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Homotopy operations in symplectic and orthogonal groups

By

Albert T. LUNDELL

Using the  B o tt periodicity maps, we define the  structure  of a  right stable
homotopy module on  m ( G )  f o r  G = S O  o r  G = S p .  Because of the sim ple
structure of n.(G ), most operations of stable homotopy m , are trivial.

Specializing to S p , we compute some non-trivial Toda brackets in  ir.(Sp),
obtaining some new non-trivial primary operations in  n* (Sp).

Using these Toda bracket calculations and the non-stable Bott maps, we can
transfer th e  calculations to  7 z ( S 0 )  a n d  t o  certain non-stable hom otopy of
SO (n). This results in the fact that the generators of n8 ,,,,.(S0), r = 0, 1, originate
in  rc8„,,,(S0(6)).

Throughout this work we use the notation of Toda [T] with the modifications
of M ori [NI] for generators of the various homotopy groups of spheres.

1. Generators of stable homotopy and primary operations

Since Sp(1) = S 3 , w e choose fl 3 , 1 = 1 3 ,  $ 4 , 1 =  n, and /3 5 ,, = =  n2 ,  in
7k (S3 ) for k = 3, 4, 5. If j: Sp(1) -> S p  is the inclusion, let [I, = Let ak ,4

b e  th e  generator o f  //k (0 (4 )) fo r  k = 0, 1, a n d  i f  h : Sp(1) = S 3 -o 0 (4 )  i s  the
inclusion , le t 013 , 4  =  h * (/3) n 3 ( 0 ( 4 ) ) .  I f  i: 0 (4 ) -+ 0  i s  the  inc lusion , le t a k

= i,(a k,4 ) for k = 0, 1, 3. Using the Cayley numbers, one can construct a  cross-
section s: S 7 -0 S0 (8) of the  fibre bundle S0 (7) -> S0 (8) -> S 7 su c h  th a t if s* (i7 )
= a 7 ,8 e n7 (S0(8)), th e n  i(a 7 , 8 ) = a 7 c 7r7 (S0) is a  genera to r. If k: SO(8) -> Sp(8)
is  the inclusion, set /3 7 ,8 =  k * (a 7 , 8 ) and  137 =  j ( f i 7 ,8 )en 7 (Sp), both  of which are
generators. Note that by following s or h  by the inverse map, we can change the
sign of at 7 , 8  or # 7 , 8 .

W e  h a v e  B o t t  [B o l]  m a p s  B: Sp -o S24 S 0  a n d  B': O  -o S24  S p , and the
composites Bs p  =  ( 24  E r) B : S p  -> f28 S p , a n d  B, = (0 4  B). B ': 0 -o Q 8 SO, a l l  of
which are homotopy equivalences and yield isomorphisms

: nk(SP) nk(g24 0) 4  74 + 4 ( 0 ),

7 0 ) i t k ( g 2 4 .s p )
irk +4GSP),
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2„c k ( G ) n k ( Q 8 G )
nk+8(G),

where G =  0  o r  S p, a n d  V "  i s  the inverse of the n-fold boundary operator
isomorphism in the path-space fibration.

By composing with the inverse map if necessary we may insure that /.3- (/33 ) = a,
and /3' (c(3) = fl 7 .

Finally, set a8 m + k  =  73(ak) for k 0, 1, 3, 7 (mod 8), and =  13. ,̀p (13,) for
k 3, 4, 5, 7 (m o d  8 ) . W e  have 13(13k) = a k „  a n d  13'(;) = 13 k+4•

The following gives relations between these generators.

Lem m a 1.1. For m > 1,
(1) gsm = ° and cc8.+1 = asm ' 11 = '112 ;
(2) 138m+4 = /38m+3 ° 1 1 and 138rn + 5 = /38m +4 ° 11 f l8m +3 °  112 •

P ro o f .  Part (1) is due to Kervaire [K , Lemma 2]. For part (2), observe that
138m+4 = k(ct8m) = R'(Œ8 m _ 1 °II) = F3 '( 0(8,7,- 0° 11 = Pam+ 3 ° and /3 8 .+ 5  =  (C) 8 m + 1)
=  ' (Œ8 m  ' i )  = IT(a 8m ) .  = /38m+4° since n and 112 are suspension elements in the
homotopy of spheres. •

W e begin by describing  n ( G )  a s  a  7 r k-m o d u le . If  0 E 7 4  an d  ym e n m (G),
choose n large enough that 0 e +„,+ an(S m +  8 8 ) = 74, and form
k n ( i t (7 m ) '  n m  + k

(G ), w h e re  .k  is  the n-fold iterate o f  /3,. O f course this
operation of 7.4  on n ( G )  is often trivial. N o n -tr iv ia l examples of this operation
are provided by Lemma 1.1 above, and  we give others below.

O f course one m ight ask  abou t the  operation of non-stable homotopy of
spheres o n  n ( G ) .  T he answer is provided by the  following proposition. Let
E: irk(X ) —' nk + i(EX ) be  the suspension homomorphism.

Proposition 1.2. I f  Oen n (Sk)  and 0 e Ker Er for som e r > 0, then  Tk ° 0 =  0.

P ro o f . N o te  th a t  B G*(Y k° —  B G*(Y k) ° =  8

 (yk, 88,):_81)=B:)8:?
. . .  o Bk ±  s  ° E

G
 8:( y0 O) '

 by
K ervaire [K , Lem m a 1]. Iterating this, w e obtain 

(1,2

= .0 8 n(71i + 8n ° E 8 "0). If 8n > r,  then E 8 n  =  0. S in c e  the maps (Q "B G )*  a n d  a8n

are isomorphisms, we see that yk o 0 = 0. •

It is worth observing that we have an operation of 0 E Tr „(S k )  on n„,(G) for m
< k ,  even if 0  does not desuspend. F o r later use we state the following.

Corollary 1.3. If  j: S 3 = S p(l) -+ S p is the inclusion, then Ker E r K e r  j * .

P ro o f . For 0E ir k (S3 ), w e  h a v e  0  =  3 o 0. T h u s  i f  Er0 = 0 ,  then  j * (0)
= j * (i3 ). 0 = /33 0  = O. •

The following limits the degrees of primary homotopy operations one needs to
consider in  n * (G).

Theorem 1.4. Any non-trivial primary homotopy operation of positive degree
in n ( G )  i s  of degree 4t + 1 o r 4 t +  2 . In  m ore  detail, if m is even when G = 0
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and odd when G = Sp, then a non-trivial primary operation must be of the form
(1) g4.(G) — ' 7r4.+8t+ 1 (G );

(2) 7
t4k — 1 (G) 7r4m— 1 + where s = 1, 2;

(3) any composite operation 0 =0 ,0 0 2  i s  of degree 8t + 2 with 0i o f  degree
8t1 +  1  and acts in dimension 4m — 1.

P ro o f .  If 0 is a  primary operation of the form tr,(G)— rt„p _ 1 (G), then 0 is
right composition by an element 0 e ir4 p _ 1 (S"). By applying the Bott isomorphism
BG n  times, we calculate yk 0  by calculating v•k+8n° e n 0 .  But if 0 is of positive
degree, then E8 "0 is an element of finite order, so vik + 8 n°  E8 " 0e 74p +  8n _ 1(G) Z  is
of finite order and  therefore O.

Now suppose that 0 is a  primary operation  7 t4m — 1 + J O  7 t 4 m ' —  1  + s (G), where
m  m ' (mod 2). Since J3G  is  an isomorphism, v4m — 1 + r 0 is trivial if and only if

1Y4m- 1 +r ° = T4m+ 8p— 1 +r ° E8 P 0  is trivial, a n d  w e  m a y  a ssu m e  that
OE 1r4(m' — m)- s — r • T h en  Y 4m — 1 + r =  Y 4m — 1 ° rlr °  =  Y 4m — 1

 00 017r
 • Since 0  i s  of

finite order, y4 m _ 1 0 = 0 when r = s, and since 7t4m
, _ 2(G ) = 0, we have yz im _, 0 0

= 0 when r = 2 and s = I. T h u s  OE 74.(m
, _ m ) +  where in — m' is even and 0 acts in

dimension 4m . This establishes (1), and the only remaining possibility for a non-
trivial operation is of the type listed in  (2).

For the statement about composite operations, an element yk 0 01 0 02 , we must
have 01 o f  degree 4t 1 +  s , with s i =  1, 2 for yk 0 01 to  b e  non-trivial, and then 02

m ust have degree 4t2 +  s ,  w ith  s, = 1, 2 for the final com posite  to  be  non-
trivial. But then 0 1 002  has degree 4(t 1 +  t 2 ) + s, + s 2 , and the only possibility is
si  =  s, =  1 .  Consider the commutative diagram

7r4k — 1 (G) 7r4k +4p(G)

02 I 021

01
7r4k+ 8q(G) 7r4k+ 4p + 8q + l(G)•

We must have k  + p and k  + 2q even if G = 0  and k  + p and k  + 2q odd if G
= S p . This implies that k and p are even if G = 0  and k is odd and p is even if G
= Sp. •

2. S ym p lectic  groups

O u r  n ex t objective is to  d iscuss som e secondary  homotopy operations in
7t.(Sp). F o r  th is purpose  w e now  describe  th e  periodic fam ily o f  elements
/1,4 3 e 7C8m  4 (S3 ). First, y03  —  the n4 (S3 ). N e x t , -11  3 e n i 2 1 S 3 )

 is  Toda's element. 
[ T ,  p p .  54-58], (w h ich  h e  d en o te s  b y  y 3 ). A cco rd in g  to  th is  description,
1-11,3 e 1173, Efi , E 2 Y1 n12(S3 ) with indeterminacy 113 ° E n i i ( S 3 ) .  F in a l ly ,  fo r  m
> 1, we define y„,, 3 e {tt„,_ 1, 3, 2/, 8o-} 7 t 8 m + 4 ( S 3 )  with indeterminacy gm-1,3

7t8m— 3(5 3 ) °  (8 0 ), and  nii n ,+ 4 (S3 )°(8a ) is  o f odd order, since 47t(S 3 )  is  o f odd
order [J, Corollary 1.22]. W e recall that p„,, 3 i s  of order 2, generates a direct
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summand of n 8 „,± 4 (S3), has e c invariant I (mod 1), and suspends non-trivially to
the stable (8m + 1)-stem, i.e .,  emp„,, 3 = p,,,E4„, + ,. S e e  M o r i  [ M , p. 72 and
Theorem 3.1 (ii)].

From the work of Walker [W], the inclusion SU(2)-■ SU(4m + 2) is such that
0 h,(11„,,3) E n

8 m  + 4
(SU(4m + 2)) = Z/(4m + 2)!(and h* m a p s  th e  supplementary

sum m and to  0). F rom  the commutative diagram

n81+4(SP( 1)) n8m+4
( S U ( 2 ) )

nsm+4(SP(2 in + Tcsm+4(SU(4m + 2 ))

I - -
Z/2 Z/(4m + 2)!

and the fact that 0 0  h ,o g ,= g *  . j * , we see that g is monomorphic and j *  i s  a
projection on to  a  d irect sum m and. Since 

7 I 8 1  + 4
(Sp(2m +1 ) )  and  7r8 5(Sp(2m

+ 1)) are stable homotopy groups (both isomorphic to Z/2), we have proved the
following.

Proposition 2.1. For m > 0,
(1) / * (11m,3) =
(2) M11m,3 ' 11) = fism +4 ' 11 = fism +5 ;
(3 )  j *  i s  a projection onto a direct sum m and . •

If j ': Sp(1)- Sp(2m  + 1 - k) is the inclusion map, then ( p m , 3 ) generates a
Z /2  summand of n gm  +4 (Sp(2m +  1  -  k)) and j *' (p„,, 3 . ri) generates a  Z /2  summand
of 7( 8„,+5 (S p (2m  +1  - k )). Thus w e have the  following, see [Mo, Proposition
2.4]

Corollary 2.2. If  0 and 0 < k  < 2m + 1, then:
(1) 2t8,, +4 (Sp(2m  + 1- k))L -' Z/2 C) n 8 „,+ 5 (Sp/Sp(2m + 1 - k ) )  w ith  th e  f irst

summand generated by j'* (pm );
(2) ir8m+5 (Sp(2m  + 1 - Z/2 C)7r 8 „,± 6 (Sp/Sp(2m + 1 - k)) w ith  th e  f irst

summand generated by J Gin ,. 3

(3) nsm+r(SP(2m +  1  -  k)) =1,.=  7
t 8 m +  1  + r (Sp 1Sp(2m +1 - k)) f o r r = 0, 1, 3, 7;

(4) the sequence

O Z n8m+ 1 + r
(SpISp(2m  + 1 - n8m+r(Sp(2m + 1 - k))--* 0

is ex act f or r = 2, 6. •

W e remark that the groups 7r 8 „,+ ,.(Sp(2m + 1 - k)) are known for r + k  < 20
by the work of several authors (see [L]).

W e  n e x t p ro v e  a  lem m a on  the  stab le  suspensions pm  E 74,,, + 1  o f  t h e
The proof is analogous to the proof of Toda's Theorem 14.1(v) [T, p. 190],

and we use Toda's material o n  pp. 189-190 and p. 33 without further reference.
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Lem m a 2.3. For m  > 1  and k  > 0, w e have pc11 m  + [1, + ,n 0 17 = O.

P ro o f .  W e have pm E <pm _ i , 21, 8o-> <24  8u , 11m _ ,> + (8u,
 1 1 m - i '

 I>  (m od
/m -i 0 7 + _ 3 (8u)). Since 0  2 <2 4 21>, w e  have OE <24 2i>
.(4o-) c <24 p m _ i , 8o-> = <80-, pm _ ,, 21>, a n d  pm  e<2/, 8u, pm _ Form ing the
composition, ilk °time ° <2i, 80-, 11 ,1 >  =  <Ilk, 24 80- > 0/1m _  • B u t  /1k+-  1
E Ot k , 21, 80-> 0 11m _ 1 ,  and

+ fik +1° - 1  
E 1 1 k 0 T h 0 J 1 m l  + n13k+2°1 8 60 ° -  = 743 0 Pm -1,

since (80-)0 pm _  = O. A d d in g  th e se  relations,
m - 1 m - 1

14° P m  P k + m  Po =  E P k + i+ 1 °  t im - i - 1  6  E , " 8 -
i= 0 i =0

For m = 1, this says /1k° /11+  I ° ° 4 ° 11. For m >  1, we have
rn - 1

Pk ° PM  + 17E E 7C1S3
i = 0

m-1 m - 2-i
6  E  C a k + m - io t i+  E  t ik + i+ j -  zi53° -  -  t -  "

i = 0j = 0

E 11k +m - 1 ° 17 irL

since 74 0 = O.
Now observe that for n = 0, we have p„ 0 = 1i 2 7 4 ,  and 0 = n 2 . = 11 2

= 0 1 0  ,  while fo r n > 0, w e have p„ 0 n 074 c <ti
n  - 1 '

 24 8u> o t r ,c  <p„_,, 2r,
8o- 0 n> 0 = </1n-1, 2 1 ,  0 > 0 8 7 r  =  0 ,  s in c e  8o- ,  = +  e) = O. T h u s  p k - pm

= 11k+m° 17.

W e can now give some new non-trivial primary operations in  n.(Sp).

Proposition 2.4. The composition elements 8
8

m + 4 
E8m + 

1 1 1 k ,3 '
 13 8 m +  3  e r n / 1 k . 3 ,

v °
and 8 8 ,n +  3 ° E8 m,tik . 3  r i  are non trivial.

P ro o f .  By Lemma 2.3, we have ILr m, 3 ° E 8m  l ottic, 3  - + k, 3 ° + and /1k3° 1/
= E +  ,  where ct. and  ct.' are  in  the  kernel of some iterated suspension.
Applying Proposition 2.1 a n d  C orollary  1.3, w e  s e e  th a t  ,68 m + 4 0E8 m+ 1  pk ,3

= 13
8(m + k)+ 4 °11 f l 8 ( m + k ) +  5• If  w e now  use Corollary 1.3 again, fi8 m + 3  oemp k ,3

°?1=Nm+3 0 1 1°E 8 m + 1 14,3 = /3 8(m+10-4 " 7 /6=  8 (m + k )+  5  •  Since right composition by
ri i s  a n  isomorphism 7t 8(,n + k) + 4(SP) 7 1 8 ( m +  k )  5+  ( S p ) ,  w e  h av e  138m +  3  E 8m !Lk , 3

=  13 8(m+ k)+4. •

Remark 2.5. An examination of generators and relations in the stable k-stem
for k 30 (see [T] [M -T] [M ] [M -M -0] [0 2 ]) and application of Theorem 1.4,
shows that the only possibilities for non-trivial primary operations of degree < 30
are:

( 1) nt of degree 0 acting in dimensions 4m - 1 and in dimensions 8m + 4 and
8m + 5 if n is odd;
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( 2 )
( 3  )
( 4 )
( 5  )
( 6 )
( 7  )
( 8 )
( 9  )
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of degree 1 acting in dimensions 8m + 3 and 8m + 4;
;72 o f  degree 2 acting in dimension 8m + 3;

of degree 9 acting in dimensions 8m + 3 and 8m + 4;
o ri of degree 10 acting in dimension 8m + 3;

K  of degree 14 acting in dimension 8m - 1;
of degree 17 acting in dimensions 8m + 3 and 8m + 4;

kr2 .11 and y* of degree 18 acting in dimension 8m + 3;
of degree 25 acting in dimensions 8m + 3 and 8m + 4;

(10) ke, o  ri of degree 26 acting in dimension 8m +  3;
(11) 0 ' of degree 30 acting in dimensions 8m - 1.

W e d o  not know whether the action of K , V*
 , o r  0 ' is  trivial.

Next, we compute some secondary operations in  n * (Sp).

Lemma 2 .6 .  For m > 2,

irm , 3 e {y„,_ 1, 3 , 2/, 8o-} {Pm _ 1, 3 , 41, 4o-} OE {p m _ 1, 3 , 8i, 2a}1 , 3 ,  16/. al,

with respective indeterminacies 0 7 4  ±  H, gm  _ 1 ,3 ° 7t ±  H, p m  _ 1 , 3  7-43

+ n 8 „,_ 3 (S 3 ) ° (2a), and p m _ i , 3 ° n8„,_ 3 (S 3 ) ° o- ,  where H  is o f  odd order.

P ro o f . F rom  T oda  [T, Proposition 1.2 (ii)] and the fact that 2q/ 2 4 - 4 0-

= 2/ .2q - 1 /02 4 - qa is null-hom otopic  f o r  q =  1, 2, 3, 4, w e  g e t  the  string  o f
inclusion. Since 47 8 m _ 3 (S3 ) i s  o f  o d d  o r d e r ,  for q = 1, 2, w e  have
n 8 m _ 3 (S3 )o (24 - go-) = H  is of o d d  o r d e r .  •

Proposition 2 .7 .  Fo r m > 1, r = 4, 5, and q = 1, 2, 3, 4, the maps
(1) { -,E13, E2 y} 1 : n,(Sp) - )  7r12(S13),
(2) 1- , 2/ 5 , : n s (S p)--- n 1 3 (Sp),
(3) {  - ,  2"1, 1: n,„,, r (Sp) n 8 , , ) ,(S p),

are  isomorphisms.

P ro o f . T h e  indeterminacy o f  04 , E13, E2 1311 i s  #4 . En„(S 3): t h a t  of
0 8 , 215 , e l is /3, on i 3 (S5) + n 6 (Sp).2u" = )3 5

o n
1 3 (S5); and that of

Ifism+r, 2"1, " is 7r8m +r+ 1 (S 24 - q a . B y  T h eo rem  1 .4  a ll of
these indeterminacies are zero, and the brackets are a single homotopy class.

Now for the inclusion j : S3 -r Sp, we have fl
1 2

 =j,(1.1 1 ,3 ) = .4({ ri 3 , Efl, E2 y} 1 )
E 211 1 , and since the indeterminacy is zero, 13

1 2

= {134 , Efl, E 2 y} 1 . Similarly in  the  other cases. •

3. The orthogonal groups

In  order to study the homotopy of the orthogonal groups we take a more

detailed look a t the Bott maps in the spirit of [B 2] or [D -L]. The method is to

define maps B„: Sp(n) -- (2 4 S0(8n) and B„: 0(n)-* f2 4 Sp(2n) which are natural with

respect to  the standard inclusions. Then the diagrams
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Sp(n) S24S0(8n) 0(n) Q4 Sp(2n)

.04 i1 f r j i

0 4  SO 0  ± -  ,Q4 Sp

are com m utative. W e  se t Bs Q 4 B„. B n a n d  B0 ,,, = ,Q 4  B ° W e  s t a r t
with the m ap B 1 : S 3  = Sp(l) -+ Q4 S0(8) and observe that

B 1 (i 3 ) = 4 =  a;, 8 ,  where 1 ,( 8 ) = oc 7 ;

(TO  -  a 4B,.. (lb ) = a„' , ,  w h e r e  (4, 8 ) ;

and

131(6) = a - 4 B,,(17i) = (4, 8 ,  where i,((4, 8 ) = 04.

If 0 is the boundary operator in the homotopy sequence of a  fibration, then
0(y E(5) = (ay). (5, b y  [K , L em m a 1 ] , a n d  aly, E.5, E el, c {0y, (5, e l ,  b y  [Mi,
Proposition 4 .2 ] .  In  the case of the path-space fibration, 0 is  an isomorphism,
and therefore a bijection of n „ , (X ) ,  En r (Sk ) with 7t,(52X).n r (Sk ). From this, the
indeterminacy o f  {y, E(5, E e l is  m ap p ed  bijectively onto the indeterm inacy of
{0y, .5, e l, and hence 01y, E(5, E el, =  {0y, 6, El c  n,,(QX).

Proposition 3 .1 .  For m >  1  the composition elements a80E8m-3 OC8m - 1
c  E8m - 4 „pk , 3 1 0  E 8 m -4 1 4 ,3  ri are non-trivial.

P r o o f  A pplying t h e  m a p  13 a n d  u s in g  P roposition  2.4, w e  have
B (138m+ 4 ° it ik , 3 ) - a 4 (B,,,U3sm+4)0E8 m+'tik,3)-13- (138m +4) ° E " ±  5  Lk, 3  - 8m+8

E 8 m  + 5  pk , 3. Since T i is  a n  isomorphism we have non-triviality of the  element
1 8m+ 8 ° E "  5 14, 3. Similarly for the other cases. •

L em m a 3.2 . I f  B "  i s  o n e  o f  th e  B ott m aps B  o r  B ', then  13"{y, (5, el
= Ifj"(y), E 4 (5, E 4 e}4 , and if B'"  is one of the Bott maps B o  or Bs p , then 1-3-  ly, (5, el
= { '13- (y), E8 6, E 8 e18 .

P ro o f .  S in c e  t h e  m a p  B "  is a  hom otopy equivalence, k ly , (5, el
= y, 6, El = 0 - 4  { B ; (7 ), (5, el = la - 4B;(y), E4 (5, E4 el 4  = E46, E4 e14 .
Similarly for B" . •

The following gives some non-trivial secondary operations.

Proposition 3 .3 .  In m (S 0 )
(1) { - , 2"1, 2 3 ' 1E0-1 4 : 7r8 (S0) n16(S0) f o r q =  1, 2, 3;

(2) { - , 2 ,
, 2 4 - q o-}4 : 7c9 (S 0 )- 2 -  n 1 7 (S0) f o r k = 9 and q = 1, 2, 3 ,4 ;

(3) {  -  ,  2q1, 2" E8m±r(S0) 18,,n+1,+r(S0) f o r m > 1 with r = 0,1, and
q =  1, 2, 3, 4.

P ro o f . F or (1), we have /1 6 = r3 (#12)= 13 04, E2Y11=1B(64), E 5 13, E 6 Y15
=  {as , .E5 f3, E 6 y}5 . Using [T . Lemma 6.5], we have la ,, E 5 f3, E 6 y15 = {/ 7 . r/7,
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E s f l ,  E6y}Œ 7 { E 4 3 , E6),} D  (x70E4{1135 E fl,  E 'y }  =  a ,  (In „ , 21
7

,

4E0-1 3  ±  V 3 ) =  a , .  t 217 , 4E0-1 3 , since a,. v, = O. Checking the indeterminacy,
o n e  s e e s  th a t  th is  is  a  s in g le  h o m o to p y  c la ss  a n d  a 1 6 = a„. 21, 4Ecrl 3

= a 7 . E4 p 1 ,3 =  {as , 21, 40-1.
Now as in Lemma 2.6, we have a 1 8  = 21, 4Eu'l 4/, 2E0-'1 t a , ,  8 / ,

Eo-'1, with respective indeterminacies (for q= 3, 2, 1 ) as ° ni6(S 8 ) + n 9 (SO) . 23 qE 2 o-'

= as gi6(S 8 ) + 2 4 qn 9 (S0) 0 G1/4-9 = a8 n 1 6 (S 8 ) .  B ut by Theorem 1.4, 7r16 (S8 )

=  0 ,  so  the inclusions are equalities and a 16 =  la8,
 2 q , ,

 2 3 _ 1E0-1  for q = 1, 2, 3.
For parts (2) and (3), ju s t note that /3'(a k „ )  =  flk+12 =  t r j ja k ) ,  2"/, 24 - gal

=  { a c k , 2q1, 24 - 4 o-} and  i r  is  an  isom orph ism . •

From  the commutative diagram

7 8m -4 +,(SP( 1 )) irsm+,(S0(8))

Z/2 g8m -4 +r(SP) n8m +r(S0)

and Proposition 2.1 (3), the map j *  is a split epimorphism and we obtain a splitting
map for i* , for r = 0, 1  a n d  m  1 .  From the fact that n 8 (Vi 0 ,4 ) = 0 [P], we see
that Z/24 L- 7c8 (50(6)) n 8 ( S 0 )  Z / 2  i s  onto. L e t  C(8, 6  generate the 2-
component of 7r 8 (50(6)), s o  th a t  

8 , 6
 i s  of order 8 and Ç(z 8 6 ) = a 8 . N o t e  that

for the bundle projection p: SO(6) -■ S 5 , we have p* : n8 (S0(6)) = + n 8 (S5) Z/24,
and a 8 ,6 can be chosen so that ( )P*■OE8,6/ = Y5, which generates the 2-component
of 7r 8 (5 5). F o r the  inc lu sion  maps 50(6) SCI(7) SO(8), if i  la 1 a- 8 ,6 ,  -  8 ,7 ,

w e m ust have  an  element ag, 8  su ch  th a t i;(0(7 , 8 ) =  8 , 8 -  s* p* (a8' , 8) ,  and the
homotopy epimorphism induced by the inclusion SO(7) -> SO splits under the map
Oas) =

Now i * (a8,6° 11) -= as °
we see that i*  is  a projection
OE9,6 8 , 6 ° l

= a 9 , so i*  i s  non-trivial, and since 7r9 (S0(6)) Z/2,
(isomorphism) onto a direct summand. Moreover, if
v5 .178 , which generates 7r 9 (S5). W e  have proved thethen p (c96 ) =

following.

Proposition 3 .4 . (1)  There is an element a8 ,6 en 8 (S0(6)) of  order 8 such that
i*(a8,6) = a s  and (P* kot8,6) = s;

(2) th e re  is  a n  elem ent a8 ,7 en 8 (S0 (7 )) o f  o rder 2  an d  i* (a8 ,7) = 1 8 , the
epimorphism 7c,(50(7)).- g8 (50) splits;

(3) there is an  elem ent a9 ,6 e7r9 (50(6)) o f  order 2  such that i (Œ96) = a ,  and
p* (a9 ,6) =  v5t h e  epimorphism n9 (S0(6))-> ir 9 (S0) splits. •

Remark 3 .5 .  Since n8 (S0(5)) = 0 =  n9 (S0(5)), the elements a, and a 9 cannot
originate in the hom otopy of any smaller orthogonal group.

Recall th e  definition o f  th e  infinite fam ily o f  elements e7t,(„,,i)(S5)
[M , p . 72 ] [T , p . 59 ]. We set =  V 5 ,  1 , 5 e Iv 5 , 8/ 8 , Ea'}  1 '

 and
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8/8 ,n , 2o-
8 „,},, for m >  2. The elem ents 

m 5
 a re  o f order 8 and suspend to  stable

elements of order 8.
W e define a n  infinite family o f  elements cx8 „,, 6  e7r8 „,(S0(6)) for in 1  by

choosing OE8, 6  a s  above, 1 16,6 C { 1 8,6 ,  8 1 ,  E a l  1  ,  a n d  oc8 „,, 6 e {oc8 0„_ 0 , 8i, 2o-} , for
m > 2. One can choose OE8 „,, 6 so  th a t for the projection p: SO(6) -- S5 , we have
P* (a8., 6) = 1, 5 ,  and  by  Proposition 3.3, i  (oc ot* .  8m , 6 . - 8m .

Now 8Œ 8 (m +  0 ,6  = N8(m+ 1).6 °  81 8(m+ 1) C  { 1 8m, 6 , 1 8 m ) 2 6 8m} 1 ° 81 8(m + 1) -  8 m .6
° 1818 m , 2018m, 81 8m+ 711 • But we know { 818 m , 2o-

8 „„ 8/- 8m+ 7} 1 - 8/8 m  E 7T8 m ÷ 7(S 8 m  1 )

+ 8(S8m)08/80,,,_ by [T, Corollary 3.7], and we see {8t 8 m , 2a8 m , 8/8 „ 7 }1 = 0
since 27r, + 8 (Sk ) = 0 for k > 6. This shows the order of cx8 m ,6 i s  <  8 (with a  minor
modification when in =  2 ) .  But since P* (0e8m,6) = Cm - 1 ,5  the order of 8m, 6  is  >  8.
Thus cz8 m ,6 h as  o rde r 8.

Next we define a  family of elements oc8 „,, 7 n 8 „,(S0(7)) by a 8 ,7 =  ( 1 8 , 6 ),  and
cx8m, 7 6  (O E 8 (m  - 1 ), 6 ,8 4  2o- 11 =  {a 8 (m _ 1) , 7 , 8i, 2(7}1 f o r  m  2 .  Then w e see that
2a8 m ,7 el2a 8 (m _ 0 ,7 , 8/, 20-11 ,  and  one  inductively obtains 2a8 „,, 7 =  0 .  T he map
0: rc8 m (S0)-> 7c8 m (S0(7)) defined by 0(x 8 ,,) = oc8 „,, 7 i s  a  splitting map.

Finally, set 8m+ 1 6 =  1 8m, 6 17 6  n8m + (S 0 (6 )). Then it follows that 8 m + 1 , 6
 is

of order 2, i  (oc8,1-1,6) - Œ8 m + 1 , a n d  n  of tr * 8m + 1,6) = Cm- 1,5 The map 0(oc8 m + 1 )
= 1 8m+ 1 ,6  is  a  splitting map for i* : n8.+1(S 0 (6 )) - ' g 8 m +  (SO).

We collect these definitions and  results in  the  following.

Theorem 3.6. For in  > 1
there is an element ot8 m , 6 e n8 m (S0(6)) of order 8 such that i* (a ,„ " ) = 18 ,„ and
P* (a8m,6) = 1,5 e n8m(S5 );

(2) there is a  generator as m ,7 En 8 m (S0(7)) of  order 2 such that i* (a8 „,, 7 ) =  8m ;
(3) there is a generator ocg m +  1 , 6 e n8 „, +  i (S0(6)) of  order 2 such that i* (ac8m+ 1,6)

= a 8 ,n + 1 an d  so ocr* ,f  8m + 1,6 ) = Cm- 1,5 ° ri•

If we now use the inclusion maps SO(6) -> SO(n) on these generators we can
state the following.

Corollary 3.7. For m> 1
(1) 0 n8 „,+ ,(S0 ISO(n)) -> n 8 „ ,(S 0 (n ))--n 8 „,(S0) ->  0 is exact f o r n> 6 and

split ex act for n > 7;
(2) 0 7C8m + 2 (S °1 S 0 (n ))---4 7 r,„,+,(S 0 (n ))-- '7 E 8 .+1 (S 0 ) - *0 is split exact for

n >  6. •

Remarks 3.8. (1) If 7r8 „,(S0(6))-> n (S0) splits for some mo , then it splits for
all in > m o .

(2) If n8 m ± r (S0(k)) z8,,,+(SO) is onto (splits) for k = 3, 4 or 5, r = 0 o r 1 and
in = m o , then it is onto (splits) for all m > mo .

(3) If 7r8 m (50 (k ))--77 8 „,(5'0) is onto (splits) for k = 3, 4 o r 5 and m = m0 , then
composition w ith  ri shows th a t  n8m+1(S0 (k)) - >n8m+1(S0 )  is onto (splits) for
m > mo .

(4) O n e  c a n  s e e  th a t  7r1 7 (S 0 (5 ))-+ n 1 7 (S 0 (6 )) i s  trivial. T h u s  n1 6 (S0(5))
71.16(SO) is  trivial.

(
1

)
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(5) We do not know whether n 8 „,„(S 0(5)) n 8 (S 0) is an epimorphism for
r = 0 o r  1 and m > 3.

(6) We have a reprint [D- M] confirming that the element cx8 „, is the image of an
element in  n 8 , ,(S 0 (6 ) ) . T his preprint states that  7V 8 „, „(S 0(5)) 1 ,„,,,(S 0 )  is
trivial for r = 0 o r  1.

UNIVERSITY OF COLORADO

DEPARTMENT O F M ATH EM ATICS, Box 426
BOULDER, COLORADO 80309

References

[A] J. F . A dam s, O n  the  group J (X) — IV ,  Topology, 5 (1966), 21-71.
[Ba] M. G. B arratt, H ootopy operations a n d  homotopy groups, A M S  Summer Topology

Institute, Seattle (1963).
[Bol] R. B o tt , The stable homotopy of the classical groups, Proc. Nat. Acad. Sci. USA, 43 (1957),

943-935.
[Bo2] R. Bott, Quelques remarques sur les théorthes de périodicité, Bull. Soc. Math. France, 87

(1959), 293-310.
[D -M ] D. M. Davis and M. M ahow ald , The SO(n)-of-origin, (preprint) (1988).
[ D - L ]  E. Dyer and R. L ashof, A topological proof of the Bolt periodicity theorems, Annali. Mat.

pura appl., 54 (1961), 231-254.
[H] B . H arris, Some calculations of homotopy groups of symmetric spaces, Trans. Amer. Math.

Soc., 106 (1963), 174-184.
[J] I. M  Jam es, O n the suspension sequence, Ann. of M ath., 65 (1957), 74-107.
[K] M. K ervaire, Some non-stable homotopy groups o f L ie  g ro u p s , Ill. J .  M ath., 4 (1960),

161-169.
[L] A. L unde ll, Consise tables of James numbers and some homotopy of classicsal Lie groups

and associated homogeneous spaces, (preprint 1988).
[Mi] M. M im ura , On the generalized Hopf homomorphism and the higher composition. Part II.

rr„, ; (S") for i = 21 and  22, J . M ath. Kyoto Univ. 4 (1965), 301-326.
[M - T ]  M. Mimura and H. T o d a , The (n + 20)-1h homotopy groups of n-spheres, J . Math. Kyoto

Univ., 3 (1963).
[M - M - 0 ]  M. Mimura, M. M ori a n d  N . O d a , D eterm ination o f  2-components o f  t h e  2 3  and

24-stems in homotopy groups of spheres, Mem. Fac. Sci Kyushu Univ. 29 (1975).
[M] M. M on, A pplica tions o f secondary e-invariants to unstable homotopy groups of spheres,

Mem. Fac. Sci. Kyushu Univ., 29 (1975), 59-87.
[Mo] K. Morisugi, Homotopy groups of symplectic groups and the quaternionic James numbers,

Osaka J . M ath., 23 (1986), 867-880.
[1] N . O d a , Periodic families in the homotopy groups of SU(3), SU(4), Sp(2) and G2 , Mem. Fac.

Sci. Kyushu Univ., 32 (1978), 277-290.)
[2] N . O d a , Unstable homotopy groups of spheres, Bull. Advanced Res. Inst. Fukuoka Univ.

44 (1979).
[P] G. F. Paechter, The groups rt,.(1/,.„,)(1), Quart. J .  Math., 7 (1956), 249-68.
[T] H. T o d a , Composition methods in the homotopy groups of spheres, A nn. of Math. Studies

49, Princeton Univ. Press, Princeton, N. J., 1962.
[W] G. W alker, Estimates for the complex and quaternionic James num bers, Quart. J . Math.,

32 (1981), 467-489.


