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Complements on the Hilbert transform and the
fractional derivative o f Brownian local times
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Jean BERTOIN

I. Introduction

Hilbert transform and fractional derivative o f order a E(0 ; 1/2) o f  Brow nian local
tim e s  h a v e  been  a lready  stud ied  by  various au thors (Y am ada [14], [15], Yor [16],
Biane e t  Y o r  [2 ]) . I t  is  e a sy  to  show that these processes h a v e  a  bounded quadratic
variation w ith  regard  to  th e  dyadic subdivisions, b u t th ey  have n o t  a  bounded varia-
t i o n .  So, w e  can n o t d irec tly  u se  the  theory o f stochastic integration fo r  semimartin-
gales to study them.

W e first prove that they have alm ost surely a  finite p-variation, fo r  some suitable
p ; and  the  integration defined in  [1 ] fo r  such processes allows u s  to  avoid  the former
difficu lty . In particular, w e obtain a n  ItCi's formula and p rove  tha t they  adm it occupa-
tion  densities  (w h ich  a r e  rep resen ted  by  a  Tanaka 's fo rm u la ). T h e  m a in  results of
this paper are  two Ray-Knight's type theorems which describe these occupation densities
ta k e n  a t  so m e  f ir s t  h it t in g  t im e s . E v e n tu a lly , w e  translate  these  resu lts to  Bessel
processes of dimension  d <1, a n d  g ive  in  Appendix some general consequences o f this
study.

In  the  present paper, we consider (Q, g , P ) , a complete probability space, endowed
w ith  a  right continuous increasing family (g t t 0 )  o f a - f ie ld . L e t B =(B t :t_. 0) b e  a
real (F)-Brownian  m otion , and  {L t̀' : aE R , t 0} a  jo in tly  continuous v e rs io n  o f  its
local tim es. U sin g  th e  Holder property o f  a•-*M , w e can define, fo r  an y  a E(O, 1/2)

d s  ds= 1113 I>, Lf  ̀a '  d a0 13, Eto oB , R

and

H (-1---a, o = p . f . :1 3 ;' - alB s >o d s= HT; , , ,̀ B--s- i-ai B t , , d s

(Lit L n a 'a d a
R+

C(t) and H ( - 1 - a ,  t )  are  represented by th e  following generalizations o f  Itô's formula
(Yamada [14], [15], Yor [16])

(1.1) : C(t),- 2(B t log I B t l - B t - i:lo g iB s idB s )
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and

(1.2) : H ( - 1 — a ,  t ) =  
—  a ( 1

2

 — a )
(B t r  - F 2 a l t 1V 1-B >odB. .0

C(t) and H(-1—a, t)  are additive functionals locally  o f  z e r o  e n e rg y  in Fukushim a's
sense (see Fukushim a [6], Y am ada [15]), and therefore have alm ost surely a  bounded
quadratic variation w ith respect to  th e  dyadic subdivisions of an y  compact in te rva l of
R+ ; bu t a re  not o f bounded variation (see Wang [13]).

Eventually, le t us notice  the  follow ing scaling invariance properties fo r  C (.)  and
H (-1— a, -):

d
(I.3): F o r a n y  2 > 0 , (C(2t): t_0)-----(2 1 1 2 C(t): t O)

d
and (H (-1—a, A t): t_0)=-(2(' - a) 1 2 H (-1— a, t):

which are  easy consequences o f the  scaling invariance property  f o r  B  and  o f the  de-
finition o f  C H  and H (-1 — a , -).

I I .  Processes locally o f bounded p-variation

Let p be a positive real num ber, f  R,-->l? a cadlàg function, and a =(s0 ,------0< si <
•-• < s = t )  a  f in ite  subdiv ision  of [0  ; t]. T h e n  w e  d e n o t e  b y  V g (f)=  I 

f ( 0 )  ' +
n - i
E  I f ( S i+ i ) - f ( S i ) I  P  the  p-varia tion  of f  w ith  regard to  a  ;  a n d  w e  s a y  th a t  f  h a s  ai=0

bounded p-variation on ; t ]  if { f ) : a  finite subdivision of [0 ; t]l is bounded, and
th a t f  has a n  infinite p-variation on [0 ; t ]  o th e rw ise . Note th a t  f  has a  bounded if-
variation on [0 ;  t ']  whenever f  has a  bounded p-variation on [0 ;  t ]  w ith  p p ' ,
W e have

Theorem 11.1. P  a. s., f o r  every positive t,
H (-1 — a, •)  has a bounded p-variation on [0, t ]  i f  and only  if  p>(1— a) - '.

ii) C  has a bounded p-variation on [0 ;  t ]  if and o n ly  if  p>1.

P ro o f .  L et us denote by r the right-continuous inverse of L° (i. e. r t =inf {s .L.`>t}).
T h en  H (--1 --a , r .)  is  a  stab le  process of index (1— a) -1  ( in d e e d , th e  strong Markov
property  im p lies tha t H (-1 — a, r.) has stationary independent increm ents, and  it re-
m ains to apply th e  scaling invariance property (1.3), see Biane a n d  Y o r  [2 ]) . Accord-
ing to Bretagnolle's Theorem III.b in [3], P  a . s., fo r a ll positive t  and a ll p> (1-a) - ',
H (-1 ---a, r.)  has bounded p-variation o n  [0; t]. L et u s  denote  by E =ft: B t = 0 } and
by  E r t h e  right-ends of the excursion intervales o f  B .  T hen , P  a . s ., fo r a ll positive
t a n d  p> (1-a ) ' ,  { Vr,(1/( - 1- - - a, •)): v fin ite  subdivision of [ 0 ;  r t]  a n d  v C 2 ,1  is
bounded; and since H(--1—a, •) is continuous and E  is  th e  closure o f E r ,  w e  have

(II.1): S u p { V N H ( - 1 — a ,  .)): v  finite subdivision o f  [0; r t ] and  vU 2}< 00

L et us prove by induction th a t fo r every non negative integer n,
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(0, For P  a. e. (D-Œ-Q, i f  a  is a finite subdivision o f  [0 : r t ]  with
Card{sEa : sO.ZI__<n, then there exists 2), a finite subdivision
of  [O; r t ]  included in  2  such that, for all

v g ( H ( - 1 - a ,  •)(w)) V E (H (-1— a, •)(w )) .

Indeed, (I)0 is obvious, so w e suppose that (I ).  holds. C onsider a = - (0 = s 0 <  •-• <5.--=rt)
a  f in ite  su b d iv is io n  o f  [0, T A  w i t h  Card(a\2)=72-1-1. L e t  u s  d e n o te  b y  i=
in ffk s k O .S I. T h e n  i 1 ,  and

a) I f  inf{11(-1—a, s ) :  s = s i +i } s1) Sup{H(-1—a, s ) :  s = s i ± i }, then
take  e = a \ f s i l. F o r p;?___1 ,  V A H (-1— a, •)(w )),S .V A H (-1— a, .)(w )), a n d  it rem ains
to apply (I) n .

b) I f  H (-1 — a , si )<inff 1 -1 (-1 — a , s ) : s= s i ± , } ,  th e n  d e n o te  b y  g(s i )=inf { s< s i  :
/3,=0}. Since according to its definition, H (-1 — a , • )  increases on  every interval on
w h ic h  B  is never O .  ( [4. (s1)> s1_1 a n d  H (-1 — a , g ( s i )) < H (-1 — a , s i ). S o take  a '=
(s o , •-•  , si-i, g(si). si+ i, • -•  , sm.) and  apply (I),.

c )  If  H (-1 — a , si )>Suptii(-1— a, s ) : s = s i ± i }, th e n  d e n o te  b y  d(s i )=Sup{s>s i

13,=0}. T h e  saine a rg u m en ts  a s  above im ply that d (s i )< s i ,  and H ( - 1 - - a ,  d (s i ))>
H (-1 — a , s i ). So take a '= ( s o , ••• , si+1, d(si), si+1, ••• , sm .) and  apply (I)..
Hence (l) n  is  p ro v en  b y  induction, and according to (II.1), th e  sufficient condition of i)
is established.

Since Theorem  III.b o f  Bretagnolle [3] im plies that P  a. s., fo r  a ll positive t  and
H (-1 — a , r.) has a n  infinite p-variation on [O ; t ] ,  th e  same property ob-

viously holds fo r  H (-1 — a , • ) ;  so  i) is proved.
ii) is easily obtained by th e  same argum ents as for i).

T he definifion o f  p-variation for processes is slightly different : a  continuous adapted
process Z  has a  bounded p-variation if

Sup{E(Vr(Z)): cESI<00 ,

w h e re  S  denotes t h e  s e t  o f  random subdivisions a=(0==-_- S o _ S i f  ••• __.S n )  o f optional
times (such subdivisions are called "optional subdivisions"). W e say that Z  has a  locally
bounded p-variation if there exists an increasing sequence of optional times (T 72 : nE N ),
T ,  +0 0  P  a. s., such  tha t, fo r  a ll  n ,  Z 'n  has a  bounded p-variation. I t  is  e a s y  to
prove that if  Y  is  a n  adapted continuous process, such  tha t fo r  P  a. s. wES2 and for
a ll positive t ,  th e  function Y (w ) has a  bounded p-variation o n  [0 ; t ] ,  th e n  th e  process
Y  has a  locally bounded p-variation ; but the  converse  is  no t true  (s in ce  a  Brownian
m otion h a s  a  bounded 2-variation in  our sense, but its  pa ths have a. s. a n  infinite 2-
variation o n  [0 ; 1]).

L et us now recall some results established in  [ 1 ] .  W hen X  (respectively Y ) i s  a
continuous adapted process locally o f  bounded p-variation (respectively q-variation),

w h e re  p < q  v e r ify  1/p+1/q>1, th e n  w e  c a n  d e f in e  Z .--4  Y s dX s  which generalizes0
t h e  u su a l in te g ra l w h e n  X  o r  Y  a r e  semimartingales. Z  has a  locally bounded p-
variation, and w e  have
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Theorem 11.2. (associativity). L et Y ' be an adapted continuous process which has a
locally  bounded g-variation. T hen  Y •Y ' h as  a  locally  bounded g-variation to o , and

Suppose now  tha t p<2, and th a t Yi= illi+X i (iE{1 ; ••• ; d}), w here A P  is a  con-
tinuous loca l m artingale  a n d  X i  h a s  a  locally bounded p -varia tio n . Then w e m ay
take  q=2 and w e  have (see  a lso  M ilner [5])

Theorem 11.3. (Itô's fo rm ula). L et f  : Rd-41? h e  a  f unction o f  c lass  C2 . Then
3 f   

(Ir.) has a locally bounded 2-variation, and

f0-0

3 2 f  y

s>d<A " I  >'.

I I I .  Stochastic calculus and occupation measures

Using th e  integral defined in  [1 ]  fo r  processes o f locally bounded p-variation, we
are  now  able to develop a  stochastic calculus fo r  C  and H(-1— a, •).

111.1. Study for C .  The m ain to o l fo r the  stochastic calculus fo r  C  is  th e  fol-
lowing

Proposition 111.1. I f  f  is  a function w ith continuous deriv ativ e, then w e have the
follow ing Itô's form ula:

B t • f(C(t))= t f(C(s))d13 8 -1-çt f(C(s))ds.0

P ro o f .  Formula (1.1) implies

B  C(t)=2(B f  log I B t l—  B i B B s i d B 8) ,

and from  th e  usual Itô's formula, we deduce

130 •C (0-4, C(s)dB 8 -Ft

Since C  is a  continuous process locally o f bounded p-variation fo r  a l l  p > i, th e  com-
parison with Theorem  11.3 gives

çt
B s dC(s):-=t

• Y 's •Y s dX s =i r s dZ s ..ço 0

ax,

T hen, Theorem 11.2 im plies that f o r  any  Z  locally o f  bounded a-variation (p>1).
w e have
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()Z(s)B,dC(s)=5 °Z(s)ds

Applying again Theorem 11.3, we deduce that for any f  o f class CO3

B t •f (C(t)) o
t f(C(s))d13.-F :=-- f'(C (s))d s .

and by density, this formula holds for f  of class C 1 .

Let us now define the family of processes {22' : a G R , t  0} by the following Tanaka's
formula

(III.1) Bt.1(cw>a) 41(c(8)>.)dB 8+2ctL .

Then we have

Theorem 111.2. P  a. s ., for any bounded Borelian function f ,

f(C (s))d s , ---- R f(a )k id a

Proof. Let w R—+R be a  function of class C 1 w ith  com pact support. Definition
(11IA) implies

B ,1 (c( t» .) ço (a )d a =  d a go (a )0 (c (8 » a )d B 3 +  w (a )2 fd a  .
0

If we denote by 0  the primitive of w with 11m 0=0, then we have

B t l(C  (t )>al (P (a )d  a  B  t O (C (0 )

and the stochastic Fubini's theorem (see Lemma 4.1, p. 116 in Ikeda and Watanabe [8])
implies

daw(a)Y1(c(s)>a)dB8=Ç dago(a )1 (co» .)= Ç O (C (s))dB s.
JR 0 0 R 0

Hence we have

13,.0(C(t))=-Y00(C (s))dB s -F Rio (a )4 d a

The comparison with Proposition 111.1 finishes the proof.

R em ark. Act' can also be described by the following formulas

Btl(cw<a) t 1(coxa)dB8—kt and

B, sgn(C (0— a)=Çosgn(C(s)—a)c/./3.-1-22f ,

where sgn=1/4 - 1R-
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L et us now  study th e  regularity o f (a, t>- +À :

Proposition 111.3. T here is a version of (a, 0.-34 such that, P  a. s.,
i) fo r  all a E R , t ,--94  adm its lef t and rig h t lim its  at all t.

ii) fo r  all t O, a ,-+Af  adm its lef t and righ t lim its  at all a.
iii) f o r all  a e R  and

,I ++2f_=22`C , 44- - WeL-= I B t11(c(t)--a) •

, 2 r .  — 4 - =Btl(c(t)= .) •

P ro o f .  From  th e  Burkholder, D avis, Gundy inequalities and the Kolmogorov cri-
terium, w e easily  obtain that there is a  continuous version of

(a, t)i - - - - >Ç1(c(3)>.)d Bs •0

Therefore (a, t>-+Acti. is  con tinuous a t every  point (a , t )  verifying B =O  o r  C ( t )  a .  If
Bt -#0 an d  C (t)= a , then, Tanaka 's formula (III.1) implies

± =2Act` and Act"- =  B t .

If  w e  suppose furtherm ore that Bt >O, it  is  c le a r  th a t lirn C (s)=a -  a n d  Ilm C (s)=a+ ;stt
hence we get

A(t1÷-2 (t'.._-=B t and 2f.÷ -1-4_=22 1? .

T he  proof is th e  same when B <0 .

W e will now always consider such a version of (a, t> -+A f ; and  w e are  able  to give
a n  other description of 22:

Proposition 111.4. P  a. s., fo r  every  positive t,

, 1 , ,
22= E I Bs I Iwo)oo- —

2  
i ptil(c(t)=0) •8<t

P ro o f .  L et us first establish the  following

Lemma 111.5. P  a.s., IsER . i.: C(s) , 01 is  a closed countable set, and all its  points,
except 0, are isolated.

Proof  of the lem m a 111.5. On the one hand, if r u = in f {v 0 ; / > u },  th e n  is :  B s=
C (s )= 0 }= {s = r i i : C(r u ) = 0 } u { s = r :  C(r._)=0}, a n d  since C(r.) is  a Cauchy process
(see Biane and Yor [2]), P  a. s., C ( r ) = O  o r  C(r._)=0}={0}, and hence P  a. s.,
{s>= 0: B 3 =C(s)=0}={0}.

O n  th e  o th e r  h a n d ,  i f  w e  p ic k  s E R ,  su ch  th a t Bs *0  an d  C (s )=0 , then there

exists a positive s such that for every uG(s—s, s + s ), I Bul >s ; and since C(u)---- --1 dv/Bp,

s is  a n  isolated zero  of C .  In  particu lar, {s : C(s)=0} is  f in ite  o r  countable. Usual
scaling argum ents and the 0-1 law  im ply  that {s  C (s )=0 } is countable.
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Proof of proposition 111.4. (end) Theorem 111.2 and Proposition 111.3 im ply that P
a. s., on any in terval [s , t] o n  w hich C  is never zero,

lim 1[0.E)(C(V))dv= l i m 1 [0 ,e ) (C (v ) )d v = 2 2
s10 0 s40 0

Since t.-422 increase only o n  i s  C(s)=0 } w hich is a  c losed  s e t  whose th e  only accu-
mulation point is  0, Proposition 111.4 is  a  d irec t consequence of Proposition 111.3.

Another easy consequence of Proposition 111.3 is

Proposition 111 .6 . I f  f  is  a  continuous function with com pact support, then the
çit

sequence of  processes in -
'

0  f ( C ( s ) ) d s : t 0 1  converges in the sense of the finite dimen-

sional d istributions as n  + .0  to

-M f (a) d 412: t o} .

Proof.
n t

t
(d)

n - 1 1 2 5  f (C (s))d s=n il f (C (n s» d s f(nloC(s))ds0 0 0
Since

n'l t f (n 'o C (s))d s=n io  f (n 1 1 2 a)2 ( td a= f (a)2 r 1 1 2 ada0 R R

a n d  s in ce , a cco rd in g  to  Proposition 111.3, lim 2r 1/2a=,12 uniform ly o n  an y  compact
ntœ

neighbourhood o f  0, except w hen C (t)= 0 , we obtain

lim  f ( a) 2 7r 1 1 2 ada f(a)da)22 .
n t œ  R

111.2. Study for H ( - 1 - - a ,  • ) .  Henceforth, le t u s  m ake th e  convention O'=0 for
all real number p (even the negative ones). L et us introduce

N otation. S t -=Sup{H(--1—a, s): /,=-Inf{H(-1—a, s): s t}

H (-1 — a , 0=x 1  (x R ) ,  a n d  A c q ( B n ' d s .

A n im portan t anti d ire c t  consequence o f  th e  definition of H (-1 — a , t)  i s  th e  fol-
lowing

Lemma 111.7 . P  a. s., f o r every x E R , T (x ) is finite; an d  if  x <0 , then 13 ( x ) =0.

P ro o f. W ith help from  th e  scaling  invariance property  fo r  H (-1---a, •), we just
have to  show th a t  T (-1 )  and  T(1) a re  finite P  a. s..

If  P({T (-1)=-1-00})=6>0, then, applying (1.3), fo r  an y  s>0,
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P({V t<s, H (-1— a, t) 0})-=3
So

P (()IV t <s, H (-1— a, t) 0})=3 ,0.0

and  Blumenthal's 0-1 law  im plies that 3= 1 . Therefore H (-1— a, .) would be a  posi-
tive  additive functional o f  B ; and w e know  it is no t t r u e .  T h e  proof is th e  same for
T(1).

E v en tu a lly , if  BP(x) w e re  positive  for a  negative x  then  H (-1— a, •) would in-
crease o n  a  neighbourhood of T (x ); so  T (x ) w ould  not be  t h e  first h itting  tim e o f  x
b y  H (-1— a, •).

A s in  § 111.1, le t  u s  prove

Proposition 111 .8 . I f  f  is a function with continuous derivative, and if F is a primi-
tive of f ,  then we have the following Itô's form ula:

(Btra f(H(-1—a, 0)=(1—a)Yof(H(-1—a, s))(131) - "dB,

0
P(H(-1— a, s))(B:) -2 '2d s  

a ( 1 — a )

[F(H(-1—a, t))—F(0)]. 2

Pro o f . W ith  n o  lo s s  o f  g en e ra lity , w e  m ay  assume th a t  f  is C2 w ith  compact
su p p o r t . W e first notice that

(I1I.2) : (Bt)'-"11(-1—a, 0=(1—a)Ç011(-1—a, s)(B:) - "d132

(B n '"d s
a (1 — a )

H
2
( - 1 — a ,  t ) .-I-Y0 4

Indeed, Formula (I.2) implies

[H( — 1 — a, t)-k 
a ( 1 — a )

-a
y

=4a -
 2

t
o

( /3 1 " d s + 4 a - ' [
a(1—a)

H ( - 1 — 2a ,  s ) + (131-Y - 1 B - s f . ) - ' d B ,
Jo

therefore

42  ( B t ) ' - " H (  I  a ,  t ) = 4 a - i

o

T
a(1—a)

H (  I  a ,  s)-1- 
a(1 —a)

( B l r a ] ( B i T a d B ,

+4a - 2 Y(B-t) - 2 "ds-4(a(1—a)) - 2 (Bt) 2 - 2 a—H 2 ( -1—a, t).0

O n the other hand,

(B tr - '  =(2-2a):(B -
si- Y- 2 ad/33 -1-( 1 —a)( 1 —2a):(BP) - 2 "ds ,

and hence
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4[a(1—a)] - 1 (B t) 1 - aH (-1— a, t)=4a1H(-1—a, s)(.13t)a dB,0

— 4[a(1— a)]1:(Bn 2 ads-1/ 2 (--1—a, t) ,

and (III.2) is proved.
According to Theorem 11.1, there exists p<2 such  tha t H (-1— a, •) is a  process

locally o f  bounded p-variation. T h e  comparison o f  (111.2) w ith  T heorem  11.3 for
(Bn 1 - aH(-1—a, t) gives

Ç(13 -j- )1 "- ad H (-1— a, s)=-Y(B:) - 2 ads .0

The application of Theorem 11.2 and 11.3 to (Bt)' - a f(H (-1—a, t)) imply the proposition.

Using the same arguments as for C, we obtain

Theorem 111.9. For every a e R  and t e R + ,  let A (a )  b e  the process defined by
Tanaka's formula:

(Bt) 1 _a 1(H(-i-a.t)>.)=(1 — a):1(H(-i-a,  )>.)(B:) - a dB,

a (1 —  a )
 [(H (-1— a, t)— a) — .2

Then, P  a. s., f o r  every bounded Borelian function w and t>0 , we have

(,
Lcio(H (-1— a, s))(B:) - 2 ads=Lw(a)2f(a)da

R em ark. A t first sight, the  choice o f  th e  definition of the occupation measure,
a n d  consequently o f  Àf (a ), may look strange, and we could think. it would be more
natural to consider ;if(a) defined by

(Btral(H(-i-(,,t)>.)=5:1(H(-i-a,t)>a)d(Bn' a + -2- f(a) ,

and to prove with the same arguments as the former ones that

o
t c/o(H(-1—a, s))ds-A l w(a),Tf(a)da

The justification of our choice is that the extension of Itô's form ula that w e gave in
Proposition 111.8 is  b e tte r  ad ap ted  to  th e  stochastic calculus than the one we would
have obtained if we had considered (B tr a  instead. of (B t ) -- a : indeed, the bracket of

the m artingale part of (Bn l - a  f(11( - 1— a, t)), (1 — a l P(H(-1— a, s)XB:) - 2  d s  is  of0
the  same type as its part of bounded variation, 

0

f (H ( -1 — a , s))(Bt) - 2 ads. § IV is a

d irec t consequence o f  th is  fact. Furthermore, this choice will allow us to  translate
our results to Bessel processes of dimension 0<d<1 (see §V).
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A s in  §III.1, w e have

Corollary 111.10. i )  There exists a jointly  continuons version of

(a, t)1— > À f(a)— (Bt)l_al (11(-1- a  t )>a) •

Henceforth, {4 : a E R , will always denote such a version.
ii) P  a.s . ,  for every t E R + ,

2 2 (a)= 1 1 (B lr a l(11(-1-..t)>0) +1/2(Btr"1 H  (-1- a  t )>0) •
s<t

Pro o f . i) can be proven by the same methods as Proposition 111.3.
ii) Let us set

t-
2)K a)= E (N )l ( - 1 -  a  t )>a)

s<t
1(13,>0)(14 •

It is easy to see that P  a. s., for every bounded Borelian function çø and every

1,ço(a)2Ma=rocp(H(-1—a, s))(131) - 2 ads= R ço(a)Vt`da ,

and hence we have

(III.7): P  a. s., for every t_0, da a. s., 4=24;

and we want to prove that this equality holds for a = 0 . So, let us suppose that there
exists z>0 so that P (4 1)---14 ( _1) >6 )> s . For every a E(-1; 0), w e set .9(-1—a, t)
=— a+H (-1 — a,t+T (-2 — a)), 1 3 ,=B  t + T (2  -  a ) ; and a n d  t h e  corresponding ver-
sions of the occupation densities for g(-1— a, •). W e have

2T(-2)=/1.9
T  (-2- a) 1)7.' (-2) 

= D9
T (-2 - a)

and, according to Lemma 111.7,

P ( -2) - 2 /1'C-2) > 6
)

= P (11T( - 2 - a) - 1 4 ( -2- a ) >  6 )

Hence daP(2; ( ( _2 ) -24 ( _2 ) >s)>E, which leads to a contradiction with (III.7). Hence-1
A (-1)=14(-1) P a. s., and by scaling invariance, 2(-7l)=14(-,) for a ll n E N * .  T o finish
the proof, we just have to  notice that P  a. s., VT R ,  i f  4, -14 and H (-1 — a, T )* 0 ,
then Vt. T, A = i ,  provided that H(-1----a, t) is  n o t  0; and to apply i).

Eventually, our main tool for §IV will be the following

Proposition 111.11. I f  f  is a C ' function, and F a prim itive of f ,  then

elf= expl2(1—a)2(13t)1 a f (H (-1— a, t))+a(1— a)[F(H (-1— a, t))— F(0)]

—2(1--a)1 ( f +  f 2 )(H(-1— a, s))(13:)--2ads
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is a continuous local martingale.

Pro o f . We deduce from Proposition 111.8 that

expi2(1—a) - i t f(H(1—a, s))(BtradB s —2(1 —a) - 2 : f'(H(-1—a, s))(B1) - 2 ads},

so e if  is a  continuous local martingale.

I V .  Ray-Knight's type results

Let us fix aE(O, 1/2) and henceforth, we will omit a  in Aga) and denote it by Act'.

IV .1 . A  Ray-Knight's theorem fo r  A 1 ) . The main result o f this paragraph is
the following

Theorem IV.1. i) {4(1—  a) - 2 ,4 -z21 ) ( )  a is the square of  a B essel process start-
ing f rom  0 and of dimension 2a/(1—a).

ii) {4(1—a) - 2 2(1( _, ) : 0_a } is  the square of  a B essel process of dimension O.

Pro o f . L et g:[-1, -1-00)-4? + ,  be a  continuous function with compact support,
and Og  : E-1, -1-00)--R + ,  the non-increasing solution of the Sturm -Liouville equation
0 "= g 0 , with 0 (-1 )= 1 .  Then we have

r(-1)
(IV.1): E[expi-2(1—a) - 2

0g ( H ( - 1 — a, s ) ) ( B +) - "dsH =[O  g (0 )]" ( 1 - a )  •

Indeed, if  we take f= -Vg /Og , F=log O g  and P i - f 2 = g  in Proposition 111.11, then ef
is a  continuous bounded martingale on {t T ( - 1 ) } ,  and the optional sampling theorem
implies that

E [exp {2(1— a) - 2 ([3(-1)) 1 - a f ( - 1 ) - f- a(1—a)[(F( — 1) — F(0)i

r(-1)
—2(1—a) - 2

og ( H ( - 1 — a ,  s ) ) ( f 4 ) - 2 ads}]=1.

Since B -
7
1;( 1 ) = 0  and F (--1)=0, we have

T( -1 )
E [exp { —2(1 —a) - 2

.çog ( H ( - 1 - - a ,  s ) ) ( B i T 2 a d s  =exp (aF(0)/(1 —a))

-=- [0 g(0 )]" ( 1 - a )  •

On the other hand, it is well known (see Durrett [4], §8.7 for example) that
1 .ço, (- -1)

E [exp i— , g(B8)dsll=0g(0) where a (-1 )= in fft: /31 = - 1 1 .z 0

Using (IV.1), we obtain

1  + o e 1 a/Cl - a )a l 0 - 0
E [ex p l— y  g (a )4 (1— a) - 2 ,4 ( --odall= E [expi--21ig(a)L",(-1,dal]
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A  famous due to  Ray [ l l ]  and K night [8] cla im s that { : a is  the square
of a Bessel process of dimension 2 and sta rting  from  O . The additive property of the
squares of Bessel processes (Shiga and W atanabe [12]) im plies that {4(1— a) - 2 2W i ) :
0  a }  is  the square of a Bessel process of dimension 2a/(1—a) and starting from O.

On the other hand, L f :" ) : O a}  is the square of a Bessel process of zero dimen-
s io n , and the sam e  arguments im p ly  th a t  {4(1—a) - 2 4 , ) : O a } is  the square of a
Bessel process of dimension O.

Proposition 111.11 also allows us to compute the la w  o f (ST(,), A T (-.)) f o r  every
positive a:

Proposition I V .2 .  For every 0, b>O,

sh Ob \a/(1 - a)
Erex pi-202(1— a)-2A rc-a4s,(_,)<b)]=-- sh 0(a+b))

In particular, P(S T ( _ 0 <b )=(b /(a+b )) i 1 - a) .

Pro o f . Let us take f (x )=O  coth 0(x---b) and F(x)-= log I sh 0 ( x - - b ) I .  Then e f  is a
bounded martingale on It<T (.— a)A T (b)} ;•and since

lim  f (H ( -1 — a- -0 )= lim F(H (-1 — a,t) )=-0 0  ,
ttro) ttr(b)

the optional sampling theorem gives

E [expi a
 a  [F(— a)— F(0)]-20 2 (1 — a) - 2 A rc-a41r(-a><2.0)]=1;

this proves the first part of the proposition. The second fo llow s by taking the limit
as 0  O.

Remark. In particular A r ( _. ) has the same distribution as a(a/2)=infl t : B t = a/21.
This can also  be seen directly  notic ing that, according to  L em m a 111.7 and Formula

(1.2), /t =infi2a1(Bt)adB, : s 41.0

W e are now  going to  study by the sam e m ethods 4 ( ,) ,  but the results shall be
quite different, because this time, B-4;( 1 ) *O.

IV .2 . Results for T (1) . Let g : E-1, 00)—R, b e  a  continuous function w ith
compact support, and wg  and 0 ,  the system of fundamental solutions of the Sturm-
Liouville equation V z ---- g 0 ,  w ith  gc,

g ( —1)=1, W ( 1 ) 0  Og( —1)=0 and 0"f ( —1)=1. go,
and Og are both non-decreasing functions, and positive on ( - 1 ,  co). If Og  i s  the
unique non-negative, non-increasing solution w ith  (Pg ( —1)=1, then there exists r(g )  so

g =w g — r(g )0 ,. Since 1+im + co, w e have 1.1m O g /O g  =0 ; and li+m (pi /0 g  =r(g).

Theorem IV .3 . W ith the former notations, fo r  every  V 2 0 , we have
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E [exp.( — 20(1 — a) - 2 (BP ( 0 )' - '' —2(1--a)1 R g(— a).4 ( o ds} ]

=CÇ g (0)± g (0)] I (' ' )  - - C(r(g)d-  0)0 g (0)]a/(
1 - a)

P ro o f. According to Proposition 111.11, i f  f  is  C ' and  F  is  a  prim itive of f ,  then

Af= expi-2(1—a) - 2 (Bn'f(—H(-1—a,t))+a(1—a)EF(—H(-1—a,t))—F(0)]

--2(1—a) - 2 5t (P-i-f 2 )(—H(-1—a, s))(f3:) - 2 ads0

is  a local martingale on { t< T (1 )}. On the one hand, if we take f  =0'S O g  and F=log
t h e n  lim eir=---0 (because lim Og =0), and  hence, for every b>0, e",v  is  a  bounded mart-

ttT( 1) -1+
ingale o n  it<T (1)A T (--b)} . T h e  optional sam pling theorem  applied to  T(1)AT(—b)
gives

T( -b)
(IV.2): E [ex pi-2(1— a).1 g(— H(-1--a, s))(13:) - 2 a ds} l(rc-o<rw d0

= (Çbg(0)\./(1-a)
kOg (b))

O n the other hand , if  w e  se t 0=cp,-1-00,, f=0795 and  F=log çb a n d  i f  w e  a p p ly  the
optional sampling theorem to T(1)A T(— b), then

T (1 )
E[ex pi-20(1— a) - 2 (13it ( o)i -  —2(1—cr) -1  g(— H (-1--a, s))(B :) - "d s}0

x f (  — 1 )\ / (1 _ t1 )

\ 0 (0 )  ) 1 (rox r(-b))1

T ( -b) (b) a / (1 -a )
g(— H(-1— a, s)X 13 -

81 'd s K ° l t r o » r ( - b ) ) 1 = 1 .0 0(0)

-W e deduce from (IV.2) that

E[ex pi-20(1— a) - 2 ( B -
2t- w )1 "-2(1— a) - 2 (

T
)

w g ( — H ( - 1 — a ,  s))(1131-)- 2 ads} 1(Toxrc-b»]

=(1 .— [95(b)0,(0)(0(0V g (b)r l i a l ( 1 - ") )[0(0)]" ( 1 - ' )

and since 0(-1)=1, we finally obtain

E[ex pi-20(1— a) - 2 ( B it ( o) 1 a—  2(1—a) - 2 T w g(— H(-1— a, s))(B:) - 2 ads]1(7,(l)<Tc-b»]0

--Eço , (0)+ 0
1(1 - . ) _ [ g ( b ) + 0 0 , ( b ) 1 . 1 ( 1 - . )

Og(b) Ogol
and  the  theorem  is proved by taking th e  lim it as b

Remark. According to Tanaka's formula 2 ( l + ) = ( B ( 1 ) ) 1 - a ,  and we could think that,
a s  i n  § IV A ., conditionally o n  (Bit ( D )' - "= x , th e  process 14(1—a) - 2 ,47d+ ) : 0 a 1} is
the square of a  B essel process starting from  x and of dimension 2a/(1 — a ). Th is is
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not true , because if  it w ere, w e w ould  have
T(i)

E [exp {-2 (1 -a ) -1  g ( -H ( -1 - -a ,  s ) ) (B t ) " d s }0

= E [e x p i-(B -P( 0 )'r(g)/21](0,(0))"/( 1
- a) .

and  the  right side o f  this equality , w hich can be com puted using Proposition IV.5, is
not th e  same as the  one  w e  have found in  Theorem IV .3 . However, we have the  fol-
lowing

Theorem I V .4 .  i )  T he law  o f  AY, ( i )  is  g iv en  by : f or ev ery  positive k,

1E [e x p i---2-4(1-a) 2 k4 ( l ) }]=1 -(k/ (k+1 ))" 1 1 - a) .

ii) Conditionally on 4(1-a) - 2 4 ( 1 ) =x (x>0), 14(1-a) - 2 2i,ct1 ) : 05z a l  i s  the square of
a B essel process of  dim ension 0  and starting  f rom  x.

P ro o f .  i) is  a n  easy consequence o f Theorem IV.3.
ii) If g O  o n  [-1 ; 0 ], then gog (0)=0,(0)=1, so

E [e x p i- -2-T g (a )4 (1 -a ) 22 i ) w-d a l]= 1 -E r (g ) ]a - ') .T,

Notice th a t i f  0,--9o g -r (g )0 , is the non-increasing, nongative solution of 0 "= g 0  with
0 (-1 )= 1 , then  n O )/ 0 ,(0 )= -r (g )/ (1 -r (g )), and  hence

1 1E [exp{--,1 - 0 g (a )4 (1 -a ) - 2 2iW a H = E [exp (--- 2 -4(1-a) - 2 0',(0)0i 1(0).4' (O H,

According to Pitman and Yor [ 1 0 ] ,
 th is  p roves ou r assertion.

A s in  §IV.1, w e are  also able to obtain the distribution of (Br(l), AT(l). / n o ) :

Proposition I V .5 .  I f  a ,  r, (3 a re  th ree  positiv e real num bers, an d  if  we se t 0=
(3(1-a)/2, and b=1-1-(3(1-a) - 1  log1(7(1-a)-1-6)(a(1-a)-(3) - '1, then

 

shO b   \. 1 (1-a) sh 0(a+b)sh 0 Ivr 0 - 0

sh0(b-1)) \ sh 0(b--1) sh 0(a+1))
ch eb  \ a /" - a ) c h  0 ( a + b ) s h 0  \ a / ( 1 - . )

\ch0(b--1)) ch 0(b-1) 0(a+1))

when r(1 -a )>6

when r(1 -a )<5

In  particular, f or ev ery  b>1,

E [exp{ -2(1-a) - 2 (b - 1) - 1 (M(1))' - a  li(ir(i)>-a)]

b \a/U-a) a-l-b \ a1(1--a)
\b--1) \(a+1)(b -1))
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Proof. The argum ents are  the same as in the proof of Theorem  IV.3, with firstly
f(x)=- 0 coth 0(x --b) a n d  F(x)= log  sh 0(x —b) a n d  secondly f (x )= O  th  0(x — b) and
F(x)= log ch 0(x — b).

V. Applications to the Bessel process of dimension d  (0<d<1)

According to a  result o f  Biane and  Yor (Lemma 3.1 i n  [ 2 ] ,  w ith  a  slight modi-
fication), i f  w e  s e t  a(0=inf { s  A s > t} ,  then  X,=(1—a) - 1 (/34

a
-
( 0 )' - a  is  a Bessel process

of dimension d=(1 —2a)/ (1— a), w ith  a n  instantaneous reflecting barrier at O . H ence,
the  canonic decomposition o f  X  a s  a  sum  of a  m artingale  and  a  zero  quadratic varia-
tion process is

(V.1): X t=f3,— (IUD= t+(d —1)H (t) ,

Ç
ds 

w here 13 is  a  B row nian m otion and H(t)= —
1

- 0v.p. . T h e  p r e v io u s  r e s u l t s  for2 X s

H(-1—a, •) can be translated  to  H by easy change-of-time arguments:
I f  f  is  a  function with continuous) derivative, a n d  if  F  is  a  p rim itive  o f  f , th e n

w e have

(V.2): f(H (t))= 0
t f(H (s))d iE3 s -1-(d —1)[F(H (t)) — F (0 )i+ 1 - 5:f '(I (s))d s

In  particular

(V.3): expiXtf(H(t))+(1-- d)EF(H (t)) — F( 0 )1— f 2 ) ( 1 1 ( s ) ) d s }

is  a  continuous local martingale.
T he  family o f  random variable {Ai : a R, t._>0} defined by Tanaka's formula

1
X tl(Hco>a)= t 1(//(8)>.)diSs+(d--1)[(1/(t)--a) — a+]-1----2-20

is  a version of the occupation densities of H :

fo r every Borelian bounded function SD, yo(H (s))d so(a)2' d a .

If  w e  se t T(x)= infit: H (t)= x }, /t =infIH (s): s_<t}  a n d  S t =Sup{1-1(s): s t}, t h e n  the
m ain results are

Theorem V .1 .  i) { 2 7 2 -
0  : 0_<a51} is the square of  a Bessel process starting from

0 and of dimension 2-2d .
ii) 1 2 ( _, ) : 0.<a} is the square of  a B essel process of dimension O.

Theorem V .2 .  For every O 0,

E[expi— 0 Xr(i)— aVc71/4(1)daH----=-(ç D g( 0 )± 00 ,(0)) 1 - d .—((r(g)-1- 0)0 gov- d

where g, W g, Og, and r(g) are defined in  § IV.2.

(V.4):



666 Jean Bertoin

Theorem V .3 .  i )  The law  of  4 , 0 )  is given by : for every  positive k,

1E [exp { —  k4,
( 1)}]=1—(k/(k-4-1))''

ii) Conditionally on ,1 ( 1 ) =x (x >0), {A 1) : 05a l is  the square of  a B essel process
of dimension 0 and starting f rom  x.

Proposition V.4. i) For every  positive 0, a and b,
02 sh O b  E [exp (---2- T(— a))1(S (- a)<b)]=-- ksh 0(a b )

ii) For every  positive a, r and 0, we have
02

E[exp{—TXT(l)— T ( i )  -  a ) ]

sh O b v-d sh 0(a+b)sh v -d
ksh 0(b-1)) ksh 0(b— 1) sh 0(a +1) )

ch 0 b   v-d
 f  

 ch 0(a+b)sh  v -d
kch 0 (b-1)) kch 0(b— 1) sh 0(a+1)

where b is defined by r=e coth 0(b-1) i f  r>e, and r=e th 0(b-1) i f  r<0.

Appendix

A .1 .  Applications to the measure Bi P .  T h is  p a rt is  inspirated by th e  Appendix
A  o f  Biane and Y or [2 ]. O ur purpose is to propose simplified proofs a n d  generaliza-
tions of these authors' results.

Let Z  be an  adapted continuous and locally of bounded fi-variation process (p>1).

According to Theorem 11.1  a n d  to  the  results o f  [1 ], w e are  able  to  define . . Z.
s ciC(s)0

which is a  coniinuous process, locally of bounded (1+ )-variation fo r every positive ri.
We have

Proposition A . 1 .  The process Z s dB,—  Z s dC(s) is orthogonal to B ,i.  e. B . Y0 0
is a local martingale.

Pro o f . According to Theorems 11.2 and 11.3, we have

/307 ,= y tY s dB,-1- Z s .B 8 dB,—Y ZBdC(s)A8 . s S  Z s ds0 0

On the  other and, w e saw  in  § MA that

1
0

1 2',./38 c1C(s) , - t Z g ds ,0

and this prove the proposition.

when r>e

when r<e ,

L et .(Y) b e  th e  s ig n e d  m e a su re  g =  B Y .  W e w ill say  tha t a  process Y  is  a  .9-
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martingale. I f  B .Y  i s  a  P-local m artingale. A  translation of P roposition A.1 is the
following analogous o f Girsanov's theorem :

Corollary A .2 .  If A I denote the P-local martingale A1, 4  Z s clB s ,  then

la t =A l t j : Z s dC(s) is a 9-m artingale.

If  we se t f3=B— C, then 13.  i s  a g-m artingale , and m ore precisely we have

Corollary A.3. (Biane and  Y o r) I f  h : Rx17,—*It is solution of the heat equation:
(1/2)(492 12/ax 2 )+(ahlay )=0, then h(B t , t) is a g-martingale.

Pro o f . According to Theorem 11.3,

0=h(0, 0)-}-Ç a h  (B s —C(s), s)d13,—Y  ah (B s — C(s), s)dC(s),o a x a x

Corollary A.3 is then a  consequence of Corollary A.2 for

ah (Be, s)d133 .
Jo ax

Eventually, we h a v e  th e  following generalization of th e  seco n d  p a rt o f  Theorem
A l in  [2] :

Corollary A .4 .  The process ef=expiiY  Z s dB s —z\ Z s dC(s)— —1  Z ;d s }  i s  a g-m ar-0 2 0
tingale.

Pro o f . Theorems 11.2 and  11.3 imply

e f= i-f-i .ç
o
Z's efc1B8- 1 zsefdc(s),

and Corollary A.4 is once again a  consequence of Corollary A.2 for

M t=iT
Z s e f d B s .

0

A .2 . E xistence of decreasing times f o r  H ( - 1 - - a ,  • ) .  Since 2a/(1— a)<2, an
interesting consequence o f  Theorem 1 V .1  is that, contrary to what happens for the
Brownian motion, P  a. s . there exist p o in ts  x  E (-1 , 0 ) w ith  2 f (- 1 )= 0 .  W e  w il l  s e e
that it implies the existence of decreasing times fo r  H (-1 --a, •) .

Definition. L et I  be an open interval, f  : a function, and t a  poin t of I. We
will say that t  is a  non-increasing time fo r  f  o n  I  if

V(u, v)E Ix  I , u t  )  f(v)5_ f(t)=-5 f(u)

We will say that t  is a  decreasing time fo r  f  on  I  if

V(u, v) /XI, u<t<v ) f (v )< f (t)< f (u) .
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W e have

Proposition A.5. P  a. s . ,  there ex ist non-increasing tim es fo r  H (--1— a, •) on
(0, T (-1)).

P ro o f .  L et us prove first that P  a. s., for every rational number q  in  ( -1 ; 0), and
every y  in  (q; 0),

(A.1): *1 )=0 ) t ) :  T ( q ) s -_t T ( - 1)} y .

Indeed , if 13-  t=B ti-r(q) a n d  1-71(-1— a, t)=H (-1—  a, t+ T (0) — q ,  s in c e  Bit ( ,) = 0 ,  and
since H (-1— a, •) is  an additive functional, w e have

t )=p .f .ro(i:31 :) - 1 - a ds .

I f  T(-1—q)=inf{t: t)=-1— q}  a n d  i f  w e  d en o te  b y  O ct' aE R , t__01 the
fam ily  o f  th e  lo c a l t im e s  o f  g (  —1—a, -), then, according to th e  scaling invariance
property,

(A.2): {4(1—a) - 2 4, ( _i _q ) : 0 a }  is the square of a B essel process of dimension O:

and we obviously have n•TY1)---- 244T2--011,( _i _o  . Particularly,

(A.3): 2W1)=0 )  AY,Tqq) = 0  and  41,( _
1
_g ) =0 .

O n the other hand, for every

(A.4): )  Vt T (-1— q), R (-1— a, 0.5.y  .

Indeed , accord ing  to  (A.2), if= O  t h e n ,  f o r  e v e ry  z >y , =0, hence

o$ » y 'd s = 0 ,  and (A.4) is  p ro v e d . (A.1) is  th e n  a  consequence of

(A.3) a n d  (A.4). N o w  ta k e  x E(- -1 ; 0) so  th a t 2 1)=0 ; T(x— )=inf{ t : H (-1— a, t)
<x } , and (x 7, n N ) a n  increasing sequence o f  ra tiona l num bers converg ing  to  x.
Then T(x72),I, t)_ xn, if  0_1- 7 ( x )  and H(--1—a, t )<x  if  T (x )_<t
T ( - 1 ) .  H en ce , tak in g  t h e  lim it  a s  n ,  w e obtain H (-1— a, t)> x  if  t <T(x— )
and  H ( - 1 — a, t ) x  i f  T ( x — ) t T ( - 1 ) ;  and Proposition A.5 is proved.

R em ark. T his result m ay look surprising, because H (-1 — a, •) increases on  every
positive excursion of B , and  is  constant on the negative ones.

The structure  of the set of the  zero  of a  B essel process allows us to claim.

Theorem  A .6. P  a. s ., there ex ist points x E ( - 1 ,  0) that H (-1—  a, •) hits only  once
bef ore T ( - 1 ) .  Particu larly , the h itting  tim es o f  su c h  x  are decreasing tim es for
H (-1— a, -) on [0, T (-1 )].

P ro o f .  L e t u s  d e n o te  b y  Z,„= X  E [ - 1  ; 0] : A 1) = O } . A ccord ing  to  T heorem
IV.2, P  a. s ., Z „, is a  non-empty perfect set. L e t  x be  a  left-and-right accumulation
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point (i. e. V > 0 ,  there  ex ist y  a n d  z in  4 , so  th a t x — s < y < x < z < x + s ). According
to  (A.2), if  x l , x 2 EZa , a n d  —1<x 2 < x < x 1 <O , then

x 1 <H(-1— a, t) w hen O tS T (x , ) ,

t)Sx, w hen T(x i ) t T (x , ) ,  and

x 2 H(-1—a, t) w hen T(x 2 ) T ( -1 ) .

W e  d e d u c e  th a t H ( -1—a, 0>x o n  [0; T(x)), H (-1— a, t)=x o n  [T (x); T(x — )] and
H(-1—a, t)< x on (T (x  — ); T (-1 )]. Hence, for all x  left-and-right accumulation point
o f Zw , N(x)={t T (-1 ) :  H(--1—a, 0=x1 is  a closed in te rv a l. S o , there exist at m ost
countable many points in  Z w  f o r  w hich N (x) is  no t a single point. S ince  th e  s e t  o f
th e  left-and-right accum ulation points of Z Û, is  no t countable, there  ex ist points in  Z .
th a t  H(-1— a, •) hits once and only once on [0; T (-1 )].
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