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§1. Introduction

Suppose that D is a simply connected domain of hyperbolic type in the
Riemann sphere C = CU{o0}. Then the Poincaré metric pp, in D is defined by

lg'(2)|
1—lg(2)*’
where g is any conformal mapping of D onto the unit disk 4 = {z:|z| < 1}.

B,(D) will denote the Banach space consisting of all holomorphic functions ¢ in
D such that the norm

pp(2) =

lelp = su}))l(p(Z)lpp(Z)‘2

is finite.
If fis a locally univalent meromorphic function, the Schwarzian derivative

of f is given by
s=(7) al5)
f 2\f

S ={S,: f is conformal in 4},
J ={S;€S: f(4) is a Jordan domain},
T={S;€eS: f(4) is a quasidisk}.

We set after Flinn [6]

T is called the universal Teichmiiller space. It is known that T < J = S < B,(4),
T is open, S is closed and T = IntS (see [7], [9]). Let I" be a Fuchsian group
acting on 4 and B,(4, I') denote the closed subspace of B,(4):

{peBy(d): (@oy)-(¥)> =0  for all yel}.
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Further we set S(I'")=SnB,(4,I'), J(I')=JnB,(4, '), T(I')=TnB,(4, 7).
Then T(I') coincides with the Bers embedding of the Teichmiiller space of I (see
(3D).

Bers conjectured that S=T ie., S(1)= T(1) in [2]. Generalizing this

conjecture, by the Bers conjecture for I we shall mean that S(I")= T(I').

In [8], Gehring showed that the Bers conjecture is false i.e., S\T# ¢, in
fact essentially he showed that S\J # ¢. Moreover Flinn proved that J\T # ¢
in [6] (see the next section for the details). Our main purpose in this paper is
to show the following

Th_eorem 1. Suppose that I' is a Fuchsian group of the second kind. Then
S(N\J # ¢ and J(ND\T # ¢.
Corollary. When I’ is of the second kind, the Bers conjecture for I is

false. In other words, S(I') 2 T(I).

On the other hand, the author does not know whether the Bers conjecture
for Fuchsian groups of the first kind is true or not.

This paper is organized as follows. In §2 we introduce simply connected
domains which are constructed by Gehring and Flinn and quote two results from
Flinn [6] for later use. Gehring’s (or Flinn’s) domain is essentially obtained by
removing a spiral (respectively, countable sequence of closed Jordan regions
approximating a spiral) from a disk so that the boundary of the domain is
adequately irregular. For a given Fuchsian group I' of the second kind, in §3
we construct a I-invariant simply connected domain 4’ in 4 which contains the
Gehring’s or Flinn’s domain adjacent to a free side of the Dirichlet fundamental
region of I Let F: 4 > 4’ be a Riemann mapping function of 4’, then SpeS(G)
where G = F'I'F is a Fuchsian group. While it turns out later that Sp¢J
(respectively, Sp¢ T) and that G is qc(= quasiconformally) equivalent to I"(Lemma
4, Corollary), these facts need not imply that S(I)\J # ¢ (respectively,
J(N\T # ¢). Now we consider to deform 4’ by an appropriate qc mapping so
that the Schwarzian derivative as above belongs to S(I"). In §4, such a
deformation is presented and we state a slightly general result (Theorem 2) which
contains Theorem 1. §5 is devoted to the proof of Theorem 2.

§2. Gehring’s and Flinn’s construction

Fix ae<0, 8i> and set a closed Jordan arc
n

Pa = { £ i7" e[0, 00)} U{0}.

Theorem A (Gehring [8]). Let F:4— C\y, be a Riemann mapping function
of C\y,, then SpeS\J.
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We set
A={x+iy:y>1u{x+iy:x>—4y> — 1}
and D, = A\y,. As we shall find later, the following theorem also holds.

Theorem A’. Let F: A— D, be a Riemann mapping function of D,, then
SpeS\J.

For each positive integer meN, we set o, = (g) ,T,=e 2™ E =R,UP,
where
P,={é"z:zey,, —6,<0 <0, U{z:|z|] <1,},

R, = {x +iy:|x| <sino,, — 1 <y < —coso,}\4.
Then each E,, is a closed Jordan region, E, > E, o --- and N¥-, E, =7, Let
V denote the translation V(z) =z + 8 and set D, = A\JZX-, V"(E,). One can

easily see that D, is a Jordan domain in C. The next theorem is essentially due
to Flinn.

Theorem B (Flinn [6, Theorem 2]). Let F: A — D, be a Riemann mapping
Sfunction of D,, then Spe J\T.

Theorems A’ and B are direct conclusions of the following Lemmas 1 and
2, respectively. Let a; = {z=¢€"*":1€(0, )}, a, ={z: —zea,}. Then o,
and a, are logarithmic spirals in D, which converge onto the point 0 from
opposite sides of y,.

Lemma 1 (cf. Flinn [6, Lemma 2]). There exists a constant 6, > 0 with the
Sollowing property. If f is conformal in D with ||S;|p, <6,, then

lim fz)=lim f(z).

@3z
In particular, f(D,) is not a Jordan domain.

Let B be the subarc {x + iyedD,;: —4 <x < o} of D,. We note that if
f: R, > R, is a conformal mapping of a Jordan domain R, onto another Jordan

domain R,, then f is uniquely extended to a homeomorphism f: R, — R,.

Lemma 2 (cf. Flinn [6, Proof of Theorem 2]). There exists a constant 6, >0
with the following property. If f is conformal in D, with ||S;|lp, <9J, and if
f(D,) is a Jordan domain, then f (B) is not a quasiarc.

Remark. In Thorems A’ and B, we can replace the domain A by a half
plane {x +iy:y> — 1}.
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§3. Construction of group invariant domains

Let I" be an arbitrary Fuchsian group of the second kind acting on the unit
disk 4. In this section we construct I'-invariant simply connected domains which
have the same property as the Gehring’s or Flinn’s domain. Since I" is of the
second kind, Q(I')nd4 # ¢ where Q(I') is the region of discontinuity of I in
C. Now we pick a sufficiently small disk Y in Q(I") whose boundary is orthogonal
to d4 so that no two distinct points of Y are I'-equivalent. Let ¢ be a Mobius
transformation such that o(Y) =4 and that o(Y*)= 4" where Y* = Yn4 and
A% ={zed:Imz>0}. Fix ro, r;€(0,1) such that r, <r,. Let 4,={zed:
lz| <r}, 47 =4,n4" and Y,* =067(4,) for re(0, 1).

Let M(4) be the space of Beltrami coefficients supported in 4: {ue L*(4):
[ulle < 1}. For pe M(4), w* will denote the normalized u-conformal selfmapping
of 4 which fixes three points 1,i, — 1edd. We set

My, (4), = {peL>(4): p=0on Y7 and |lp], <k},
for ke(0, 1]. Notice that w* is conformal in Y7 for pe My, (4)..

Lemma 3. Let 8, = min{d,, §,} where 6, and 6, are as in Lemmas 1 and
2, respectively, then there exists a constant ke (0, 1] such that for any ne M Y%(A)k
the following is valid:

oY)

0
”Sw#”)'r*l SE'

Proof. We can extend w* to a qc homeomorphism of C by the rule

wh(z) = 1/ wh(1/2).

It is well known that w*(z) converges to z uniformly on each compact set in C
as || pull, — O (see [1], for example). Since w* is conformal in Y, = o '(4,,) for
HeMy,(4), and Y,! is relatively compact in Y,, S,. converges to O uniformly

on Y, as |ull, — 0, in particular | Sw,‘||yr+l converges to 0 as |ull,—0. O

For each ¢€(0, r;) we choose a t = 7,6 MOb such that r(ﬁ) ={x—i:xeR}
U{co} and t(4;)) > A.

Construction 1 (Gehring type).
We set A7 = 41(e) = A\ U y((t°0)™ " (v,))-

yell

Construction 2 (Flinn type).
We set 43 = A3(e) = A\ U y((ro0) " (Um=1 V"™(EW)).

yell

We note that (too)"'(y,) = Y*, that (te0) Y (U®-,V™E,) = Y"* and that
(y(Y *))yer is a disjoint family. Therefore 4] is a I'-invariant simply connected
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domain contained in 4 for j =1, 2; furthermore 45 is a Jordan domain. If we
let F;: 4> 4; be a Riemann mapping function and set G; = F; ' I'F; which is
a subgroup of M{b acting discontinuously on 4 i.e., a Fuchsian group acting
on 4, then S¢ €S(G,) and Sg,eJ(G,).

Now we state a lemma which guarantees that G; is qc equivalent to I

Lemma 4. Let ke(0, 1] be as in Lemma 3. For sufficiently small ¢€(0, r,),
there exists a qc mapping h; of A;= Aj(e) onto A with the following properties
forj=1,2.

(1) lluth)llo <k where pu(h)) is the Beltrami coefficient of h;,
(2) h; is conformal in A;nY,;

ro °

(3) hjoy=1yoh; for all yer
Because the qc mapping f; = hjo F;: 4 - 4 deforms G; into I', we have the
following
Corollary. G; is qc equivalent to I
Lemma 4 is obtained in an obvious way by the following
Lemma 5. For sufficiently small e€(0,r,), there exists a qc mapping
;1 0(Y)) > A% with the following properties for j =1, 2.

(1) lu(H)|o, < k where u(H;) is the Beltrami coefficient of H;,
(2) H; is conformal in o(Y/)n4,,,
(3) H;=identity on d4*\[— 1, 1],

where Y{ = Y/(e) = Yn4;(e).

Proof of lemma 5. Let H,: o(Y/(e))n4,; — 4, be the conformal mapping
which fixes three points ro, roi, —ro. Noting that 4\ 4. < a(Y/(e)), we find
that Hy,)| 4.\ 27 can be extended to a conformal mapping ﬁ; in{z:e< |z <r}/e}
by the reflection principle. Let ©,: (0, ) - (0, ) be the mapping defined by the
rule roe' @ = H (r,e") for all §€(0, 7), then O, is a smooth mapping such that

0,(6) = |Hy(roe”)l.
Now we set
H,(re®®) = re®@* =060 for refry, 1], 6€(0, n),

where r =t + (1 — t)ry, t}_lgg this extended H, has the properties (2) and (3). On
the other hand, clearly H(z) converges to z uniformly on each compact set in
C* = C\{0} as ¢—0, hence 0,(6), ©,(0) uniformly converges to 6, 1 as ¢—0,
respectively. Therefore the explicit expression

(r—ro)@.(0) — 1) —(6,6) — Ori
2(1 = ro) + (r — r)(@,(6) — 1) + (8,(6) — O)ri|’
0, re(0, o)

re(r09 1]9

|u(H ) (re”)| = {
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shows that ||u(H)l, —0 as ¢ >0, so for sufficiently small e€(0, ry), H; = H,:
o(Y/) > 4" has the properties (1), (2) and (3). O

Henceforth we fix an ¢€(0, r,) for which Lemma 4 holds.

§4. Deformations by partially conformal qc mappings

In this section we present a method to construct the family of group-invariant
domains which includes desired one.

Let M(4, I') be the space of Beltrami coefficients for I with support in 4
i.e., the subset of L®(4) consisting of all pe L®(4) with |u|l, <1 and

(uoy)- ¢y /y'=n  for all yer.

Set 2% = wk(4;) for peM(4, I'). 1f I'* denotes the Fuchsian group w*I'(w*)™!
acting on 4, then 2% is a I'-invariant simply connected domain whose boundary
is homeomorphic to the 4;’s. We take a Riemann mapping function F}: 4 —» 2%
and set Gf = (F§)"'I"F% and ¢4 = Spj.t. Since I'* acts discontinuously on 2%,
GY acts also discontinuously on 4, hence G¥ is a Fuchsian group. And clearly
@1 eS(GY) and ¢5€J(GY). Because the logarithmic spiral y, is a quasiarc, the
general qc mapping w* may unfasten the removed spirals, thus we must restrict
Beltrami coefficients p to be considered on a certain class of M(4, I'). In this
article we only consider

My;;,(A’ )y = MY;'O(A)an(A’ r)
— {ueM(, I): g =0 on Y,* and |4l <k}.

Since w* is conformal in Y, for peMy, (4, I'), it is expected that the spirals
are but slightly deformed by w*. In fact, we have the following result for this
class which is proved in the rest of this paper.

Theorem 2. Let k be as in Lemma 3. For ueM y;u(A, I'),, we have
PHeS(GH\J,
94 JGH\T.

Theorem 2 and Lemma 4 prove Theorem 1.

Proof of Theorem 1. Let h; be as in Lemma 4. We set

= {u(hj), on 4},
o, on A\ 4},

where p(h;) is the Beltrami coefficient of h; and set @; = whi(4}). Notice that
K€My (4, I'),. Since h; and w"/|,, have the same Beltrami coefficient, whiohit:
4 — P} is a Riemann mapping function of &;. Therefore we can take whiohi !
as F4. By definition, G% = hjo(w*)™ ' I™wtioh; ' = h;[’h; ' = I'. By virture of



Bers conjecture 51
Theorem 2, ¢{'eS(IN\J, ¢4 €J(IN\T, hence Theorem 1 is proved. []

Remark. The family (¢%)ucp, (AT is ample in a certain sense. We now
explain this in the following. We recall that F;: 4— 4} is a Riemann mapping
function of 4; and G;=F;'I'F; is a Fuchsmn group acting on 4. In this
paragraph we assume that r is non-clementary and choose F; so that
Li, —1e4(G) = C\Q(Gj). Let F}: M(4,I')—> M(4, G;) be the pullback of
Beltrami coefficients by F;, namely FX*(u) is the Beltrami coefficient of the qc
mapping w*o F; for ue M(4, I'). Since w'i® and w”- F; have the same Beltrami
coefficient, we can choose w*oF;o(wF HO)REE 4 — 2% as the Riemann mapping
function F¥, then we have G¥ = wFi® G (wFi®)~1

Generally, for ve M(4, G; the group isomorphism gr—w"g(w") '(geG))
determines an element of the reduced Teichmiiller space T#(G;) of G; (see, for
example, Earle [4], [5], Nag [10]). Let this point in T#(G;) be denoted by
@*(v). It turns out that @¥(My(4, G;),) is a neighborhood of @#(0) in T#G,) for
any ke(0, 1] and any measurable set K = 4 such that p(K) is relatively compact
in the double Q(G;)/G; where p: Q(G;) - 2(G;)/G; is the canonical projection.
(For example, combine [11, Corollay 2] with [4]. This fact was pointed out to
the author by H. Ohtake.)

On the other hand F}"(M,,+(A ) = Mg; 1(,,*,(41 G, and p(F;(Y,)) is
relatively compact in £(G;)/G;, hence ®*(F *(M,,r (A I),)) is a neighborhood of
@*(0). In other words, qc deformatlons G; —>G"(g|—>wF WawWFi®W) =1 for ue
M Y;O(A I'), cover a neighborhood of the 1dent1ty mapping G;— G; in T*G)).

The above proof of Theorem 1 shows virtually that there exists an
isomorphism G; — I' which belongs to &*(F }"(M,,;D(A, I))).

§5. Proof of Theorem 2

Proof of the first part: @*¢J. By the same argument in [6] or [8], it is
sufficient to prove the following

Claim 1. There exists a constant 6 > 0 with the following property. If f is
conformal in D5 with ||S;|gs < 0, then f(2Y) is not a Jordan domain.

Proof of Claim 1. We set 6 = 6,/2 where 6, is as in Lemma 1. Suppose
that f is conformal in 2% with |[S,|zu<d. Set g=fowro(to0) !|p,,
B =wto(too) '(ay) for j=1,2 and wy = wte(to0)”'(0). Since

||Sg||p, = ”quw“”(toa)"(Dl) < ||Sf||g)‘,‘ + ”Swu”)’,.*] < 51»
Lemma 1 implies that

lim f(w)y= lim f(w).

Biaw—wo Braw—wg

Thus f(2%) is not a Jordan domain. [

Proof of the second part: @4¢T. Similarly it is sufficient to prove the
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following

Claim 2. There exists a constant 6 > 0 with the following property. If f is
conformal in 9% with ||S;|lgu <0, then f(D%) is not a quasidisk.

Proof of Claim 2. We set 6 =6,/2 where J, is as in Lemma 2. Suppose
that f is conformal in 24 with |S;[z« <d. Further suppose that f(2%) is a
Jordan domain. We shall show that 0f(2%) is not a quasicircle. Set g =
fowto(ted) p,. Since [[S,llp, < IS;llgs + [ Suully;, < 0, and g(D,) is a Jordan
domain, Lemma 2 produces that (B) is not a quasiarc. Hence 0f(2%) is not a
quasicircle because §(f) = 0f(25). O
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