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On elliptic cyclopean forms

By

Toshitune MIYAKE and Yoshitaka MAEDA

Introduction

Shimura [3] defined cyclopean forms and showed that they are closely related
to  the  zeros of L-functions by giving the  necessary a n d  sufficient condition on
the existance of cyclopean forms. The purpose of this paper is to give generators
of the space o f cyclopean forms in  the  elliptic modular case and to prove that
the examples he gave in  [3] exhaust all cyclopean forms.

L e t F  b e  a congruence m odular group. A n autom orphic eigenform  is  a
function o n  th e  upper half complex plane H which is an eigen function of the

az 0
differential operator L,, =  — 4y2 + 2iky —  a n d  satisfies the automorphic

Ozaz
condition (1.2a) and the magnitude condition (1.2c) a t cusps. W e deno te  by
.4„(F, A) the space of automorphic eigenforms belonging to the eigenvalue A. We
say f  (e .94(F, A )) is a  cusp form if it satisfies (1.2d) and  denote by „(F, A) the
subspace of d  k (F, A) consisting of all cusp form s. W e also denote by J rk (F, A)
the orthogonal complement of . ',,(F, A) in sd k (F, A) with respect to  the Petersson
inner product defined by (1.3). A ny elem ent f ( z )  (e d ,,(F, A)) h a s  a Fourier
expansion of the form

f  ( z )  = c y so d y i -k — so

ŒD

+ E an o)(4nny  T; k  + so , so )e2 n i n z I T

n= 1

CO

+ y - k  I h n o)(47rnylT; so , k  + s o)e -

2 0 i n i / T

n= 1

where co(t; a, )1) is the Whittaker function (see §1), y = Im (z) and so is  a  complex
number satisfying A = s o (1 — k — so ). We call f (z ) c )11,(F, A) a cyclopean form if

(cl) 2 = s 0 (1 — k — so ) with
—_ _

k  

<R e(s o ) < 
1 k

2 2

(c 2 )  the  term cys° of the Fourier expansion of f 1„-y vanishes for a ll y E SL 2 (Z).

Here "I, y" indicates the operation of y to functions o n  H defined by (1.1). W e
denote by ' k (F, A) the subspace of .A /(F, A) consisting of all cyclopean forms. To
discuss generators of ' k (F, A), we have only to consider the case where F = F(N ),
since ,Ark (F, A) A )  if F  F ' .  For a Dirichlet character x  defined modulo
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N , we define an Eisenstein series

Ek  (z, s; x) = Z(n)(mNz + n)_ k lmNz 2s (zEH , seC ).

T hen  it is  convergent for Re (s) > 1 — —
k  

a n d  continued meromorphically to  the
2

whole s -p la n e . B y  «  •••  »  , w e denote th e  vector space over C  generated by
• • • . For a D irichlet character x, L(s, x) denotes the Dirichlet L -fu n c tio n . Now
our main theorem is stated as follows :

Theorem. L et A  be a  complex number expressed as  A  = s0(1 — k — so) with
1 — k

—  < Re (so ) < . T h e n
2 2

(ek(F(N); 2 ) = «Ek (z ; so; X)IkY »

Here x runs over all Dirichlet characters defined modulo N satisfying x(—  1)=(—  1) k

an d  L(2s 0 +  k, x) = 0 ,  a n d  y  runs ov er a  com plete s e t  o f  representatives of
F o (N )\F(1).

1. Automorphic eigenforms

For a positive integer N , w e le t F(N ), F o (N )  and 1 1(N ) b e  the  modular
groups defined by

F (N )  = { (
a b

=  d —= 1, b c  0  (mod N )} ,
c  d

F l ( N )  = { (c 
d ) l a  d  1 ,  c  0  (mod N)} ,

F o ( N ) = ( a  
b )

0  (mod N)}
c d

W e call a  subgroup F  of SL 2 (Z) a congruence subgroup if F D  F(N ) for some
a b

N .  L et H b e  the  upper half complex p la n e . F o r  a  =  c  d  E  SL 2 (R ), w e put

j(a, z )= cz  + d  a s  u s u a l. L e t k  b e  a n  in teg e r. F o r  a  function f ( z )  o n  H we
define a n  operation o f a  (e SL 2 (R)) by

(a z  +  b )
(.f 100 (z) = f (oc,+ d

We also define a  differential operator L k  o n  H by

L k = —  4y 2 +  2iky .
Oz0Z Of

a b

z rk
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Here and  hereafter we write z  = x + iy  for z e H .  For a congruence subgroup
F  a n d  a  complex number 2, w e denote by ,saik (F, 2) th e  space o f all complex
valued real-analytic functions satisfying

(1.2a) flky = f (Y e n ,

(1.2b) L k f , = 2f ,

(1.2c) for each y e F(1), there exist positive constants A, B  and  c  such that

Yk / 2 1(f (x + i.1)1 AỲ (Y > B).

We call elements f  of d k (F, 2) automorphic eigenforms of weight k  with respect
to  F  belonging to a n  eigenvalue 2. Furthermore, if  a n  element f  of ,szik (F, 2)
satisfies the following condition, w e call it a  cusp form:

(1.2d) for each y e F(1), there exist positive constants A , B  and  C  such that

Ri k (x + —

We denote by ° k (F, 2 ) the subspace of ,si k (F, 2) consisting of all cusp form s. For
two elements f  and g  of s 1,(F, 2), we put

(1.3) <f , g> p ( F \ H ) - 1 f  g y '  d x d y ,
FAH

where i i(F \H )  i s  the  vo lum e of F \H  w ith  respect t o  the invariant measure
y - 2  d x d y . The right-hand side of (1.3) is  convergent if either f  o r  g  is  a  cusp
fo rm . W e call <, > th e  Petersson inner product o f  .51 k ( F , 2 ) .  W e denote by
.)11,(F , 2) the orthogonal complement of <99

 k (F , 2) in  .4 J r ,  2) with respect to  the
Petersson inner product.

To explain the Fourier expansion of a function f (z )  in  ,szik (F, 2), we need
t h e  W h ittak e r  fu n c tio n . W e  p u t  R + =  e R lt>  0 1 . T h e n  t h e  Whittaker
function w (t; a, fl) is  th e  function o n  R+  x C x C  w hich  is holomorphic in  a
and fl, real-analytic in  t  and has an  integral expression

(1.4) w (t; a, fl) = tfl F (fi) e '( 1  + - 1 14B - 1  du fo r Re (fi) > 0 .

It has the following properties :

(1.5a) w(t; 1 — f3,  1 — a) = w (t; a, fl),

(1.5b) w (t; a, 0) = 1,

(1.5c) lim w (t; a, fl) = 1.

F o r a  complex number 2, le t so b e  a  root of the quadratic equation

(1.6) X 2 — (1 —  k )X  + = 0.

< A exp (— Cy) (y > B).
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Then f (z)(e .14" k (F, A)) has a Fourier expansion of the form
f  ( z )  _  u s. k — so

CO

(1.7) +  E an co(47rny I T; k + so , so ) e 2 R i n z

n 1

CO

+ y - k b n o)(47rny I T; so , k + s o )e - 2 n i n z I T

n= 1

w ith  a  p o s it iv e  c o n s ta n t T. S ince  t h e  o th e r  r o o t  o f  (1.6) is 1 -  k  -  s o ,
co(4irnyl T; k + s o , so ) and co(ztrcnylT; so , k + s o ) are independent of the choice of
so . W e  c a l l  cys° a n d  dyi- k — so  th e  constant terms of the Fourier expansion of
f(z). W e see easily that f  (z) is  a  cusp form if  an d  only if the constant terms
of the Fourier expansion of f l k y  vanish for a ll y e F (1). We call f (z)e .A1,(F, A)
a  cyclopean form if it satisfies the following two conditions:

(1.8a) = s o (1 - k  s0 ) w i t h  -  -

k  

< Re (so) <2 2
1 - k

(1.8b) the constant term  cys° of the Fourier expansion of f l k y  vanishes for all
yeF(1).

We denote by ' k (F, A) the subspace of ./11,(F, A) consisting of all cyclopean forms.

2. Functional equation of Eisenstein series

We shall define Eisenstein series with characters. Let x  and 1// be Dirichlet
characters defined modulo L  and m odulo M , respectively. W e put

(2.1) Ek (z , ; x=  Y sX 0 0 1 1 ( n ) ( i n z  +  n)_ k lmz + 2s

m,n= —
(r n, n) * (0,0)

(zeH, seC)

and
CO

(2.2) (z, s; X, = Y sE x(m)tfr(n)(mz + n) k+  n 1 - 2 5

m,n= —  co
(m,n)= 1

(zeH, sEC).

We see easily that these Eisenstein series are convergent for Re (s) > 1 - k/2 and
satisfy

(2.3) Ek(z, s; x  tP) = L(2s + k, xifr)Et (z, s; X, 0).

Here we consider xtfr as a  D irich le t character defined m odulo L.C.D. (L, M),
and  L(s, xtP) is the Dirichlet L-function with character xt/i. We also see that
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Ek (z, s; = 0  if z( — 1) — 1) (— 1)k .

The proof of the following theorem can be seen in  [2].

Theorem  1. L e t x  an d  i p  be prim itive Dirichlet characters o f  conductor L
and  o f  conductor M , respectively . If x(—  1)0(—  1) = (—  1) k ,  then the Eisenstein
series E k (z, s; X, h a s  the following Fourier expansion:

Ek (z, s; X , 0) = C(s)Y s + D(s)Y 1 - k - s

CO

+ A (s) E an (s)n - sa)(47tynl M; k + s, s)e 2 la nzim

n= 1

(X)

+ B (s)y "  E an (s)n — k— sco(4rcy n /m ; s, k  + s)e - 2 1 a nzim  ,
n =1

where

C(s) = { 2L (2s + k , to (L= 1),
0 (L 0 1),

D ( s )  = 2
k F(s) -  1F(s +

1  r ( 2 s + 1 - 1
)
 r a s  

-2Ek) 1 (2 s  + k  —  1, x ) (M  = 1),
1. 0 (M 1),

A (s) = 2k  + i WOO (7r/M)k  s F (k + ,

B(s) = — 1) W(0)(7z/M)sF(s) - 1 ,

an (s) =  E x(nIc) tp(c) ck ± 2 s  1  .
O <cmn

Here L(s, is  the Dirichlet L -function w ith character qi and W (0) is  the Gauss
sum  of

The summations in  the right-hand side are  uniformly convergent on any
compact subset of H x  C .  By defining the function Ek (z, s; x,111) on H x  C  by
the right-hand side of the equality of the theorem, Ek (z, s; x, to can be continued
meromorphically to  the whole s-p lan e . W e call the Dirichlet character defined
modulo 1 the principal character and denote it by eo . We see easily by Theorem
1 the following

Theorem 2. (1) For prim itive Dirichlet characters z  and Ek (Z , s; x , to is
holomorphic on the whole s-plane except for the case where k = 0 an d  x  = = co .

(2) E0 (z , s; Bo , so )  is holomorphic on  the  whole s-plane except for a sim ple
pole at s = 1.

Let z  and be any (not necessarily primitive) Dirichlet characters defined
modulo L  and  defined modulo M , respectively. F or a  p rim e num ber p ,  we
denote by z' (resp . 0 ') the Dirichlet character defined modulo pL  (resp. modulo
pM ) induced from z (resp. tii). Then we see easily that
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(2.4a) Ek(z, s; X, (P') = Ek(z, s; X, 0) — 0(P)13 - k - s  Ek( f  s; X , 0)

and that

(2.4b) Ek(z, s; X', = Ek(z, s; x, — x(p)p - sEk(pz, s; x, 0).

Therefore applying the equalities (2.4a, b) repeatedly, we obtain by Theorem 2 that

(2.5) for any (not necessarily primitive) Dirichlet characters x and 0, Ek (z, s; x, 0)
is holomorphic on  the  whole s-plane (except for s = 1 if k  = 0).

N ow  le t x  a n d  0  be  primitive Dirichlet characters o f conductor L  and of
conductor M, respectively, and put

—s/2 \( - s+k)/2
(2.6) F k (z, s; x , 0) = (

( M )
+ k )E k (z, s; x,

Then using the functional equation of L-functions and properties of F-function,
we can easily prove the following functional equation.

Theorem 3. L et x  and 0  be the same as  in  Theorem 1. Then

Fk(Mz, 1 —  k —  s; x0) =
L  W ( 0 )  

Fk(LZ, s; tP, X).
M WGC)

3. Spaces of Eisenstein series

For a D irichlet character x  defined modulo N , we put

Ek (z, s; x) = N 'E k (Nz, s; go ,  z)

and

Et (z  s x ) = N  'E t (N z  s, e 0 x )

a  b
F or y = ro (N ), we put

c  d

x(y) =

Then we see easily that for y  F o (N),

(3.1) Ek(z, s; )01k y = Z(1') Ek (z , s; x ), Et (z, s; X)ik y =  Ay) Et (z, s
;  X).

We define the spaces of Eisenstein series e k ( N )  a n d  6 1 ) (N) by

ek(N) =  K(Ek(z, s; X)Ik Y
)x : Dirichlet characters defined modulo N

y e Fo(N)\F(1)

 

and
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x : a prim itive character of  conductor L

( E k  -

u  

z , s; x , (II ill: a prim itive character of  conductor M •v
gin (N ) =

0 <u, veZ , uL 1N , Y M IN

We shall define Eisenstein series of slightly different ty p e . L e t L  and M  be
positive in tegers. F o r  two integers a  and b, we put

(3.2) Ek(z, s; a  mod L , b  mod M) = ys (mz + n)_ k lmz +
ni a  mod L
n ab  mod M
(m ,n)*  (0 ,0 )

(zEH, seC),

(3.3) E:(z, s; a  mod L , b  mod M )= ys (mz + n) -  k  IM Z  np 2 s

m  a mod L
n—=b mod M

(m ,n)= 1

seC).

It is easy to see that they are convergent for Re (s) >  1  -  k /2 .  We also see that
for Dirichlet characters x  defined modulo L  and  i/J defined modulo M,

(3.4) Ek(z, s; = X(a)til(b)Ek(z, s; a  mod L , b  mod M)
O <a < L
O <b <M

and

(3.5) Et (z, s; x, tlx) = E x ( a )  (b) (z, s; a  mod L , b mod M).
0  ( I < L
O <b <M

Conversely, we see that for integers a (0 < a <L )  a n d  b (0 < b < M ),

u —s v —k—s
(3.6) Ek (z, s; a  mod L , b  mod M ) - i(c)1(6)Ek(1-z , s; X , 0 ) ,

(P(E)(P(M)
)

x,o

where the summation is taken over all Dirichlet characters x  defined modulo L'
a n d  1// defined m odulo M ', (I) i s  th e  E u le r  function a n d  u = (a, L ), c = alu,
L ' = L lu , y  = (b , M ), d = b I v, M ' = M  Iv . In  pa rticu la r, Ek (z , s; a mod L , b
mod M ) is continued meromorphically t o  th e  whole s-plane. For a D irichlet
character x defined modulo N , we see that

(3.7) Ek(z, s; x) = E z (a)Ek(z, s ; 0  mod N , a  mod N),
(:) ,a<N

and tha t if (a, N )= 1, then

1(3.8) Ek (z, s; 0  mod N , a  mod N ) - (EZ Ek(z, s; X),
(P(N) x
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where x  runs over all Dirichlet characters defined modulo N .  One of the basic
properties of Ek (z , s; a mod N , b  mod N ) is  tha t for y e F(1),

(3.9) Ek(z, s; a  mod N , b  mod N)IkY  = Ek (z , s; a ' mod N , h ' mod N),

where

(a', b') (a, b)y  mod N.

W e also put

64,2) (N ) = « E k (z, s; a  mod N , b  mod N ) I 0  a, b < N » .

By (3.9), 612 ) (N ) is  stable under the operation of F(1).
Now for a  fixed complex number s o , w e put

ek[N, so] = { f (z, S ) E  k ( N ) I f ( z ,  s) is holom orphic at s = sol ,

and

gk(N, so) =  If (z , so)lf (z , s ) E  k  [N, so]} .

The spaces 4 )  [N , so]  and 61P(N, so) (i = 1, 2) are  similarly defined.

Theorem 4. For any complex number s o (except f or so = 1  if  k  = 0), we have:

(1) ek[N, so] =  gk(N), [N, so] =  4 " (N ) ,  ( 2 )  [N , s o ]  =  4 2 )(N )•

(2) I f  Re (so ) — -2  , then

k(N, so ) = 61» (N, s o ) = 64,2 ) (N, s o ).

P ro o f . The first assertion follows from (2.5) a n d  (3 .6 ) . L e t L  a n d  M  be
positive integers, and x  and be any Dirichlet characters defined modulo L  and
modulo M , respectively. For positive integers u, v  satisfying uL., AT and vM1N,

(3 .10) Ek ( -
u

z, s; x, t/i) = x (a)0(b)Ek (-
u

Z , s; a  mod L , b  mod M )
0 <a <L
0 <b <M

= d i s Vk + s  E  X ( a ) ( 1 / ( b ) E k ( z ,  s ; au  mod uL , by  mod vM),
0 <a <L
0 <b <M

and

(3.11) Ek(z, s; au  mod uL , by  mod vM)

= E k ( Z ,  s; au + luL  mod N , by  + ry M  mod N),
0 <1 <c
0 < r< d

where c = N  luL , d  = N  ly M . In particular, eV  (N , so) c  e(k2)(N, so ). Conversely,

applying (2.4a, b) repeatedly, we see that Ek (  -u  z, so ; z , 1// b e lo n g s  to  gi"(N , s o )
v
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for not necessarily primitive characters x , (II. Thus (3.6) implies

611 ) (N , so ) = f 2) (N, s o).

Next we see by (3.7) and (3.9) that k (N, s o ) c 61,2 ) (N , so). L astly  w e  sha ll show
the converse inclusion, or 612 ) (N , so) e  k (N , so ). By (3.1), (3.7), (3.8) and (3.9),
we see that

ek (N )=. «E k (z, s ; a  mod N , b  mod N ) I 0  a, b <N , (a , b, N) 1 » .

F o r each positive divisor t  of N , we put

g k (N )t =  « Ek (z , s; a  mod N , b  mod N ) 1 0  a, b <N , (a , b , N )= t»

and for each s o E C,

so )t = { f(z , s o )lf(z , s)(e6V N)t): holomorphic at s = s o l.

Then 6'k (N) 1 = e k (N ) and &k (N, s o )1 = e k (N , so ). Since ev )(N , so )=E t i N e k (N , so)t,
we have only to show that k (N, soy e k (N  so )  for all positive divisors t  of N.
Let t = (a, b, N ) and  pu t a' = al t , h' = b I t  and  N ' = N  It. Then we see that

Ek (z, s; a  mod N , b  mod N )= t- 2 s —  k  Ek (z, s; a ' mod N ', b ' mod N').

This implies that
ek(N, so y = e  N /t ,  so )

for any divisor t  of N . Therefore we have only to prove

(3.12) k(N It, so)k ( N ,  so)

for each prime divisor t  of N . P ut N ' = N I L  First assume tha t N ' is divisible
by  t. Since (cN ', 1 + dN ', N ) = 1 for all integers c  and d,

Ek (z, s; 0  mod N ', 1 mod N')

=  E  Ek (z, s; cN ' mod N , 1  + dN ' mod N )e e k (N),
O < c,d  < t

and  therefore, e k (v ) k ( N ) .  This im plies (3.12). N ext w e assume th a t  t  is
prime to  N '.  F o r  integers u  (0 < u < N ) and y (0 <  y <  t ) , w e denote by ttu ,
the integer satisfying

ktu ,„ < N, u  mod N', y mod t.

L et a  b e  an in teger such  that 0 < a < N ' and (a, N ') = 1. F or integers c, d
(0 < c, d < t), we see easily that GIO , a , d ,  N )  1 if and only if c = d = O. N o w

E k (z , s; 0  mod N ', a  mod N')

=  E  Ek (z, s; 120 ,c m od N , 
1 2 a ,d

 m od  N)
o < e ,d < t

= E k (z, s; yo , ,  mod N , y „,, mod N)
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+ Ek(z, s; ao , ,  mod N, ti„, d m od  N).
oc,d<t

(c, d)* (0 ,0)

Since Ek (z, s;

Ek (z, s;

with the integer
Eisenstein series

(3.13) Ek(z, s;

mod N , ti o ,d m od  N )Ee k (N ) for (c, d) 0 (0, 0) and

mod N , p a ,0  m od  N )= t - k  2 s Ek (z , s; 0  mod N ', a ' mod N')

a ' satisfying 0 a' <N ' a n d  ta' a  mod N , the  subtraction

0  mod N ', a  mod N ') -  t —k— 2s Ek
,
z ;  s ;t 0  mod N ', a ' mod N')

of

belongs to  k (N ) .  Let z  be a Dirichlet character defined modulo N '.  Multiply
(3.13) by z (a), and take the summation over integers a such that 0 < a < N ' and
(a, N ')= 1. T h e n  w e  s e e  b y  (3.7) th a t  (1  - X ( t ) t  k  2 s )  E k ( Z ,  ;

 belongs to
e k (N ) . Since Re (k  + 2s0 ) 0 ,

e k ( N ',  so)k ( N ,  so).

Thus we complete the  proof.

-  k
Theorem 5. I f  Re(so) >

1

 a n d  so 0  1  -  -

k  

then
2 2'

.-A iJr(N), = &k(N, so),

where A =- s o (1 - k  - so).

Proo f . Pu t

{ (ac bd ) e  r ( N )
F(N ), =

Then

(3.14) E:(z , s; 0  mod N , 1 mod N) = ô E Yslk
ye F(N ),,\F(N )

with 6 = 2 (N  < 2) o r  = 1 (N  > 3). Therefore [3, Theorem 7.3] implies that

.Afk (F (N), A ) = « E: (z , s 0 ; 0  mod N , 1  mod N)lk Y lye F (1 )» .

Now we see

1 
E: (z, s; 0  mod N , 1 mod N )= E' (z , s; x)

(MN) x
1= E L(2s + k, X) -  Ek(z , X),

(P(N) x

c =

where z runs over all Dirichlet characters defined modulo N .  Since L(2s0  + k, x)
0  0, Enz , s o ; 0  mod N , 1 mod N ) belongs to &k (N, s o ). As k (N , so )  is  stable
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under the operation of no by (3.9) and Theorem 4(2), ./11k(F(N), Â) k (N, s o ).
T o  se e  the converse inclusion, w e take , fo r each  a  satisfying 0 < a < N  and
(a, N )= 1, an  element ya E F(1) so that

mod N.

Then

(3.15) Ek (z , s; x) = L(2s + k, (z, s; X)

= L(2s + k, X (a)E:(z , s; 0  mod N , 1 mod N)IkY .,
0 < a < N
(a N)  1

thus Ek (z> s o ; x ) belongs to .i11,(F(N), A). Since ,A /,(F(N), A ) is  stable under the
operation of F(1), we see that

&k (N ,  so) .A/ (F(N ), A).

1 — k
,  t h e nTheorem 6. If < Re (so) < 2 2

6'10 ,  so) = A fk (F(N), A),

where A = s0 (1 — k — so ).

P ro o f .  By Theorem 4(1), all elements of &,(N ) are holomorphic at s o and
a t  1 — k — so . Since F(1 — s)I F(s + k ) is  holomorphic a n d  nonzero at so ,  the
functional equation in  Theorem 3 implies

ek(N, so) = & k (N , 1 — k — so),

w h ic h  is  e q u a l to  A
1 — k

fk (F(N ), A ) by  T heorem  5 , since < Re(1 — k — so )
2

< 1 —
2

4. The Main Theorem

Before proceeding to prove the main theorem, we shall prove the following

Lemma 7. For y ET (l ) , we have

{ 2L (2s + k , 
x ) ( , ) , )

D ( s ) y '  — k— s Z . . .

+ 

where the summations are  taken over non-constant term s and D y (s) and D;(s) are
meromorphic functions of  s.

P ro o f .  By (3.14) and  [3 , Proposition 5.2], we get

Ek (z, s; X)10  =
Dy(s) • • •

(7' e ro(N)),
çt FotN)),
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(4.1) E: (z , s; 0  mod N , 1 mod N)lk Y  = 6Y s +f(s)y 1 s + 1 " ' ,

where 6 = 1 (y  e { + 1}  F ,(N )) or =  0  (y  0 { ± 1} F i (N )) , f y (s) is  a meromorphic
function of s  and the  summation is taken over non-constant te rm s . N ote that
F(N )F(1). = { ±  1}  F i (N ) .  Then by (3.15) and (4.1), we obtain the lemma.

W e  n o te  by  T heo rem  4  tha t  D r ( s ) ,  D (s )  and  non-constan t te rm s are
1 —

holomorphic at s o ( — —

k  

< Re (so) <
k )

2 2  ) .
Now we can prove our main theorem mentioned in the introduction.

Theorem 8. L et A  be a complex number expressed as A  = s0 (1 — k — so ) with
1 — k

. T h e n— —
k  

< Re (so) < 
2 2

k(F(N), A ) = « E k (z, so ; x)i k y » ,

w h e re  x  ru n s  o v e r a l l  D irichlet characters def ined m o d u lo  N  such  that
x(—  1) = (—  1)" and L (2s 0  + k , x ) = 0 ,  a n d  y  ru n s  o v e r a  com plete s e t  o f
representatives o f  F 0 (N )\F(1).

P ro o f .  L et f ( z )  b e  a n  element o f  S k (F(N ), A). Since Ek (z, s; x) =  0  if
x (— 1) (—  1 ) k , f  (z ) can be expressed, by Theorem 6, as

f ( z )= E aL i Ek (z, so ; x)l k yi ,
x,i

w here x  is  ta k e n  o v e r  a ll  D irichlet characters defined m odulo  N  satisfying
x( — 1) = (— 1)k ,  and  y i i s  t a k e n  o v e r  a  com plete s e t  o f  representatives of

1 0
F o (N ) \F  (1 ) . W e take y  = ). B y defin ition , f  (z)e (N ), A) if and only

0 1
if the constant term containing ys° of the Fourier expansion of f l k y  vanishes for
each  y  F (1). T ake O ET (1) and fix it fo r a  w h ile . For each i, we let i ' be the
index given by y i b = 6' y i ,  with (5' E F o (N ) .  Then

Ek (z, so ; X)IkYi 6  = X (6')E k (z, so ; X)Ik y.

Therefore Lemma 7 implies that if i' 1 then the constant term containing ys°
does not appear in the constant terms of the Fourier expansion of Ek (z, s 0 ; X) lk Yi 6 .
Since F(1) =Y yj 1 F o (N ), w e m ay take 6 = 'V  ( y  c F o (N ) ) .  Then by Lemma

7  the constant term containing ys° of the Fourier expansion of f(z)1, is

2 E ax , L(2s0 + k, X)X(Y)Y s° •

Therefore f (z )  is a  cyclopean form if and only if

L(2s o  + k, X )X (Y )= 0
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for any  y  E o (N ) a n d  any  i, where th e  sum m ation is taken over all Dirichlet
characters defined m odulo  N  satisfying x( — 1) = ( — 1)". Since w e can take
elements y e Fo (N) so that the matrix (i(y)) is regular, we see that f (z) is cyclopean
if and  only if  ax ,1L(2so + k , x) = 0  for any  x  a n d  i. Therefore if  ax ,, 0  then
L(2s0 + k, x) = O. This implies the theorem.

R e m a r k .  W e see easily that under th e  assumption in  Theorem 8, the set
lEk (z, s 0 ; X )Ik  i s  a  basis  o f  .J1/;,(F(N), A). H e re  x  ru n s  o v e r  a ll  Dirichlet
characters defined modulo N  such that x(— 1) = (— 1)k  and y runs over a complete
s e t  o f  representatives o f  F0 (N) V ( 1 ) .  Therefore t h e  s e t  o f  generators of

k (F(N), A) given in  Theorem 8 is  a  basis of the space.

DEPARTMENT O F  MATHEMATICS
HOKKAIDO UNIVERSITY

References

[ 1 ] T . M iyak e , O n  th e  spaces of Eisenstein series of H ilbert m odular groups, Revista Mat.
Iberoamer. 3 (1987), 357-369.

[ 2 ] T . Miyake, Modular Forms, Springer-Verlag, 1989.
[ 3 ] G . Sh im ura, On the Eisenstein series of H ilbert m odular groups, Revista M at. Iberoamer.

1 (1985), 1-42.


