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Simple transcendental extensions of valued
fields III: The uniqueness property

By

Michel MATIGNON and Jack OHM

Let (K, v,) be a valued field and x be an indeterminate over K,. For any ¢ in
Ky(x)\K,, one can define an extension v,! of v, to a valuation of Ky(t) by:

for all a,, -+, a, in K,, v,'(act+at+ - +a,t")=inf{vy(a;)|7=0, ---, n}.

We are concerned here with the

Uniqueness problem: Given a valuation v of Ky(x) which extends v, does there
exist a ¢/ in K,(x)\K, such that v extends v, uniquely?

We proved in [9] that the answer is “yes” if rkv,is 1. We shall show here that the
answer is also “yes” if v, is henselian, and that the answer is “no” in general.

The henselian result, which is proved in section 3, follows from the theorem that,
for v, henselian, v, extends uniquely to a valuation of K,(x) whenever ¢ has the form
t=f(x)™/b, where f(x) is irreducible in K,[x], b is in K,, and m is =1.

The negative result is proved in section 2. It follows from the observation that
an affirmative answer to the uniqueness problem is equivalent to a fundamental equality,
E=IRD", relating some numerical invariants of the extension v/v,. By studying these
invariants punctually at ¢, we show that if there exists a ¢ such that v/v,* is unique,
then v/v,"" is also unique for every ¢’ of minimal deg such that v extends v,".

The D" that appears in the above equality is called the henselian defect of v/v,.
The notion of defect, which is central to the ideas of section 2, is introduced in sec-
tion 1.

We have come to this work from two directions. One is that of the equality E=
IRD", which had been conjectured to hold under certain hypotheses in [12]; the pre-
sent paper puts [12] in its proper setting and completes the proof of its conjectures.
The other direction is that of the uniqueness problem for function fields: an affirma-
tive answer to this problem is given in [7] for v,rk 1 complete and is a key step in
the proof of the genus reduction inequality of that paper. See also the introduction
to [7] for some historical remarks on this problem.

The second author would like to express his thanks to Jean Fresnel and his
coauthor for their hospitality during his visit to the University of Bordeaux I during
the month of October, 1987, and for arranging financil support for this visit through
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the Conseil Supérieur des Universités.

0. Notation and terminology

Throughout the paper (K,, v,)C(Ky(x), v) will denote a simple transcendental (abbre-
viated tr.) extension of valued fields, i.e. x is tr. over K,, v is a valuation of K,(x),
and v,=v|K,. Sometimes it will be convenient to abbreviate this notation to (K(x)/K,, v)
or merely Kyx)/K, or v/v,. The corresponding valuation rings, value groups, and
residue fields will be denoted V,CV, G,CG, and k,Ck respectively).

Moreover, b,/ will denote the algebraic closure of %, in k.

We use ( )* for image under the residue map of a given valuation; thus, if s is
in Ko(x) and v(s)=0, then s* is the image of s under the v-residue map V—-V/m,=k.
We shall also refer to s* as the v-residue of s.

Let ¢ be in Ky(x)\NK,.

We call ¢ residually tr. for v/v, if t* is tr. over k,.

The extension (K, vo)C(Ky(x), v) is called residually tr. if there exists a residually
tr. ¢ in Ky(x).

deg t=[Ky(x): Ky)], or equivalently,

=max {deg f(x), deg g(x)},

when ¢ is, written in the form t=f(x)/g(x) with f(x), g(x) relatively prime elements of
K,[x]; cf. [18, p. 197].

vt (the inf extension of v, w.r.t. t)=the valuation of K,(¢) determined by: for all
@y, A in Ky, vef(aptat+ - +ant*)=inf {v(a;)|7=0, -, n}. The residue field of v,*
is ko(t*), with t* tr. over k,; and the value group is G,. Moreover, v|Ky(t)=v,* iff ¢
is residually tr. for v/v,. (Cf. [2 pp. 160-1617)

K, will be a fixed algebraic closure of K,. If w, is any extension of v, to K,*'¢,
then the residue field of w, is the algebraic closure k,*'® of k, and the value group is
the divisible hull G4 of G,.

(K, vo)" denotes completion and (K, v,)* henselization.

We use C for inclusion and < for proper inclusion.

1. Defect

Fix throughout section 1 a finite algebraic extension of valued fields (L,, w,)C
(L, w), with value groups H,CH and residue fields [,C/.

We use L to denote henselization and L™ to denote completion. Recall that both
L* and L~ have the same residue field and value group as L and that any finite
generating set for L/L, is also a generating set for L*/L,* and for L"/L,"; see [1,
pp. 175-179] or [3, p. 131] for henselizations and [17, pp. 45-47, §§4 and 5] or [2, p.
1217 for completions.

A set of extensions w,=w, w,, --+, w, of w, to L is called a complete set of exten-
sions of w, to L if every extension of w, to L is equivalent to one of these and no
two of these are equivalent. Similarly, a set of extensions w; =w, wy,, -, w;,, of w,
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to L is called a complete set of independent extensions of w, to L if every extension
of w, to L is dependent on one of these and no two of these are dependent. (Recall
that two extensions are dependent if either their valuation rings have a common
valuation overring <L or both are trivial.)

1.1. The fundamental equalities.
) [L:L]=2Z0[(L, w)t: (Lo, wo)*]

(Apply [3, p. 125, (17.3)] and the fact that, in the terminology of that reference,
L.,*/L, is a separable, “allowable” extension.)

i) [L:Lo=270(L, wi)": (Lo, wo) 1Q (ws;/ wo)

(cf. [17, p. 49, Lemma 5]), where Q" (w:;/wo)=[L: Lolins/[(L, wi))": (Lo, wo) Jins ([ Jins
denotes deg of inseparability).

The first sum is taken over a complete set of extensions w,=w, -, w, of w, to L,
and the second sum over a complete set of independent extensions w; =w, -, w;, of
w, to L.

We shall call [(L, w)*: (Lo, wo)*] (resp. [(L, w)": (Lo, wo)"]) the henselian (resp.
completion) degree of the extension (L,, wo)C(L, w), and Q" (w/w,) the inseparability
quotient. Note that Q" (w/w,)=1 whenever L,"/L,or L/L, is separable, and in general
equals p* for some /=0, where p=char L,; cf. [19, p. 119, Cor. 2, and p. 114, Lem.].
For a discrete rk1 example with [L: L,]=Q (w/w.,)=p>0, see [20, p. 62] or [2, p.
187, Exercise 3].

1.2. Definition of the defects. Let e=[H: H,] and f=[1:1,]. We define three
notions of defect for the extension (L,, wo)C(L, w), the defect, the henselian defect,
and the completion defect, resp., as follows:

D) def (w/w)=[L: Li]/ef
i) defMw/w)=[L, w)": (Lo, wo)"1/ef
iii) def (w/wo)=[(L, w)": (Lo, wo)"1/ef
We can now restate the fundamental equalities of 1.1 in terms of these defects:
[L: L]=def (w/wo)ef
=2k def Mwi/wodesf s
=27 def "(wiy/wodes, f1,Q (wi,/wo) -

Note that each defect is a rational number =1. Much of the usefulness of these no-
tions is due to the following classical

Theorem. Let p=char/, if char/,>0 and p=1 if char/,=0.
i) (Ostrowski) If rkwo=1, then def “(w/we)=p* for some i=0; and if w, is discrete
rk 1, then def “(w/wo)=1 (cf. [15, p. 355] and [2, p. 148, Cor. 2].)
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ii) (E. Artin—Qstrowski) If rkw, is arbitrary, then def™(w/we.)=p* for some i=0
(cf. [1, p. 180, Prop. 157, or [2, p. 190, Exercise 9]).

It is easy to give examples to show def” (w/w,) is not related to the residue
characteristic if rkw,>1; in fact, in 2.5 below we give discrete rk 2 examples, in, say,
residue characteristic 0 for which def “(w/w,) is an arbitrarily prescribed rational num-
ber =1. Note that by ii) of the theorem def™(w/w,)=1 for such examples.

1.3. Comparison of the defects. Since L,CL,* and L,CL,", both def*(w/w,) and
def "(w/w,) are <def (w/w,). As for the relationship between def* and def”, we have
the

Proposition. def*(w/wy)<def "(w/w,)Q" (w/w®), and =holds if (L,, w,)” is henselian
(in particular, =holds if rkw,=1).

Proof. We shall form our henselizations and completions inside the fixed field
(L?'8)", where L?2 is an algebraic closure of L, with w extended arbitrily.

We must show: [L*: L]<[L": L,"]Q (w/w,), and =holds if L,” is henselian.
By 1.1, since w" is the unique extension of w,* to L*,

(1.3.1) [Lr: LI=[L*" : L ]1Q " (w™/wo) .
To prove the inequality, it suffices to show
[L": Lo1Q (w/we) =L : L™ 1Q (w/wo"),  or
[L": Lo X[L: LoJins)/TL" 2 Lo" Jins2[L"" ¢ Lo® J([L™: Lo™Jins/[L"" ¢ Lo"" Jins), oOF
[L": Ly YsenlL s Lodins=[L* : Lo® Jeep[ L™ Lo™lins -

But L,*/L, is separable, so [L: LoJins=[L": Ly™]ins (cf. [19, p. 119, Cor. 2]). There-
fore we must show [L": Ly Jsep2[L*": Lo® Jsep, which follows from L,"CL,*" (cf.
[19, p. 114, Lem. 1]).

Finally, if L,” is henselian, theu L,*"=L,", and (1.3.1) becomes [L%*: L,*]=
[L": Ly,]Q (w™/wet). But Q" (w"/w,*)=Q (w/w,) since as noted above, [L: LyJins=
[L*: Ly*])ins. Q.E.D.

As we mentioned in 1.2, there exist examples with def*=1 and def” an arbitrary
rational number =1. On the other hand, the example mentioned in 1.1 is a discrete
rk 1 example with def "=1 and def*=p>0.

1.4. The uniqueness criteria. We shall say w/w, is unique (resp., dependence
unique) if all extension of w, to L are equivalent to (resp., dependent on) w. By the
fundamental equalities of 1.2, the following are equivalent:

i) w/w, is unique (resp., dependence unique)
ii) def (w/wo)=def™w/w,) (resp., =def (w/wo)Q" (w/w,))
iii) [L: Lo]=efdef™w/w,) (resp., =efdef (w/wo)Q" (w/wo)).
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Remark. w/w, is dependence unique iff there exists a valuation w’ of L whose

valuation ring contains the valuation ring of w and is such that w’/(w’|L,) is unique
(cf. [20, p. 65]).

It is always possible to embed the value group of an extension w of w, to L ina
fixed divisible hull H,4" of H,; this has the effect of replacing the valuation w by an
equivalent one. But it is easily seen that if two extensions w;, w, of w, to L both
have value groups contained in the same H,%!" and are equivalent, then they are equal.
Thus, by requiring that all extensions under consideration should have values in H 9%,
we could replace equivalence by equality.

2. The fundamental invariants

Throughout section 2 (K, v,)C(K(x), v) will denote a residually #r. extension of
valued fields with value groups G,CG and residue fields k,Ck. (Here x is a single
indeterminate.) In addition, we let

g={t in Kyx)|t is residually tr.}, and
minZ={t in g| for all ¢’ in T, degt<degit’}.

Note that for all ¢ in I, v| K (t)=v,*, the inf extension of v, w.r.t. ¢ (cf. §0). It
follows that index (v/v,!)=index (v|v,):=[G: G,]; we shall denote this index by I. We
define an additional set of rational numbers =1 as follows:

2.1. Definition. For ¢ in g,

R(t) (residue deg at t)=[k: ky(t*)],

E(t) (extension deg at t)=[Ky(x): Kt)],

{ E™t) (henselian extension deg at f)=[Ky(x)"*: K(t)*],
E“(t) (completion extension deg at t)=Ky(x)" : K\(t)"],
D(t) (defect at t)=E(t)/IR(t),

{ DMt) (henselian defect at t)=E*(¢)/IR(?),

D*(#) (completion defect at t)=E"(t)/IR(t).

Moreover, if A(t) denotes any one of the above symbols, we define
A=inf {A(®)|t in g}; e.g. D*=inf {D™(t)|t in T}.

In this way we obtain a set of “invariants” I, R, E, E*, E”, D, D*, D" for the ex-
tension (K,, v,)C(K(x), v), called respectively the index, residue deg, extension deg,
henselian extension deg, etc.

Each of the expressions of 2.1 may be regarded as defining a function from g to
the {rationals =1}.
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2.2. Theorem. D(t) is constant on I, i.e. for all t in T, DMt)=D"; and the re-

maining functions of 2.1 are constant on min<g and attain their infs there, i.e. for all
t in ming, R=R(t), E=E®), E*=Et), etc.

Proof, i) D?™(t) is constant on 7.

This was proved for D(¢), in the rk1 case, in [9, Thm. 2.5]; and the same proof
yields i), modulo the observation that Lemma 2.5.3 of [9] was not really needed there,
only the weaker observation that if K, is a finite algebraic extension of K, and v is
extended arbitrarily to Ki(x), then for ¢, t’ in I, the extensions K (#)CK,(¢) and K(¢)
CK,(t') are isomorphic as valued field extensions. (Actually it is also easy to see that
Lemma 2.5.3 of [9] remains valid if def” is replaced by def"; cf. [14, §4.1].)

ii) R(t) is constant on min g and attains its inf there.

This is a consequence of the Ruled Residue Theorem [13]: For ¢ in ming, k=
ko'(t*%) and R(t)=[k, : ko] (where k,’ is the algebraic closure of &, in k).

iii) E(t) is constant on min g and attains its inf there (i.e., E=deg min 7).

This is immediate from the definition of min g.

iv) E™t) is constant on min ¢ and attains its inf there.

This is by i), ii), and the equality E*(t)=IR(t)D".

v) E™(t) is constant on min 9 and=F there.

By [9, Theorem 2.1], E”(¢t)=E(t) on mind ; and by iii), E(f{)=FE on min 9.

vi) D(t) and D"(¢) are constant on min & and =FE/IR there.

This is by ii), iii), and V).

It remains to prove E“(#), D(t), and D"(¢) attain their infs on min g, or in view
of v) and vi), that E=E~ and D"=D=E/IR. These equalities are a corollary to

2.2.1. Proposition. For all t in 9, E"(¢)/R(t)ZE/R.

Proof. Let t be in 9 and ¢ be in min g. By definition of min g, E(t,)=FE; and
as noted in ii) above, R(t,)=R=[k, : k] and k=k,(¢,*), where k,”=algebraic closure
of kb, in k. Let m=[k: k/(t*)] (=deg of t,* over k,’(t*)), Then

R)=L[k: ko(t*)]=[k: ko' (t*)I[ky’ (%) : ko(t*)]=mR .

Therefore it suffices to show E“(¢)=mE, which follows from the
Claim: The mE elements of

S={xt|i=0, ---, E—1; j=0, -, m—1}

are linearly independent over K,(¢)".
We need the following lemma, whose proof will be given later.

2.2.2. Lemma. The extension deg E’ of K, (x)/K,"=the extension deg E of Ky(x)/K,.

By the lemma, x is of deg E over K, (¢,). Since also ¢, is . over K,” (because
t, is residually tr.), it follows that & is linearly independent over K,”. Therefore by
[9, Cor. 1.6], we need only check that ¢ satisfies the condition (inf/K{S)) of that
reference, where K,{S> denotes the K,-vector space spanned by &, i.e. we must show:
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if b, -+, b, are in K(SD, then v(by+b,t+ -+ +b,t")=inf{v(b;)|i=0, ---, n}.

Write b;=bs+bato+ - +bymoate™ ' (=0, ---, n), where b;; are in K,+Kox+ -
+KoxE', By the lemma in the proof of [9, Theorem 2.1], v(b;)=inf {v(b;;)|7=0, -+, m—1}.
Therefore if b is an element of least value from {b;;|7=0, ---, n; =0, ---, m—1}, then
inf{v(b;)|7=0, ---, n}=v(b). Thus, if s=be+bt+ --- +b,t", we must prove (s/b)*+0
(where * denotes image in k). We have

(s/bY*=(bo/b)+(b1/bY ¥+ -+ +(ba/bY*t*"
=[(boo/bY*+(bo1/b)¥t*+ +++ +(bo, m-1/OY¥E*™ 7 ]+ oo +[ Jt*+ - +[ Je*™.

But degb,;/b is <E, and by definition of E this implies each (b;;/b)* is in ko', the
algebraic closure of k, in k. On the other hand, {{,*t*/|;=0, ---, m—1; j=0, ---, n}
is linearly independent over k,’, since t* is tr. over k,’ and t,* is of degm over k,/(¢*).
Thus, (s/b)*#+0. Q.E.D. for the Proposition.

2.2.3. Corollary. E=E", and D=D"=E/IR=D".

Proof. Proposition 2.2.1 is equivalent to: D">=E/IR. On the other hand, since,
for ¢t in I, Ky(t)CKy(t)" and K,(2)C Ky(t)*, we have E(t)=E"(t) and E(t)=E™t). There-
fore, E(t)/IR(t)=E"(t)/IR(t) and E(t)/IR(t)=E™t)/IR(t). By taking infs over I of
these inequalities, we conclude D=D" and D= D",

But by vi) above, D<E/IR. Putting these observations together, we obtain D=
D"=E/IR=D".

To see E=E", note that 2.2.1 yields E"(t)=(E/R)R(t) on 9, and hence by taking
infs over 9, we have E"=E. Conversely, as noted above, E(?)=E"(¢) on 9 so E=E",

Proof of Lemma 2.2.2. Since any residually tr. element ¢ of Ky(x) is also a
residually tr. element of K,"(x), and since [ K, (x): K,"(£)]=<[Ko(x): Ki(t)], we conclude
E’'<E. Thus, it remains to show: for any residually ¢r. element ¢’ of K, (x), there
exists a residually tr. t in K,(x) such that [K, (x): K,"(t")]=E(t).

Write t'=a’/b’, where a’, b’ are relatively prime elements of K,"[x], and note that
[Koy"(x): Ky"(t')]=max{deg a’, deg b’} (cf. [18, p. 197]). Now write a’=a,'+a,’x+ ---
+a,’ x*, where the a,” are in K,” and a,’#0. Since K, is dense in K,", there exist a;
in K, such that v(a;/x*—a;x)>v(b’) and a,#0. Let a=a,+ -~ +a,x*. Then wv(a’/b’
—a/b’)>0, so (a'/b')*=(a/b’)*. Thus a/b’ is residually tr. We can now repeat this
procedure, using b’/a, to obtain an element t=b/a in Ky(x) which is residually #». and
such that E(f)<max{dega, deg b} <max{dega’, degb’}. Q.E.D.

This concludes the proof of Theorem 2.2.

Remark. In [9] we defined the defect D of v/v, to be E/IR and then proved that
D (t)=E/IR for t in min 9, while the crux of 2.2 is that, in fact, E/IR is the inf of
D”(t) on T.

2.3. D" and the property (U). We shall say
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i) ¢t in g has the uniqueness property (U) (resp., the dependence uniqueness pro-
perty (Udep)) if v/vo¢ is unique (resp., dependence unique), and

ii) the extension (K, v,)C(Ko(x), v) has the uniqueness property (U) (resp., the
dependence uniqueness property (Usgep)) if there exists ¢ in g with (U) (resp., (Ugep))-

By 1.4 applied to the extension (Ky(t), vo')C(Ki(x), v), for ¢ in g the following are
equivalent :

i) ¢ has (U)
(2.3.1) i) D(t)=D"
iii) E()=IR(t)D" (=EM1)).
2.3.2. Corollary. The following are equivalent:
i) the extension (K, vo)Z(Ko(x), v) has (U)
ii)y D=D*"
iiiy E=IRD* (=E")
iv) every element of min I has (U).

Proof. i)—ii): Suppose t, in g has (U). Then DZD(t,)=D", the equality by 2.3.1.
On the other hand, D=D" by 2.2.3. ii)«iil): E/IR=D by 2.2.3. ii)—iv): D(t)=D on
min g by 2.2, so 2.3.1 applies. iv)—i): By definition. Q.E.D.

2.3.4. Corollary. There exists a residually tr. simple tr. extension which does not
have (U).

Proof. In [11, p. 218, §7.2] there is given a discrete rk 2 example with E=2 and
IR=1; and the residue char is 0, so D*=1. (Note that this example is optimal in the
sense that every rk 1 extension has (U) by [9, Cor. 2.2].)

2.4. D" and the property (Ugep). The statements 2.3.1 and 2.3.2 have analogues
for (Uqep) and D™ as follows:
.For t in g the following are equivalent :

i) ¢ has (Ugep)
(2.4.1) ii) D(t)=D"(t)
iii) E@)=IR(t)D"(t) (=E"(1)).

This follows from 1.4 applied to the extension (Ky(1), v,*)C(K(x), v), provided one
first proves that the inseparability quotient Q"(v/v,*) which appears in 1.4 is 1, i.e.

2.4.2. Lemma. For t in T, 1=Q"(v/v") (=[Ko(x): Ko(t)Jins/[Ko(x)" 1 Ko(t)" Jins)-
Before proving this lemma, we shall give the analogue of 2.3.2:

2.4.3. The following are true:
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i) the extension (Ko, vo)T(K(x), v) has (U gep)
ii) D=D"
iliy E=IRD~ (=E")

iv) every element of min I has (Ugep) -

Proof. 1) is by [9, Cor. 2.2], ii) and iii) by 2.2.3, and iv)}by the equalities D(t)=
D=D"=D"(¢) for ¢t in min ¢, which come from 2.2 and 2.2.3.

Proof of Lemma 2.4.2. It suffices to prove Q" (v/v,*) is independent of ¢ in I,
since we know by [9, Thm. 2.1] that E(¢)=E"(t) for ¢t in min g, which implies
Q" (v/v,*)=1 for ¢ in min 9.

Let Ky(#)**P denote the separable closure of Ky(?) in Ky(x) and p=char K,. Since x
is purely inseparable over K,(1)*¢®, it follows that Ky(t)**?=K,(x?*) for some 7=0. (This
is because the only fields L between Ky(x?*) and Ky(x) are Ky(x?*), Ko(xP*™"), -+, Ky(xP),
Kox). For, [Kox): L1=p’ for some j in {0, ---, ¢}, since [Ky(x): L]| p®. But the irre-
ducible polynomial for x over Ky(x?*) is X?'—x?*=(X—x)?*, and the irreducible poly-
nomial for x over L must be a factor of this polynomial, hence must be (X—x)?’; so
x?' is in L.)

First consider the case that x itself is residually t». Then x?’ is also residually
tr., so the residue field extension corresponding to Ko(x?")CKy(x) is ko(x*? )T Eo(x*).
Therefore [Ko(x): Ko(t)]ins = [Ko(x): Ki(x”)] = [ho(x*) : ko(x*7")] S[Ko(x)" 1 Ko(x?%)"]=
[Ko(x)" s Ko(t) Jins. Since [Ko(x): Ko(t)]ins=[Ko(x)" : Ko(2) Jins is immediate from Ky(¢)
C K(t)", we have proved Q"(v/v,*)=1 when x is residually tr.

Consider next the general case. There exists a finite algebraic extension K, of K,
such that (after extending v arbitrarily to K,(x)), Ki(x)/K, has a residually fr. generator
(cf. [9, Proof of 2.5]).

K\(t)— Ki(x)

K1) Ki(x).

Now use the multiplicative property of Q" : Q" (Ki(x)/K,(1)Q (K.(t)/Kot)=Q (K\(x)/
Ky(x0)Q (Ko(x)/ Ko(t)). (Note that we have changed notation here from e.g. Q" (v/vo%)
to Q (Ku(x)/Ky(t).) We have seen above that Q"(K,(x)/K,(t))=1, so it remains to ob-
serve that Q~ (K (¢)/K(t)) is independent of ¢ in . But this follows from the fact
that for any ¢, ¢’ in g, the extensions Ky (t)CK,(f) and Ky(t')CK,(¢') are isomorphic as
valued field extensions. Q.E.D.

In view of 1.3 and 2.2, Lemma 2.4.2 yields also the

2.4.4. Corollary. If rkv,=1, then D"(t) is constant on I and =D".

A second proof of Lemma 2.4.2 may be obtained by replacing K, in the above
proof by K,". As in the above proof, one must first verify that Q"(K,"(x)/K,"(¢t))=1,
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which by 1.1 follows from the

2.4.5. Proposition. Let K,CK(t) be a valued field extension with K, complete and
t residually tr. Then K(t)" is separable over Ki(t).

Proof. This was proved in the discrete rk 1 case in [5, p. 48, Lemma 3.1] and in
the rk 1 case in [7, p. 183, Cor. 1] or [6, p. 18], for a detail proof); these proofs carry
over to the present case of arbitrary rk valuations, provided one has the

Lemma. Same hypothesis as 2.4.5. If K, isa finite algebraic extension of K,, then
K, (t) and K(t)" are linearly disjoint overt Ky (t) (or, equivalently, [K,'(t): K\(t)]=
[Ko(#)" : Ko(t)" D).

Proof. Since [Ky'(t): Ko(t)]=[K, : K], it suffices to show: if s,=1, s, ---, s, is a
vector space basis of K,’/K,, then sy, :--, s, are linearly independent over K, (¢)". By
[9, Cor. 1.6] one need only check that ¢ satisfies the condition (inf/Koso+ --- +Kos,) of
that reference. But ¢ is residually #r. and any element of value 0 which is a quotient
of elements of K,s,+ -+ +K,s, is residually algebraic, so the condition follows as in
[9, Lemma to 2.1].

2.4.6. Remark. This second proof is of special interest, since by iteration of 2.4.5
it yields the Theorem (in the terminology of 2.7 below): Let (K,, v,)C(K, v) be a
residually #r. valued function field. Then Q7“(v/v.*) is independent of residually tr.
basis t in . (See also 2.7.4.)

2.5. Example. Let (K, v,) be any non-trivally valued field, and let v be the inf
extension (to Ky(x)) of v, w.r.t. x. This is the most elementary kind of residually tr.
extension. For any ¢t in g, the residue fields corresponding to K,C K(t)C K, (x) are
ko C Ro(t*)C ko(x*), and the value groups are all equal. Thus, 1=E=[=R=D=D"=D*",
and therefore D™(t)=D(t)=1 on min T. What do D(t) and D"(¢) look like on the rest
of g°?

First, D(t) assumes all rational numbers =1. To see this, choose a in K, such
that ve(a)>0; and let ¢, ,=ax™+x". Then tm/*=x*", 0 R(tm/n)=n. Therefore D(tm;,)
=E(tmin)/ IR(tnin)=m/n.

Secondly, D"°(t)=1 on T if rkwv,=1, and assumes all rational numbers =1 if rk v,
>1. For, if rkv,=1, we know by 1.3 that D"(#)Q"(v/v,*)=D"=1; and this implies
D7(t)=1. On the other hand, if rk v,>1, then there exists a valuation ring <K, which
properly contains the valuation ring of v,; call the associated valuation u,, and let u
be the inf extension of u, w.r.t. x. Then u and v define the same topology on K,y(x)
and hence produce the same Ky (x)". Choose a in K, such that ue(a)=0 and wv,(a)>0,
and let tm.=ax™+x". As above, we see that the u-residue deg of K (t)CK,(x) is m,
and this forces E " (tmsa) (=[Ko(x)" : Ko(tmin)"]) to be m. Similarly, the v-residue deg
of Ky(t)TKyx) is n, $0 R(tm/n)=n. Therefore D (tm/n)=E (tmin)/IR(tmin)=m/n.

2.6. The property (U) implies the more general uniqueness property of the follow-
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ing theorem; it is in this form that it plays a key role in the proof of the genus re-
duction inequality of [7] (see also 2.7.5).

Theorem. Let (K,, v,) be a valued field and v,, ---, v, be non-equivalent extensions
of vy to Ky(x) such that each vi/v, is residually tr. and has (U). Then there exists t in
Kox)NK, such that vy, -, v, is a complete set of extensions of vi' to K(x).

The proof is virtually the same as the rk1 proof (for 1-dim function fields) given
in [16, p. 19, Cor. 1] (and which has antecedents in the work of Lamprecht, Mathieu,
and Matignon): for the convenience of the reader we shall sketch it here.

Proof. By hypothesis there exist ¢, -+, t, in Ky(x) such that v; extends v,*¢ uni-
quely. Consider first the case that wv,({,)=0. Since v,/v,"! is unique, v,| K(t,)# vo't.
This implies there exists ¢, in K,[¢,] having the form ¢,’=a,t,+ - +a,-,¢," '+, such
that vy(¢,')>0, where n>1 and a;=0 or a; is an element of K, of value 0. Let for
the moment * denote v,-residue; since [k (t:*): ko(f,/*)]=deg of t,/* in Pkt *)=n=
degt,’ in Ky(t,)=[K(t)): Kit,)], v'1/v,'t is unique. Since v,/v,'t is also unique, this
implies v,/v,'t" is unique. Note also that if vy(¢,)#0, then vy(t,’)#0. By replacing t,
by t,/, we may therefore assume v,(t,)#0; more generally, by repeating this procedure,
we may assume v;(¢;)#0 for i#j.

Now let t,”=(14+1t,2)/(1+t,+¢t,?). As before, we see that v/v,'t"" is unique; this
uses the observation that the v,-residue deg of the extension Ky(¢,”)C Ky(t,) =the deg
of the extension =2. Also, for i#1, vi(¢,)#0 implies vy(f,”)=0 and the wv;-residue of
t,” is 1. Thus, by replacing ¢, by #,”, we may further assume ¢f, is v;-residually equal
to 1 for /=2; and in general, by repeating this procedure for the other ¢;, we may
assume ¢; is v;-residually equal to 1 for j#i.

Claim. t=t,--t, satisfies the theorem. Note first that all the v; contract to v’
on K,(t) since t is residually ¢». for v;; in fact, the v;-residue of ¢ equals the v;-residue of
t;. Moreover, obviously [Ko(x): Ko(t)]<Sm [ Ko(x): Ko(t;)]. Now fix 7 and consider
vi/ve,. Let I(t)=indexv;/v, at ¢, etc., as in 2.1. Then by 1.4 [K(x): K(t:)]=
L(t,)R(t;)D;"(t;), since v;/v,* is unique. But this expression equals I[;(t)R(t)D;™(t), for
I,( ) and D;”( ) are independent of choice of residually tr. element for v;/v, (cf. 2.2)
and R (t;) =R(t) because the v;-residue of ¢ equals the v;-residue of ¢;. Thus, [K(x):
K121, L(OR(t)D,¢t), which by 1.2 implies vy, ---, v, are the only extensions of
Vo' to Ky(x). Q.E.D.

2.7. Remarks on residually tr. functian fields. Let (K/K,, v) be a valued function
field of dim n with constant field K,, i.e. K is a finitely generated extension of K, of
deg of tr. n, v is a valuation of K, and K, is algebraically closed in K. Let 2Ck and
G,CG denote as before the residue fields and value groups for K,CK.

The previous definitions carry over with self-evident minor changes to this situa-
tion. For example, a tr. basis t=(t,, ---, tn) of K/K, is called residually tr., or is said
to be a residually tr. basis, if v(t;)=0 (i=1, -+, n) and t*=(¢,*, ---, {,*) is a tr. basis
of k/ky; and (K/K,, v) is called a residually tr. function field if there exists such a
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residually tr. basis. As before, we let T={t|t is a residually tr. basis of (K/K,, v)}
and min ={¢t in g| for all ' in T, [K: K,(t)]<[K: K,(t')]}. The functions defined
in 2.1 can now be defined analogously for residually ¢r. function fields, e.g. I=[G : G,],
and for t in I, R(t)=[k: ky(t*)], E*t)=[K™: K(t)*], and D*@)=E™1)/IR(2).

2.7.1. Kuhlmann and the second author [14] have independently proved that D™(t)
is constant on g (hence can be denoted D*). (Kuhlmann announces this result in [4]).

2.7.2. The set ming no longer seems to play for function fields the strong role
that it does in the simple tr. case. Although E(¢) is still constant on min by defini-
tion, the remaining functions of 2.1 need not be. It is not clear if these functions
attain their infs on ming ; in fact, in the case of D(¢) and D"(¢) it is not clear if they
attain their infs anywhere on I, or even if their infs D and D" are rational numbers.

Moreover, we have seen that D=D" in the simple tr. case. The first author [8]
has proved that for 1-dim function fields (K/K,, v) with infinite residue field k,, the
equality D=D"Q" holds (where Q" is given by 2.4.6). Conjecture: this equality holds
for arbitrary function fields.

As for R, one can no longer expect to have R=[k,": k,], where &,’ is the algebraic
closure of &, in k; for, if this were the case, we would have k=4k,(t*) for some ¢ in

T, i.e. k/k, would be ruled. Thus, [k : k] must now be considered a separate in-
variant.

2.7.3. It is easy to give examples of residually tr. function fields with (U) such
that not every element of min g has (U).

Example. Let %, be a field of char+#2 and z be an indeterminate; let K,=%(2)
and v, be the z-adic valuation of k. (z)/k,(i.e. the valuation whose ring is k,[2]c);
let K=Kyx, y), where y*=1+42(x*+1); let v, be the inf extension of v, w.r.t. x;
and let v be an extension of v,® to K.

Claim: v,® has two extensions to K. For (y—1)y+1)=z(x*+1) has value 1 and
{(y+1)—(y—1)=2 has value 0 under any extension; so one of y—1, y+1 has value 1
and the other value 0 under the extension. Since these values are reversed under the
Ky(x)-conjugation map y——y, v and its conjugate are distinct. This also shows k=
Ro(x*).

Say v(y—1)=1. Then x is in ming, and we have just seen that x does not have
(U). On the other hand, (y—1)/z is also in min g and does have (U), since ((y—1)/2)*
=(x**41)/2 implies R((y—1)/z)=2.

If the same construction is used for the function field defined by y*=1+42zx*+zx°,
we do not know if the resulting (K/K,, v) has (U). If K,=k(z) is replaced by K,=
k«((2)), then by [7, p. 197, Thm. 3] the extension has (U); but we still do not know
an explicit ¢ in g with (U).

2.7.4. It was proved in [7, p. 191, Cor. 1] that D"(¢) is constant on g for a func-
tion field (K/K,, v) with v of rk1; the proof involves relating D"(¢) to a certain collec-
tion of vector spaces. Another proof can now be effected by putting together the
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equality DY#)=D ()0 (v/vst) of 1.3 (which holds in rk1), the theorem mentioned in
2.7.1 above that D*(t) is constant on ¢, and the remark of 2.4.6 that Q" (v/v.*) is
constant on 9.

2.7.5. The theorem of 2.6 holds more generally for 1-dim function fields. The
only new fact needed is that D" is constant on T (c.f. 2-7-1); also, the inequality
[Kox): Ko(t)]E2 [ Ko(x): K(t;)] appearing in the proof is no longer obvious but
requires an argument as in [16, p. 20, Proof of Cor. 1].

2.7.6. Let (K/K,, v) be a 1-dim residually fr. function field with constant field K,
and assume v is of rk1l. Polzin [16], by showing that the property (U) is equivalent
to a certain “descent of Skolem” property, has proved: (K/K,, v) has (U) if either

i) v|K, is henselian,

ii) K/K, is of genus 0, or

iii) k&, is algebraic over a finite and v is discrete.

Moreover, there exist examples (of arbitrarily prescribed genus>0) which do not have (U).

It should be emphasized that all of these assertions are extremely difficult to prove
and rely heavily on previous results and on techniques from algebraic and rigid analytic
geometry; in particular, iii) is an application of deep results of Rumely, Roquette,
Moret-Bailly, and Szpiro. Our counterexample of 2.3.4 shows ii) no longer holds for
valuations of rk>1, and an analogous example shows the same for iii). We conjecture
that i) holds for arbitrary valuations; we shall prove this for the simple #». case in
the next section.

3. The henselian theorem

We fix throughout section 3 the following notation: (K, v,) is a valued field with
value group G, and residue field k,, x is an indeterminate over K,, and ¢ is in Ky(x)\NK.

3.1. Generalized inf extensions (cf. [11, p. 209, Prop. 4.3]).

Let 7 be an element of a totally ordered group containing G,. The inf extension
of v, W.r.t. (¢, 7) is the valuation v of K(t) determined by: for every integer n=0
and all a,, -+, a, in K,

v(ao+a,t+---+ant*)=inf{v(a)+ir|i=1, -+, n}.

We denote the inf extension of v, W.r.t. (¢, 7) by v, ; if y=0, we drop the reference
to 7 and merely write v,.

The value group of v, is generated by G, and y. We shall only be concerned
here with the case that 7 is a torsion element mod G,, or equivalently, the case that 7
is in G,4Y. If 7 is of order m mod G,, then there exists b in K, such that v(b)=my=
ve(t™), and it is easily seen that the v, 7-residue of t™/b is tr. over k, and the
residue field of v, 7 is ko((t™/b)*).

One usually checks that an extension of v, to Ky(t) is some v, by means of the

3.1.1. Proposition. Let 7 be an element of G2 of order m modG,, let v be an
extension of ve to Kit), and let w be a further extension of v to K*'8(t). Then the
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following are equivalent :
) v=p,0,
ii) there exists b in K, of value my such that the v-residue of t™/b is tr. over k,,
iii) there exists a in K& of value 7 such that the w-residue of t/a is tr. over k.

3.2. Theorem. Let t(x) be in K,[x]\K,.

i) For every root r in K, of t(x) and every B in G2V, there exists a unique 7=
1(r, B) in G4V such that v, *~ " P(t)=8. Moreover, if 1,=7(r, 0), then v,<*~ "7 extends v,*.

ii) If ((x)=alx—ry)---(x—7r,), where a, r; are in K,, and 7;=7(r;, 0), then v;=":
VoETTTY extends v,t, and every extension of vt to Ky(x) is equivalent to some vi(i=1,
v, n).

Proof. We can write t=a,(x—7r)+---+a,(x—7)*, a; in K,. Define
(#) r=max{(f—viay))/ili=1, ---, n}.

The equality v,*~"7(¢t)=f is equivalent to: iy+wv,(a;)=p for all 7 in {1, ---, n} and=
holds for some 7; and this is equivalent to (#).

For the second assertion of i), we must show the v,*~"-70_residue of ¢t is #r. over
ko. Extend v, to a valuation w, of K,*'%. Then w,*" "7 extends v,* "7, Choose
b in K,'% such that we(b)=7,, and write

(##) t=ba ((x—r)/b)+ -+ +b"a.((x—7)/b)".

We have v, "7 70(t)=0 iff w," " 70(t)=0 iff we(b'a;)=0 for 7 in {1, ---, n} and =holds
for some ;. Now apply the w,* " 7®-residue map to (##). Since the residue of
(x—7)/b is tr. over k,*'®, it follows that the residue of ¢ is also #r. over k,*'¢, and
hence tr. over k,.

For the proof of ii) note first that v; extends v,* by i). Let v be any extension of
vo' to Ky(x). By replacing v by an equivalent valuation, we may assume the value
group of v is contained in G,4"V. Let w be a further extension of v to a valuation of
K,*'¥(x) having value group G,%"¥, and let w,=w|K,*'¢. Since the value group of K,*2
is G4V, there exists b; in K,*'®¢ such that w(x—r;)=wb;). Write

t=(ab, b)) [(x—71)/b, ] [(x—74)/b.].

The v-residue of ¢ is tr. over k, because v extends v,'; and therefore the w-residue of

(x—r;:)/b; must be tr. over k, for some 7. Then w=w,* 7i:%o®» for that ;. Hence

v=1," 120 Finally, since v(¢)=0, the uniqueness property of i) yields wq(b;)=7;.
Q.E.D.

The question remains as to how many of the extensions v; of v, in 3.2-ii) are
equivalent ; we shall settle this later (in 3.6) since the result is not used below.

3.3. Theorem. Let (K, v,) be a henselian valued field; let x be an indeterminate ;
let t=f(x)™/b, where f(x) is irreducible of deg>0 in K,[x], 0#b in K,, and m=1; and
let vy' be the inf extension of ve w.r.t. t. Then the valuation vo' of K(t) extends uniquely
(up to equivalence) to a valuation of Ki(x).
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Proof. By replacing our valuations by equivalent ones when necessary, we may
assume all our values lie in a fixed G2V,

Since v, is henselian, v, has a unique extension w, to K,2'%, and then w,' is the
unique extension of v, to K, 2'8(¢).

If r,, -+, 7, are the roots (in K,2'®) of f(x) and w;=: w,=""i:79 (=1, ---, n) are
the extensions of w,’ to K,*'8(x) given by 3.2-ii), then every extension of w,® to K,*'#(x)
is one of these w;. Thus, to prove v,’ has a unique extension to K,(x), it suffices to
prove that the w; all restrict to the same valuation of Ky(x).

(Koalg(t), wo') (Koalg(x)y w;)

(Ko(t), vot)

We shall show w,; and w, both restrict to the same valuation on K,(x). Since f(x)
is irreducible in K,[x], there exists a Kj,-automorphism ¢ of K,2'¢ which takes r», to
7.. Extend ¢ to an automorphism 7 of K,*'®(x) by defining 7(x)=x. Since w,/v, is
unique, ¢ is an isometry of (K,*'¢, w,) onto (K%, w,) (i.e. wo=w,a), and it follows
that 7 is an isometry of (K,2'8(x), wo®~"t'70) onto (Ko*'8(x), wo* "270), But Ky(x) is
left element-wise fixed under 7, s0 w,=w,“* "t7Y and w,*~ "2’ must restrict to the
same valuation on K,(x).

Thus, it remains to prove w,=w,* "2’ or equivalently, 7,=7,. This follows
from the uniqueness assertion of 3.2-i) since w,®~"270(t)=w, - "v70(t)=0 and w,(¢)=0.

Q.E.D.

Ky(x)

3.3.1. Corollary. A residually tr. extension (K, vo)C(Ko(x), v) with (K,, v,) henselian
has property (U). More precisely, there exists a residually tr. element t in Ko[x] of the
form t=f(x)™/b, where f(x) is irreducible of deg>0 in K,[x], 0#b is in K,, and m=1;
and any such residually tr. t has (U).

Proof. Let t, be any residually tr. element of K,(x), and write t,=f - fo/g1'* Zp»
where f;, g; are irreducible in K,[x]. Since [G: G,] is finite, there exists an integer
m=1 such that all the f;™ and g, have values in G,. Therefore there exist b;, ¢; in
K, such that »(f;™/b;)=0 and v(g;"/c;)=0. Then the equality #,™=(c,'**cp/b:*:-by)
(fi™/b)(fq™/by)/(g™/c))-(gp™/cp) implies some f,™/b; or g;,"/c; is residually tr.
Now apply 3.3.

3.3.2. Corollary. Let (K, vo) be henselian, and let v,, -+, v, be a set of non-equivalent
extensions of v, to Ky(x) such that each v;/v, is residually tr. Then there exists a t in
Ky(x)NK, such that v,, -, v, iS a complete set of extensions of v, to Kx) (where vy
is the inf extension of v, w.r.t. t).

Proof. Apply 3.3.1 and 2.6.

3.4. Remark. If (K, vo)C(Ki(x), v) is a residually ¢r. extension with (K, v,)
henselian, then E=IRD" by 2.3.2 and 3.3.1. It was conjectured in [12] that E=IR if



362 Michel Matignon and Jack Ohm

vo is henselian and of residue char0; since residue char 0 implies D*=1 (cf. 1.2) this
now follows.

The equality E=IRD" (or equivalently, the property (U)) also holds if rkv,=1;
this was proved in [9, Cor. 2.4.1] by using completions. It is also possible to derive
this rk1 case from the henselian case by observing that the extensions K,CK(x) and
K.*CK,*(x) have the same E, I, R, D*. This is true for I and R since passing to the
henselization does not change the residue field or value group, and it is true for D*
by the definition of D* and 2.2. As for E, in the rk1l case K, is dense in K,"*, and
as in 2.2.2 this implies the extension deg of K,CK,(x) equals the extension deg of
K*C K,"(x).

3.5. Even if the extension (K,, v,)C(Ko(x), v) has (U), it is not possible without
the henselian hypothesis to conclude every residually t¢r. ¢ of the form t=f(x)™/b (as
in 3.3.1) has (U). Consider the following discrete rk1 example: Let y be an indeter-
minate over a field k,, let v, be the y-adic valuation of K,=k,(y) over k, and let v
be the inf extension (to Ki(x)) of v, w.r.t. x. Then t=yx*+x+1 is residually ¢r.,
since t*=x*+1. But I=R(t)=1 and E(t)=2, and D*=1 since v, is discrete rk1l; so
E(t)#IR(t)D*, and therefore (by 2.3.1) t does not have (U), or, in other words, v,
does not extend uniquely to Ky(x).

One can still ask, however, if an extension with (U) necessarily contains at least
one residually ¢r. t of the form ¢=f(x)™/b having (U). We shall show next that this
is so.

3.5.1. Theorem. If a residually tr. extension (K, vo)C(Ky(x), v) has (U), then Kyx)
contains a residually tr. element t with (U) of the form t=f(x)™/b, where f(x) is ir-
reducible in K,[xI\K,, 0#b is in K,, and m=1.

Proof. We need the following lemma from [10] (it would take us too far afield
to give its proof here):

Lemma (cf. [10]). Min g contains an element t of the form t=f(x)"/g(x) with the
following properties: f(x) is irreducible in K,[x]; g(x) is in K,[x] and deg g(x)<deg f(x);
n=l; and there exists an integer ¢=1 and an element b+#0 in K, such that f"/b is
residually tr. and g%/b is residually alg.

We claim the residually ¢r. element t,=f"%/b is the element of the theorem. Since
¢t is in min g, ¢t has (U) by 2.3.2; and since deg=residue deg for the extension K,(19)C
Ky(t), t* also has (U). Therefere by 2.3.1 E(t%)=IR(t?)D*. But E({9)=E(t,), and we
shall show below that R(t9)=R(¢); so it follows that E(¢,)=IR(t,)D*, which by 2.3.1
implies ¢, has (U).

Thus, it only remains to prove R(9)=R(t,). Since t*?=(b/g¥)*t,* and (g%/b)* is in
k' (=algebraic closure of k,in k), we have k,/(t49)="Fk,'(t,*). Then R()=[k: ko(t*?)]=
Lk ko' (t*0) 1Lk (*9): ko(t*)]=[k: ko' (80*)1[ ko' (20%)  Ro(te*)]=[k: ko(t*)]=R(t,). Q.E.D.

3.6. Let (K, v,) be a valued field, let x be an indeterminate, and let ¢ be an
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element of K,[x]\NK, such that t=a(x—r,)---(x—r,), Where a, r; are in K,.

We have seen in 3.2 that there exists a unique 7; in G,V such that v,*-7&:79(¢)=
0, and that if v;=1: v,*~7#74), then each v; extends v, and every extension of v’ to
K,(x) is equivalent to one of these v;’s. The following theorem completes the descrip-
tions of these extensions of v, to Ky(x).

3.6.1. Theorem (continuation of 3.2). Let D;={d in K,|v(d—7r;)}=7;: i.e. D; is the
disc of center r; and radius 7;. Then vi=v; iff D;=9D;. Moreover, the index of vi/v
(=order of 7; modG,) times the residue deg of vi/vs® equals the number of r,’s, counted
with mutiplicity, in D;.

Proof. Since the theorem is trivial if n=1, let us assume n=2, and then, for
ease of reading, that /=1 and j=2. The first assertion of the theorem follows from the

3.6.2. Lemma. The following are equivalent :
i) v;=v,.

i) v(ri—r)271=7>.

iii) 9,=9,.

iv) 9N\D,+P.

Proof. i)=ii): By definition of wv,, the equality x—r,=(x—7r:)—(r;—7,) implies
vo(x—r)=Inf{7,, vo(r,—7.)}. Since v,=v,, then 7,=v,(x—7r)=vy(x—71)=Inf{7s, vo(ri—72)}.
Therefore, 7.<7. and 7,=v,(r,—7,); and by symmetry, 7,=7,.

ii)=i): By extending v, to K,*'%, we are reduced to considering the case that
7., 7. are in G,. Let beK,*'® be such that v(b)=7,=7.. By applying the v,-residue
map to the expression (x—7,)/b=(x—r,)/b—(r,—7r,)/b, we conclude that (x—7r;)/b is
residually #7. for v,. By 3.1.1 this implies v,=v,®""270, But 7,=7,, SO 0, 720 =y,,

il)=iii)=iv): Immediate.

iv)=ii): We may suppose d is in D,N\9D, and 7,=<7;. Then vy(r.—r,)=inf{vy(r,—d),
vo(ri—d)} =inf{ys, 71} =7.. It remains to show 7,=7..

By definition of v,

) vi(x—r)=inf{vi(x—r), valri—r )} =inf{7;, vi(ri—7)}.
Similarly,
(2) vz(x—rj)=inf{7’z, Uo(rz_rj)}°

But vo(r,—7,)=inf{vi(r,—7;), vo(r.—71)}, and = holds if wvo(r;—7;)#ve(r.—ry). Since
Vo(ra—71)=7., it follows from (2) that

3) vo(x—7)=Inf {72, vo(ri—7,)}.
Therefore by (1) and (3) 7,=<7, implies
4) : vi(x—r)2vx—7;).

By taking j=1 in (2), (4), we have
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)] T1=v(X =7 )Zv(x —71)=T>.

By (4) vi(t)=v,(?); and by (5), if 7,>7,, then v,(t)>vs(t). Since by hypothesis v,(t)=
vy(t), we therefore have 7,=7.. Q.E.D.

We now turn to the proof of the second assertion of 3.6.1. First consider the
case that 7, is in G,. Then there exists b in K, such that v,(x—r,)=v,(b)=7,. Let
ty=(x—r,)/b. The residue field extension for v,/v,* is ko(t,*)/k.(t*), so it remains to
verify that [&o(t,*): ko(t*)]=m, the number of »; in @,. This will follow from the

Claim: t* is a polynomial of degm in k,[t,*]. We may suppose r,, ---, r» are in
D, and 7p4y, -+, 7o are not in 9,. Write

#) t=a[(x—r)I[(x—r)—F—r)] - [(x—r)—(Fn—r1)]
=[ab™Fms1—71) - (ra—r )t [t —(re—r)/b]-
i—=(m—7r)/0][(x—7)/Fmar—r))—1]- [(x—7)/(rn—7))—1].

Since vy(r;—r)=7, iff 7;is in Dy, vo((r;—7:)/b)=0 for j=1, ---, m, and v,(x—7,)/(r;—7.))
>0 for j=m+1, ---, n. The claim now follows by applying the v,-residue map to the
expression (#).

Now consider the case that 7, is not in G,, and let ¢ be the order of 7, mod G,
By 3.1 the residue field of v, is now ko([(x—r,)*/b]*), where b is an element of K,
such that vy(b)=ce7,.

Note that v, has a unique extension (of index e) to Ky(b'/¢)=: K,’ and v, a unique
extension (of residue dege) to K,'(x):

Ki(t) — Ki(x)
K(t) ————— Ki(x) l
degm
ko(t*) ————— ko([(x—7,)/b"/]¥)
~
/ Ae
ko(t¥) —— ko([(x—r))¢/b]*)=F

By applying the previous case to the extension K,’CK,’(x), we conclude that ¢* is of
deg m in ko([(x—7,)/b'*]*). Therefore m=el[k: k(t*)]. Q.E.D.

3.6.3. Corollary. If t=a(x—r,) - (x—7ra), a, r; in Ky, n=1, then every extension v
of vyt to Ky(x) has def®(v/v,t)=1.

Proof. Le v,, -, v, be a complete set of extensions of v, to Ky(x). By 3.6.1,
n=227,[index(v:/v,‘)][residue deg(v:/v,)]. But n=[K: K], so by 1.2 this implies
def*(v;/v8)=1 (i=1, ---, m). Q.E.D.
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3.6.4. Example. Let K,=k(2); let v, be the z-adic valuation of £k z)/k,; and let

t=(1/z8)(x—r)(x—7:)(x—7rs), where r,=0, r,—=z, and r;=2z°. Then the extensions of
vy to Ky(x) are v,=v,"""1®, p,=p, "2 and vy;=v,*""¢». By 3.6.1, v,;=v;#v,; and,
since the indices are all 1, the residue deg of v,/v," is 2 and that of v,/v," is 1.
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Added in Proof:

Answers to conjectures made in 2.7 are given in
B.W. Green, M. Matignon, F. Pop, On valued function fieds I, Manuscr. Math. 65
(1989), 257-276.
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