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A remark on mutually disjoint
irreducible decompositions

of the regular representation of a group

By

Hiroyuki SHIMURA

In the previous paper [3] we construct continuously many, mutually
disjoint irreducible decompositions of the regular representation of a certain
discrete group. We treated a  restricted direct product G=I-FaAGa, with
discrete topology, of countably infinite family of finite groups Ga, œ A. O u r
main tools to construct irreducible decompositions are infinite tensor products
of representations and choosing orthonormal bases of each representation
spaces. The diversity of decompositions is based on the variety of choices of
bases of Hilbert spaces. In this paper we apply this method to a not necessa-
rily countable case and obtain many mutually disjoint decompositions more
than cardinality of continuity.

As we know the restricted direct product group of an infinite family of
finite groups is non-type I, if non-abelian factors are infinite. Assume that
each factor Ga is not abelian, then we can actually construct 2' A l mutually
disjoint decompositions here.

If 1.A1 is more than countably infinite and Ga's are not abelian, then almost
all representation spaces appearing in the decompositions are not separable.
So we use direct integrals of non-separable Hilbert spaces.

The author expresses his gratitude to Professor Takeshi Hirai for valu-
able advices and encuragement.

§ 1. Notations and preliminaries

Let Ga, aEA, be an infinite family of finite groups and G: =ILEA G« be
a restricted direct product group of Ga's with discrete topology.

We follow the notations in [3] and recall here some of them. Denote by
L  the left regular representation of G on L A G ). When G is not countable,
Hilbert space LAG) is not separable. So we treat non-separable representa-
tions and its decompositions.

Let Ea be a complete family of representatives of Oa, the unitary dual of
G a . For a representation EaE Ea, denote by V(Ea) the representation space
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of Ea and by B(Ea) the space of all bounded linear operators of V(Ea), and put
d(ea)=dim  V(Ea). We consider B(Ear) as a H ilbert space with an  inner
product <u, v>=(11(d(ea))Tr(uv*)(u, vEB(ea)). L et p a b e a  normalized
measure on E. such that pa({$a})=iGat 1 d(Ea) 2 (EaEE,a). Let E be the direct
product of Ea, aE A  (not a restricted one) and i the product measure of pa's
on it (cf. [6, Chap. 2, § 8]): E HaEAEa, 11=-11

For each E = ( E a ) E , we take the reference vector 1(e)—(1vw)aeA, and
define an infinite tensor product i f (e )  of Hilbert spaces B(Ea):

,gc(E) =0a.A{B(ea), 1 v(ea)}= 0 '. (PAB( Ea),

where 1 v ()  denotes the identity operator on V (e a ) . We denote by p  th e
representation on 'C (E ): for g=(ga )EG  and a decomposable element 0=

0eaEM(E),

p e (g) - Cplan(E a(g a )

L e t  h  be a vector field on the measure space (E, p) corresponding to h
=(h a)E  G  given as 0h(E)=O lanea(ha)E ,X (e), for EE E.

We fix an element E = (E a)E E . Let N(Ea)={1, 2, •••, d(Ea)}, and define a
measure vea on N(Ea) by vea ({m})=1/d(Ea) for m E N (E a). Let (K(E), ve ) be
the direct product of (N(Ea), vea): K(e)=11aEAN(Ea) , v e =II aEAver,

Fix an orthonormal basis d(Ea)} o f V(Ea) for each Ea, and
denote by 0(e) the system of orthonormal bases of V(Ea), aE A .  For (ic=,/ca)

K(E), we take the infinite tensor product Hilbert space V(K)= V (e, O(e); lc)
=0 a.A{V(ea), ve,,KJ with a  reference vector V (K )= (V e .s c . )a e it  consisting of
vea ,,,, from the system 0 (e).

Now we define an irreducible representation p e ,K=  p i r  of G on V(K): for
=(90.) G  and a decomposable vector v=CY/givaE V(K),

pe,,(g)v=1= ($ a (g a )v a ).

§ 2. An irreducible decomposition of the regular representation

First we obtain the central factor decomposition of the regular represen-
tation of G and then starting from it we can construct an irreducible decompo-
sition in a similar way as in [3].

Theorem 2.1. The central factor decomposition of  the left regular repre-
sentation L  of  G  on  L 2( G ) is given by  the follow ing direct integral:

i!Ahlre
{L, L 2(0 } = {Pe, -4((E)}dil(C) .
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A  natural equivalence is given by

1„ye
L2(c) ak—ohE .gc (e )d p ().

The factor representations coming into here are of  type IL or type I finite.

Theorem 2 .2 .  ( i )  Fix  E=---(Ea)El_47. T ak e a  system  0 (E)={14,,111-
d(ea)}a.A o f  orthonormal bases of  V(Ea) 's. Then an  irreducible decomposi-
tion of  the factor representation { los ,,SC(E)} is given by

[ Fh(e)lfED
{Pe, -4C(E)) L--{ P g , V ) ,  17 ($, (E); 101C1V(K)eKce)

A  natural equlvalence mapping is given by

tF,,(7ED
9C(E)Dy9h(E)<—,Fh($)(•)E V(Œ, 0 (E); K)clve(K) .

( 0  Fix  a  system 0 (E )= {v e ,,,I1 j. d (E )}«.A  o f  orthonormal bases of
V(Ea)'s f or each E = ( E a ) E S .  A n  irreducible decomposition of  the left regular
representation L  is given by the following direct integral:

tOyereyED
(L, L2 (G)} = V(E, 0 (E); K)}dve (K)}cl,u(E) .

E K (E)

Two irreducible components togr and IoN : ) are mutually equivalent if  and
only  if  E=E' and K a =  except a f inite num ber o f  aEA.

Note that decompositions in the above two theorems are direct integrals
of non-separable Hilbert spaces in general. Such direct integrals are studied
in  [4], [5].

§ 3. Cardinality of mutually disjoint irreducible decompositions

First we decompose each representation {,(3, ,1C(E)) into irreducibles.
There exist infinitely many, mutually disjoint decompositions and  we can
evaluate th e  ca rd ina lity  o f  these decompositions. Next assembling these
decompositions fo r  each E E, we evaluate th e  c a rd in a lity  o f  mutually
disjoint irreducible decompositions of the regular representation.

Theorem 3 .1 .  Fix  an  element Ê  (A :;47=  -, a  —  =  a e A —  a. A ssume that the
cardinality of { a -A d (E a )2 }  is  d. T hen there ex ist at least 2 '  mutually
disjoint irreducible decompositions of the factor representation {pe, M(E)}.

P ro o f  Fix two systems 0  (e )', i = 1 ,  2 ,  o f  o rthono rm al b ases  {vL.Ji
l j d(Ea.)}aGA, such that, for a  fixed E>0,
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E d ( a ) )

for any a with d(Ca) 2.
Let A=11, 21A  and take /1=G1 We set systems of orthonormal bases

0 (e ; A) for A EA  by 1)• j d(A„ a „ a c i l .  Then remembering C.C. Moore's
criterion o f equivalence o f infinite tensor product representations [2], [3,
Lemma 4.1], we have p i r  A' pcs',V ;') for any K, IC' e K (E ), in case /1a*Xa for
infinitely many a with d ($ ,,) 2.

We set a maximal subset A(C) of A which has the property that, for any
two elements A, X E A(E), /1a* Xa for infinitly many a with d($a)__ 2. The set
A (e) is  of ca rd in a lity  2 '. Therefore we see that there exist 2d  mutually
disjoint irreducible decompositions parametrized by n ( e ) :

(Fh(E)r ,o ( z .

KM

A) , „ o , „ )
tPe K ' u (e; A); Ic)1VelK) •

,./ 

Thus we have constructed 2 ' irreducible decompositions of the represen-
tation pe in the central factor decomposition of the regular representation.
Summing up over CE E . w e get the next theorem.

Theorem 3.2. L et a discrete group G -- --ILEAGa be the restricted direct
product group of f inite groups Ga. L et d  be the cardinality of  A ' 1 =faE AI
Ga is not commutative}.

Then there exist 2d  mutually disjoint irreducible decompositions of  the left
regular representation L  of  G of  the following type:

( L ,  L 2 ( G ) )
(o h y e rh(eve

I f ( f )

{ P U 1 ,  V (e ,  0 (E ) ;  0 }C IV e (K )fd lt ( )  •

P ro o f  Already 2' mutually disjoint irreducible decompositions of pe are
constructed in Theorem 3.1 under an assumption on C. So it is sufficient for
us to prove that the assumption of Theorem 3.1 holds for almost all EE,E'.

Put X=--. {$E Ele does not satisfy the assumption of Theorem 3.1). Note
that CE X  is characterized by the property "d(Ca)=1 except a finite number
of a E  nA o n " .  Let B be a countably infinite subset of A " n  and E(B)=T1.  aeB— a.

We define X (B )c E (B ) as

X (B )= { - E E(B)1 3 CE X  such that "cf= Ca for 'd aEB} .

Since B is countable, X (B ) is measurable and of measure zero as a subset of
E(B) (see [3, Proof of Theorem 4 .2 ]) . As a subset of a nullset X (B )x  H
of E, X  is measurâble and of measure zero.

ereA\B

The proof of the theorem is now completed.
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