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On T. Petrie’s problem concerning homology planes

By

Toru SUGIE

Introduction

Let X be a smooth algebraic surface defined over the complex number field C.
We call X a homology plane if the homology groups H;(X; Z) vanish for 1<:<4. If
X is topologically contractible, then X is a homology plane.

This paper arose from the following question of tom Dieck and Petrie which
evolved from their study of a configuration of curves leading to a homology plane.

Problem. Let F and G be irreducible curves in P* such that

i) deg F=m and deg G=m+1

ii) F and G are topologically isomorphic to P,

iii) F and G meet in two smooth points.
Assume that an affine surface which is obtained from P® by deleting these curves via the
construction generalizing the Ramanujam’s is a homology plane (See § 2 for the explicit
construction). Does this imply m=2?

We recall some notations and results concerning homology planes. Embed X into
a smooth projective surface, say V, as a Zariski open set so that the boundary divisor
D:=V—X consists of smooth rational curves, with only normal crossings as its
singularity. Define the Kodaira dimension x(X) of X as follows: '

—o0 if |n(D+Ky)|=@ for any n>0
x(X):{

sug‘goim D nprxp(V)  otherwise

where K, is the canonical divisor of V. x(X) takes the value —, 0, 1, 2. The above
definition does not depend on the choice of an open embedding X into a smooth pro-
jective surface V and smooth algebraic surfaces are classified into four classes accord-
ing to the value x(X).

The affine plane C* is topologically contractible with £(C?)=—oo, and this is the
unique topologically contractible surface, even the unique homology plane whose Kodaira
dimension is —oo.

In [R], Ramanujam exhibited an example of a smooth contractible affine surface
R, whose Kodaira dimension is in fact two. Recently Gurjar-Miyanishi [G-M] proved
the following :

(1) There are no homology planes of Kodaira dimension 0.
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(2) There exist an infinite number of distinct smooth affine contractible surfaces
of Kodaira dimension 1 and any homology plane of Kodaira dimension 1 is one of them.

(3) There exists a smooth affine contractible surface G-M of Kodaira dimension
two other than Ramanujam’s.

It is natural to ask whether or not there are other topologically contractible
surfaces or homology planes of Kodaira dimension two. We remark that a homology
plane is a rational affine surface by Gurjar-Shastri [G-S].

In this paper we shall consider a slightly general form of tom Dieck-Petrie’s pro-
blem. Putting deg F=m and deg G=n, we treat the problem for an arbitrary pair
(m, n). Here we may assume m<n.

In §1 we reproduce the proof of a slightly generalized version of the inequality
in Gurjar-Shastri. In §2 we shall generalize the example of Ramanujam and using the
inequality in §1 we shall prove the following

Theorem. If the obtained surface is a homology plane whose Kodaira dimension is
greater than or equal to zero, then m is less than or equal to three.

In §3 we shall consider remaining cases m=3, 2, 1 separately. Especially when
m=2, we get two new configulations of curves which lead to contractible surfaces,
but obtained surfaces are isomorphic to the example in Gurjar-Miyanishi. Finally in
§ 4 we shall generalize the example of Gurjar-Miyanishi.

Jointly with Prof. M. Miyanishi, we constructed Infinitely many topologocally con-
tractible surfaces by looking at the above case (m, n)=(1, n). We include the results
as an appendix at the end of the article.

The author would like to thank Professor Ted Petrie and Professor Masayoshi
Miyanishi who initiated him to this problem and gave him many useful suggestions.

§1. An auxiliary inequality

Let V be a smooth projective surface and let D be a reduced effective divisor on
V. We assume that each irreducible component of D is smooth and D has only normal
crossings as its singularity. Let K, denote the canonical divisor of V. When some
multiple of Ky+D is effective, Ky+D has Zariski decomposition Ky+D=P+N in
Pic(X)®Q where P and N satisfy the following properties ;

(Z1) P is numerically effective, i.e., (P-C) is non-negative for any curve C in X.

(Z2) N is effective.

(23) PN=0.

(Z4) The intersection matrix of the curves in the support of N is negative definite.

With the above notations, Miyaoka proved that if Ky+D has Zariski decomposition,
the following inequality holds:

(L.1) o(V)—e(D)— 5 (Ky+ D+ 35 N*20

where e(V) denotes the topological euler characterisic. For the Zariski decomposition
and Miyaoka’s inequality see [F] and [M].
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Gurjar and Shastri used some inequality derived from Miyaoka’s one to prove that
a complex homology 2-cell, which is in our terminology a homology plane, is rational.
They proved the inequality assuming that V is not rational. We show that the given
argument in Gurjar-Shastri applies for rational surfaces as well. We will reproduce
here their proof of the inequality in the case of rational surfaces to fix the notation.

Now we assume that the following four conditions hold.

(i) V is a smooth rational projective surface defined over C.

(ii) Each irreducible component of D is isomorphic to P! and dual graph of D
is a tree, i.e., D is simply connected.

(iii) D is minimal, i.e., any (—1) curve in D meets at least three other components.

(iv) x(V—D)=0.

Let b;=b;(D) denote the :-th betti number of D and B;(V) denote the i-th betti
number of V. Since V is rational, we have the folowing equalities:

e(V)=B(V)+2,
e(D)=by—b,+b,,
v'=10—pBx(V),
which follows from Noether’s formula and
Ey-D+D*=2(b,—b,),
which follows from the adjunction formula. Thus the inequality yields
(1.2) 4,82+b1—b0—4—3b2-Ky-D+%Nzgo.
First we have the following

Lemma 1.1. N?2<0.

Proof. Since the dual graph of D is a tree, D contains a component D, such that
D, (D—Dy)<1 and D, is isomorphic to P!. Take D, to be a terminal component of
the tree. Therefore we have

(Kv+D-Dy)=—1.

By the property of the Zariski decomposition of Ky+D, D, is a componet of N. This
implies N2<0.

We consider a sequence of contractions of (—1) curves n: V—=V”, where V” is a
relatively minimal rational surface, i.e., either V”/=P? or V” is a minimal ruled surface
2 (a=0). Though there may be different models V” obtained from V as above, we
fix V” once for all.

Write 7=@m°@mn-1°--°¢; Where each ¢; is a contraction of (—1) curve E;. Put
¢o=idy and ¢;=¢;°---o¢, for j=1. Now we can rearrange ¢,’s and we may assume
that if m,=¢g,°---°¢,, then the following holds.

a) Every component of D'==,(D) is still smooth.

a) For each j>n,, (E;-C)=2 for at least one component C of ¢; (D) i.e., any
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contraction of E,(j>n,) results a singular irreducible component in the image ¢;(D).
Put V'=r(V), me=@me--o@a1: V'>V”. Let ¢, be the exceptional locus for =,

i.e., &, is the union of irreducible curves on V contracted to points on V'’ and let e,

be the exceptional locus of 7, on V’. We denotes the components of ¢, by {L;}isisn,

and those of e, by {M{},si<n,, Where m=n,+n, is the number of contractions in =.

The M{’s are curves on V'’ and we denote the proper transform of M} on V by M,.
Define for each (—1) curve E;, the branching number B(E;) by

(f;-(D)—E;-Ey) it E;C¢;-«(D)
(¢;-(D)-Ey) it E;&¢;-«(D).

Note that each component L; of ¢, is a proper transform of a (—1) curve E; on ¢;_(V),
which is uniquely determined. We put B(L,)=B(E)).

Here we assume that the following condition (V') holds.

(V) e, does not contain a curve L; with f(L,)<1.

We shall introduce some more notations:

R,=U{L:|B(L)=2}, R,=\U{L:B(L)=3},

R=U{L:B(L)=4}, S=eNmy(D),

ri=by(R;)=the number of the irreducible components in R;,

e,=n,—by(exN\D),

o=n,— X (M?+2).

M"ies
Let D=uUD,, = (D)=UD;, and n(D)=\UD{ be the irreducible decomposition of D,
7«(D) and =(D) respectively. D, and D; will denote the proper transform of D! on V
and V' respectively and D, will denote the proper transform of D; on V.
Let m.,; be the multiplicity of a singular point P, on D} including infinitely near

singular points on D{. We define

.B(Ej)’—‘{

T=21M¢, i —2N2,
i1
A=>D?-Ky..
t

Here Ky, Ky- denote the canonical divisors of V’, V” respectively.

For 1<j<n, let now ¢; contract ¢;-,(L;) where L,Ce;N\R; for some =2, 3, 4
i.e., L; is a proper transform of E; Then we have
Zr}((¢j(Dr))2+2)—i if L;&D

. D,>>2+2>§{
(1.3) Z}((‘/’J ( $((¢j(DT))2+2)-—z'-|—l it L,cD.

Here we take (¢;-1(D:))*42=0 (resp. (¢;(D.))*+2=0) if ¢;-«(D;) (resp. ¢« D)) is a point.
By the adjunction formula, we have

— Ky D=2(Dr+2)= 2o D)) +2)

and
— Ky -m(D)=§(D$2+2)=§((m(D,))2+2)=$((¢n1(Dr))2+2).
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Now applying (1.3), repeatedly for j=1, 2, ---, n, we obtain
—Ky-DZ—Ky+ - wy(D)—2r,—3rs—4r,+bs(e,;\D)
and noting the fact that n,=r,+r;+7,,
—Ky-DL—Kyr - (D)—r;—2r,—n,—e,.
On the other hand, by the genus formula, we have
(D*+2)+ D - Ky =2me. o(me, i —1)

and since D; is the smooth model of D7,
D£2+2§D;/2+2_‘;mt,i2=_;mt,i_Dé,'KV’-

Recalling the definition of r and 1 we get
Zt‘.(D£2+2)§—r—2n2—l.

Since
—Ky - m(D)=2D#+ =D 42+ B (M"+2),

we have
—KV’Dé _2—7.'_0'—"2—”1“'7'3_27‘4—81 .

Now applying (1.2), we obtain

0§4‘32—b0—3b2-—4—2—t—0'-—712—711—1’3—2?‘4-—81-!-%N2 .

All the quantities in this inequality are integers except possibly (1/4)N%. Note that
Bo(V")=BV)—n,—n,=1 or 2 because V” is isomorphic to P*or X,. We can rewrite
the above inequality and obtain the following

Proposition 1.2. Let V be a smooth rational projective surface and let D be a
reduced effective divisor on V. We assume that the conditions (i) to (V) hold. Then
under the above notations we have the following inequality:

—4 if V'=P*

(1.4 3(172—,Bz)+bo+2+e1+a+r+rs+2n§{
=3 if V=2,

Remark. We can prove the above prposition without the condition (V).

§2. A generalization of Ramanujam’s example

In this section we shall apply the inequality (1.4) to the special case. Note that
quantities ¢, 7, 75, 7, can be calculated locally on V”.

Let F and G be curves on P% We assume that the following conditions hold.

A 1) deg F=m, degG=n and m=<n.

A-2) F and G are topologically isomorphic to P!,

A-3) F and G meet each other in two smooth points. Put FNG={R, S}.

Since F and G are topologically isomorphic to P!, they have only cuspidal singu-
larities. Namely if y: F—F is the normalization, and if P&Sing(F), v-'(P) consists
of a single point.
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Let m,: V'—P? be the shortest sequences of blowing-ups at singular points of F
and G infinitely near singular points such that the proper transforms of F and G on
V’ become nonsingular. Let #;: V-V’ be the shortest sequences of blowingups such
that the total transform (m,-#,)"'(F\UG) is a divisor with normal croosings. Since
(m07%,)"(FUG) contains a loop, we further blow up V arbitrarily many times at
infinitely near points of one of R or S. Let m,: V—V be the composition of such
blowing-ups and put =,=#%°m,. Let E be (—1) curve obtained by the last blowing-up
in m,. Put x=m,em, and D=Supp(z~(F\UG)—E). We may assume that D is minimal,
i.e., any (—1) curve in D meet at least 3 other components. This assumption restricts
the sequence of blowing-ups m,: V—V. Put X=V—D. Then our question is the
following :

When does X become a contractible surface of £(X)=2?

Note that this construction is a generalization of Ramanujam’s and we can show
that the example of Gurjar-Miyanishi, which was originally constructed from X,, can
be obtained also in this way.

Let P be a singular point of F or G, say F. Define d, and d, by

dozmilxz'(F, A; P),
d]_:multPF,

where A is a curve on P? passing through P and smooth at P. Since F is singular
at P, this quantity d, is uniquely determined (and bounded of course). Indeed, we
consider the shortest sequence of blowing-ups with centers at P and its infinitely near
points such that the proper transform of F is smooth over P. Then as the exceptional
curves considerd from the beginning, there appear several (—2) curves and then a
curve with self-intersection multiplicity <—2. If there are p, curves with self-intersec-
tion multiplicity (—2), then d,=p,d,+d, where d, is the multiplicity of the proper
transform of F after p, blowing-ups. We have d,<d,.
Find integers d,, -, d, and p,, .-+, po by the following Euclidean algorithm;

do=p1d1+dz O<d2<d1
d1=p2d2+da 0<d<d,
da—zzpa-lda-l'l‘da 0<da<da_1
da-lzpada-

Let n,(P) denote the local contribution of P to the quantity n, and so on. Put
Op(P)=a(P)+t(P)+ri(P)+2r,(P). We want to calculate these quantities. We will
consider four cases separately.

Case 1) d,=1(a=3) In this case the singular point P can be resolved after blow-
ing up p,+p.+ -+ +pa-, times successiviely. Tne exceptional locus #3'(P) is expressed
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in terms of the dual graph as follows;

-2 -2 —(ps+2) -2 —2 —(pa-s+2) —2 —2 (par+l)
o ---- —O——0>—-—-—-0—--- - —O—O——O0—----
p2—1 pa_z_l
a: even
h—1
Oo—----—0 O O— ---= —0O —O
—2 _2 _(p2+2) _2 _2 _(ﬁa-2+2)
—2 —2 —(ps+2) —2 =2 —(pa-2+2)
O—----—0 O- O— -o--- —0 -O—
p.—1
a: odd
p,—l Pa-z—l
o----—0—0>0—0----—0—0———0— -
—2 —2 —(p2+2) —2 —2 —(Pu-3+2) _2 —2 —(Pa-:-i-l)

The proper transform zj(F) and the exceptional locus n3!(P) intersect as follows;

_(pa 1 {‘l)

E
/ / no(F)

where E is the (—1) curve obtained by the last blowing-up and E’ is the curve with
self intersection number —(p,-;+1) in the dual graph. =i(F) intersects E’ transversally
and {(ny(F), E; P)=d.-,.

Now we can calculate the quantities n,(P), 6(P) and so on as follows;

ny(P)=p:i+ - +pa-1,
0(P)=ny(P)—1+4(po+ -+ +pa-1—1)
=p1+2pet - +Pa-1)—2,
2(P)=pidi+podot -+ +Pa-1day—2p1+ -+ +pa-1)
=dotdi—(patD—=2p:1+ - +Pa-1),
ro(P)=pa, r(P)=0.
We obtain

BF(P)=do+d1—p1—
and
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dr(P)—ny(P)
=pidi+pedot - +Pa-1da-1—2p1— (P2t +Pa-)—2+Pa
=(d,=2)p,+(d:—Dpet - +(da-1—Dpa-1+da-1—2
>0,
since d;=2 for 2<i<a—1, d,=23 and p;=1.
Case II) do=1 (a=2) In this case the singular point P can be resolved after

blowing up p, times successively. The exceptional locus #3'(P) is expressed in terms
of the dual graph as follows;

—2 —2 -2 -2 -1
o o —O—----- - —0———90
\ v 7 E

p—1

The proper transform 7;(F) and the exceptional locus #3'(P) intersect as follows;

o
7N

ny(F)

where E is the (—1) curve obtained by the last blowing-up and i(zy(F), E; P")=d..
We obtain the quantities n,(P), ¢(P) and so on as follows;

nz(P)=P1,
o(P)=ny(P)—1=p,—1,
(P)=p.d,—2p,,
ra(P):dl—lr r4(P)=0:
whence
5F(P):ﬁ1d1+d1_pl_‘2:do+do‘_p1_3
and

0p(P)—ny(P)=(p,+1)d,—2)20,
since d,=2 and p,=1.
Case II) d,>1 (a=2) =, comprises at least the composition p of p,+ -+ +pa

times blowing-ups and the exceptional locus p~'(P) is expressed in terms of the dual
graph as follows;
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—2 -2 —‘(.Drl'z) —2 -2 —(pa—1+2)
0—----—0 o O— -----—0 0
p—1
a: even
pl“'l pu-—l-l
o—---—"0—0—0---O0—"0—— O
-2 -2 ‘(p2+2) -2 -2 _(pu»2+2) -2 -2 —‘(pa'*'l)
-2 —2 —(ps+2) -2 =2 —(pu.+2) =2 -2 —(pa+1)
o—----—O0—0>—-O0—----—O0—O0——0—----
b—1 Ppa-1—1
a: odd
-1
O—----—O o —O—----- —0 o—
-2 =2 —(p+2) -2 =2 —(pu-,+2)

The proper transform p’(F) and the exceptional locus p~'(P) intersects as follows;

e\
S NN

where E is a (—1) curve obtained by the last blowing-up and i(E, p’(F); P')=d,.
Let n,(P)® denote the local contribution at P to the quantity n, which is due to those
exceptional curves which are obtained first p,+---+p, times blowing-ups. We define
a(P)®, ¢(P)® and dr(P) in a similar way. Now we can calculate these quantities
as follows;

nz(P)(l):Px'i‘ v +Pa,
a(P)YPzny(P)—1+(pot+ -+ +pa—1)
ZPH‘Z(M—!— +pa)_2;

T(P)(1)=Pldn+l72d2+ +p¢da—2(pl+ +pa);
whence
3 5(P)P=g(P)® +1(P)®
gp1d1+p2dz+ +f)apa_p1_2

=do+d|—‘da_1)1—2
and
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O r(P)P —ny(P)®
Zpidi+padet - +pada—2p—(pot -+ +pa)—2
=(d\—2)p1+(de—Dpo+ -+ +(da—1)pa—2
=0
since do>1, d;=3 for 1</<a—1 and p;=1.

Next we put d§”:=d, and d{®=multip p’(F). We consider three cases separately.

Subcase 1lI-1) d{®>d{® We determine integers by the Euclidean algorithm and
continue the argument, returning to one of main four cases I) to IV).

Subcase 111-2) d{®=d{® Let W be the surface obtained from P? by p,+--+pa
times blowing-ups with center P and its infinitely near points as above. Let F®®=
o'(F), Py:=P'=p'(F)NE and let p,: W,—W,:=W be the blowing-up with center P,.
Let F®:=p{(F®), Li=p7'(P,) and let P,.=F®N[,. Let d{”:=multp F®. If d®=
d®™=d{®, let p,: W,—W, be the blowing-up of W, with center P,. Define p;: W,—
Wi_y, FP,[; and d{” as follows when d{®=d{®=d{’=---=d .

#; is the blowing-up of W,_, with center P;_,=FY""N[;_,,

FO=p(FI),  L=p3'(Pyny),
Pj=F‘j)ﬂlj, d,zmultij‘j’ .

Assume d{®’=d{®=d{®’=--=d{* P >d{® and put p=g,e--op,. The exceptional locus
¢~ (P) of p is expressed in terms of dual graph as follows;

-2 -2 -2 -2 -1

o —O —O- O—------- —O—0

E. e ~ / L,
pi—1

The proper transform F intersect /, with contact of order d{¢-* and E. is the proper
transform of E by .
We consider two cases separately.

Subcase 11l 2-a) d{®=1 Let ny(P)® denote the local contribution at P to the
quantity n, which is due to exceptional curves of blowing-ups g, s, -+, gt and further
d{v times blowing-ups with center P, and its infinitely near points over F. Then
we obtain

ny(P)®=e,
g(P)®P=ny(P)®—1=e—1,
T(P)®=d{®e—2e¢,

ra(P)(Z)—:dfe'l)—l:d{O)—l )
whence
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O0p(P)® =0(P)®+1(P)® +ry(P)®+2r (P)®
=d®e—e—1+d{"—1

and
0p(P)® —ny(p)® =2(d{”—2)(e+1)=0

since d{®>2 and e=1.

Subcase 11-2-b) d{®>1 Let n,(P)® denote the local contribution at P to the
quantity n, which is due to exceptional curves of blowing-ups g, g2, -, gte. Then
we have

ny(P)®=e,

o(P)®zny(P)®P=e,

t(P)®P=d{e—2e,
whence
3p(PYP=0(P)®+2(P)®2d(Pe—¢
and
Op(P)® —ny(p)® =(d{”—2)e=0

since d{®>=3 and ex1.
In this case we determine integers for the pair (d{¢-V, d{®) by the Euclidean
algorithm and continue the argument, returning to the one of main four casesI) to IV).

Case 1V) do.>1, a=1 Similarly =, comprises at least the composition p of p,
blowing-ups. The exceptional locus p~'(P) of p is expressed in terms of dual graph
as follows;

-2 —2 -2 —2 —1
fo 0O —O— 0
- v d E

p—1

The proper transform p’(F) intersect the last obtained (—1) curve E at P’ with contact
of order d,.

If the proper transform p’'(F) is smooth at P’, let n,(P) denote the local contribu-
tion at P to the quantity n, which is due to those exceptional curves which are ob-
tained from first p, times blowing-ups and further d, times blowing-ups with with
center P’ and its infinitely near points over p’(F). We define o(P), (P) and dx(P)
in a similar way. Then we have

ny(P)=py, a(P)=p,—1,

(P)=p,d,—2p,, rP)=d,—1,
where
Or(P)=0(P)+1(P)+r(P)+2r(P)=pdi—p
and '
O r(P)—ny(P)=(d,—2)(p,+1)=0
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since d,=2, p,=2.

If the proper transform p’(F) is still singular at P’, let n,(P)®" denote the local
contribution at P to the quantity n, which is due to those exceptional curves which
are obtained from first p, times blowing-ups. We define a(P)®, ¢(P)® and 0p(P)?"
in a similar way. Then we have

ny(P)YP=p,, U(P)mg,b:,
(P)P=p,d,—2p,,

whence

Op(PYP=g(P)P+t(P)P=pd,—p,
and

0r(P)—ny(P)2pi(d,—2)20

since d,=2, p,=2.

At the next step we proceed as in the subcase III-1) or III-2).

We continue this argument I) to IV) untill we can resolve the singularity at P.
Thus we have calculated the local contribution d7(P) as follows;

Proposition 2.1. We can estimate the local contribution 0r(P) as follows;

=do+d,—p,—3 if d.=1,a=2
0p(P){ =dot+di—do—p:—2 if do>1,a=22
=do—p: if do>1, a=1.

In any case we have dp(P)=ny(P).

From now on, in addition to the conditions Al) to A3), we assume the following
conditions hold.

A-4) X is a homology plane, i.e., the homology groups H;(X; Z) vanish for
1<i<4.

A-5) = (X)=(e).

A-6) £(X)=0.

Note that by a theorem of J. H. C. Whitehead, A-4) and A 5) imply that X is
topologically contractible.

We can prove easily the following

Lemma 2.2. Under the above notations, the assumption A-4) implies the following;

1) X is affine.

(2) The divisor class group Pic X is trivial.

(3) The units in the coordinate ring I'(X) of X are just the elements of C*.

In particular (2) and (3) imply that the irreducible components of D generate freely
the divisor class group Pic V.

For the proof of these, see [F] §1 and § 2.
This lemma implies the following
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Lemma 2.3. Under the assumption A-1) to A-4) the integers m and n are mutually

prime.

Proof. From lemma 2.2, (1) and (2) the proper transform =’(/) of the line / on P?*
has the expression as follows;

m'()=npF'(F)+nen'(G)+ZniD;,

where ny, ng and n; are integers and D;’s are irreducible components of D other than
F and G. Taking the direct image by =, we get

IZnpF+neG

in Pic P2 Since Pic P?*=ZI, this implies that m=deg F and n deg G are mutually prime.
We now apply the inequality obtained in §1 to our situation.

Theorem 1. Lel F and G be the trreducible curves on P®. We assume that F, G
and the surface X obtained by the above construction satisfy the conditions A-1) to A-4)
and A-6). Then have m=deg F<3.

Proof. We apply the inequality (1.4). By lemma 2.2, since V is rational, we
have b,=pf,. We get also

b,=1, e,=1, A=—3(m—+n).

We have already calculated the local contribution d-(P) and 64(Q) for each singular
point P of F and Q of G. We put

5F=25F(Pi), 502256(01')
Py Qj

where P;’s and Q,’s are singular poists of F and G respectively. Note that if m=3,
F has singilar points and therefore dr is positive. Similarly ds is positive if G is
singular.

We shall calculate the local contributions at R and S, where {R, S}=FNG.

Put #(F, G; R)=u, i(F, G; S)=v, where u+v=mn. First we must blow up at R
and its infinitely near points up to order <u, all lying on the proper transform of F,
to get a normal crossing divisor. This process is %, considered locally at R.

We must also blow up v times at Q.
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S
contact with order v RN
-2
—e
T

Moreover, to get a simply connected boundary D, we blow up at one of four points
R, R,, Si, S; and its infinitely near points arbitrarily many times and exclude the
lastly obtained exceptional curve from D.

Thus the sum 8(R, S) of the local contributions at R and S is equal to

(R, S)=0a(R)+7(R)+7y(R)+2r(R)+0(S)+7(S)+74(S)+2r(S)
=u—1l4+v—1=mn—2.
Putting these numbers into the inequality in Proposition 1.2, we obtain
1-3(m+n)+1+mn—24+0r+0c<—4,
(m—3)n—3)+0r+0c=5.

or

By lemma 2.3 and by noting that dr and dg are positive if m=3 and n=3, we have
m<4.

Now we shall exclude the case m=4. If so, the arithmetic genus P,(F) of F is
3. Since F is topologically isomorphic to P!, F must have one singular point with
multiplicity three or three singular points with multiplicity two, where some of them
might be infinitely near to the other. In any case d=3. Thus the inequality becomes

(n—3)+3+06=5.

Since n=m=4, since m and n are mutually prime and since Js>0, this is a contradiction.

§3. The case m<3

In this section we shall consider three cases m=1, 2, 3 separately. In these cases
we have obtained so far only incomplete results. We even state some results without
details, but include results which are obtained supposing that some conjecture is true.

Case m=3 The arithmetic genus P,(F) is 1 and F has only one singular point of
multiplicity 2. We have dr=1 and the inequality becomes dz<4.

If n=5, G has some singular points, whose multiplicity chains are subsets of the
following :

@), 3,2,2,2), 2222,2,2)

By a chain consisting of several intergers, we mean that not only the point itself is a
singular point with the first number as its multiplicity, but also there are infinitely
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near singular points whose multiplicities are successively indicated by the integers in
the chain. If G has one singular point with multiplicity 4, we have d;=5. In the
other cases, we have d=6. Thus the case n=5 is impossible. The case n=7 is
impossible by the same reason.

Subcase m=3, n=4 In this case arithmetic genus of G is three and G has either
one singular point of multiplicity three or three singular points of multiplicity two.
First we consider the case when G has unique cuspidal singular point of multiplicity
three. Then choosing suitably a system of homogeneous coordinates (X, Y, Z) on P?,
we can write the equation of G as

Y Z=X¥X*+aY?.
Write the equation of F as follows.
fi=a,XZ*+a,Y Z?+a; X Z+a, XY Z+a:ZY*+a X +a, XY +as XY ?+a, Y+ 23

Here we may assume the coefficient of Z is one, because if the coefficient of Z is
zero, F and G meet at the singular point of G. We may assume also that the points
R and S lie outside the line Y =0.

The intersection points of F and G are then obtained as common roots of the
following two equations:

1 z=x%x*+a)
2) fi=2+a,xz2°+ a2t ax’z4a.xz+ asz+tagx*+ax*+asx +a,=0

where x=X/Y, z=2/Y.

We plug (1) into (2) and let f be the obtained polynomial. The hypothesis that
F-G=uR+vS implies that the equation 7=0 should have two distinct roots. Here
u-+v=12 and it is sufficient to consider u for 1<u<6. Thus we get the following
equation ;

F=xtn X (x4
whence, comparing the coefficient of x'' we obtain
r=—{2—u)s/u.

By the comparison of coefficients of terms in x, using a computer, we can determine
inductively the coefficients a, a,, a,, -+, a, of f as polynomials of s and we also get
one relation from the comparison of coefficients of x". For u=1,2,4,5 we get a
contradiction from this relation. For #=3 and 6, we can determine the polynomial f,
but f splits into the third power of a linear form. Thus in this case there exist no
irreducible curves which satisfy the conditions A-1) to A-3).

In the case of a quintic curve with three ordinary cusps, the involved computation
is so complicated that we could not obtain any definite answer.

Case m=2 To us the following statement seems to be true.
(*) When the degree G=n is fixed, among many possibilities of the combinations
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of multiplicites of singular points of G, s attains its minimum if the number of
singular points is the least.

We assume that this conjecture is true. In the case of a curve in P?, J¢ attains
its minimum if G has only one cuspidal singular point with multiplicity n—1 and we
obtain dg=2n—>5. Putting these into the inequality (1, 4) we have

1—(2+4+n)-3+14+2n—54+2n—2<—4,
Therefore n<7.
In fact when n=7, the combination of multiplicities of the singular points of G is
one of the following :

6),(5,3,2,2), 4 4,3), (44,29, 3, (3, 2%, 3, 29, (3, 29, 3, 2%, (2").

where some of these singular points may be infinitely near points to the other. On
the other hand we have ds<9 by the inequality (1.4). By calculating d¢ in each case
we can see that only the case when G has unique cuspidal singular point is possible.
In the case m=2, n=7 and G has only one cuspidal singular point, we can check, in
a similar way as in the case m=3, n=4, that there exists no curve G which satisfies
the condition A-2) and A-3).

In the case when n=5 we have nothing to say.

In the case m=3, we have some examples of contractible surfaces. We shall
describe these examples. First we recall the example of Ramanujam.

Example 1. Ramanujam’s example Bet F be a conic on P? and let G be a curve
of degree 3 on P? with a ordinaly cusp P such that F-G=5R+S.

After resolving the singularity of G and blowing up successively, we make the set
theoretic total transform of F\UG a divisor with normal crossings. Finally we blow
up at S and we denote the obtained surface by V. The dual graph of the total trans-
form of F\UG on V has the following picture.

3.1

Here we denote the proper transform of F and G by F’ and G’, and E is the excep-
tional curve obtained by the blowing up at S. We put D=(total transform of F\UG)
—E as defined in §2 and put X=V—D. This is an example of Ramanujam and X is
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topologically contractible.

Example 2. In the example 1, we further blow up at the intersection point ENG’
and let V® be the obtained surface. Then the dual graph of the total transform of
FUG on V& has the following picture.

E(o) E(l)
— 10w
19

—20 F

(3.2) —ZI
o

Here F®, G, E® are the proper transforms of F’, G’, E in (3.1) respectively and
E® is the exceptional curve obtained by blowing up at ENG’. Put D™ =(total trans-
form of FUG)—E®™ and put X®=V®—_D®,  Then we can show that X is isomor-
phic to the example of Gurjar-Miyanishi and X is topologically contractible.

Example 3. Let F be a conic on P? and let G be a curve of degree 3 on P?
with an ordinary cusp P such that F-G=3R+3S. In fact we can show that such
curves exist.

After resolving the singularity of G and blowing up successively we make the set
theoretic total transform of F\UG a divisor with normal crossings. The dual graph
of the total transform of F\UG is as follows.

@3.3)

We further blow up one of G'N\E, and G'N\E,, say G'N\E; and let W be the obtained
surface. Then the dual graph of the total transform of FN\G looks as follows.
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-2
—ZI -2
G(z) E/ F(2) E'
(3.4) o— & o ! o o—
-3 -1 —4 -1 =2 =2 -2 =2
B i
-1

Here E is the exceptional curve obtained by blowing at G'N\E,. Let W® be the
obtained surface. Put D®=(total transform of F\UG)—E and put X®=W®—-D®,
Then X is isomorphic to the surface in the example 2 and topologically contractible.

These are all example of homology planes we know in the case m=2.

The casn m=1 We shall treat this case in the appendix of this paper. we recently
found new exomples of contractible surfaces in this case.

§4. A generalization of Gurjar-Miyanishi’s example

In this section we shall generalize the construction of Gurjar-Miyanishi and apply
the inequality (1.4).

Let 2, be a relatively minimal ruled surface with a minimal section M and a fiber
I. Let Fand G be curves on X,. We assume that the following hold.

B-1) F~mM+mal, G~nM+(na+1)] where m, n are integers.

B-2) F and G are topologically isomorphic to P*.

B-3) F and G meet each other in two smooth points. Put FNG={R, S}. Put
u=i(F-G; R),v=i(F-G; S). Then u+v=m(na+1).

B-1) implies that F and M are disjoint and G and M meet transversally at one
poit. We have the following figure.

Y

We will consider a ruled surface X, only when a=2, because such a configulation
on X, can be reduced to the configulation on P? and there do not exist irreducible
curves on 2,=P'X P! which satisfy B-1) to B-3).

Let z,: V'—23, be the shortest sequences of blowing-ups at singular points of F
and G including infinitely near singular points such that the proper transforms of F
and G on V’ become nonsingular. Let #,: ¥—V’ be the shortest sequences of blowing-
ups such that the total transform (m,°#,)"'(FNG) is a divisor with normal crossings.
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We further blow up V arbitrarily many times at infinitely near points of one of R or
S. Let m: V—V be the composition of such blowing-ups and put m,=#em. let E
be (—1) curve obtained by the last blowing-up in =,. Put m=m,ex; and D=
Supp(z~(FUGUM)—E). We may assume that D is minimal. This assumption res-
tricts the sequence of blowing-ups m,: V—V. Put X=V —D. Then our question similar
to the one in §2 is the following.

When does X become a contractible surface of #(X)=2?

This construction is a generalization of Gurjar-Miyanishi’s. We assume that X is
a contractible surface with =0 and state some known results.

We can calculate the local contribution dz(P) at the singular point P of F by the
same way as in §2. Similarly for 0¢(Q). We define dr, d¢ by

5F=25F(Pt), 5G=250(Qz),
Py Qi

where P;’s and Q,’s are singular points of F and G respectively.
We have
bo=1, e,=1, A=—(m+u)a+2)—24+(a—-2),
since
Kz,=—2M—(a+2).

The sum 8(R, S) of the local contribtions at R, S is equal to
(R, S)=m(na+1)—2.
Putting these into the inequality (1.4) we have
1—(m+n)Xa+2)+a—4+1+m(na+1)—240r+0s<—3, or
(4.1) a(m—1)(n—1)—(m+1)+0r+0c=2n.

The arithmetic genus of F and G are as follows;
1 1
ﬁa(F)=7(m—1)(ma—2), pa(G)=7na(n—1)-

Note that the curve F on X, can have a singular point with multiplicity at most m.

ma—2

This implies that if m=2 we must blow up at least l- -Itimes to resolve the

singularities of F. Here a1 means the smallest integer which is greater than or
equal to @. Similarly if n=2 we must blow up at least a times to resolve the singu-
larities of G. As we proved in Proposition 2.1, this implies

ma—2

50| | it m22,  doza if n=2.

Putting these into the inequality (4.1) we obtain the following inequality ;

{a(n—1)—1}(m—1)+2a<2n+2 if m=3 and n=2
4.2)
a(n+1)<2n+4 if m=2 and n=2
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We consider several cases separately.

Case 1) n=2

Subcase 1-1) n=2, m=3. In this case we have

The left hand side of the inequality (4.2) =2a(n—1)—242a=2an—2.
Thus a and a must satisfy

2an—2Z2n+2 or 2n(a—1)<4.

Since a=2 and n=2, only the case a=2 and n=2 is possible and if a=2 and n=2
we have m=3. But in this case the original inequality (4.1) becomes 0 +0s<4. Since
po(F)=4 and p,(G)=2, 0r=4 and ds=2. Therefore this case does not occur.

Subcase 1-2) n=2, m=2. The inequality (4.2) becomes
(a—2)(n+1)=<2.

This implies that only the case a=2 is possible and in this case the inequality (4.1)
becomes dr+0s<5.

Subcase 1-3) n=2, m=1. The inequality (4.1) becomes
0e=2n+2.
Case 1) n=1 or 0. The inequality (4.1) becomes
Op=m+3 if n=1,
0rZ(a+1)(m—-1)+2 if n=0.

Gurjar and Miyanishi’s example of a contractible surface of Kodaira dimension two
belongs one of this case, that is the case ¢=2, m=2 and n=1.

Remark. We can obtain more restrictions by considering each case in detail.
Moreover if we assume that the conjecture (x) in §3 is true, we can exclude some
possibilities of values a, m and n, For example in the case II) n=1, if we assume
m=3, we can show that only the following four cases are possible.

(a,m,n)=(2,41),(2,3,1),@3,3,1), 3,2, 1).
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Appendix: Examples of homology planes of general type

By

Masayoshi MIYANISHI and Toru SUGIE

In the present article, we shall construct infinitely many examples of homology
planes X, and X &, with Kodaira dimesnion 2, i.e., of general type. Among them,
XY is topologically contractible, though we do not know yet whether or not so are

the others.
1. Construction. Let C and D be irreducible curves of respective degree 1 and n on
the projective plane P*. We assume that C-D=(n—m)P+mQ, where 1§m§[—g] and

P, Q are distinct smooth points on D and that D has a unique cuspidal singular point
R of multiplicity n—1. Then, choosing suitably a system of homogeneous coordinates
(X,Y, Z) on P2 we can write the equation of D as

VP Z=X X" a, XY e aan, YY),

Write the equation of C as Z=bX+cY" We may assume that the points P and Q lie
outside the line Y=0. The intersection points of C and D are then obtained as roots
of the following equation

(x4 a,x™ T o Fag-l)=bx+c,

where x=X/Y. The hypothsis that C:-D=(n—m)P +m@Q implies that the above equa-
tion should have two distinct roots. Therefore we have the following relation

(X" P a,x™ o e Fano)—bx—c=(x4+u)" " ™(x+v)™

whence, by the comparison of coefficients of terms in x, we obtain

- (552

Since a,, ***, @n-2, b and ¢ are expressed as polynomials in u and v, they are expressed
in a unique way as homogeneous polynomials in u; deg,a;=7 for 2<i<n—2, deg,b=
n—1 and deg,c=n. Therefore, replacing homogeneous coordinates X, Y, Z by u™-1X,
u™Y and Z respectively, we can determine the curves C and D uniquely upto projective
transformations as well as the intersection points P and Q. Here we note that u=0
because P#Q. If m=1, the curves D and C are respectively given by




338 Toru Sugie

Yn—lZ:Xz{Xn—Z__ 1:2:0‘__1)( ?)Xﬂ-t—Zyi}

and
Z=(n*-2n)X+(n—-1)Y .

The intersection points P and @ are then given by
P=(—1, —1, —n®*4+3n—1) and Q=(n—1,1, (n—1)%.

We perform the following blowing-ups with centers P, Q, R and their infinitely
near points: Blow up the point P and its infinitely near points n—m times to separate
the proper transforms of C and D, blow up the point @ and its infinitely near points
m times first to separate the proper transforms of C and D, then continue the blowing-
ups r+1 times with centers infinitely near points of @ lying on the proper transform
of D, and finally blow up the point R and its infinitely near points minimally to make
the proper transform of D smooth. Let ¢: V—P? be the above sequence of blowing-
ups, and let C and D be the proper transforms of C and D, repectively. Let E ce
the (—1) curve appearing in the last stage of the (m+r+41) blowing-ups with centers
Q and its infinitely near points, and let X:=V—(¢-'(C+D)—E). We obtain the fol-
lowing dual graph of ¢~ (C+D)—E:

-2 -2 =1 =1-r -1 —(n—-1) -2 -2 -2
O—--—0 o o—0 o o O—---—0
n—2 f D C r
-2 -2
—-n

-1 m—1

AT

Note that (C?)=1—n and (D*)=—1—r. Next we consider the intersection matrix
associated with this dual graph and require that the discriminant have absolute value
—1, i.e., the intersection matrix is unimodular. In order to compute the discriminant,
we can make avail of the result in Gurjar-Shastri [2; Lemma 11.3]. Denote the
vertices D and the (—1) curve between D and C by 4 and I respectively. Deleting
these two adjacent vertices 4 and I” from the above dual graph, it is a union of three
connected components, each of which has negative-definite intersection form. Call
these connected components G,, G,, G counted from the left. The intersection matrix
of G,+4 is diagonalized so that the entry of 4 is —1—r+n(n—1). Similarly, the
intersection matrix of G,+I+G, is diagonalized so that the entry of [ is

r—(mt—m—1)
(n—m){(in—m—r+(m+1)n—2m—1} °

Now the intersection matrix of the graph G is unimodular if and only if
{(nin—D)—r—1}{r—(m*—m—-0D}—(n—m){(n—m—1yr+m+1)n—2m—1}==+1

provided n*—n—1=r=m?—m-—1. Taking the value —1 forcibly, this equation is
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equal to
(r—mn4+m)(r—mn+m+2)=0.
2
So, the intersection matrix of G is unimodular either if »=mn—m provided n nl 1
2 2 2 -
=m and ngm 1 or if r=mn—m-—2 provided nn—fl—l—l;m and nzmnjl. The con-

2 2__

dition ﬁ#;m or n—njlilgm follows automatically from the hypothesis that
2 2

mg[%] and 3<n. Similarly, the condition ngm 1 or n_Z_mT-H follows auto-

matically from the same hypothesis. On the other hand, the Picard group Pic(V)(%)Q

is generated by irreducible components of ¢ (C+D)—FE if r#m(n—1)—1, for
(m+r+1—mn)E is an integral combination of these components. Moreover, these
components are independent over @ because rank Pic(V) equals to the number of
irreducible components of ¢ '(C+D)—E. Hence if the intersection matrix of G is
unimodular, Pic(V) is a free abelian group generated by irreducible components of
0~ (C+D)—E. Note that HXV; Z)=Pic(V) because V is rational. Looking at the
long exact sequence of integral cohomology groups associated with a pair (V, V—X)
and making use of the Lefschetz duality, we easily conclude that X is a homology
plane. Thus we have proved the following:

Theorem 1. For n=3 and [%];mgl, we have homology planes of general type

X0 (1=1, 2) which are embedded into a smooth projective rational surface V so that the
boundary divisor V— X9, is a divisor with simple normal crossings and with the follow-
ing dual graph:

—2 — -1 —1-m(n—1) -1 —(n—1) =2 -2 -2
0—--—-—0——0 o --—o0
n—2 I m(n—1)
XPn -2 -2
—n in—m—1 im—1
-—ZJJ —2(!5
-2 —2 -1 1-m(n-1) -1 —(n—1) —2 —2 -2
o—--- e o——o0 —--—0
n—2 m(n—1)—2
X®, —2 -2
—n in—m—1 m—1

If (n, m)#{n', m') then X\, (=1, 2) is not isomorphic to X' m or XiP .

To verify the last assertion, note that if X, is isomorphic to X ,,, for example,
then the graphs of the boundary divisors attached to X%, and XzP,. must be trans-
formed from one to the other by the blowing-up-and-downs with centers lying on the
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boundary divisors. This is clearly impossible. The same reasoning relying on the
difference between the boundary graphs of X%, and a homology plane of Kodaira
dimension 1 (cf. [1]), it can be shown that X%, is a homology plane of general type.

Note also that X has the same boundary graph as Ramanujam’s surface [4].
Indeed, consider the smooth projective surface V containing X5} which is constructed
in the arguments. Let A be an irreducible conic on P? meeting the cubic D with
A-D=P+44Q+S, where S is a smooth point on D other than P and @. The proper
transform ¢’(A) on V is a (—1) curve meeting the (—1) curve E (cf. the previous
notations). Now, contracting the components in the subgraphs G,, G;, the component
I’ and ¢'(A), we have a birational morphism z: V—P? which maps ¢’(D) and the
unique component in the subgraph G, to a cuspidal cubic and a smooth conic meeting
each other with z(¢'(D))-7(¢'(A))=5P’'+Q’ as in Ramanujam’s example for smooth
points P’ and @’ on t(a’(D)).

2. Topological contractability. We shall consider the surface X:=X;3). With the
previous notations, X is embedded into a smooth projective surface V' with the boundary
divisor illustrated below :

Contracting E, Gy, -, G._, and D, we have a morphism p: V=W such that [,:=
p(i) defines a P'-fibration p: W—P' on W. The fibration p has two cross-sections
M and C, and the components A,, ---, A,_;and B;, B,, ---, B, are contained in singular
fibers of the P'fibration p. Moreover, the image H:=p(G) meets a general fiber [
of p with (H-l)=n—1, i.e., H is an (n—1)-section of p. Moreover, H has a cuspidal
singular point R of multiplicity n—1 lying on the fiber /,.

Contracting further the components of singular fibers of p not meeting the section
M, we obtain a birational morphism ¢: W—2, from W to the Hirzebruch surface X,
of degree 2 so that M is the minimal section, S:=¢-p(C) is a cross-section with S~
M+2] and T :=0¢(H) is an (n—1)-section with T~(n—1)M+2{). Note that W has
Picard number 2n-+1 and there are 2n—1 curves on W to be contracted under o,
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including the components B,, ---, B, and A,, -, A,-s. So, there are four (—1) curves
E;(1<7<4) such that

(i) E,+A+-+A,s+E; and E;+B,+--+B,+E, are singular fibers of p, and
there are no other singular fibers of p; if n=3, E,+FE, is a singular fiber;

(ii) (EiA)=(Es- An-)=(E,-C)=(E,-H)=1 and (E,-H)=n—2; if n=3, (E,-E,)=
(Ez‘M):(El'C)zl;

(iii) (E;-By)=(E, B,)=(E;-H)=(E,-M)=1 and (E,-H)=n—2;

lo

1! / —(n—1)

The morphism p: W—P! restricted onto X is a fibration onto A'. So, we have
an exact sequence of the fundamental groups,

m(l—{(n+1Dpoints}) —> 7(X) —> m,(4") —> 1,

where [ is a general fiber of p and INX=[—{P,, -+, P,} with P.=INM, {P,, -+, Pn_,}
=INH and P,,,=INC. Take loops 7y, -+, ¥ns: ON [ around P,, ---, P,,,, oriented by
the natural complex orientation on X. Then =, (X) is generated by the images of
Yo, *, Tn+1. Write the image of 7; in =,(X) by [7:]. As loops around the curve H,
we have [7,]=:-=[7r»-:], which we denote by y. Consider the curve E,. Take loops
v and 0 on E, around the points E,N\H and E,N\A,-s;, respectively, oriented by the
natural orientation on X. Then [y]=[7.] and [r][0]=1. Hence [d]1=[r']. Let ¢’
be an oriented loop on the curve A, around the point A;\M. Since the branch A,+---
+ A,_,; is contracted to a rational double point, we know that [¢’]=[0]1""2(cf. Mumford
[31), and [0’]=[7.] which we call x. Hence x=[d]""*=y% ™. Next, look at the curve
E,. Let 8 and B’ be oriented loops on E, around the points HNE, and E,N\B,, res-
pectively. Then [B][5’1=1 and [f]=y. Bring the loops 7., and 8’ along the curves
C and B, respectively, near the point CN\E, Since we can take D4XD* as an open
neighbourhood of CNE,, where D* is a punctured disk and since z,(D*XD*)=ZX Z,
we know that [7,+,] and [B’] commute with each other. Denote [7,+:] by z. Then
7.(X) is generated by x, y and z with relations x=y*" and yz=zy. Hence =,(X) is
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abelian. Since H(X; Z)=(0) by Theorem 1, we have =, (X)=(l). By a theorem of
J. H. C. Whitehead, X is topologically contractible. We have thus proved:

Theorem 2. With the notations in Theorem 1, the surface X\ is topologically

contractible for every n=3.

(1]
(21
£31]
[4]
5]
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