a/P
la 16k d(y,tx)<Ix1/2 1.,C 1 /

X 1 f(Y)I (1+ 1 Y 1) - ( a / P ) dy) P dxr .

Since d(y, l.x )<Ix1 /2 implies ly I < (3/2)1 x 1, we get

I 2 5 C
la ; k  ( 5  

1 1
l a  1)P 0

Im-lal-nlf(Y)1(1+1Y1)-(a/P>dY)Pdx)11P.
110< (3/2 ) xi

From m—(n/P)>O, *1, 2, , m -1  it follows that in— lal — (n/p)> 0 for
Hence from Lemma 2.3 we see that

I 2 c E  lifIlp •laisk

To estimate 19,  we apply Lemma 2.1. Then we get
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‘p
3- 0 0 (1 + I X I) - 7 4 P -  a lxV k  " P O I Y I (Y )Idy ) dx )

Since d(y, 1x)_Ix1/2 im plies lyl-lx1/2, by Lemma 2.5 w e have

/3_ 01f

Thus we obtain

/5_01f Ilp,a •

N e x t, l e t  nz—(n/p)<O, k-=Diz—(n1p)1 a n d  05.a/p< (n/p)— m . F ro m  the
definition of K(, 2 a n d  th e  homogeneity o f Km , it follow s that

J=6(1+ I x1) - m ' a ,  2 ( x ) I P  dxY l n

- -=C( . (1- x  1
- 7 " - a ( i y i < 2 1 X 1  

x—y I' l f (Y ) Id y r  d rY P

+CO(1+1 x 1 ) - 7 7 ' 1 3 - a
0 1 y 1 Z 2 l x 1  

X -3 1 1 m -n l f (Y ) Id y )P d x )"P

—CL+QT2

For J 1 ,  we see

I x _ y i .  (1+IYI 
1+1x1.11_ 01x1 - ' 730

iy1<21.r1 ) (L IP  f (Y )1 (
1± 1)-(a/P)dY)Pdx)1/2.

It follow s from  lyI<21x1 t h a t  1+1Y I • C(1 - F 1 xl). Hence by Lemma 2.7,

Ji Cllf Il p, a •

Since I y I 2  I
 x  I im plies I x — y I y I /2, w e have

J2 -5 C 0 ( 1 +  x 1)- mn- `̀ (
I y 1 2 2 l x 1  

y  m
-

n f(3))1 dy) p dx) i / P .

Hence by Lemma 2.6 , we obtain

a •

T hus w e have

J. C111- 11p,.•

We complete th e  proof o f Theorem B.
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