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On the Dirichlet problem for the
nonlinear equation of the vibrating string II

By

A. A. LYASHENKO

0. Introduction

In the present paper we continue the investigations we have begun in [1].
We discussed the solvability in L»(2) of the Dirichlet problem for the non-
linear equation of the vibrating string

un+f(x, v, u)=0, (z,y)EQ
(1)

u)s0=0

where £ was a bounded domain strictly convex relative to the lines x = const,
y=const. Using results obtained in [2] we have proved existence and unique-
ness of weak solutions of (1) in the case I'=902€ C*, 2 satisfies some symme-
try conditions (€ E(m, »n) for some m, nEN, n>m), f(x, v, ) is continuous
in (z, v, ), monotone in # and satisfies some estimates (see [1]).

In the present paper using some topological methods we discuss the
existence and uniqueness of weak solutions of (1) without assumption of 7 to
be monotone in u. For simplicity we consider here only domains with
analytic boundary, although most results are valid also in the case when I'E
C= or I' is piecewise smooth. In the paper we essentially use some notations
introduced in [1] and results of work [3].

1. Main notations

Let 2 be a bounded domain convex relative to the lines x=const, y=
const. We shall assume that I'=0% is an analytic curve and the curvature of
I' at those points where the tangent is parallel to one of the coordinate axes
is positive.

We shal consider here the following problem

2 Au+7f(x, v, u)=0, (z,v)ER

where A=A in La(Q), Ao =ttey, uED(Ag)=C*(QUI)N WA(Q). Asin [1],
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[3] we consider some diffeomorphism F of the boundary: F=T °T* where
the diffeomorphism 7'* assigns to a point of the boundary another boundary
point with the same coordinate y, while the diffeomorphism 7~ assigns to a
point of the boundary another boundary point with the same coordnate .
The diffeomorphism F is analytic and preserves the orientation of the bound-
ary.

Let I'={(x(s), y(s))|0<s</} be a natural parametrization of I", s be
parameter of arc’s length, / be total length of I'. For each point PE T we
assign its coordinate S(P)&([0, /). Then the diffeomorphism F can be lifted
[4] to a map F: R~ R, i.e. there exists increasing function 7:R-> R such that 0
<f(0)</ and

fs+D)=f(s)+!, s€R; S(FP)=f(S(P)) (mod!), PEr

As far as F is analytic then the lift f is an analytic function. It is known [4]
that if we denote fi(s)=£(s), feni=r(fx(s)), kEN, then independently of the
choice of sE R there exists a limit

1im%f;ld=efa(f)€[0, 1]

n-oo

which is called the rotation number of F [4]. Because of the analyticity of F
the following cases are possible [3]:

(A) a(F )=% is a rational number, and F"=1, where I is the identity
mapping of I' onto itself.
(B) a/(F)=% is a rational number, (m, n)=1, and the set of fixed

points of F” on I' is finite.
(C) a(F) is an irrational number, and F™ has no fixed points on I" for
any nEN.

2. Case (A)

This case is considered in [1]. The solvability of (2) has been proved if
f(x, v, u) is continuous in (x, y, #), monotone in %, and satisfies some esti-
mates. Assuming f(x, vy, u)=g(u)—f(x, ¥) and using general topological
methods we shall derive an abstract solvability condition if g(#) is continuos
and satisfies some estimates.

Let the conditions (A) hold. Then (see [3]) A=A4%* dimN(A)=co, the
range R(A) is closed in La(R2), L:(2)=N(A)PR(A). Besides, as it has been
pointed out in [1], Az '=(A|rw)": R(A)- R(A) is a compact operator.

We denote by Px, Pr orthogonal projections from L2(2) onto N(A4), R(A)
respectively. Consider the following equation
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(3) Au+tg(u)=f

where fE€ Ly(2), g(u)E Ly(2) for any u=Lx(2). This equation can be re-
written in the form

() Aui+ Prg(u)=fi

©) Pug(u)=12

where fi=Pxf, fo=Pnf, u1= Pru, us=Pyu, or in the other form
(6) 1= Ar "' (fi— Prg(t1+ u2))

(M Prg(ur+ u2)= 12

Let g(u) be a continuous function form C into itself and for some constant
C >0 the following inequality hold:

®) log(<Mlul+C, usC

Here M >0 is some positive constant satisfying

(9) M<Milr

where A is the eigenvalue of Ar"' with the largest absolute value.
Let u. be an arbitrary function from N(4). Then nonlinear operator

(10) B(v)=Ar"'(fi— Prg(v+1v2))

is compact operator from R(A) into R(A4). Besides from (8), (9) it follows
that B maps any closed ball BN R(A)={u€ R(A)||u|..c0y< 7} into itself if

+ M| ws|L,+ C

Al

So by the Schauder fixed point theorem we obtain that for any #.< N(A) there
exists 11ER(A) such that (6) holds. We denote this function z:=H (us).
Then

H ()= Ar"(/i— Peg(H (u2) + uz))

@)+
| H (22)| 0oy < | Ar] + M | 242 L0y +M'|”f1;"—LI%IM—C

So the operator H: N(A)- R(A)ND(A) is bounded. Thus the sufficient
condition for the solvability of the problem (3) is the olvability in N(A) of the
following equation

(12) Prg(H(u2)+ u2)=f2
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Assume g satisfies

(13) lg(e) —g(W)<M-lu—v|, wu, vEC

where M < -Mllr Then B is a contractive operator in R(4). So for any #.€

N(A) there exists unique solution z1=H(u;) of the equation (6). Therefore
solvability of (12) in N(A) is a necessary and sufficient condition for the
solvability of (3).

Thus we have obtained

Theorem 1. If g is a continuous function and (8) holds then the
solvability of (12) in N(A) is a sufficient condition for the solvability of (3) in
Ly(Q).

If g satisfies (13) then problem (3) is solvable in L2(Q) if and only if
equation (12) is solvable in N(A).

Remark 1. In fact, (8), (13) coincide with the inequalities under the
fulfillment of which the existence and uniqueness of the 2x-periodic solution
of the following problem

U — uzz+g(u)=f(z, t)
u(0, t)=u(x, t)=0

are usually proved (see, for example, [5]).

Remark 2. All the arguments remain valid if we consider the domain
with non-analytic boundary, for example, I'=U%.I}, ;€ C2

Remark 3. All the arguments remain valid if instead of (3) we consider
the folowing problem

Au+K(u)=f

where K(u) is some nonlinear opérator in L(£).

3. Case (B)

Let the conditions (B) hold. Then a/(F)=%. set @ of all fixed points of

F"on I' is finite. A fixed point PE @ is called “simple” [3] if /(S(P))=*+1.

Let all fixed poioss PE @ of F” be simple. Then from [3] it follows that
A is a symmetric operator, N(4)={0}, dimN(4*)=co, the ranges R(A),
R(A*) are closed in L(£2) and

LAR)=N(A*)OR(A)=R(A*)



Dirichlet problem 701
Besides, there exists a constant C >0 such that

(14) leell oy < C | Al Loiay usD(A)

So D(A)C l?Vz‘(.Q) and K=Ar '°Pr is a compact operator in L:(2). The
character of the problems (2), (3) in the case (B) is quite different than in the
case (A). To show this we consider the simplest example.

Let g(u#)=—A-u where A#0 is not eigenvalue of A. Then in the case (A)
problem (3) can be written in the form

Aul—/lux=f1
—Auzzfz

f2

So u;= FRE u=(A—AI)'f; u=u1+uz=(A—/U)‘1f1—% is unique solution

of (3). Thus in the case (A) solution of (3) exists for any f& Ly(R), this
solution is unique and depends continuously of f.

Let the case (B) hold. Consider g(u#)=—A+u where 1/A is not an
eigenvalue of the operator K=Axz'oP:. Then the equation (3) can be
written in the form

(15) {A(u1+uz)—/1u1=f1

_Auzzfz

where 1= Prut=Pryut, uz=Pn+ut=Pnuru, i=Pxf, o=Pnf. So uzz_%

and we obtain

Afe

(16) Aui—Aui=hAH+ 1

We denote v=AuER(A). Then u:=Kv and equation (16) can be rewritten
in the form

v—AKv=A, +%
Since 1/4 is not eigenvalue of K then
(18) v=(l—/1K)‘1<f1 +Asz>
Assume

(19) (I—AK)“( fﬁ%)eR(A)



702 A. A. Lyashenko

Then using (18), (19) we obtain

uIZAR“v=Kv=%(v—(1—/1K)v)=<%<v—<fl+ Al )))eR(A)

Thus the system (15) is solvable if and only if (19) holds.
Let f(x, vy)EL:(Q) and g(u)E LAR) for any u< L2(R2). Consider again

(3) Au+g(u)=f

This equation can be rewritten in the form
(20) u=Ar"" Pe(f —g(u))=K(fi—g(u))
(21) Py-g(u)=f2

If g satisfies (8), (9) where Ai=A(K) is the eigenvalue of K with the largest
absolute value, then for any /1€ R(A) there exists a solution u=H(A)ED(A)
of the equation (20). So the following condition

(22) PN*g(H(fl))ZfZ
is a sufficient condition for the solvability of (3).

If g satisfies (13) where M < 1 then the solution #=H(f1) of (20) is
[A(K)

unique and the equation (3) is solvable if and only if (22) holds.
Consider the equation

(2) Au+Fflx, v, u)=0

where f(x, y, u) satisfies

(23) I/ (x, ¥, w)llyey <M ety + C, u€ Lx(2)
or
(24) I/ (xz, v, )= f(z, v, V)Laay <M e — vl|1scay u, v€ Lx(Q)

where M < /h(lK) . Then the equation

(25) u=—Ar o Pef(x,y, u)=—Kf(x,y, u)

posseses a solution #,D(A). This solution is unique if (24) holds. So the
following condition

(26) Puf(x, v, us)=0

is sufficient for the solvability of (2). If (24) holds then (26) is a necessary and
sufficient condition for the solvability of (2).
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If we draw analogy to he theory of linear equations in the spaces of finite
dimensions then equation (2) in the case (B) corresponds to the linear equation

Ax=f

where xER", fER™, m>n, rank(A)=ux.
So it seems to us that it is impossible to find “regular” conditions for the
functions f(x, v, u), g(u), f(x, y) to resolve the equations (2), (3) in the case

(B).

Remark 1. The analyticity of the boundary is not essential in the case
(B). All the arguments remain valid if we consider domain with a boundary
I'e C? such that a/(F[‘):% is a rational number, the set of fixed points of F"
on I' is finite, all fixed points of F”" are simple.

Remark 2. Let the boundary I of the domain {2 satisfies (B). Then any
mapping of the form

(27) u=f(x), n=g(), (x,vEL

transforms domain £ onto some domain £ with boundary I7 which satisfies

the conditions (B) and CY(FF):(Y(FP,):%. Besides the set of fixed points of

F" is transformed by (27) onto the set of fixed points of Fi".
So for the domains which satisfy (B) it is possible to prove a theorem
analogous to Theorem 6 in [1]. However to transform £2 onto £, by mapping

of the form (27) it is not sufficient that a(Fp)Zaf(Fn)=1:;- and the sets of fixd

points of F/*, FF, are finite. It is necessary also that the sets of fixed points
of I/ and FF, have the same number of elements.

4. Case (C)

Let the case (C) hold. We shall consider the solvability of the problem
(2). This case is the most complicated and the properties of the operator 4
are investigated less than in the cases (A), (B).

We shall assume here that the following condition holds:

(I) The diffeomorphism F is analytically conjgate to the shift
Rary: s—(s+a(F)) (mod /)

It means that there exists an increasing analytic function g(s): R> R such
that

(28) g(f(s)=g(s)+a(F), sER
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where f(s) is lift of diffeomorphism F [4].
According to the Denjoy’s Theorem [4], if a(F) is irrational then there exits
g(s) satisfying (28). However it can be constructed such diffeomorphism F
with an analytic lift f(¢) that a(F) is irrational and the conjugating function
g(s) is not absolutely continuous function [3], [7].

Let [a, b], [c, d] be the projections of QUI onto the x and y axes
respectively. Following [3] we set

o(x)=(x—a)(b—2), ay)=@—c)(d-y)
B(k, j)=5max(0, 2/ —k—1)

M.V. Fokin [3] introduced the spaces H:(2), £=0, 1, - obtained by closing
0
C>(QUIN W) in the norm

k s . Py .
e 6?= | 2e|Lr0) + ng(” 0" * I D ulli 0+ 02" Dyl c0))

It is easy to see that Ho(R2)=L:(R2), H\(2)= Ponl(Q), WA (2)N P()%‘(Q)CHk(Q)

]
C W (Q), k=2,3, .
From the results of paper [3] it follows

Theorem 2. Let the condtions (C), (I) hold. Then
1) A=A4* N(4)={0}.

2)  The range R(A) of the operator A is closed in L) if and only if
therve exists a constant C>0 such that for any n, m

_mly C
(29) Ia/(F) n’z G, maeN

3) If there exists such pEN, C>0 that for any m, n
(30) ‘a/(F)—%\Zn—(i, m, neN

then for any k=p—2 it follows that W.*(Q)C R(A) and for some C(k)>0
(31) A7 Ul s-p-r S C(R) | mray, uE W2*(RQ)

It is known [7], [8] that estimate (30) for irrational a(F) can hold for all
m, n only if p=2. The set of numbers a for which (30) hols for p=2+ € has
full measure for any €>0. There exist the transcendental numbers of
Liouville [6] @ that for any p, C >0 there exist m, nE N such that (30) does not
hold.

Let for any m, nEN inequality (29) hold. Then from Theorem 2 it
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follows that A=A* N(A)={0}, R(A}=Lx(£2) and
(32) A ule < C(R)-llulmray,  uE WHR2)

Assume f(x, v, u) satisfies (24) for some constant M >0 such that

1
(33) M<W
Besides, we assume that f(x, y, «) is defined for all (x, y)€2, ©<C and
(34) flz, y,0)E LARQ)

Then from (24), (34) it follows that f(x, v, u(x, ¥))E L(R2) for any u<E Ly(2)
and equation (2) can be rewritten in the form

(35) u=—A"'"f(x, v, u)d;fBu

Using (24), (32), (33) we obtain that B is a contractive operator in L:(2). So
there exists unique solution #€ D(A) of equation (2).
Assume f(x, v, u) satisfies the following inequality

(36) If(x, v, u(x, ¥))— £z, v, u(z, y) W'y < Mi+llu—vllio
for any «, v€ W(2) and

(37) MKﬁ

(38) f(x, v, 0)€ W2(Q)

[
Then B is a contractive operator in W:'(£2). Hence there exists unique

0
solution #&€ W,'(R) of equation (2).
So we have proved

Theorem 3. Let the conditions (C), (I) hold. Assume a(F) satisfies (29)
for any m, nEN. Then

(1) If f(x,y, u) satisfies (24), (33), (34) then equation (2) possesses unique
solution in Li(8).
(2)  If f(x, v, u) satisfies (36), (37), (38) then equation (2) possesses unique

0
solution in W'().
Unfortunately, estimate (32) does not allow us to prove the regularity of

the solution if f(x, y, #) is regular. For example, if f(x, v, u)=—eu—g(zx,
y), g€ C=(LUTI), €>0 is small, then
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(39) u=A"'9+eA'u=Bu

From (32) it follows that A '¢geC=(2UTI). However as far as H,D

WA (2)N ﬁle(.Q), H,.+W.*(2)N ﬁ/zl(.Q) for any £>1, then from (32), (38) and
the general topological methods it does not follow that the operator B has a
fixed point in H,(R) (or W2*(2), or C*(QUI)) if k>1.

If a(F) satisfies (30) for some natural number p>2 then R(A) is not closed
in L2(2) and estimate (31) does not allow us to prove the existence of a fixed
point in L2(2) of the operator Bu=—A"'f(x, v, #) using only the general
topological methods.

Remark 1. All the arguments remain valid if instead of (2) we consider
the equation

Au+K(u)=0
where K(u) is some (nonlinear) operator in L2(£).
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