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Homogeneous Kahler manifolds of non-positive
Ricci curvature
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Introduction.

L et M  be a  homogeneous Kdhler m an ifo ld . It is known that th e  Ricci cur-
vature o f M  is negative if  a n d  only i f  M  i s  biholomorphic to  a  homogenous
bounded domain ([9 ] o r [1 1 ]). H an o  an d  Kobayashi [6 ]  constructed a canonical
fibering o f  a  homogeneous complex manifold with an invariant volum e element.
In  general, we know only that the  fiber is a  homogeneous complex submanif old
and that the  base space is a  homogeneous symplectic manifold. I n  th is paper,
we shall prove that if  th e  Ricci curvature o f th e  homogeneous K dhler manifold
M  is non-positive, then t h e  fib er is  f la t  w ith  respec t to  t h e  induced Kdhler
metric and the base space admits a  natural complex structure so that the canon-
ical projection is holom orphic. Moreover, we can show  that th e  b a s e  space is
biholomorphic to a  homogeneous bounded d o m a in . Thus we obtain

Main Theorem. Every homogeneons Keihler manifold of non-positive Ricci
curvature is a  holom orphic fiber space over a homogeneons bounded domain and
each fiber is a flat homogeneous K iihler manifold with the induced lathier metric.

To prove Main Theorem, we use  the  fact that every homogeneous Kdhler
m anifo ld  o f non-negative Ricci curvature is a  product o f  a  f la t homogeneous
Kdhler manifold and a com pact simply connected homogeneous Miller manifold.
T h is  is essentially proved by Cheeger and Gromoll [3]  fo r a  simply connected
homogeneous Kdhler m anifo ld . We state in Appendix th e  proof fo r general case.

Throughout this paper, for a K dhler manifold M , Aut (M ) means the group
of all holomorphic isometries o f  M  and Aut° (M ) denotes its identity component.
W e denote by R n  (resp. C m )  the n-dim ensional real (resp. complex) euclidean
space.

§ 1. Preliminaries.

L et M =G IK  be a  homogeneous K dhler manifold of a connected Lie group G
by a  closed subgroup K .  L et us denote by g and  f the  L ie  algebras o f  G  and
K  respectively. W e a lso  d en o te  b y  r  the projection of G onto G I K .  There
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corresponds to the invariant complex structure J  o f M , a n  endomorphism j  of g

satisfying
jfcf , j 2X -_--= —X (mod !)

Ad kojX_=joAdkX ( m o d ! )

EjX, j111---_-=.[X,17 ]± jEj X, Y14-1[X, jY] (mod!)

iXe=-J02rae,

fo r X , Y E g an d  k EK, where e denotes th e  u n it element o f  G.
For any XE g, ad jX — je ad X  le a v e s  invariant and therefore it induces an

endomorphism o f g/f. According to Koszul [8], we define a  linear form  6G/K
on  g  by

OG/K(X)=Trot (ad jX - - j .  ad X) for X e  g .

We call O G I K  the  Koszul form o f G IK .  We then have ([8])

OG/K(LiX, .1. Yi)=0G/K(CX, 17 1
(1.2)

Octic(AdkX)—OGIK(X)

where X , YE g a n d  k K .  M oreover le t u s  denote by R  t h e  Ricci curvature
form o f  M .  Then we have

(1.3) OG/K([X, Y])=-2R(7t * Xe ,7* Y e) f o r  X, Y E g.

In particular, Ocirc(C/X, .21(1) 0 fo r any XEg if  and  only if M is of non-positive
Ricci curvature.

A  real vector space W endowed with a  complex structure j  a n d  a n  skew-
symmetric bilinear form D  is called s ym p / ec t ic  if  th e  following conditions are
satisfied :

Q(jw, jw ')=Q(w, w') f o r  w, u:'EW ,

Q(jw, w)>0 if

L et Sp(W) denote the  group o f all linear transformations f  o f W satisfying
Q(fw, fw')=Q(w, w') (w, w'EW) and denote by K(W ) th e  subgroup defined by
K (W )= i fE s p (w ) ;  jo f= f . j } .  T h e  L ie  algebra 4(W ) o f Sp(W ) consists o f all
linear endomorphisms f  o f W  satisfying Q(fw , w ')+D(w , fw ')=0 a n d  th e  L ie
algebra f(W) o f K(W ) consists of all fE 4 (W ) such that f o j = j o f .  T h e  homo-
geneous space Sp(W)/K(W) admits a n  Sp(W)-invariant complex struc tu re  which
corresponds to the  endomorphism I  of p (W ) given by

I ( f ) = -
1 

f— fop f o r  f E p(W) .2

With respect to this complex structure, sywv K(w) is  biholomorphic to a  sym-
metric bounded domain (cf. [7]).

Lemma 1.1. L et p , g E q (W ).  Assume that
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Then T rw i° [P , 4 ]-0  and the equality holds if and only i f  p ,  (JE W ).

P ro o f . From  the condition, w e  have

Tr w  [7 ) , q ]= --T rw i°P .q — TrwP°i°9

=— T r w  q2 — Tr w (jo q) 2

1 • •= - -
2  

T r w (q.j— joq)-.

W e set s =q 0 j— j.q . L e t B  denote the positive definite symmetric bilinear form
o n  W  g iv e n  b y  B (w , w ')=Q (jw , w ') . W e  th e n  h a v e  B (sw , w ')=B (w , sw ').
Therefore  Tr w  s 2 - 0  a n d  th e  equality holds if  an d  only if  s -= 0 . T h is  implies
q t(W ) and  from  the condition, p e w ). q. e. d.

Cheeger and G rom oll [3] showed that every connected complete riemannian
manifold M  of non-negative Ricci curvature is isometric to R n ix M ', w h e re  M '
does not contain any line. Moreover i f  M  is homogeneous, then M ' is compact.
Clearly, if M  is simply connected, then in  the  de  R ham  decomposition of M,
i s  th e  f la t fac to r  an d  M ' coincides with th e  product o f  th e  irreducible non-flat
fa c to rs . Therefore fo r  a  sim ply connected hom ogeneous K ahler m anifold, we
already know th e  following

Theorem 1.2. Every homogeneous K d h le r manifold of non-negative Ricci
curvature is holomorphically isometric to a product of a fiat homogeneous Kiihler
manifold and a compact simply connected homogeneous K dhler manifold.

W e can show this theorem  for general case b y  a sim ple observation about
the action of the  fundamental group (see, Appendix).

A s an  immediate consequence o f Theorem  1.2, w e have

Corollary 1 .3 .* ' Every homogeneous K dhler manifold of vanishing Ricci cur-
vature is fiat.

§ 2. Hano-Kobayashi fiberings.

L et M =G IK  be th e  homogeneous Kahler m anifold and let R  b e  t h e  Ricci
form of M .  Hano and Kobayashi constructed in [6] a fibering of a homogeneous
complex manifold with an invariant volume element. Applying their result to
our case , there exists a unique closed subgroup L  o f  G  having th e  following
properties :

(a) L  contains K  a n d  L /K  is connected.
Consider G IK  a s  a  fiber bundle over G IL  w ith fiber L / K .  Then

* )  More generally , A lekseevskii and K im el'fe l'd  [1] stated that every hom ogeneous riem an-
n ian  manifold of van ish ing  R icc i ten so r is  flat.
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(b) The restriction of R  to each fiber is idetically zero.
(c) There exists a  non-degenerate anti-symmetric bilinear form a  o n  GIL

such  tha t 0*a=- R , w here 0  denotes the projection of G /K  onto  GIL.

L e t  be the  L ie  algebra o f  L .  From  th e  properties above, it follows

(2.1) {XE g ; R(7r* X „ r * Ye)= 0  fo r an y  YE  g 1.

In particular, f is j-invariant and hence L IK  is  a  complex submanifold. But in
g en e ra l, G IL  m a y  n o t adm it a G-invariant complex structure . The notations
being a s  above, we shall prove th e  following

Proposition 2 .1 .  A ssume that the Ricci curvature of the homogeneous ladder
manifold GIK  is non-positive. Then in the Hano-Kobayashi fibering o f G /K , we
have

(1) The f iber L IK  is a f lat homogeneous ladder manifold with respect to the
induced Kdhler metric.

(2) The base space GIL  adm its a G-invariant complex structure such that the
projection : L  is holom orphic. W ith respect to this complex structure,
--a giv es a G-invariant Kiihler form  on GIL.

L et us define a  closed subgroup L o f  G  by

L= ig e G  ; O G IK  (Ad gX )=0G/K(X ) fo r any X e } .

From  (1 .2), (1 .3) a n d  (2 .1 ) , L  contains K  and  the  L ie  algebra o f  L coincides
with I.

L em m  2 .2 . L contains L.

Pro o f . L et L ° be th e  identity component o f  L .  T h e n  L 'E L .  Since L IK
is connected, L ° acts transitively o n  L I K .  N ow  our assertion follows from

LIK — L'IL 'nK cLnLIK cLIK . q. e. d.

W e now assume th a t the  Ricci curvature o f  G IK  i s  non-positive. L e t  u s
set W =g/f. The endom orphism  j  induces a  complex structure of W in a natural
m anner which will be denoted by th e  sam e letter j  an d  th e  form  0G/K([X, Y])
(X , Y E g) gives a  non-degenerate anti-symmetric bilinear form w  o n  W . Then
(W, j ,  w ) is a symplectic sp a c e . F o r  a n y  g E L ,  Ad g  leaves T  invariant and
therefore induces a  linear transformation r(g) o f  W .  From  the  definition o f  L,
t h e  correspondence : g.-4r(g) i s  a  hom om orphism  of L  in to  sp(w). Clearly
r(K )CK (W ). S in c e  L E t  b y  L e m m a  2 .2 , w e  g e t  a  mapping 72 o f  L  IK  to
Sp(W)/K(W) by setting )2(gK)=-r(g)K(W) for gKe L / K.

Lemma 2.3. The mapping )2 is holomorphic.

Pro o f . From (1.1), we have for any X E

(2.2) r(lX )..i=i°r(iX )-Er(X )--F-i°7(X )q
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w here w e also denote by y th e  induced homomorphism o f  I to ?,13(W). T h is  is
equivalent to I ( r (X ) ) - r ( jX )  (mod f(W)), proving that 77 is holomorphic. q. e. d.

W e a re  now in  a  position  to prove P roposition 2 .1 . For any XEI, we have

0=0G/K([jX, X])=OL/K(UX, X1)+Tr w r (j[jX , X ])— T r w je r ([jX , X ])

=OLIK([iX, X1)— Trw jo[r(jX ), (X ) ] .

From (2.2) and Lemma 1.1 , w e have OL/K([jX, X]) - 0 .  Therefore the Ricci cur-
vature o f  L IK  is non-negative. H ence by Theorem  1.2, L IK  is biholomorphic
to  a  product of a com pact simply connected homogeneous Kdhler manifold and a
flat homogeneous Kdhler m an ifo ld . Therefore 77(LIK) is  a  single point because
yi is holom orphic and Sp(W)/K(W) is biholomorphic to a  homogeneous bounded
d o m ain . A s a  consequence, we have r (L )C K (W ). This imples

(2.3) A d g o jX j o A d g X  (m od I) fo r any X E g and  g L

and by Lem m a 1.1 again w e have Tr w j. [r (jX ), r (X )]-= 0 , whence

(2.4) OL/K([J.X, X ])= 0 fo r a n y  X E  .

T he  equation (2.3) means that G IL  adm its a G-invariant complex structure such
th a t the projection of GIK onto GIL  is holomorphic. Clearly — i is  a G-invariant
Kdhler form of GIL  w ith  respect to this com plex s t ru c tu re . By (2.4), we know
th a t  th e  Ricci curvature o f  L IK  is identically zero. It follow s from  Corollary
1 .3  tha t L IK  is  fla t, completing th e  proof of Proposition 2.1.

§ 3. Remarks.

L et M  be a  homogeneous complex m anifold . If the  universal covering space
of M  is b iho lom orph ic  to  a  homogeneous bounded dom ain, th e n  M  itse lf  is
biholomorphic to a  homogeneous bounded domain (see, [7] or [10]). Similarly,
if M  is  a  homogeneous Kdhler manifold whose universal covering space is com-
pact simply connected, then M  itse lf is  compact simply connected because there
exists a compact semi-simple subgroup of Aut (M ) acting on M transitively ([2]).
We now prove

Proposition 3 .1 .  Let M  be a homogeneous Kdhler manifold. Assume that its
universal covering space M is biholomorphic to a product o f a homogeneous bounded
dom ain M , and a compact simply connected homogeneous complex manifold  M ,.
Then M  itself  is biholomorphic to M 1 X M 2 .

Let G-=Aut° (M ) an d  le t K  be th e  isotropy subgroup o f  G .  Let b e  the
universal covering group o f  G and R=55 - 1 (K), 95 denoting the projection of d
onto G .  Let 1—C° be the identity component of R. T h e n  fa =  d /k °  and M .= 71Z.
L et r 1(M ) b e  t h e  fundam ental group o f  M .  T h e n  7 ,(M )1 Z /R 0  a n d  every
elem ent o f  n i (M )  represented by k e R  acts on M ' holomorphically and isomet-
rically in  th e  following way
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(3.1) 1171=dliZ°DgrC--->gkiZ° dIk°.

Since M , i s  compact, e v e ry  holomorphic transformation f  o f  /t7i induces an
homlomorphic transformation f 1 o f  M , such that foPi.=Pi*f 1, w here p1 denotes
the projection of ./a onto M1 . T hen there  ex ists a  connected closed subgroup
A  o f  d  containing k °  s u c h  th a t  M1 =5/A and M2 =A/R 0 . Let k E k .  We
denote by Ok  t h e  holomorphic transformation of M" d efin ed  b y  (3.1). Then
pi oOk (A11-0 )  i s  a  s in g le  p o in t . T h is  m e a n s  th a t  f o r  a n y  aEA, akA=kA.
Therefore for a n y  k E R - , w e  have

(3.2) kAk-1=-A

Let g, f, and a be  the Lie algebras o f  5, k ,  and A respectively and let j  be
the endomorphism of g  corresponding to th e  com plex struc tu re  o f G IK .  We
have for a n y  k A  and b y  (1.1) for a n y  k

(3.3) Ad kojX=_=_/ .A d kX  (m od a) for a ll XE g

Lemma 3.2. k  is contained in A.

P ro o f. Let gc and (lc be the complexifications o f a  a n d  g  respectively and
le t  A' be the  subgroup of G  consisting of a ll  k of satisfying (3.2) and (3.3).
W e set g_ -=ac-1-{X-i—V-1/X ; XE g }. Let us denote by n(a_) th e  normalizer of
g_ in  ge• T h e n  th e  L ie  algebra of A ' coincides with n(g_)ng. On the other
hand, since 5/A is a homogeneous bounded domain, its canonical hermitian form
i s  positive definite. T h e r e f o r e  b y  a  re su lt  o f  Hano [5], a=n(g-)ng. Since
Ac7v, d/A is  a  covering space of 5/24'. C learly  the re  ex ists  a  5-invariant
com plex struc tu re  on  5/A' s u c h  th a t  the  pro jection  of 5 / A  o n to  5/71' is
holomorphic. Consequently, 5/A=5/A' and hence A'=A. q .  e .  d.

Consider the homogeneous space 2/R . A s a  complex submanifold of 5/R,
it  h a s  an  A-invariant Kdhler struc ture . Since M2 = A/k° is  a  covering space of
21/k, we can conclude that A'/R is simply connected and hence I? is connected.
Therefore A =-M, proving Proposition 3.1.

Corollary 3.3. Let GIK be a homogeneous Kaler nzanifold. Let g and f be
the Lie algebras o f G  and K  and let j  be the endomorphisnz o f  g  corresponding
to the invariant complex structure of G IK . Assume that G  acts almost effectively
on GIK and assume that there exists a linear form 0  on g satisfying

0([f, g])=0,
0([j X, jY ])= - 0([X, Y]) f o r  X , YE g ,
0([jX, X])>I3 i f  X0 f.

Then GIK is biholomorphic to a product of a  homogeneous bounded domain and a
compact simply connected homogeneous complex manifold.

P ro o f. From  the conditions, the system  (g, f, j, çl,) is an effective j-algebra.
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Therefore by [11], the universal covering space o f G IK  is  biholomorphic to  a
product o f  a  homogeneous bounded domain and a com pact simply connected
homogeneous complex manifold. Now Corollary 3.3 follows from Proposition 3.1.

q. e. d.

§  4 .  The structure of GIL.

Let GIK  be the homogeneous Kdhler manifold of non-positive Ricci curva-
ture a n d  le t L  be the connected subgroup of G as before. We keep the nota-
tions in § 2. From now on, we assume that the action of G on  G IK  is effective.

Lemma 4.1* ) . There ex ists an ideal I' o f I such that

T=1/-1- (semi-direct).

P ro o f . Let f(1) be the  largest ideal of I contained in f. Since L  IK  admits
an L-invariant metric, we have I X E  ;  [X , Y] Et for any Y E g l .  By Lemma
1.2 of [10], there exists an  ideal I) of 1 such that

1= 15-l- 1(1) (direct sum of ideals).

The universal covering space of L IK  i s  a  complex euclidean space C n .  Let
e(C4 )  denote th e  L ie  algebra of A ut (C n). It is easy to see that every semi-
simple subalgebra o f  e (C )  is com pact. L et H  b e th e  connected subgroup of
Aut (Cn) corresponding to b and let H  be the closure of H in Aut (Cn). Let Ho

and 110 be the  isotropy subgroups of H and H respectively. Since H/H 0 =-H/H0

=-Cn, Ho is  a maximal compact subgroup of H . L e t  b = g +  be a  Levi-decom-
position o f  b ,  where g  i s  the radical of b a n d  is  a semi-simple subalgebra.
Let S be the connected subgroup corresponding to  S i n c e  S  is compact, there
exists gE H, such that Ad gS CH 0 . Since H is a normal subgroup of H, we have
A d g S c li o n H =H o . Therefore we get Ad V c b n f .  T hus w e m ay assume
cf)r)T. Then Iy=g+I)nf. Noting that [g, g]n(15vv)=o, we can find an ad (bnf)-

invariant subspace c of g  satisfying

g=[g, g] +(gnf)-E c (vector space direct sum).

If  we set t'= [, 1+ c, then  I' satisfies the desired properties. q. e. d.

Let q r  be the Kdhler form of GIK  and let p=x *Y r. Then p  i s  a  left in-
variant skew-symmetric bilinear form on G and hence it may be regarded as a
skew-symmetric bilinear form on g.

L et l' be as in  Lemma 4 .1 .  We may assume that B y  a  result of
Dorfmeister [4], V is decomposed as

where T o i s  a j-invariant abelian ideal of I' given by To = [1 ', l ']  and I, is a  j-

* )  The author was inform ed of th is  fac t from  J. Dorfmeister.
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invariant subalgebra defined by 11 ={X E I'; p(X, Y )=0 fo r any Y E L } . We note
that both fo a n d  1, is  invariant under ad f. For any XEl i , we denote by D x  the
sem i-sim ple part of ad X .  Then {D a ,  ; X 1 1 } is  a  commuting family o f deriva-
tions o f  g .  Since ad X  is nilpotent on fi + f , w e have

(4.1) D1(f1+f)=0.

We also know from [4 ] that D ad to has only purely imaginary eigenvalues and

Dx .jY-=.j.D x Y  fo r any Y E T ',
(4.2)

p(D x Y, Z)-Fp(Y, D 1 Z)=0 fo r a n y  Y, Z EV.

L et us denote by r  th e  linear isotropy representation of f on g/1 . We already
know that r  is a  unitary representation. Therefore z(X ) is  semi-simple and its
eigenvalues are  purely imaginary. Furthermore

(4.3)

because f ' is  solvable and 10 =[1', V ]. N ow  it is c lear that Dx  has only purely
imaginary eigenvalues and

(4.4) DxY =_-=_[X, Y ] (m odf) fo r any YE g.

L et B be the  closure of the  automorphism group o f  g  generated by {DI( ;
X e l i }. Then B  is  a com pact abelian g r o u p . We set

p(Y, Z )= ) B p(bX, bY)db f o r  Y ,  Z E g  ,

where db is  the  normalized Haar measure o f  B .  Using (4.1) and  (4.2), we can
see

(4.5)

Let us set

4 = 0 , p(f, g)=-0 ,

(Y , Z )= p (Y , Z ) f o r  Y ,  Z E f,

fi(DxY, Z)± fi(Y, D 1 Z)=0 f o r  XE1 1 a n d  Y ,  ZEg.

t= IX E g ;  p(X, Y ) = 0  fo r any YEH.

Lemma 4.2. (1) g-=-t-1-1 and tnt=f.
(2 )  t  is a subalgebra.

Pro o f . Assertion (1) follows from (4.5) and  the  definition o f t.
By (4.3), [ 10, (OCT. Therefore using dp=o, we have p([ t, t], 1 0)Cp([1 0 , t], t)

= 0 .  Moreover using (4.4) and  (4.5), w e have for any XE1 1 an d  Y , Z E t

fi(X, [Y , Z ])= p - ([X , Y ], Z)-1- fi(Y, [X , Z ])

= fi(DxY, Z)+13(Y, D x Z)

=0,

proving p(i i , [t, t ] ) = 0 .  Hence we get [t, t] c t . q. e. d.
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L et f(t) be th e  largest ideal o f t  contained in  T. B y  a  resu lt o f  [1 0 ] there
exists a n  ideal t '  of such that t=t'-[-t(t) (direct sum o f ideals). W e th en  have
g=1'-1-1. Let T ' be th e  connected subgroup o f  G corresponding to t'. Then T '
ac ts  o n  G /L  transitively and  almost effectively. There corresponds to th e  in-
variant complex structure  of G IL , a n  endomorphism j '  o f t '  such that j'.X - . /X
(m od° f o r  XG t'. Then (t', t/nt, j', gbG / K ) is an effective j-a lgeb ra . Thus by
Corollary 3.3, w e have

Lemma 4 .3 .  The base space GIL  is biholonzorphic to the product of  a homo-
geneous bounded domain M 1 and  a compact simply connected homogeneous complex
manifold M2.

A s before there exists a  connected closed subgroup A  o f  G  containing L
such that M1 = G /A  and  /1/2= A / L .  Then A IK  is  a  Kdhler submanifold of GIK
and the fibering : AIK—>AIL is nothing but the Hano-Kobayashi fibering o f AIK.

Lemma 4 .4 .  The Ricci curvature of  A IK  is non-positive.

Pro o f . L e t a  be the  L ie  algebra o f A  and let X a .  W e  th e n  have

0a/K(D. X , X l=sbaiA (CiX , Xi)+0A/K(DX,

Since sba/K([jX , X])?_-0 and  OG/A([jX, X 1)=0, we have 0A/K([/X,
q. e. d.

§  5 . Proof o f M ain  Theorem.

L et GIK  be a  homogeneous Kdhler manifold of non-positive Ricci curvature
and  le t G IL  be the  base  space in  th e  Hano-Kobayashi fibering o f  G I K .  For
th e  proof of M ain  Theorem, it remains to prove that G IL  is  biholomorphic to
a homogeneous bounded d o m a in . To do this, by virtue of Lemmas 4.3 and 4.4,
it is sufficient to prove th e  following

Proposition 5 .1 .  L et G IK  be a homogeneous Kdhler manifold of non-positive
Ricci curvature. Consider the Hano-Kobayashi f ibering: GIK-+GIL. A ssume that
G IL  is compact sim ply  connected. W e then have G=L.

It is sufficient to prove this proposition assuming that G  acts effectively on
G IK . L et 10 , f i ,  Dx ,  t  and  f ' be a s  § 4. Since 1' is the Lie algebra of a transitive
subgroup of Aut (GIL) and since GIL  is a compact simply connected homogeneous
Kdhler manifold, we know that t '  is  sem i-sim ple. It follows that t  is reductive
and hence it is decomposed as

,

where c denotes th e  center o f t  a n d  is  the sem i-sim ple part of t. Note that c
is contained in  t. It is well known that there exists Z o E  such that

(5.1) t-={XEt ;![X, Z 0]=0}.
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Clearly, D.x  le av es  t invariant and hence it induces a derivation of Therefore
for every XOEI„ there exists S I ,  of such that

(5.2) DxY=[sx, Y] for any

Since D1Z0=0 by (4.1), we know s 1 E1 from (5.1) and  (5.2). L e t 1(g) b e  the
la rg est id ea l o f  g  contained in :I. B y  ( 4 . 4 )  and  (5.2), w e  have X—sx Ef(g).
From (4.3), we also know that T o is contained in l(g). Therefore we get

(5.3)

Hence we may assume ft(g )C l(g). L et g ' be  the subspace given by

g '= IX E g  ;  p(X, Y ) = 0  for any YETI.

Using (5.3) and the fac t tha t l(g) is a j-invariant ideal of g , w e can  see  tha t g'
is  a j-invariant subalgebra and satisfies

g = g '+ 1  a n d  ent-t.

B y the same arguments as for t ,  w e can  show th a t  g ' is reductive.

L em m a 5 .2 . For every X Eg',

Trig (adj[jX, .X1—joad [ jX ,  X])=-0

Pro o f . Let us set V = 1 /1 . Since g/g' the linear isotropy representation
of g ' induces a  representation r o n  V .  The form  p  induces a  skew-symmetric
bilinear form at on V .  T hen  (V, j, co) is a symplectic sp ace . B y  the definition of
g', r is  a  symplectic representa tion . Let G ' be :the connected subgroup o f  G
corresponding to  g'. Then w e obtain  a  holomorphic mapping of G 'IG 'n K  to
syvviu). Since G '/ G 'n lf is biholomorphic to GIL  and since G IL  is  compact,
the image of G 'IG 'n K  is  a single point. This m eans that r(X ) commutes with
j  for a n y  X g ' .  A s a  result

T r v j . [T ( jX ) ,  r(X )]= 0 .

It follows that

Trut(ad j[jX , X ]-1 . .ad[jX, X ])

=Trv(rC i[lX , X ]) - - l*Er(iX), r(X)1)=0. q. e. d.

Let X E  g '.  W e then have from Lemma 5.2,

OG/K([iX, X])=0G/L(C/X, X l+ T r u t( a d i[ jX , X ] — ,i.ad EiX, X ])

=OGIL([j.X, X ]).

Since G IL  is  compact and simply connected, we have from [8], OciL([jX, X ] ) 0
and the equality holds if and only if X 1 .  F r o m  the assumption Oa/K([/X, X ])

-.1) w e  then  have X e g 'n l = f .  T hus w e  ge t g '= f, p rov ing  Proposition 5.1.
W e have proved the following theorem a n d  completed th e  proof o f  Main

Theorem.
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Theorem 5 .3 .  Let G /K  be a homogeneous Kdhler manifold of non-positive
R icci curvature. Then there ex ists a closed subgroup L contatning K such that

(a) L IK  is a flat homogeneous Kdhler subznanzf old o f GIK.
(b) GIL  adm its a G-invariant complex structure w ith respect to w hich GIL

is biholomorphic to a homogeneous bounded domain and the canonical projection of
GIK  onto GIL is holomorphic.

Appendix.

We will give here th e  proof o f Theorem 1.2. We first show  the  following

L em m a. Let M  be a compact simply connected homogeneous Kdhler manifold
and let f  be an element of Aut (M ) .  Assume that there exists a connected subgroup
G  of Aut (M ) such that

(a) G  acts transitively on M,
(b) f  commutes with each element o f G.

T hen f  is the identity  transformation of M.

Pro o f . We first note that the  L ie  algebra o f  a  subgroup o f Aut (M) acting
transitively is com pact and sem i-sim ple. Define a com pact subgroup C by

C ={ 1z EA ut(M ); gh=hg fo r any gEG}.

and put G'— CG. B o th  G' and G are compact semi-simple subgroups. We denote
by g ', g , and  c the  L ie  algebras o f  G', G , and C respctively. We have g'=g+c
(direct sum o f  ideals). L et K ' and  K  be th e  isotropy subgroups o f  G' and G at
a point of M .  We denote by I' a n d  f  t h e  corresponding L ie  algebras. I t  i s
well known that there exists ZE g' such that f' =-.{XE g' ; [X , Z]=-0 I. W e then
have r = f - F r n c .  Since dim g'ir=dim  g/f, we get dim c= d im  c n f '. T h is  means
that c is contained in  f ' and  hence c = 0 .  It follows that G  is th e  identity com-
ponent o f G ' and C is a  finite g r o u p . Moreover C is  a norm al subgroup of G'.
In  fac t, le t gE G ' an d  a E C .  Since g G g '=G , we have  fo r any h E G , g ag "h
= g a g -zhg  g - 1 = g g -  1 hgag -  1 =h g ag " ,  proving gag - JE C .  It follows that CK ' is a
compact subgroup o f  G ' and M =G '/K ' is a  covering space o f  G 'I C K '.  The
homogeneous space G'ICK ' admits naturally a  G'-invariant Kdhler structure so
that the projection :  G'IK '-±G'ICK ' is holomorphic and  isometric. Now G'ICK'
is a  homogeneous Kdhler manifold on which a  connected semi-simple Lie group
acts transitively, holomorphically a n d  isometrically. T herefo re by Borel [2],
G'ICK ' is simply connected and hence we get K '=- C K '.  T h is  means C C K ' and
hence C ={ e} , because G ' acts effectively on M. q. e. d.

We now prove Theorem 1.2. L et M  be a  homogeneous Kdhler manifold of
non-negative Ricci curvature an d  le t G=Aut° (M ) .  Then M =G /K , K  being the
isotropy subgroup. Denote by d  th e  universal covering group o f  G  and by g5
the projection of onto G .  L et R = 0 - 1 (K ) a n d  le t  IZ° b e t h e  identity com-
ponent of R. T h e n  /a = 5 /1 -0  is th e  universal covering space o f M  and  it has
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a natural 'e-invariant Kahler structure so that the projection is holomorphic and
isometric. We already know from [3] that i;/ is isomorphic to Cn x M ', where
M' is a compact simply connected homogeneous Kahler m anifold. Let 71(M ) be
the fundamental group of M .  Let f  be an element of Tr i (M ) .  We express the
action of f  on /(4.'  as

f  (z, w)=(fo(z, w), w)),

where zE C" and wEM 1 . Since M ' is compact, f o does not depend on w . For
the proof of Theorem 1.2, it is sufficient to show th a t f'(z , w )=w  fo r  a n y  z
a n d  w .  W e fix  a point zE Cn. Define a  map f;: M'—*M' by f;(w)= f(z, w).
We can easily see that f ;  is  an element of Aut (M ') .  Since Aut° ()=Aut° (Cn)
x Aut° (M '),  th e  group '6' acts Cn  and  M ' in  a  natural m anner. Let f l  be the
isotropy subgroup of G at the point z. We then have 6717-=-Cn and 17/.k0 =M '.
In view of (3.1), we can easily see that f ;  commutes with the action of 17 on M'.
Therefore from Lemma, we have .f;=---1, proving Theorem 1.2.
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