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On the asymptotic behavior of Gaussian sequences
with stationary increments

By

Yong-Kab CHor and Norio KoNo

1. Introduction

Let {X(n);n=1,2,...} be a stochastic process with discrete time parameter and
introduce the following definitions.

Definition 1.1. The function g(n) (n =1, 2,...) belongs to the upper-upper
class of the process X(n) (ge UUC(X)) if almost surely there exists n, > 0 such
that for all n > ny, X(n) < g(n) holds.

Definition 1.2. The function g(n) (n =1, 2,...) belongs to the upper-lower
class of the process X(n) (ge ULC(X)) if almost surely there exists an infinite
sequence 0 <n; <n, < --- > + oo such that for all k, g(n,) < X(n,) holds.

Recently, the second author [9] has investigated the asymptotic behavior of
the increments of a Wiener process W(t) (0 <t < co) using the above notion of
UUC and ULC obviously modified for processes with continuous time
parameter. In order to compare our results with his, we briefly summarize main
parts of his results: Let d; (0 < T< o) be a real function of T satisfying the
conditions

(i) O0<ay<T,

(i) dr is nondecreasing,

(iii) T — ay is nondecreasing.

Denote, for 0 < T< o
Xo(T) = SUPo<sxiy SUPo<i<7—s | W(s + 1) — W()I/</ar
X (T) = SUPocycir SUPo<is7—s(Ws + 1) — W(0)// dr
X,(T) = SUPo <<y SUP0<i<T—ir |W(s + 1) — W(O)I/\/ dr
X3(T) = SUPo <<y SUPo<is7—ir (W(s + 1) — W()// dr

X o(T) = SUPo <, crin | W(t + dr) — WO/ Gr
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X5(T) = SUPo ;< r—ap (W(t + d7) — W(0)// r.

For keN (a set of positive integers), set

T, = &, a, = dr,, by= T, — a, 7 = /log(T,/a) + log log T,
and
(1.1) S = ay/yi.
We shall make use of the usual notation a v b =max {a, b} and a A b =min {a, b}.
Theorem A. If

© (b — 1
IU(Q)EZ( ’;“ v 1><f’——i v 1>v;‘ exp(—y%)) < + oo,

k k 6k

then
geUUC(X)), i=0,1,234>5.
Theorem B. If

© (b —a,_ 1
IL(Q)EZ( 5V 1)(‘1"—% v 1)?[‘ CXp<—592(Tk)) = + o,
k k k

geULC(X), i=0,1,2345.

then

In this paper, we obtain similar results for a class of stationary Gaussian
sequences. In discrete parameter cases, our Corollary 2.1 which is presented as
an example of our main theorems covers a part of Theorem 1 in Csérgo and
Révész [4] and Theorem 3 in Deheuvels and Steinebach [5] (see Remarks 4 and
5 in this paper).

Let {£;;j=1,2,...} be a centered stationary Gaussian sequence with E§; =0
and E¢?=1. Define S,=¢&, +--+&,, a*(n)=ES? and r,=E& &4, n>1.
Assume that o(n) can be extended to a continuous function o(f) of t > 0 which
is increasing and regularly varying at infinity with index 0 < « < 1, given in the
canonical form (cf. Feller [6] or Seneta [11]):

(1.2) a(t) = t"exp( t@dy>,
y

1

where ¢(t) >0 as t » 0. Let {d,;n=1,2,...} be a sequence of positive integers
satisfying the conditions

(1.3) 1<ad,<n,
(1.4) d, is nondecreasing,

(1.5) n — d, is nondecreasing.
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Define discrete parameter processes Xg, Xi,...,Xs by
Xo(n) = suPy < ¢ <i, SUP1 <msn—¢ |S¢+m — Sml/0(d0)
X, (n) = SUP1 < <i, SUP1<men—¢ (S¢+m — Sw)/0(d)
X5(n) = supy < ¢ <4, SUP1<msn—i, |Se+m — Sml/0(d1)
X3(n) = Supy < <i, SUP1<men—in(S¢+m — Sm)/(dy)
X4(n) = SUDPy cm<n—iy [Sm+i, — Sml/0(ay)
X5(n) = Uy cmsn—d, Sm+i, — Sm)/ (@),

where £, meN. Clearly we have X, (n) > X,(n) > X;(n), X,(n) > Xs(n) and X,(n)
> X,(n) = X3(n) = Xs(n). For keN, set

nk = [ek]’ ak = &nka bk = nk - ak’ :)')n = {log(n/&n) + lOg lOg n}l/Z and yk = ;);nk?
where [y] denotes the greatest integer not exceeding y. Define
(1.6) 0 =0""(a@)/v) v 1,

where o7 !(-) is the inverse function of o(-). This §, is defined a little bit
differently from (1.1), because in the discrete parameter case, we need not consider
intervals with length smaller than one. When J, > 1, we have the same results
as in the continuous cases. But in the case of §, = 1, the situations are different
(cf. Remark 2).

Remark 1. We are concerned only with the behavior of functions at infinity
and therefore all statements about functions in this paper are supposed to hold
only at some neighborhood of the infinity.

Our main theorems are presented in the next section 2. In section 3, we
state preliminary lemmas necessary in the proofs of the main theorems.

We thank Professor Sinzo Watanabe for many detailed and helpful comments
in the original manuscript.

2. Results
Theorem 2.1. If

/(b — 1
Iu(g)=2< ,;SH v 1)(M v 1))},{‘ exp(—igz(nk)> < + o,
k

k k 5

then for 0 <a <1
ge UUC(X)), i=45.
Theorem 2.2. If 1,(g) < + oo, then for 1/2 <a <1
(2.1) ge UUC(X), i=01234,5.
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In the special case of a(t) = \ﬁ in (1.2) (i.e. Brownian motion case), (2.1) also holds.
Theorem 2.3. Assume that ¢*(t) is concave for t >0,

(i) a<cia_, for some ¢y > 1

and
(b, —a_
I e | ) R S ) B
k 6,‘ 6k 2
Then for 0 <a <1/2
ge ULC(X)), i=0,1,23,4,5.

Remark 2. Suppose that o(t) = \ﬂ For a choice of d; such that §, in
(1.1) satisfy 8, > 1, (then clearly these J, also coincide with those given by (1.6)),
the criterion I,(g) < + oo, in Theorem A for the continuous parameter case is
exactly the same as that in Theorem 2.1 or Theorem 2.2 for the discrete parameter
case. However, in such a case of d; that §, in (1.1) satisfy 6, < 1, (then clearly
d, in (1.6) is equal to 1), the criterion in Theorem A for the continuous parameter
case and in Theorem 2.1 or Theorem 2.2 for the discrete parameter case should
differ. In fact choose d; =(log T)® with 0 <pB < 1. Then in Theorem A,
Iy(9) < + o for

g(T) = /2log T+ (3 — 2B)logy T + 2logay T+ -+ + (2 + &) log T

if and only if ¢ >0, where log, T = log(log.,-,,T), while in Theorem 2.1 or
Theorem 2.2, I,(g) < + oo for

gn) = \/2logn + logyn + 2logyn + -+ + (2 + ¢)logg,n
if and only if ¢ > 0.

Remark 3. It may be interesting to ask whether Theorem 2.2 is true or not
when 0 < a < 1/2 and also Theorem 2.3 is true or not when 1/2 <a < 1.

Throughout this paper we shall let ¢ denote a positive constant which can
be changed in lines if necessary.

Corollary 2.1. Let the sequence {a,;n=1,2,...} satisfy the following
conditions

(i) A1 < C1a for some ¢, > 1
(i1) Ay — ay_1 = Cy(ap41 —ay)  for some c, > 0.

Suppose o(t) =t* for 0 <o < 1. For any real ¢ let

2.2) d, = log (X" A @) + log<ﬂ‘£6-_—“—" v 1> — logy, + ¢ logk
k
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and

f},k \[)’k

Note that we can define monotone sequences d, and X, such that d, = 3,,,(
X, = %,.. Then we have the following: If ¢ >0,

(2.3) xeUUC(X), i=4,5 for 0<a<1
(24 %¥eUUC(x), i=0,1,2,3,4,5 for 1/2<a< 1.
If £e<0,

(2.5) %eULC(X) ,i=0,1,2,3,4,5 for 0<a<1/2

Proof. Since ¢~ !(x) = x'/*, it follows that
Se=0"to@)/r)v1i=ay vl

Let us prove (2.3) and (2.4). We split I,(%) into two sums as follows:

Iy®=Y (b"” v 1)(“"“—_‘1"v 1)y{1 exp(—lx,f)
2=\ 6, 5 2
by )(akﬂ“ak >_ < 1 )
+ 2L v )y texp| — =xf
6;:1( 3, 5 Yk p o Xk

=JV+1IY, sa

As for IY, §, = 1 implies that a, < yi/*. Hence

d, =loga, + log(ak;ts_—a" v 1) —logy, + ¢ logk,
k

1
exp<—5x5>36xp(—yf—dk>
= (@)ﬂk'lak"l(—ak“ Gy 1>—1y,‘k_‘
ax O

and by (i)

— 1
I<c Y, nk(uvl)y,"lexp(—ixf>5c Y kT'Tr< 4 o0,

=1 51( =1

As for I1Y, 8, > 1 implies that &, = a,y; '*, a, > y;/* and

1 -1 - -t
exp(—ix;f)s(%) k“vi”“(———ak“‘S %y 1) ek
k k

Thus by (i)

647

and
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IIU <c Z (ﬂ)ykl/“<u v 1)))"_1 exp<_1x£)
&>1 \ 4y 5,‘ 2

=c Y k'"*< + o0.

ok>1

Therefore from Theorems 2.1 and 2.2 we obtain (2.3) and (2.4) respectively.
Next let us prove (2.5). By (ii),

b ak_ak_l )_1 ( 1 )
1 1 k. Tk 1 _ 1.2
LX) = ;( 5k v )( 5, v Yk © €Xp 2xk
= k
» )(5 %1 )it - 1)
> 1 k

Now §, = 1 implies that a, < y}* < ck'/®® and

=1t + II", say.

b y=m_y —a_ =Zn_—a,>cn.

Also, we have

1
exp(— 5x,f> >cexp(— 92 —dy)

because d, = o(y,). Thus for any ¢ <0

. -1 . -1
">c Y, nk(—ak“ Ty 1)):,,’1(&) l«:“a,:‘(a—'“rl %y 1) ek
fie=1 0y a 0,

=c Y k717

o=1

As for II*, we split II* onto two sums again:

b Qv — 4 1
- = c< k2ly 1><M v 1>y‘1 exp(——x2>
ZL 3 S * 2™

Gk-1 <My
5,571

by <ak+1_ak ) - ( 1 )
+ v v 1 ! ——x2
ZL C( Oy ) [ e P 2Xk

-1 S5M -
6,‘>21

=II% + I,

1 . 1
As for 11X, a,_, < Enk—l implies that b,_, =n,_, —a,_; = Enk—l >cn,. Also

8, > 1 imply that 6, = a,y, !/* and q, > yi/*. Hence
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1, "k>_l -1, -1 (ak+1 — O )_1 - ( df)
exp| — = =|— k ff 222 v 1 k ¢ exp| — —
P ( 2xk > ( a Pk 5 Vi P 4%%

and by (i)

— 1
IHtr>c Y <ﬂy,,”“><a"—+—l—ﬂv l)y,“‘exp(——xf>
1 ak 6k 2

- 1SNk -1
6,>1

—1-¢ d’%
=c Y k exp ~ a7
k

ak—ls%"k—l
351

21 2
>c ), k‘l‘”exp{ ¢ (log b }

B 4{log(n,/a) + log k}

“k—ls%"k—l
8,:>1

>c Y kTt

ak—ls%nk~l
6 >1

1 .
As for I1,*, a,_; > —n,_, implies that
2 2 1

ﬂsfb<2e and y, < ¢ /log k.

a4, G-

Using (i) again, we have

-1
IIZLZ z C(ak+16_ akv 1),))"—1(&) k—l.yk—lla

a
ak—ls%"k-—l k k

51

. -1 2
'(MV 1) 'ykk_‘: exp<_d_"5)
Oy 4y,

. 21 k 2
>c Y (e 'k~ ¢(log k) 3 exp{— ¢”(log k) }
ak-ls%n,‘_l 4{log(nk/ak) + lOg k}
0 >1

>c Y (log k) 2k 177,
ak—ls%nk—l

4 >1

Combining the above estimates we have I+ IIZ = + oo. Therefore (2.5)
immediately follows from Theorem 2.3.

From Corollary 2.1, we can easily prove the following Corollaries 2.2 and 2.3.

Corollary 2.2. Under the assumptions of Corollary 2.1, we have

.
2.6) limsup,,_.mzl'i< i) —1>=1, as.

d” \/5 ‘;n
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where i=4,5 for 0 <a<1/2,0ri=0,1,23,4,5 for a =1/2.
Corollary 2.3. Under the assumptions of Corollary 2.2, we have

Xi(n)

2.7 limsup, ., =1,
&7 e 3 {log (/4,) + log log n}} "™

a.s.

Further assume that the sequence {d,;n=1,2,...} satisfies the condition
lim loglogn
" {log(n/a)}*
Then we have
(2.8) limsup,_, {X;(n) — {2log(n/a,)}'?} =0, as.

Remark 4. In the discrete parameter case, the above (2.7) yields (1) and (2)
of Theorem 1 in Csorgo and Révész [4]. It may be interesting to compare the
above (2.8) with Corollary 2.1 in Révész [10] and Theorem 2.1 in Choi [2].

Corollary 2.4. Suppose that the assumptions of Corollary 2.2 are satisfied.

Case 1. Let
1
(i) limy ok = B, < + o,
logk
(i) limy. o log(ac+, — ay) = B,.
logk
Then
292 X;
2.9) lim sup,,_.w—v"-——< " _ 1)
log log n \/57";"
1 1 1
=<ZAB1)+{{B2—(ﬁI—E)VO}VO}—E, a.s.
Case 2. Let
Gi)  fim, 0B % _ 4 o
log k

log {(ax+1 — a)/a) _

log k — B3 B3 =0),

(iv) lim, ,

. lo
(v) hmk—»oo‘ﬂ = Ps.
log k

Then
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%2 (X,
(2.10) lim sup, . —y—< ) _ 1)
log log n \/5)’"

=& {(éj_ 3>v0}—ﬂ4, a.s.
o o

Proof. Let us first prove (29). By (i) we note that for large k we have
approximately

a,~kb  and oy, ~. k.
Hence

po log(nt

Aa) 1
k— =

— s = AP
log k 20 Py

a1, it follows that

1
ﬁmmM = (ﬁx — _> v 0
log k 20

Since 8, = a,y,

and from (ii)
log {{(ax+1 — @)/d:} v 1}
log k

lim,

{log(a, ., — a) —logd,} v O
log k

={B2—<ﬁl—%)v0}v0.
. g (1 _ __1_ _1
g (o) [ e}

(2.9) immediately follows from Corollary 2.2.

Next let us prove (2.10). (iii) implies that for M big enough there exists
ko = 1 such that for all k > kg, a, > k™ holds. In general there exists ¢ > 0 such
that y, < cﬁ. Thus y;/* < a, and by (v)

= lim,_,

Since

1
log (7" A @) = —logy, ~ &log k.
« o

Since J, > 1, it follows that
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log(u v 1) = {log(u) + llog yk} v 0
O a, o

lwuwufﬂmmovu=<&_ﬁ>vo
log k o 3 ’

and by (iv)

lim, _,

These facts yield (2.10).

Corollary 2.5. Suppose that the assumptions of Corollary 2.4 are satisfied.
Further assume that

) loglogn

m,,,————=20.
log(n/ay)

d¥ =log(yi"™ A a)) + log<a“+—16_—ﬂ v 1) —log y, and d* be a monotone
k

sequence such that d¥ = d¥. Then

2log(n/a,) ( Xi(n) _ 1)
log log n \ {2log(n/a,)}?

*
n

log log n’

(2.11) limsup, ., o

=1+lim,, .

Proof. From (vi) we have

5, = {log (n/4,) + log log )"
log 1 log 1
={log(n/&,,)}”2{1 + BoB R +o( o8 °g">}

2log(n/a,) log(n/a,)
3 log log n log log n
— 1/2
{log(n/a,)}™"* + 2{log(n/a,)}'* o( {log ("/5n)}1/2>

and

1_ 1 {1 loglogn)“”2
o {log(n/a)}'\" " log(n/a,)

1 Jl log log n +0(loglogn>}'

~ {log(n/a@)} Pl 21og(n/a,) \ log(n/a,)

It follows from Corollary 2.1 that for ¢ >0
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X(n) < /29, + \H

= {2 log(n/a,)}'"* +

log log n ( log log n )
{2 log(n/a,)}'"? {log(n/a,)}'"

d, _ loglogn < log log n >}
i {2 108("/5,1)}1/2{1 2 log(n/ay) e log (n/a,)

and
3 log log n + d, ( log log n )
(n) — 1z . 286V PV % S —
Xilm) = (2 log (/@)1 < o wran O\ Tlog(n/a,)}
Thus
@log(/a)'? L o ma) T <1+ o)
log log n log log n

and since ¢ > 0 is arbitrary we have
2 log(n/an)< X 1>
log log n \ {2 log(n/a,)}'"?
dx

<1+ liminf,_, , ———, a.s.
log log n,

limsup,_,

On the contrary we can also obtain for ¢ <0

2 log(n/a,) ( X;(n) _ 1)
log log n \ {2 log(n/a,)}'"*

> 1+ liminf,, , —~—,  a.s.
log log n,

limsup,_ o

Remembering, as in the proof of Corollary 2.4,

1i i 1i log (/™ A @) + log{([ax+1 — @d/d) v 1} —log ¥,
1My oo = 1My
lo log k

(L/\B1>+{{ﬂ2—<ﬂl—-ZI—)VO}VO}—% in Case 1
o
%+{<&_[33> }_ﬁ4 in Case 2,

(2.11) immediately follows.
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Remark 5. From (2.11) of Corollary 2.5 we get the following sharp result:

2 log(n/a,) ( X;(n) _ 1)
log log n \ {2 log(n/a,)}'"*

<2_1a/\ﬂl>+{{/}2—<ﬂl—;—a>v0}v0}+% in Case 1
&.;.{(&_ 3>v0}—ﬂ4+1 in Case 2.
o o

This is a general form, under milder conditions, of the Theorem 3 (6.5) in
Deheuvels and Steinebach [5], which is the above Case 2 in Remark 5 with
a=1/2, f3=1 and B, =1/2.

lim sup,.

3. Preliminary lemmas

We list several lemmas essential to prove our theorems.

Lemma 3.1. For t >0, let o(t) be a regularly varying function with index
0<a<1 at oo, given in the form of

alt)=1t* exp<j‘@dy>,
1y

where &(t) >0 as t - o0. Then we have the following: For any 0 <n <« there
exists T= T(n) > 1 such that

3.1 At - a(4) <A for 0<A<land it>T,
a(t)
a1y aerg T e for i>1andt>T,
a(t)
-1
(3.2-a)  AVem < ”—_1(% <AV for 0< A< 1 and AN () > T,
g t

(3.2-b)  for some K(n) = x(n) >0 and K'(n) = k'(n) > 0,
k(mt* "< o) < K(n)e**" Sfor t > T and
K (p)tern <o () < K'(n)t'e”  for t > T,
(3.2-¢) ayy Yemm < 8, < ayyg Vetn for a,y; Ve > T,
where 6, = o *(a(a)/y) v L.
Proof. As for (3.1), we have for 0 < i<1

A exp<— M@dyD <%<1" <
e Y olt

)
e Y
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and

J*Atf@dy
t Y

< J LI,
a Y

By the assumption, for any n > 0 we can choose T(n) such that for all y > T(y),
le(y)l <n holds. Thus if At >T

J‘Ar@dy
t Y

As for (3.1), noting that we have for A > 1

At At
J @dy(sj LUl
t Y t Y

we can easily deduce (3.1) by the same fashion as above.
Next let us prove (3.2-a). We shall make use of the result (3.1). Suppose
that 0 <A <1 and AY@ Mg 1(t) > T. Since AY@*"g~1() > T, we have

t
snf 1dy=log}f" and A”"si(—ji)sl“"'.
aY O'(t)

a(c™ (1)
that is,
Aerng=1(5) > g7 1(1).
Therefore,
Aern > g=125) /g7 1(p).
In the same way as above, we can also obtain

Aa=m < g=1(Ag) /a1 (8).

As for (3.2-b), we take B >0 such that |e(y)| < B for all y>1. By the
assumption, for any n > 0 there exists T(n) > 1 such that for all y > T(n), |e(y)| <7
holds. Thus for any t > T(n)

T(n) t
at) =1t exp(j ?dy) exp(j i;)dy>
1 T(n)
T(n) t
<t exp(J Edy> exp(J Qdy) < K(ng)t**n,
1 Y Ton Y

where K(n) = T(7)®~". In the same way we also have o(t) > k()t*~" where
k() = T(n)~®~".

Finally we prove (3.2-c). In order to apply (3.2-a), set A=1/y, and
t =o(a). Then

JeD071(0) = gy Ve > T,
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By (3.2-a),

1/(@—1) o~ (o(a)/ ) U@+
(1/7) S_——a_l(o(ak)) <1/v) ,

that is,
a e T < o7 No(@)/v) < ay T
Since a,y; ™" > T(n) > 1, we have (3.2-c).

In the same way as in the proof of Lemma 1 in Ko6no [9], we can easily
obtain the following

Lemma 3.2. It is enough to prove Theorems 2.1-2.3 for the function g which
satisfies for c big enough

. 1
(1) EYkSQ(nk)SC)’k

i} —a 1
(ii) lim,‘_.m(b':skl v 1)(%_1 v 1>y,:1 exp<—5g2(n,,)> =0

when I,(g) = + 0.

We also need the following Lemma 3.3 due to Koéno [8], Berman and Kéno
[1]: Let {X(r); te T} be a centered Gaussian process such that for all te T

0<o <. JEx*(t)=o(t) <G < + 0.
Let dy2(s, t) = E{X(s) — X(1)}* and (T, dy) be a compact pseudo-metric space
and assume that sample paths of X(t) are separable and measurable. Denote
®d(x) = P(X(t)/a(t) = x).

For ¢ > 0 let Ny(T, ¢) be a minimal number of balls B (t, &) = {se T; dx(s, t) < ¢}
whose union covers T.

Lemma 3.3. For ﬁ23j>0, Ais1>0,j=0,1,2,..., and any x >0

Y

P{sup,.r X(t) > &(x + €jhj+ 0}
=0

j=

S'{NX(T, ggy) + 3 i Nx(T, g¢)) exp( - %lﬁ)}tb(x).
=1

J

Lemma 3.4. Let {B,;n=1,2,..} be a sequence of events satisfying the
conditions

() 3 PB)=+w

n
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(ii) there exist ¢ >0 and ¢ >0 such that the following hold: for each n
there exists a finite subsequence n < n, <n, <--- < ny, such that

i(n)
(ii-a) Y, P(B,nB,)<cP(B,)
k=1
(ii-b) P(B,nB,) < B,)<(1+¢)P(B,) P(B,) holds for m # n, and n < m.
Then
P(B,,i.0)>1/(1 + ¢).

Lemma 3.5. (Chung-Erdos-Siral [3]) Let (X, Y) be a two dimensional random
variable with the Gaussian distribution such that EX = EY=0, EX?=EY?* =1
and EXY=r. Then

(3.3) PX=2x,Y>y)<c,Px)DP(y) for any —1<r<eg/(xy) and x,y>0,
where lim,_,c, = 1.

(34)  for some ¢>0, P(X >x, Y>y) <cexp{—(1 —r)y*/4} ®(x) for any
y=x2=>0.

4. Proofs of Theorems

Throughout this section we assume that for a fixed keN, x, is in the range

1 L .
gy,‘ < x, < ¢y, where c is big enough, according to Lemma 3.2. Denote for some

c>0, y=x, + <. The proof of Theorem 2.1 is mainly based on the following
X
Lemma 4.1. ¢

Lemma 4.1. For O <a < 1 in (1.2), we have

|S m Sml
P{Supakstsuﬂ SuplSmSnk+|—ak+1‘+—— 2 yk
a(?)

Sc(bk“ Y 1)(u v 1><15(yk).
Oy 0y

Proof. Set A, ={(/,m);a,<¢{<a,1 <m<n,,—a.,} and X(¢, m)
=(S,+m— Sw/0(¢), (¢, me A,. Then EX*(¢, m)=1=5 = g, say, in Lemma 3.3.
For £ #¢ and m # m" we have

dy*((Z, m), (', m)) = E{X(£, m) — X(£', m")}?

_ 2E{(Sl +m Sm)(Sl'+m’ - Sm’)}
a(@) ()
_ E{(S4+m - Sm)2 + (S¢’+m’ - Sm’)2 - (Sl +m Si’+m’ + Sm’ - Sm)z}
a(f)a(£)

=2

=2
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< E{[(S( +m — Sl’+m’) + (Sm’ - Sm)]z}

)
< 2{E[(S;+m — S¢ +m)*]1 + EL(S, — S»)?1} < 40*(I¢ = L' + Im — m'|)
= o) o) = o2 (ay) '

In order to apply Lemma 3.3, let us define

4.1) {(e) = 6" '(eo(ay),
and for j=0,1,2,..., let
g;=(j+ D7 /7y Ai=J, x =X
and {; = {(¢j). Clearly
1<={6""(¢0@))} v1I={a NG+ D) a(a)/v)} v 1
and
a(x + iosj'ljﬂ) =X + 'io(j + )72/
(4.2) ” "

C
<X+ —= W
X

Let us estimate a lower bound of {;. First we consider the case where for some
0 < < a, there exists T(n) > 1 such that

(j + D)7 a(a) /7)) = Tn).
Set A =(j + 1)73 and t = 6(a,)/y, in Lemma 3.1 (3.2-a). Then AV "¢~ 1(t) > T(y)
and from Lemma 3.1 (3.2-a)
o ((j + D 2alad/v0
o~ (a(a)/v)

2 (j+ 17,

Hence
(4.3) G={G+ D7 e Ha(a)/v)} v L.
Next considering the case where

(+ D70 (a(a)/v) = T(n).

we have

(4.4) 0 < T(n)(j + )"~ and

bk+1

vi<bo,, <TH(+ 1)3/‘“'"’<I% v 1).

J k

Thus
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69 Mt sena (Bt ()

<c(j+ 1)‘5""""’<—b’“‘1 v 1><——“"“ %y 1)
3 3

(where N (A4, ¢) is a minimal number of balls by a metric d((¢, m), (', m')) = | — |
+ |m — m'| whose union covers 4 = Z?) and

© 1
Ny(Ay, &) + 3 Z Nx(Ay, €) exp< - ’2"1;'2)

j=1

_ © 1
(4.6) Sc(bkﬂ v 1)<M v 1){1 +3Y (j+ 1ofem exp<—-z,.2>}
S, S = 2
Sc(b"“ v 1)(———ak+1 — % Y 1).
O O

We note that for some ¢ >0

4.7 D(x,) < cDP(y,).
Therefore from (4.2), (4.6), (4.7) and Lemma 3.3 we have

S -8 S -8 &
P{ sup MZ))"}SP{ sup MZ&(X;;'F Zsj)’j'i'l)}
0'(/) j=0

(¢, m)edr (t,mea 00

< {NX(Ak, &) +3 i Ny(Ay, ) exp(— %1}.2)}(15()6,‘)

ji=1

Sc<bk+1 v 1>(ak+1 — Oy v 1>¢(Yk)-
Oy 0,

For proving Theorem 2.2, we shall need the following Lemmas 4.2 and
43. For keN let a, be such that

o
4.8) @, =1—-%>0 and they increase to 1.
Ay

Lemma 4.2. For 1/2<a <1 in (1.2), we have

|S m Sml
4.9) P{SUPlsa <ar SUP1<m<mes ¢ > Yk}
a(ay)

Sc(bk“ v 1><u v 1>¢P(yk).
i O

In particular if o(t) = \ﬂ in (1.2), then (4.9) also holds.

Proof. Set AV ={(¢(,m;1<{<a,l<m<n.,—¢}. Setq,=min{q;
non-negative integer such that s, , = a,of > 1}. For g <gq,. Set
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Ag={(tm); s g1 <l <s 1 <m<m, —1)
and

X (£, my = Sexm—Sn

k
e Gmeds,

Now

o= a(sk,q+1) < EX2({, M) < U(Sk,q) =g

o (a) ola)

and for £ #¢', m # m" we have

4
A2 (4, m), (¢, m)) < ——*(|¢ — |+ |m — m|).
(2

(a0
In order to apply Lemma 3.3, let us define
(4.10) o (gea(a)) v 1 = (o),

and for j =0, 1, 2,... set

L _o@+ 17

) _ a(a)x,
! U(Sk,q+ 7%

J(sk, q)

> j s

and {; = ((g;). Clearly
1<{;=0""ggo(@) v1i=0""((j+ 1) cl@)/y) v 1,
- _ & o(sy. ) (c)
ox=x, and G ) gd;,, <—2 | _ |,
* j;) i U(Sk,q+1) Yk

Using Lemma 3.1 (3.1), we can easily obtain a(s;,,)/ (s, 4+,) < c for large k. Thus
we have

4.11) G+ Y ghs1) < X+ — = y,.
i=0 X

We note that s, , — 5,41 <. Thus we have for j=0, 1, 2,...

Ny(dl ge) < cN(A5 L) < c<"*c+1 v 1)(__&,,,, s 1)
J J

@12 <c(j + 1)6""’"’<n3—+‘ v <——s ~hatt 1)
k

O

<c(j+ 1)6"“""<b’:$"1 v (a—"“;a" v 1).
k

<c(j+ 1)6/“-")(@ v 1)
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. N . 1 1
The last inequality is verified as below: If g, ., < Enkﬂ, then b, ,; > Enkﬂ and

M1 g gc<@ v 1) $c<bk+1 v 1)(“"“ — %, 1).
5 5 5 5

1 1 1
On the other hand if a,,, >5n,‘+1, then a; ., —a, = <§——>nk+1 and
e

P+ 1 vl sc<u v 1> 3c<bk+1 v 1><w v 1).

Now (4.12) yields

(4.13) Ny(A%, aeg) + 3 Y, Ny(4%, ae) exp( - %lﬁ)
j=1

J

Sc(bk“ \Y 1)(‘14"+1 — %y, 1).
Oy Ok

Again from Lemma 3.1 (3.1) we have for 0 <% < a and large k

(4.14) (5.0 < qftm < , @)— > o, 29070
o(ay) 0% (Sk,,)
and
g Z(ak)
o 2(Sk,o) T

It follows from (4.14) that
40 L) 2 2
Y ¢<M) < ci Y, exp(— d (Zak)xk>
q=0 0 (Sk,q) Xkq=0 20%(sk, )
1 49 2
4.15) =c—exp<—1x,%><1+ exp{—1< "2("") —1>x,}}>
Xy 2 a=1 2\ 06%(5h,4)

1 1 do 1
<c— exp(— —x,f)(l + Y exp{ — —[o 24t@m — 1]x,f}>.
Xy 2 q=1 2

We claim that

(4.16) o e > q_ék
ay

Indeed, take 5 such that a>a—#n>1/2. Setting B, =of*" ", we have
0< B, <o <1 and by (4.8)

0 2@ =B = DB A+ D)= (B~ e
>(1-Brg =1 —o)q=qd/a.
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Now we shall prove

0
4.17) ~*x2>c¢ for some ¢ >0.
a

Suppose that for any 0 < n < « there exists T= T(n) > 1 such that
Taking 5 such that a« > o —#n > 1/2, it follows that
Oy O 2 x2 > 1 1
a, Tyll(a n 9T

In the case that a, > Ty}/® ™, (4.17) immediately follows from Lemma 3.1
(3.2-c). Therefore the relations (4.16) and (4.17) yield

s L
ay
and
40 1
(4.18) Y exp{— 5[ac,,‘z"“""" - l]x,f} < + o0.
q=1

In the sequel the upper bound of (4.15) reaches to

4.19) qzoqb(f—(‘ﬂ‘ﬁ)sci exp(—%xf)SC(D(xk)Sc(ﬁ(yk).
Xk

q=0 G'(Sk,q)

It is easy to check that (4.19) also remains true when o(t) = \/E in (1.2). From
(4.11), (4.13), (4.19) and Lemma 3.3 we have

-85
P{ su p | ¢+m ml 2 yk}
(e,meal’ o(ay)

S ) sl
ZP{ sup l—’l"'—"'lzﬁ(x+ Zsl-ljﬂ)}

=0 (e, m)eA" o(ay) i=0

% {Nx(Aq, ggp) + 3 Z Ny(4%, o¢)) exp(— %Af)}di(x)

bk+1 )(ak+1 - ) ¢(0(ak)xk>

( O z:0 o (Sk,q)
vy — G

sol ) (oo

Lemma 4.3. For 1/2 <a <1 in (1.2), we have
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S )
(4.20) P, = P{sup,,ks,,s,lk+l SUp, <, <z I—'-J”"—"'lz yk}

1'<sm<n—=1¢ G(dn)

Sc(b'”rl v 1>(u v 1>¢(yk).
0y 0y

In particular if o(t) = \ﬂ in (1.2), then (4.20) also holds.

3
Proof. (i) The case of a,,, < an+1.

Set AP ={(¢, m; <l <a,, 1<m<n,, —¢} and X(, m)=(S,+n— Sn)
Ja(£), (£, meAP. By the same way as in the proof of Lemma 4.1, we can

easily deduce that
S )
Pk < P{ Sup I__M_' > yk}
(¢,meAl a(f)

b —
421) 5c< ‘;“ v 1)<%16—““v 1>¢(yk).
k k

Note that (4.21) holds for 0 < a < 1.

3
(ii) The case of ay,, = anﬂ.

Using our conditions, we get the following:

3 3
4.22) akH—akZZnHl—n,‘:(Ze—1>nk2ak
e
(4.23) akznk_(nk+l_ak+l)2<1—Z)nk
4.24) Ady=n —n < 4d(e—1)a,
4.25) a4y — O, < (4e — 1) a, (hence a; . < 4eq).

Set i, = [(@x4+1 — @)/0] and for i=1,2,...,i,
M = m + idi[04/(a+1 — a)] and a; = G, ;.
It follows from (1.5), (4.22) and (4.24) that

(4.26) Wivy — O < Mgy — Wi = A0 /(Ary — al)]
< 4,8,/a, < 4(e — 1)0,.

Setting A¥ = {(£,m);a, <{ <a,;, 1 <m<n,,;— ¢}, we have

i1 Syim—S
4.27) PksZP{ sup |'ﬁ—"'|>y,(}.

(¢,meAl, - A¥ o(ay; v ¢)
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Let
A8 ={(¢, m); Gi<l<a i, 1<m<m ., —{}
and

Ay ={t,msa <l <a;,m; < +m<n ).
Obviously we have
(428) Ay — M A u A,

StEP 1. For 0 <a <1 in (1.2), we have

-S
P{ sup I—S"LL—"'JZy,‘}5c<b"“v 1)¢(yk).
(e,mert,  0(£) 2

Proof. Setting X (¢, m) = (S, 4 m — Sy)/0(£), (¢, m)e A% |, we have EX?(¢, m)
=l=0c=gandfor £ #¢, m#m,

oIt — £ + |m — m']).

4
dxz(({a m)’ (/,a m’)) < 2
a*(

ki

Let us define {(¢) = {0”(ea(a )} v 1, and for j=0,1,2,..., let &; = (j + 1) 73/,
A;=j, x=x, and {;={(e). Clearly

_ b c
O'(x+ Z Ej}.j+l)Sxk+—Eyk.
j=0 Xk

Estimating a lower bound of {; as in (4.3), (4.4) and (4.5), we have

G={(+ )70 Ya(ay,)/y)} v 1
and from (4.26)
NX(AI 15 € )< CN(AI 1 _y)

n, . —a, : a, — a,
SC( k,i+ 1 klv1>< k,i+1 k,l\/l)
g

< c(j + Dftemn( B 1><————a""'“5_ Beiy 1)
k

< c(j + petem( Deier — e 1)

=c(j + 1)%€" "’{( — By Mhois T T i)v 1}
O

<c(j+ 1)@

kl )
h )
Ok

<c(j+ 1%
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Therefore

1 b
Nx(dis, ) +3 Z Nx(4f1, &) exp(_iﬂ»}> SC( l:5+1 v 1)

j= k

and from Lemma 3.3

ISl+m_Sm| } <bk+l >
P{ sup ——— =2y r=<c v 1Dy
{(t,m)eA’,‘,, a(f) ‘ O ‘

StEP 2. For 1/2 <a <1 in (1.2), we have

S, em—S
(4.29) P{ sup IS¢ +m = Sl > yk} < cd(y),
(e.mert,  0(a)

where A, ={(¢, m);a,<¢<a,m;<l+m<mn;,.}. In particular if o(t)
t in (1.2), then (4.29) also holds.

Proof. Let q, be the minimam nonnegative integer g such that

q(ea —a)
S(‘I) =ay; ¢_—L5k > a.
ay

For q < q,, set A¥3={(¢, m); s@fV <t <s@, n ,<¢{+m<n,;.,}. Note that
, k, k, k, k,i+1
s}f’f =a,,; and forg=1,2,...,9,.

q
(4.30) ak55§,€ESak’i<1—£)< k,(l—ﬁ) =a, ;0.
ay ay
Thus
(4.31) p{ sup M_ } ZP{ sup MZ},“}_
(e,m)eA} , a(ay,) =0 U, m)eA’(‘z" o(ay,;)
Setting X (¢, m) = (S, +m — Sw)/0(ay,), (¢, mye A¥4, we have

o(s@f 1)) 5 o(s®)
<JEX*(, =
a(ay,:) ¢ m < a(ay,;) ’

g

and

4
dxz((/» m)a (/,, ml)) < 2
o%(

ak,i)GZ(lf -+ |m—m]).
To apply Lemma 3.3, we set (| — ¢£'| + |m — m'|)/o(a;,;) < ge. Then
1<|=C|+|m—m|=0gea(a,)) v1=L_
For j=0,1,2,..., let
_o@)(+n73

j = , A=, 1<{;=0"Yggo(a,)) v 1
T ey, vl Isbme el
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and
_ola, )
J(s(q )
Obviously
_ 2 a(s(q) c
(4.32) 6x = x, and ajg‘osjljﬂ m(—’)
Using (4.25) and Lemma 3.1 ((3.1)), we can easily obtain for some ¢ > 0
(s
433) <

It follows from (4.32) and (4.33) that
O'(X + Z ;’1]+l) < .Vk
=0
Note that
s — s@fh < (4e? — 1)4,.
Thus from (4.26) we have
x(A:‘ g’ 68) < C‘N(Al 2> C])

no SO _ @+ D
<c(j+ 1)'”“""”(——""“5 biy 1)(———"" 5 LNV
k k

< C(] + 1)6/(01-’1)
and
ki 1
Nx(A¥4, o) + 3 Y. Nx(4¥4, a¢)) exp(— Eljz) <c
j=1
Applying Lemma 3.3, we have

%P{ sup IS.+m—SI_ } Z° <d(ak.) )

a=0  le.medes  ol(ay)) =0 \a(s)

1 1 a2(ay ;)
(4.34) scx—k exp(—ix,f){l +qz cxp[ ( (s‘:’ 1>x,f:|}

Using (4.8), (4.30) and Lemma 3.1 (3.1), we obtain
az(ak,i) > az(ak,i) > {1 . C_I_‘sk}_z(a_")

GZ(SE’:) B Uz(ak .'{1 - ‘15k/ak}) B ay

S5, ) ~2aa-n
1— 2 _ak—Zq(a—n).

ay
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Thus from (4.18)

(4.35) % exp{— 1<02(a"'i) — 1>xk2} < 4+
1

2\ o*(si%)

g=
and from (4.31) and (4.34) we have
S ) 1 1
P{ sup IS ¢em = Snl > y,‘} <c— exp( - —x,f) < cD(yy).
(¢, meAl , a(ay,) Xk 2
We can easily check that (4.35) also holds when o(t) = \ﬂ in (1.2). In the sequel

in the case of a4, , ; > %n,‘ﬂ, it follows from (4.27), (4.28) and Steps 1 and 2 that

-1 S _S
Pks Z { sup |‘_'+m—m|>})k}

=1 (¢, m)eAl  uAk, o(ay,; v ?)

e ! Sy im— Syim—
< Z (P{ sup MZ‘V"}.FP{ sup |_¢_L'§__)S_m|2yk}>

i=1 (.meat,  0(f) (e.mens,  0(a;

Sci,,(b':s“ v 1>¢'(yk)

k

gc<b"“ v 1>(u v 1>¢(y,,).
Oy Oy

Combining Lemmas 4.2 and 4.3, we have

Lemma 4.4. For 1/2 <a <1 in (1.2), we have

S -8
P{sup”ksnsﬂk+lsuplsl LMZ);,‘}
1

< méi"— ¢ 0(511)

(4.36) 5c<b;“ v 1)(“"*‘5_ %y 1><15(yk).
k k

In particular if o(t) = \ﬂ in (1.2), then (4.36) also holds.
Proof of Theorem 2.1. For g in Lemma 3.2, there exist k, and ¢ > 0 such

2
that g(n,) > ¢ for all k > k,. Set x, =g(n) — ¢
ny

Then

c
(4.37) V=X + — < g(n
Xk

and by Lemma 3.2 (i)

1
(4.38) P(y) < cP(g(m)) < cyi ' exp { - Egz(nk)}-
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Applying Lemma 4.1, we have for 0 < a < 1

|Sl +m Sml
TZQ("O}

by )(ak+1 — Oy ) -1 { 1, }
< 1) ————v1 — = .
C( 5 v 5 V9 exp)—og (my)

Since Iy(g) < + oo, it follows from the first Borel-Cantelli lemma that almost
surely there exists k; > 1 such that

P{supaks t<arss SUPL <msmer s —aps

IS, +m — Sml
supaks ¢ <akx+1 Sup15m5nk+l—ak“‘+o_T < g(nk)
for all k > k,. Clearly we have
|Sm+i, = Sul
X4(n) = Suplsms»—a',._*.N—
o(a,)
ISm+d,. - Sml
< SUPpy <nsmer Supls'nsn—dnT
lSl +m Sml

=< SUPg, < ¢ <aryy SUP1 MmN+ —ak+ 1

a(?)
<g(m) <gn), a.s.
This implies ge UUC(X)), i =4, 5.
Proof of Theorem 2.2. From (4.37), (4.38) and Lemma 4.4, we have for
1/2<a <1 (e =1/2 when a(t) =t%

IS¢ +m— S|
P{SupnksnsrlkH sup]slsa'n H—Z g(nk)

l<sm<n-1¢ G(dn)

b+ ><ak+1_ak ) -1 { 1, }
< vi||——v1 exps — -g“(n) ¢
C< 5, 5, Yk p 2g ()

Since Iy(g) < + o, it follows that almost surely there exists k, > 1 such that

|Sl +m Sml
Supnks'vsakn Sup1 <t<ad, _—"'____< g(nk)

l<m<n-—¢ U(&n)

for all k > k,. Thus we have

|Sl+m_Sm| |S¢+m_Sm|
Xo(n) = sup ; — < SUP,, <4< sup g
° 3. (@) mEEer TUNE- . 0@)
<gn)<gm), as

This implies ge UUC(X)), i=0,1, 2, 3,4, 5.
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Proof of Theorem 2.3. Define ¢, for k=2,3,..., by

. I:ak - ak—l]
G=———1|Vv1
5kM1
where M, > 1 is chosen later big enough and g, ; for i=1,2,...,4, by
G i=aq + (i —1)oM,.
For k=2, 3,..., define

G= {max{pZO; My — Gy >2(n, — a,)}
L =

-1 ift{ }=¢,
Ny, — Gq, ifg, >0
dkl= .
’ 0 ifg=—1

and d; ; =0. Note that for k =2,3,...,
1
Moy — Gy —di 1 > 5("k—1 — ay_y)
and d, ; <d, , for k <k'. Note also g, <k —2. Set

=G — 4
jk=["k 17 Gkt k,l:|vl’
o.M,

dij=di,1 +(G— D&My, j=1,..)i

and

Bi»i,k = {Sdk,j+ak,i - Sdk,j 2 0'(ak,i)xk}

where x, = g(n,) and g was referred in Lemma 3.2. Let

B, = U U Bi,j,k-

1<i<éx 1<j<ji
In order to show that ge UUC(X), it is enough to prove that for any ¢ > 0,
(4.39) P(B,i0)>1—¢.
We will prove (4.39) on the basis of Lemma 3.4.

Step 1. For any ¢ >0 we can find M, and M, big enough such that

P(By) = (1 — B)ZP(Bi,j,k)

iJj

Zc(b"—1 v 1><M v 1>y,:1 exp(—lx,f>
5 5 2

for all k> M,. This gives, in particular, Y ,P(B,) = + co by the assumption (ii)
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of Theorem 2.3.

Proof. 1t is obvious that
(4.40) P(By) > ZP(Bi,j,k) - Z P(B; ; «N By j 1)
ij GNEG, )
Set
Sd + - Sd . Ty
X; = —Sea¥er Thei and vl = E(X o Xi 10
s dnk G(Gk,i) VJ ( vk .J.k)

Obviously we have

i — R

" 20(a,)0(ay,)
where
R=0c*(ldy;+ ap;i — di i) + 0> (ldy j + a0 — 4y 1)
- 0'2(|dk,j +ay; — dk,j’ — ) — O'Z(ldk,j - dk,j'|)-
Denote the distance |p,, — p,| between p,, and p, by r,,, m # n =1, 2, 3, 4, where
Py =4y P2 =d;+ A, Py =dij, Pa=dyj + ay ;-
Then, R = 62(ry3) + 62(ry4) — 62(ra4) — 06*(ry3), r12 = ay; and ry, = a, .. Let
Lije={m;d;<m<d;+a}

be a set of integers. Now we estimate the second term in the right-hand side
of (4.40). We divide the summands of this second term into three cases.

Case 1. Let I, ;,nI; ;,=¢. Then the concavity of o2 yields
R = {0%(r14) — 0%(r2a)} — {0%(ry3) — a*(rz3)} <0.

It follows, in combination of Lemma 3.5 (3.3), Lemma 3.2 and Theorem 2.3 (ii),
that

ym P(B; ;NB; ;)< Y P(By ;) P(B: ;1)
iy fourd

(4.41) = P(Bi,j,o) ikjx P (xi)

—a,_ by - 1
ScP(B,.,,-,k)<ak ;" Ly l)( ’:5 Lv 1))},{1 exp(—ix,f>
k k

&
< EP(Bi,j,k)

for all k> M, if M, is big enough. Here ) denotes the sum over (i, j')

i, J
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satisfying I; ; N1y jox = &
Case 2. Let I, ;,nl; ;# ¢ and
Fia V Pz = Max Iy,

1<m#*+n<4
Now we see that

1 —rid = 20(r15)o(r3s) — R
i,j 20’(r12)a(r34)
_ 0'2(7'24) + 62(’13) — {0("12) — a(r34)}2 +R

20(r15)0(rs4)

where R’ = 6%(ry,) + 0%(r3q) — 0%(ry3) — 6%(r14). Here we claim that R’ > 0.

fact,
R = 06%(ry; A rag) + 6%(ry5 V rag) — 07(r1s) — 07 (r33)
and in case of r,, = max r,, we have, from the concavity of o2,
02(r1q) — 62(rip V r3q) < 02 (ryg — (Fiz2 V F34) + r23) — 02(r23).
=0%(ry; Ar3g) — 02("23)-
On the other hand if r,3; = maxr,,, then
02(ras) — 02(ria A r3g) < 62(ras — (Fiz A Fag) +14) — 02(r14)
= 02("12 V r3g) — 0%(ryg)-

These imply R’ > 0. In consequence we obtain

4.42) 11— > 0%(r2) + 0*(ris) — {o(ry2 — ‘7("34)}2.
R 20(ry5)0(r3a)

Further it follows that for some 0 <c <1
(4.43) {0(ry2) — 0(r3a)}? < 262 (ry3 v ra0).
Indeed, by the condition (i) of Theorem 2.3

o([riz —734l) < oa — ax_,)

0(rya ATss)  0(a-y)

is bounded and hence there exists ¢; with 0 <c¢; <1 such that
2 1/2
o?(|ry; —r a(|ri,—r
<1 ALY 34|)> 1< oUna =)
0%(riz A rag) o(riz2 A raa)
So, this and the concavity of ¢? yield

{0(r12) — 0(r3a)}? = a*(rpz A r34)<w - 1)2

o(riz ATsq)
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=02(ry, A r34)<{62(r12 V rag) — 62(ryp A r3a) + 1}”2 _ 1>2

02("12 A T34)

2 1/2 2
g \r V F3qg—T AT
< 0.2('.12 A r34)<{ ( 12 34 12 34) + 1} _ 1)

02("12 A T34)

2 _ 1/2 2
=62(r12 A r34)<{0 (Iry2 "34|)+ 1} _ 1>

0*(ryz A Ta4)

< cfaz(|r12 —r3l) < cfaz(rm V raa).

This proves (4.43). It follows from (4.42), (4.43) and Lemma 3.1 ((3.1) and (3.2-b))
that for some ¢, with 0 < ¢, < 1

0%(ra) + 02(ry3) — c30%(ry3 V ra4)

L dy
20(r12)0(r3a)
(4.44) > (1 - C%)O‘z(rl:; v r24) > caz((li - ill + |j _jll)(sle)
20%(ay) B o?(a)

2c{(li— 1+ 1= DM} {a(0™ (o(a)/))/o(an)}?
2c{(li—i|+1j—jIM, PP Px 2

Case 3. Let I;; NIy, # ¢ and

rlz \"2 7'34 = max rm".
l<m#n<4

First consider the case r,, = max r,,. Again the concavity of ¢ yields

i < 02 (r14) — 0% (r13) + 0%(r23) — 0%(r24)
' 20(r34)0(ry4 v 723)
02 (rya V T23) — 02(ry3 V T24) + 02 (r34)
20(r34)o(rya v r23)
_ 02(r13 V r24) = {0(r1a v r23) — a(ry)}?

=1 s
20(r34)0(ria v 123)

that is,

0%(rys V ra4) — {a(r14 V Ta3) — U(ru)}z'
20(r3s)o(ris v 123)

i, J
1 — ri,j >

Furthermore if follows that for some 0 <¢; <1

{o(ria v ry3) — ‘7("34)}2

< 0’2(7‘34)<{1 + 0*(ria V123 = r34)}”2 — 1)2

02("34)
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_ 2 o*(ry3 v "24)}1/2 _ 1>2
-7 (r34)<{1 i 0%(r34)

< c30%(ry3 V 124).
Thus we have
(1 - cg)az(rw V T24) > CUZ((“ =i+ 1j—=jDoM,)
20(r34)o(ry,) - Uz(ak)

(4.45) >c{(li— i1+ 1j —J DM P2 "% 2

i,
l—ry >

By the same way as above we can easily show that (4.45) also holds when
r;4 = max r,,. Now applying Lemma 3.5 (3.4), it follows from (4.44) and (4.45)
that

Z(Z) P(B; ;N By j.i)

iy

< C.'gz} exp{— ‘1—‘(1 — rg:'jjl)xl%}P(Bi.j,k)
(4.46) <cP(B; ;) 27 exp{—c{(li — i +[j —j' )M} "}
=
<cP(B;;,) Y exp{—c{(m+nM,}**""}
< %P(B,., i)

if M, is chosen big enough. Here Y@ denotes the sum over (i, j') satisfying
i J

I; ;N1 jx # ¢. Combining the inequalities (4.41) and (4.46), we have
Z P(B; ;N By ji) < eP(B; ;).
i j

This and (4.40) complete the proof of Step 1.

In the following, we always assume that k' > k. Define

"ifkk =E(X; ;X j.1)-
Let py =dyj, po=dy;+ a;, p3=dy j and py,=d; ; + a ; be points on a
positive half line. For m#n =1, 2, 3, 4, we define a distance |p,, — p,| between
p. and p, by r,,. Then we have

ok 0%(ra3) + 6%(r14) — 62(raq) — 02(ry5)
ik = .
ZU(ak,i)o'(ak',i')




674 Yong-Kab Choi and Norio Kéno
Step 2. Let d;.,; > n,. Then by the concavity of o2 we get
r <0,

It follows from Lemma 3.5 (3.3) and Step 1 that for any &> 0, there exists
M = M, big enough such that for all k > M,

P(B,nB,) <Y Z P(B; ;N By )

Litv,

<Y Y P(Bi ;) P(B: ;)

Lji,J
< (1 + ) P(B) P(B,).

Step 3. Let dy. ., <m, q.<k'—3 and k + ¢, logk <k' for some c, > 0.
Then for any ¢ >0, we can find M = M, such that for all k > M,

P(B,nB,) <(1 + ¢ P(B,) P(B;.).
Proof. Since g, < k' — 3, we have

Ny > 2 nqk:+1 = nqk:+1 —a

1
> -y —ap_
S U1 = @)

Qe + 1 = R — Qg

and
2
(4.47) ak:_lznk/_l—znk,_2=<l —;>nk1_1.
By the concavity of g%, we obtain
(4 48) l'l:l'j’,;kl < G(ak,i) a(ak)
: Ll

B o(ay,y) Tolae — 1)
Note that (4.47) yields
(4.49) ay_1>(—2)e %n, and y2 <clog k.
Thus applying Lemma 3.1 ((3.1)), we have

A | xe: < ellog k) —— )

a(le —2)e” *n)

< c(log k') exp(— (k' — k) (« — 1))
<ck ™" 0 as k—> ©

and that for any & > 0O there exists k, such that for all k > k.

’

. €
Il < :
kak'
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Now applying Lemma 3.5 (3.3) and Step 1, we have
P(Bkan’) < Z z P(Bi,j,knBi’,j',k’)

L g

< CS'Z Z P(Bi,j,k)P(Bi’,j’.k’)

LiiJ
<c.(1—¢)"*P(B) P(By)
< (1 + ¢) P(B,) P(By,).
Here we remark that lim, ¢, = 1.
Ster 4. Let dy ,<m,q. <k —3 and k+c, <k <k+c,logk for c; big
enough. Then denoting by Y, the sum over such k', we have

Y. P(B,NBy) < ¢ P(B)).
&

Proof. By combination of (4.47), (4.48) and Lemma 3.1 ((3.1)'), we have

<T@ o o)
o(ag-1) oa(le—2)e “n)
o(nk) -2+ —(a—
< < le (e — 2 (@—n)
ale”** (e — 2)ny) { ( )}
<d < 1, say.

It follows from Lemma 3.5 (3.4) that
1 Y
P(Bi,j,k n Bi',j',k') S C CXp { — Z(l —_ r:.”j{’;k )xi} ¢(xk)

<c exp< — ‘1—‘(1 — 5)x,f)q§(x,‘).

Using (4.47) and (4.49), we obtain

) N My _ 1
Je <X <Xy e < c(log K)2@-m
51(' ak'
and
. - N
i < ()™ < c(log k2.

Therefore

;P(Bk nB,) < Z } Zk P(B; ;«N By ;i)
Ll g,

<cY Y exp(— ¢ x.2)D(xy)

Lk
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<c(1—¢ 'P(B) Y exp(—cx?)

ik

<c(l — &)~ P(B,)(log k)ane<iosb
< c P(By).

Step 5. Let dp.y <my,q =k'—2 and k+c,logk <k' for some c, > 0.
Then for any ¢ > 0 there exists M = M, such that for all k > M,

P(ByNBy) < (1 + &) P(By) P(B,).

Proof. By the assumption,

i1 =Ny — Qe <M < an’—zs

and
1
(4.50) <1——)nk,_2<ak,_23ak,_1.
e
Making use of (4.48) and (4.50), we obtain
@451) g < 2@ 0w,
olay_1) olle—1e >n)
By (4.50)
2 N, ’
4.52) Vet = log(—k ) <clogk
a
and hence

e XXy <c k™™ — 0 as k — o0.

This implies that for any ¢ > 0 there exists k,. such that for all k >k,

’

- €
L PRI .
xkxk’

As in the proof of Step 3 we can obtain the desired result.

STEP 6. Let dyv y <m, g =k —2 and k + ¢, <k' <k +c, logk for ¢, big
enough. Then

Y. P(B,nB,) < ¢ P(By).
&

Proof. From (4.51) and the assumption we have

L ryfF > 1 — cem® e
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>1—ce @ "> §>0, say.
By (4.52) we see that .2 <c log k. This, in combination with (4.50), yields

Je < c% < c(log k’)z(al— n
»

and

i < c(log k')2(a1—w).

Therefore,

Y P(B,nB,) < D Z P(B; ; «N By j x)
&

L, gLk

<cy Y exp<— gx,f>d5(xk)

i gk
e 5,
<c(l—¢ P(Bk)zlk']k’ exp| — Zxk
k'

<c(1 —¢) ' P(BY Y. (log k')!/@=m g~ elles k)
&

< cP(By).

Step 7. Combining the above Steps 1 ~ 6 together, we see that all conditions
of Lemma 3.4 are satisfied for the sequence {B,}: the set {k,, k,,..., k;4} is given
by

{kK';de y<n, k+cy <k <k+c,logk}.
Thus we obtain (4.39).
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