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On hyperplane sections of reduced irreducible
varieties of low codimension

By

Jiirgen HERZOG, Ng6 Viét TRUNG* and Giuseppe VALLA

1. Introduction

Let X be an arithmetically Cohen-Macaulay variety (subscheme) of
codimension 2 in P"=P"(k), where k is an algebraically closed field. Let /
=1(X) denote the defining ideal of X in the polynomial ring R=k[xo, ***, Zx].
By the Hilbert-Burch theorem we may assume that / is minimally generated
by the maximal minors of an » —1 by » matrix (g:;;) of homogeneous elements
of R. Let ay, ---, ar be the degree of these generators. Then / has a minimal
free resolution of the form

r—1 (9i5) 1
0— @R(—bi)i» D R(—a)y—I—0,

where b, *++, b1 are positive integers with 236,=2la;. Put u;=b:—a;. We
have degg;;=uy, if ;>0 and ¢;=0 if #;<0. Under the assumptions a;<--
<a, and bi<---<b,_,, the matrix (u.;) is uniquely determined by X, and it
carries all the numerical data about X. One calls (u;;) the degree matrix of
X [5].

In [24] Sauer proved that an arithmetically Cohen-Macaulay curve in P?
is smoothable if and only if #;42=0 for i=1,---, »—2. At a first glance
Sauer’s result is surprising in so far as smoothability should solely depend on
the Hilbert function of the curve (which of course is determined by the degree
matrix but not vice versa). However, as observed by Geramita and Migliore
[13], this numerical condition of the degree matrix can indeed be expressed in
terms of the Hilbert function of C.

On the other hand, as noted in [13], Sauer ([24]) proved, though not
explicitly stated, that a matrix of integers u;;=b;—a;, where &, <-<a, and
b<--<b,_; are two sequences of positive integers with 2 a;,=215;, is the
degree matrix of a smooth arithmetically Cohen-Macaulay curve in P® if and
only if #:;42>0 for 1=1, ---, » —2. Here the reference to the stronger numeri-
cal invariant, the degree matrix, is indispensible, since the Hilbert function
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only recognizes smoothability.

Inspired by this observation, Chiantini and Orecchia [7] have shown that
a collection of points in P? is a hyperplane section of a smooth arithmetically
Cohen-Macaulay curve in P? if and only if its degree matrix satisfies the
condition #.:+2>0 for 1=1, ---, » —2. This numerical condition is for instance
satisfied if the points are in uniform position; see the discussion before Cor. 3.7.
Thus the result of Chiantini and Orecchia is a certain converse to a theorem
of Harris which says that a generic hyperplane section of an irreducible curve
is a set of points in uniform position (see [15] and [16]).

In this paper we shall extend these results as follows.

Theorem 1.1. Let XCTP”" be a reduced avithmetically Cohen-Macaulay
variety of codimension 2 with degree matvix (u;). Then X is a hyperplane
section of a reduced irreducible arithmetically Cohen-Macaulay normal variety
YT P! of codimension 2 if and only if wti2>0 for i=1,-, r—2.

For example, the numerical conditions of the theorem are satisfied if one
of the hypersurfaces of least possible degree passing through X is irreducible.
This will be shown in 3.5.

Our method of proving 1.1 is different from the one of [24] and [13] (where
linkage theory is employed). First we consider generic » —1 by » matrices
(x:) whose entries are either zero or indeterminates and satisfy the condition
x:;#0 for 1=7—2. Then we specialize such a matrix to obtain a reduced
irreducible arithmetically Cohen-Macaulay normal variety Z in a space P™,
m > n, whose section with an n-space is X. Finally we descend from Z by a
Bertini type theorem to a reduced irreducible arithmetically Cohen-Macaulay
normal variety Y C P"*! such that X=Y N P”*. This method has the advan-
tage to work as well in the Gorenstein case.

A result similar to 1.1 has been obtained by Mei-Chu Chang [4] for n<4
when X is projectively Cohen-Macaulay.

Now let XC P” be an arithmetically Gorenstein variety of codimension 3.
By [2] and [29], the defining ideal /=1(X) of X is minimally generated by the
27-pfaffians of a skew-symmetric 27 +1 by 27 +1 matrix (g:;) of homogeneous
forms of R. Let a1 <---<asr+1 be the degree of these generators of I. Then
I has a minimal free resolution of the form

(9ij)
0— R(— ) @1 R(— b)—> @ R(— a;)— [—0 |

where c=%(a1+--- +asrs1), bi=c—a:.. If weput u;=c—a:—a;, we have deg

gi=uy, if ;>0 and g;=0 if u;<0. As before, the integer matrix (u.) will
be called the degree matrix of X. With the method described above we obtain
the following results which characterize the degree matrix of smooth arithme-
tically Gorenstein curves in P* and hyperplane sections of reduced irreducible
arithmetically Gorenstein varieties of codimension 3.
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Theorem 1.2. A matrix of (us;) of integers as above is the degree matrix
of a smooth arithmetically Gorenstein curve in P* if and only if u:;>0 for all
1,7 with i+7=2r+4.

Theorem 1.3. Let XC P" be a reduced arithmetically Gorvenstein variety
of codimension 3 with degree matrix (us;). Then X is a hyperplane section of
a reduced irreducible arithmetically Gorenstein novmal variety Y CP™' of
codimension 3 if and only if u;>0 for all i,7 with i+j=27r+4.

Similarly as in case of codimension 2 varieties we show (Cor. 5.1) that
the equivalent conditions of the theorem are satisfied if one of the hypersur-
faces of least possible degree passing through X is irreducible.

The proofs of 1.1 resp. 1.2 and 1.3 will be found in Section 3 resp. Section
5. In Section 2 we deal with generic height 2 perfect prime ideals and their
specializations. In Section 4 we list, for a fixed integer r> 2, all integers
which occur as the degree of reduced irreducible arithmetically Cohen-
Macaulay schemes of codimension 2 whose defining ideals are minimally
generated by 7 elements. Finally in Section 6 we compute a Grobner basis
for generic height 3 Gorenstein ideals and deduce from this a formula for the
degree of arithmetically Gorenstein varieties of codimension 3. We also
compute the minimal free resolution of the ideal generated by the leading
terms of a generic height 3 Gorenstein ideal.

2. Generic height 2 perfect prime ideals and specializations

Let us first explain why the degree matrix () of an arithmetically
Cohen-Macaulay reduced irreducible variety of codimension 2 satisfies the
condition u:i+2>0 for all 7.

We prefer to use the algebraic language, and hence have to consider
homogeneous perfect ideals /CR=~Fk[xo, -:*, x»] of height 2. Their degree
matrix is defined as in the introduction. Note that the assumptions a;<---<
ar and bi<---<b,_; imply that u;<us: for all 1<s and ¢ <j.

Lemma 2.1 (cf. [13], p. 3142). Let ICR=Fk[xo, **, xx] be a height 2 perfect
homogeneous ideal with degree matrix (u;;). Suppose that I contains two
forms of degree a1 and a: (the least possible degrees) having no common factor.
Then w:+2>0 for all 1.

Proof. Without restriction we may assume that the two forms of least
possible degree are the elements f; and f; of a minimal homogeneous basis f,
-« fr of I, and that #; is the maximal minor of an »—1 by » matrix (g;;) of
homogeneous forms obtained by deleting the i-th column, =1, -, ». Let
(u:;) be the degree matrix of (g:;). If u#+2<0 for some =1, .-, » —2, we have
#;<0, and therefore g;=0 for all 7<¢ and j=¢+2. Thus, the minor of the
last » —¢—1 rows and columns of (g;) is a factor of both maximal minors £
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and f2, a contradiction.

It is obvious that any height 2 homogeneous prime ideal contains two
forms of least possible degree having no common factor (any form of least
possible degree of a prime ideal is irreducible). Therefore, the degree matrix
of any arithmetically Cohen-Macaulay reduced irreducible variety of
codimension 2 and of all of its proper hyperplane sections (they have the same
degree matrix) satisfies the condition #:+2.>0 for all 7.

One can obtain arithmetically Cohen-Macaulay varieties of codimension
2 with a given degree matrix (u;) which satisfies the condition #;:+>>0 for 7
=1, ---, » —2 by specializing the generic cases. A generic case is given by an
r—1 by » matrix (x;;) whose non-zero entries are indeterminates and which
satisfies the condition x;#0 for =7—2. We shall use induction on » to show
that the ideal generated by the maximal minors of such a matrix is a perfect
prime ideal. In order to make the induction hypothesis accessible we have to
modify these cases a little bit as follows (cf. [1, Lemma 2] for a similar
argument).

Lemma 2.2. Let A be a Cohen-Macaulay novmal domain. Let (x5;) be
an r—1 by v matrix such that X={xi;:1=7—2} is a set of algebraically
independent elements over A and ;€A if i<j—2. Let I be the ideal
generated by the maximal minors of (x;). Then height =2 and A[X]/I is
a Cohen-Macaulay novmal domain.

Proof. We prove the assertion by induction on ». If » <3, the statement
is trivial because then the entries of (x;;) consist of algebraically independent
elements. If »>3, we start with a general observation. Let xs: be an
arbitrary element of X with s>¢—2, and consider the matrix (xi;) whose
entries belong to the ring A[X, x5], and are given by

;) Xsi if i=s,
xij: . -
XiXst— Xieks; 1f 1FS.

It is obvious that the ideal IA[ X, xs/] is generated by the maximal minors of
the new matrix (x5;). Since xi:=0 for all i+#s, and since xs =xs is a unit in
A[X, xst], the ideal IA[ X, 5] is as well generated by the maximal minors of
the »—2 by »—1 submatrix (y:;) of (x;) obtained by deleting row s and
column ¢.

Now we choose Zs:&Z={x11, I12, 213, T2a}. Let X’ be the set of all ele-
ments of X in row s and column ¢ of (x;), and denote by B the ring A[ X,
xzs¢]. Then B is a Cohen-Macaulay domain, A[X, xs/]=B[Y] and IA[X,
xst]=IB[Y] where Y={v;|i>j—2}. Note that Y is again a set of alge-
braically independent elements over B, and that v,;E B for :<;j—2. Thus we
may apply the induction hypothesis, and conclude that A[X, xsA1/IA[ X, xsi]
=B[Y]/IB[ Y] is a Cohen-Macaulay normal domain, and that ZA[ X, x5] is a
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prime ideal of height 2. Moreover, IA[ X, xs'] does not contain any element
of X'.

We use these informations to deduce hat I has the required properties:
Since [ is the ideal of maximal minors of an » —1 by » matrix, its height is
<2. Suppose it is less than 2. Then there exists a prime ideal ‘B containing
I with height $<2, and so BA[X, xs/]=A[ X, x5'] since height IA[ X, x5']=2.
This is true for any x:€Z. Therefore it follows that B contains the ideal
(Z) which is absurd since height(Z)=4. (For this part of the proof it would
have sufficed that Z contains two elements.) We conclude that height /=2,
and hence by [19] the ring A[X]/I is Cohen-Macaulay, and [ is an unmixed
ideal.

Next we claim that [ is a prime ideal. Indeed, suppose there exist two
different minimal prime ideals B: and P2 of I. Since IA[X, x5'] is prime
ideal, it follows that for any xs:EZ we have 1 E%B1 or xs:EB2. None of the
two prime ideals can contain all xs€Z since their height is two. Thus we
may assume that zu €% and 2P But then xnE€BALX, ' |=IA[X,
xi2'], a contradiction.

It remains to show that A[X]/I is normal. For this it suffices to prove
that A[X]/I satisfies the Serre condition Ri. Let DI be any prime ideal
with height(/I)=1. Then, since height f=height I +1=3<height(Z), there
is an element xs:€Z not belonging to %, and hence (A[X]/I)x may be consid-
ered as the localization of the normal ring A[X, xs/]/IA[ X, xs/]. Therefore
it is regular, as desired.

Following [16] we call a homogeneous ideal I of a polynomial ring Z[ X]
over the ring Z of integers a gemerically (perfect, resp. Gorenstein, resp.
normal) prime ideal if height/ =height(A[X]) and A[X]/IA[X] is a (Cohen-
Macaulay, resp. Gorenstein, resp. normal) domain for any (Cohen-Macaulay,
resp. Gorenstein, resp. normal) domain A.

With this notation, 2.2 has the following consequence.

Corollary 2.3. Let (xi;) be an r—1 by v matrix such that the non-zero
entries form a set X of algebraically independent elements over Z and x;+0
for i=j—2. Let I be the ideal of Z[X] generated by the maximal minors of
(xi). Then I is a height 2 generically perfect normal prime ideal.

The following lemma describes the transfer of generic properties. We
refer the reader to a survey on the widespread literature on this subject in [3],
Chapter 3. The proof of the next lemma follows the patterns of [27].

Lemma 2.4. Let I be a generically (perfect, resp. Gorenstein, vesp. nor-
mal) homogeneous prime ideal of a polynomial ving Z[X]=Z[x1, -, ).
Let S be a Noetherian commutative ving with unity whose Jacobson radical
contains a regular sequence ai, -, an such that S/(ai, -+, an) is a (Cohen-
Macaulay, resp. Gorenstein, resp. normal) domain. Let | denote the ideal
generated by the elements o(f), FEI, where ¢ is the ving homomorphism from
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Z[X] to S induced by the map xi—a:; i=1,-, n. Then S/J is also a
(Cohen-Macaulay, vesp. Gorenstein, resp. normal) domain.

Proof. Since height(/)=height(IZ,[ X]) for any prime number p, the
ideal I does not contain any non-zero element of Z; therefore 71 < (x1, ***, x»).
Put 8=(ay, ---, a»). Then JSB. Since B is contained in the Jacobson radical
of S, it suffices to show that the associated graded ring grs,(S/J) is a
(Cohen-Macaulay, resp. Gorenstein, resp. normal) domain (see e.g. [21, (2.1D)],
[20, Theorem 4.11], and [6, Section 3]). Let A be the ring S/8. By the
assumption on ai, ***, an, gra(S)=A[X] and A is a (Cohen-Macaulay, resp.
Gorenstein, resp. normal) domain. In the following we will identify gra(S)
with A[X]. Let I'* denote the ideal of A[X] generated by the leading forms
of J. Then gr(S/J)=A[X]/I*. By the generic property of I we need only
to show that /*=IA[X]. Since I is a homogeneous ideal, this follows once
we know that height(/*)=height(ZA[X]). To prove the latter equality, it is
sufficient to show that height(/*) <height(ZA[ X]). Let K denote the quotient
field of A. We have

height(/*) <height(/* K[ X])

Since B” is a primary ideal for all #=0, the order of any element of / with
respect to the B-adic filtration remains the same when passing to the BSg-adic
filtration. Hence I* K[ X] is the ideal of the leading forms of the elements of
JSg in gresy(Se)=K[X]. This implies

height(/* K[ X])=height(/Ss)
(see [12, Kap. II, § 3]). But
height(JSg) <height(/) =height(ZA[ X])

by the superheight theorem of Hochster (17, (7.1)], and hence we obtain height
(I'*)<height(IA[ X]).

Corollary 2.5. Let (gi;) be an » —1 by » matrix of homogeneous elements
of a polynomial ring S over a field k which satisfies the following conditions:
(1) gij=#=0 fOV 22]—2,

(ii) The elements g:;#+0 form an S-regular sequence,

(iii) The factor ring S/B is a (normal) Cohen-Macaulay domain, where B
denotes the ideal generated by the elements gi;.

Suppose moreover that the ideal | generated by the maximal minors of (gs) is
homogeneous. Then S/J is a (normal) Cohen-Macaulay domain.

Proof. Let m denote the maximal graded ideal of S. By 2.3 and 2.4, the
local ring (S/J)w is a (normal) Cohen-Macaulay domain. Since J is a homoge-
neous ideal, this is equivalent to saying that S/J is a (normal) Cohen-
Macaulay domain (see [20] or [6, Section IJ).
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Remark 2.6. The condition x;+0 (resp. g;#0) for i=;—2 of 2.3 (resp.
2.5) can not be weakened. For instance, the ideal generated by the 2-minors
of the matrix

x vy 0
u v ow
is not a prime ideal.

3. Lifting height 2 perfect ideals

There is an easy way to construct, for a given arithmetically Cohen-
Macaulay variety X of codimension 2 in P” whose degree matrix satisfies the
condition wu:+2>0, a reduced irreducible arithmetically Cohen-Macaulay
variety Y of codimension 2 in a larger projective space P™"2O P” such that X
=YNP"

To see this let us introduce the following terminology. We say that a
homogeneous ideal /C R=~Fk[xo, --*, x»] can be lifted to an ideal JCS=Fk[x,
-+ Xm], m=>mn, if there exist linear forms y, ***, yr of S, » =m—#n, such that R
=S/(y1, =, ¥») and I=(J, y1, =, )/ (31, >+, ¥r). Geometrically, this means
that the variety defined by I in P” is the intersection of the variety defined by
J in P™ with a #n-space.

Lemma 3.1. Awny height 2 perfect ideal I CR=F[xo, -+, xx] whose degree
matrix (ui;) satisfies the condition u.+2>0 can be lifted to a height 2 perfect
prime ideal JCS=k[xo, ::, xn] for some integer m>n such that S/] is a
normal domain.

Proof. Let (gi;) be a Hilbert-Burch matrix of 7 having the degree matrix
(us;). For every u;>0, we introduce new indeterminates X, Vi, @, bi, Cis
and put

Gi=xsa%y '+ yub% '+ cl + gis

For u;<0 we put G;=0. Since u:+2>0, G;#0 for all />;—2. Let S be the
polynomial ring over R in all indeterminates x.;, v, @, bi, ¢ It is obvious
that the elements G;; form a regular sequence of S. From the fact that the
normality of a ring A is transfered to all rings of the form Alx, y]/(ax+ by
+¢), where x, y are indeterminates and «a, b, c is a regular sequence of A ([26,
Korollar 4.4]; see also [18] for a homogeneous version of this result), we can
successively deduce that S/ is a normal Cohen-Macaulay domain, where 8
denotes the ideal generated by all G;. Let J be the height 2 homogeneous
ideal of S generated by the maximal minors of the matrix (G;). Then I can
be lifted to J since the G specialize to g;; for all 7 and j; moreover, by 2.5, S//
is a normal Cohen-Macaulay domain.
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One can easily derive from 3.1 Sauer’s characterization of the degree
matrix of smooth arithmetically Cohen-Macaulay curves in P2

Corollary 3.2 ([13], Theorem 4.1). Let ai<---a, and b1 <---<b,_, be two
sequences of positive integers and put u;=b;—a; for all i and j. The matrix
(ui;) is the degree matrix of a smooth avithmetically Cohen-Macaulay curve in
P? if and only if wuir2>0 for i=1,+, r—2.

Proof. By 2.1, we only need to prove the sufficient part of the statement.
Let I be the height 2 perfect ideal generated by the maximal minors of the
matrix (gi;) with

_ l'f‘j“ if u,‘j>0,
95790 if uy<0.

By 3.1 we can lift / to a height 2 perfect prime ideal J in a polynomial ring
S=Fk[xo, -+, xn] such that S/J is a normal domain. Let Y CP™ be the arith-
metically Cohen-Macaulay normal variety defined by J. There is a Bertini
type theorem on hyperplane sections of normal varieties [11, Theorem 5.2]
according to which there is a linear subspace P?® of P™ such that X=Y N P®
is a smooth arithmetically Cohen-Macaulay curve. Of course, X has the
same degree matrix as Y, namely (u;).

To prove 1.1 we need a Bertini type theorem dealing with hyperplane
sections passing through a fixed linear space.

Lemma 3.3. Let ] be a perfect homogeneous prime ideal in a polynomial
ring S over k such that S/J is a normal domain. Assume that there are r >
2 linear forms x1, -+, xr of S such that I=(J, x1, -+, xr) is a veduced ideal with
height /=height J+». For a general linear form x in (x1, -, xr), the ideal
(J, x) is a perfect prime ideal and S/(J, x) is normal domain.

Proof. We only need to show that S/(J, x) satisfies Serre condition R..
Let B2(/, x) be an arbitrary prime ideal of S which corresponds to a singular
point of Spec(S/(J,x)). We have to show that height B/(J, x)=2. By
Bertini’s theorem on singularities (see [30] for char(£#)=0 and, e.g., [28,
Lemma 3.5 (ii)] for char(k)#0) we know that BL27/NL, where £ is the
defining ideal of the singular locus of /. If 821, there is an associated prime
ideal 8" of I such that ‘B=2R’. Since [ is a reduced ideal with height / =height
J+ 7, the local ring (S//)e is regular. From this it follows that (S/(J, x))w is
also regular. Thus, #'#=%, and we obtain height $/(J, £)=height B/I
+height I/(J, ) =height B/B'+r—1=2. If P2, we have

height B/(J, ) =height (Q, 2)/(J, x)=height (Q, x)/O+height Q/J—1.
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Since S/J satisfies the condition R;, height 9.//>=2. We distinguish two cases:
in the first case there exists no associated prime ideal of £ of minimal height
containing (x1, -**, x»). Then, by the general choice of x, height(Q, x)/£>0,
and thus height 8/(/, x)=2. In the second case such an associated prime
ideal £ exists. Then, since /21, it follows as above for 8 that height Q'/(/,
x)=2, and this implies that height Q//=3. Hence height B/(/, x)=height
/] —1=height Q'/] —1=2, as required.

Remark 3.4. The assumption that (/, &1, =, x») is a reduced ideal can
not be removed in 3.3. For instance, let / be any height 2 homogeneous
perfect prime ideal in R=k[xo, 11, X2, 23] such that R/J is normal and e(R/])
>1. We may assume that height(/, x1, xz) =height /+2=4. Since e(R/P)=
1 for any homogeneous prime ideal P of R with height P=3, the ideal (/, x)
is never prime for any general linear form x in (&1, x2).

Now we are able to prove the first main result of this paper.

Theorem 3.5. Let I be a height 2 perfect reduced homogeneous ideal I in
the polynomial ring R=Fk[xo, **, x»). Assume I is minimally generated by
forms of degree ai,+*, ar, 1< a><--<a., and has degree matrix (u;). Then
the following conditions ave equivalent:

(1) ©uis2>0 for i=1, -, r—2.

(ii) I can be lifted to a height 2 perfect prime ideal J in S=Fk[xo, ***, Zn+1] Such
that S/J is a normal domain.

(iii) I can be lifted to a height 2 perfect prime ideal.

(iv) I can be lifted to a height 2 perfect ideal which contains an irreducible
form of degree a.

(v) I can be lifted to a height 2 perfect ideal which contains a form of degree
a1 and a form of degree a: with no common factor.

Proof. The implications (ii)=(iii)=(iv)=(v) are obvious, (v)=(i) follows
from 2.1 and 3.1. It remains to show that (i)=(ii). First, by 3.1, I can be
lifted to a height 2 perfect prime ideal J'C S’ =[x, ***, x»] for some integer m
>y such that S’/J’ is a normal domain. We may assume that » =m—n>2,
R=S"/(Zn+1, =, xm) and I=(J', Zn+1, =, Tm)/(Tns1, =, Zm). Then I'=(],
Zn+1, **, Im) is a reduced ideal with height I'=height /'+». Applying 3.3
successively, we can find » —1 linear forms, say Xa«z2, ***, Xm, such that (J', Zn+z,
-+ xm) is a perfect prime ideal and S’/(J', Zn+2, ***, Tm) is @ normal domain.
Let J be the ideal (J', Zn+2, ***, Tm)/(Zn+2, -, Tm) of the ring S=k[xo, -+, Tns+1]=
S’/(xn+2, ==+, xm). Then J is a height 2 perfect prime ideal of S and S/J is
normal domain. It is obvious that / can be lifted to J.

Theorem 1.1 is just the equivalence (i)&=(ii) of 3.5. In particular, we
obtain the following result of Chiantini and Orecchia.

Corollary 3.6 (cf. [7]).A collection X of points in P? is a hyperplane section
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of a projectively normal curve in P? if and only if the degree matrix (us;) of
X satisfies the condition u:+2>0.

Conditions (iv) and (v) of 3.5 can be easier checked than condition (i) in
certain situations. Recall that a set X of points in P? is in uniform position
if all subsets of X with the same cardinality have the same Hilbert function,
and that the general hyperplane section of any reduced irreducible curve in P?
is a collection of points in uniform position [15]. Since the defining ideal of
any collection of points in uniform position in P? has an irreducible form of
the least possible degree [22, Remark 1.2], the equivalence (ii)&=(iv) implies

Corollary 3.7 (cf. [7]). Every set of points in uniform position in P?
arvises as a hyperplane section of a projectively normal curve in P3.

Remark 3.8. (1) In spite of 2.1 and the equivalence (i)&=(v) of 3.5, one
may ask whether a height 2 perfect reduced ideal I whose degree matrix
satisfies the condition u;+2>0 always contains two forms of least possible
degree having no common factor. The answer is negative. Consider, for
example, the ideal I=(x, yv—2zu)N(y—u, z—v) which is generated by the
2-minors of the matrix

x y z
r u v
(2) Without the assumption I being a reduced ideal, conditions (i), (iii), (iv),

(v) of 3.5 are still equivalent. We do not know whether this assumption can
be removed in 1.1 and 3.5.

4. The Hilbert function and multiplicity
of height 2 perfect homogeneous prime ideals

In the following we will determine all possible degrees of reduced and
irreducible arithmetically Cohen-Macaulay varieties of codimension 2 and
their hyperplane sections.

Let ICR=F[xo, ---, x») be a height 2 perfect homogeneous ideal which is
minimally generated by » elements. Let A=(u.) be the degree matrix of I.
For convenience we set

ui=u; and vV:i=uUi+
for all 7. By [5, Prop. 1] the multiplicity of R/I is given by:

e(R/I)=;§_:uz-(vz~+---+ur-l) )

Note that the integers #; and v: completely determine the matrix (), since
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for all 7, 7, s and ¢ we have
(a) Ui+ Use= Uit T+ Usj.

Conversely, suppose we are given positive integers wu;, v; for i=1, - r
—1, satisfying the conditions
(b) u; = Vi,
(©) Ui =vs.
Then these integers determine the degree matrix A=(u;) of a height 2 perfect
homogeneous ideal, where we set #.;=wu; and #:;+1=v; for i=1, .-, »—1, and
where the other coefficients of A are defined via (a). In view of this fact we
set

e(A)=r§_llu,~(vg+--~+v,_1) ,

and
i(A)=d1=01+"'+Ur—1 .

It is now clear that the possible multiplicities e(®/I) range over all integers
e(A) where A is an » —1 by » matrix arising from the «: and v; described as
above. In particular, any integer d =(}) occurs as a multiplicity of a height
2 perfect homogeneous ideal which is minimally generated by 7 elements.
To see this one just chooses the » —1 by » degree matrix

where u=d —(})+1. On the other hand it is clear from the formula for e(A)
that we always have

e(fe/nz(’) .
2

The lower bound for e(R/I) becomes sharper if we take into account the
initial degree ai=wv:+---+v,_; of I; cf. [9] and [5].

Lemma 4.1. e(R/)=()+(ai—r+1)(»+1).

Proof. 1If =2, I is a complete intersection, and hence e(R/[)=aia.>1
+(a1—1)3. If »>2, we denote by B the » —2 by » —1 matrix obtained from
A by deleting the first row and column. We have

e(RIIN=e(A)=wua:+e(B).
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By induction we may assume that
r—1
e(B)2< ) )+(ax—vl—r+2)r.

Since u1=v1, we obtain

r—1

e(A)20101+( 9

)+(a1_01_7’+2)7’
=vla1+<;)—r+1+(a1—r+2)r—v.r

2(;)+(a1—r+1)(r+l)
There is a further constraint for the degree matrix of a height 2 perfect
homogeneous prime ideal. By Corollary 3.2, we have to add
(d) vitvisi—ui+s1>0
to the conditions (a)—(c).
Theorem 4.2. Let E. denote the set of all positive integers which occur
as the wmultiplicity of height 2 perfect homogeneous prime ideals with »

generators. Then

Es={nEN|n=3}\{4, 6},

E,={nemnz(;)}\{(;)ﬂ,..., (1)) (7))

for »>3.

and

The theorem shows that the additional requirement that 7 be prime gives,
for » >3, the extra gaps () +1, -, })+7—2,(3)+, (;)+27 in the sequence of
possible multiplicities.

Proof of 4.2. Let C denote the set of all » —1 by » degree matrices A
=(u;) whose elements #; and v: satisfy the conditions (b), (c) and (d).

We have E,={e(A): A€C}. If i(A)=»—1, then ni=+=v,_1=1.
Using (b), (c) and (d) it is easy to check that A has the following form
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Alu)=
1 1

for some integer #>0. Similarly, if /(A)=7, we deduce that A must be one
of the following matrices:

u 1
Bl(u)=
2 2
u 1
2 2
Bi -
(u) X
11
ut+l 2
2
Br—l(u):
1 1

for some positive integer u, where the dots stand for 1, and where the first
number 2 in the matrix B««) (i=2, -+, r —2) appears in the (» —7)-th row.
We have

(1) e(A(W)=G)+(u—1)(r—-1)
(2) e(B{u)=)+ur+i, i=1, - r—1.

By 4.1, i(A)=7r—1 or » if e(A)<(})+2(»+1). Hence using (1) and (2) we
can compute all numbers <(})+27 of E, and obtain the following values (}),
$)+r—1, )+r+1, - (3)+2r—1 and, if »r=3, (})+2r=(})+3(»—1)=9.
Moreover, from (2) we know that E, contains the numbers (})+2»+1, -+, (})
+3»—1. Hence, to complete the proof, we only need to show that E, contains
all integers >(})+37». For this we give a list of degree matrices A€ C such
that e(A) covers all arithmetical progressions a(» +1)+ b of the integers =(})
+37. In the following list, the first column gives the degree matrix A, the
second column the number e(A) and all possible numbers u:

r=3
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du+4, u>1

3
CE .
5
[

2
“ 5 o) dut6, w>l
3
“ 3 1 du+3, u>2
r=4:
u 2
2 1 5u+10, u>1
2 2
u 2
3 2 Su+11, u>1
2 1
u 1
2 2 Su+12, u>0
2 2
u 2
2 2 S5u+8, u>1
2 1
u 1
2 Su+14, u>0
3 2
¥ >4
u 2
2 g u(r+l)+(;>+r—2, u>1
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u 1
2
7
2 - u(r+1)+(2>+27, u>0
2 2
u 2
2 - 2
u(r+1)+(2)+r, u>1
2 2
u 2
2 - i}
.. u(r+1)+<2)+r+1, u>1
2 2
2 1
u 1
2 2
5 9 u(r+1)+<;)+27—i, u>0
2

Here the first number 2 appears in the i-th row, 2<:<7»—3

u 1

u(r+1)+(;)+r+2, u>0
2 2
92 2

The proof of 4.2 is now complete.

As a by-product of the above proof we obtain the following description of
the case when [ contains a form of degree » —1 (the least possible initial
degree).

Lemma 4.3. Let I be a height 2 perfect homogeneous prime ideal in a
polynomial ring R over k which is minimally gemevated by r =3 elements.
Suppose that I contains a form of degree v —1. Then
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r
e(R/I)=(2>+u(r—1)

for some integer u=0, and I is generated by one form of degree v —1, and r
—1 forms of degree u+r—1.

From 4.2 we immediately obtain the following upper bound for the
minimal number of generators, v(I) of I.

Corollary 4.4. Let I be a height 2 perfect homogeneous prime ideal in a
polynomial ving R over k with e(R/I)=d. Suppose that d=(3)+1i, r =2 and
0<i<r—1. Then v(I)<7v—1 if i#0, r—1 and v(I)<r if i=0, r—1.
Moveover, these bounds ave sharp.

Remark 4.5. For the larger class of height 2 perfect homogeneous (not
necessarily prime) ideals of multiplicity d=(})+7, =2 and 0</<r—1, the
bound is always v(I)<#». (Compare this result with the main Theorem in [8].

5. The degree matrix of height 3 Gorenstein ideals

Let ICR=F[xo, -+, xx] be a height 3 Gorenstein homogeneous ideal. By
the structure theorem of Buchsbaum and Eisenbud [2], there exists an integer
» =1 such that / is minimally generated by the 2»-pfaffians of an 2»+1 by 2#
+1 skew-symmetric matrix (g;;) with homogeneous entries. We denote by p:
the pfaffian of the skew-symmetric matrix which is obtained from (g;) by
deleting the i-th row and i-th column. Then I=(pi, -, p2r+1). Let ai, -,
azr+1 be the degrees of these pfaffians. Then R/I, since it is Gorenstein, has
a self-dual free homogeneous R-resolution

(9i5) 27+1

0— R(—c)— & R(~b)">"8 R(~ a)— R— RII—0.

We may assume that
a<La < < a1,

and, since the resolution is self-dual, that
bi=c—a; for i=1,--2r+1.

The matrix (uy) with u;=b:—a;=c—a;—a; for ¢, j=1, -+, 2r +1 is called the
degree matrix of I. It is clear that (u;) is symmetric and that degg:;= u.; for
all 7, j, (¢2=0, and so may have any degree, say u.:).

Note that (u;) satisfies the following conditions:

(a) ui;=us for all i<s and j<t¢,
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(b) Ui T Use = Uit T Usj,
(c) u;>0 for all 7,7 with i+;=2»+3.

The first two conditions are obvious. Concerning (c), suppose that
Ui2r+3-;<0 for some 7. Then, by (a), us<0 for all s=7 and t>2»+3—, and
hence ¢gs:=0 for the same indices. From this it follows then easily that p: is
zero, a contradiction.

Conversely, any symmetric matrix (u;) of integers which satisfies the
conditions (a), (b) and (c), is the degree matrix of a height 3 Gorenstein ideal.
To simplify notation we set

(1) U= Ui2r+1-i , i:]_, ey
(2) Vi=Ui2r+2-1¢, Z:l' ey
(3) Wi—Uivi127+2—1 , Z’:]_, S

Note that the integers u#; and v; determine all other coefficients of the degree
martix (u;), and that the integers wu;, v: and w. are all positive, by (c).

Now let (g;;) be the skew-symmetric matrix with gizr+1-:=2%, gizrs2-:=
v and gi+izr+2—i=u® for i=1, -+, », while ¢;;=0 for all other 7, j with <.
Here x, v, z are indeterminates. The ideal I of the 2#-pfaffians of (g;) is (x,
v, z)-primary. Indeed, pi=2z"'*"""", pra=y?"" 4o and prra=xt Y,
By [2], I is a height 3 graded Gorenstein ideal with relation matrix (gs).
Thus / has degree matrix (u,,) and condition (a) implies that &1 <+ <aar+,
where a;=degp; for =1, -+, 2r +1.

Note that

To prove the last equation, we observe that vi=c—a:— azr+2-: for (=1, -, ».
Adding up these equations, we obtain

T T
ar+1=21v,~=rc—21m— 2 ai,

i= i=

and the assertion follows.

The aim of this section is to characterize the degree matrix of homogene-
ous height 3 Gorenstein prime ideals; see 1.2 and 1.3.
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Lemma 5.1. Let ICR="Fk[xo, -+, 2x]| be a height 3 Gorenstein homogene-
ous ideal with degree matvix (u;). Suppose that I contains two forms of
degree a1 and a» (the least possible degrees) having no common factor. Then
ui; >0 for all i,j with i+;=2v+4, {=3, -+, r+1.

Proof. Without restriction we may assume that the forms are the
pfaffians p1 and p. of the skew-symmetric matrix (g;). If #:2r+4-¢<0 for
some t=3, ---, ¥ +2, we have u; <0 and therefore g;;=0 for all />¢ and j =27
+4—t. Thus, the 2(» +2— ¢t)-pfaffian obtained from (g:;) by deleting the first
t—1 and the last  —2 rows and columns is a common factor of p1 and p., a
contradiction.

Proof of the wnecessary part of 1.2 and 1.3. It is obvious that any height
3 homogeneous prime ideal contains two forms of least possible degree having
no common factor. Therefore, the degree matrix of any arithmetically
Gorenstein reduced irreducible variety of codimension 3 and of all of its
hyperplane sections (they have the same degree matrix) satisfies the condition
u; >0 for i+;=2r+4, 1=3, -, r+1.

To prove the sufficient part of 1.2 and 1.3 we follow the approach of
Section 2 and Section 3.

Lemma 5.2. Let A be a Gorenstein normal domain. Let (xi;) be a 27 +1
by 27 +1 skew-symmetric matvix such that X ={xy;, i+j<2r+4, i<j} is a set
of indeterminates over A and x;€EA for i+7j>2v+4, i<j. Let I be the
ideal genevated by the 2v-pfaffians of (x;). Then heightlI=3, and A[X]/I is
a normal Gorenstein domain.

Proof. We prove the assertion by induction on ». If »=1, the statement
is trivial because then the entries of (x;) consist of algebraically independent
elements. If »>1, we start with a general observation. Let xs: be an
arbitrary element of X with s+¢<2»+4 and s< ¢, and consider the matrix (x
;) whose entries belong to the ring A[X, xs/], and are given by

Xij— . ..
Xstli;— Xaksi— XieXis 1f both 7, j=F 1.

, {xstx,, if i=t or j=t¢,

It is obvious that the new matrix (x7) is skew-symmetric and that its
27-pfaffians generate the ideal IA[X, x5']. Let (y:;) be the 2»—1 by 2r—1
submatrix of (x7;) obtained by deleting the rows s, ¢ and columns s, £. Then
(y:) is also a skew-symmetric matrix. Since the entries of row s and column
s of (x;) are zero except xé=xXi=x4, every non-vanishing 2r-pfaffian of
(x) is the product of x% with a 2(» —1)-pfaffian of (y;). Therefore the
2(» —1)-pfaffians of (v;;) also generate the ideal IA[ X, xs#]. Now we choose
ZXs: in the set
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{14, 215, T24, 25, T3} if r=2,
Z= {-r12r+1, X22r+1, X32r+1, Xaz2r, l‘42r—1} if r=3 ,
{-1‘12r+1, X227 +1, X32r+1, X427, -rszr-l} if »r>3.

Let X’ denote the set of all elements of X in the rows s and ¢, and denote by
B the ring A[X’, xs!]. Then B is a Gorenstein normal domain, A[X, zs!]=
B[Y] and IA[X, xs!]=IB[ Y] where Y ={y;|i+7<27»+4, i<j}. Note that
Y is a set of algebraically independent elements over B, and that y;E B for
i+7>2r+4, i<j. These two facts (with » replaced by » —1) remain true for
the matrix (y.;) with respect to the indexing of its entries according to their
row and column position (which differs from the given indexing which is
induced by that of (x%;)). Thus we may apply the induction hypothesis, and
conclude that A[X, xs/]/IA[X, xs!]=B[Y]/IB[Y] is a Gorenstein normal
domain, and that JA[X, xs'] is a prime ideal of height 3. Now the proof
follows exactly the line of arguments of the proof of 2.2, hence we ommit it.

In Section 2 we introduced generic properties of ideals. We refer to this
notion in the following corollary which is a consequence of 5.2.

Corollary 5.3. Let (xs) be an 27 +1 by 27 +1 skew-symmetric matrix such
that the non-zero entries xi, 1<j, form a set X of algebraically independent
elements over Z and x;%+0 for i+7j<2r+4. Let I be the ideal of Z[X]
generated by the 2r-pfaffians of (xy). Then I is a height 3 generically
Gorenstein normal prime ideal.

Combining 5.3 with 2.4 we obtain the following result on specializations
of generic height 3 Gorenstein prime ideals.

Corollary 5.4. Let (g;) be a 2r+1 by 2r+1 skew-symmetric matrix of
homogeneous elements of a polynomial ving S over a field k which satisfy the
Sfollowing conditions:

(1) g5+0 for i+7<27v+4, i<j,

(ii) The elements g;+0 form a regular sequence of S,

(iii) The factor ving S/B is a (normal) Gorenstein domain, where B is the
ideal genervated by the elements gi.

Suppose that the ideal | generated by the 2r-pfaffians of (gs) is homogeneous.
Then S/ is a (normal) Gorenstein domain.

From 5.4 we deduce, similarly as in the proof of 3.1, the following result
which allows to construct, for a given arithmetically Gorenstein variety X C
P" of codimension 3 with the condition #;>0 for i+;<2r+44, i<j, an
arithmetically Gorenstein normal variety Y of codimension 3 in a larger
projective space such that X is the intersection of Y with a linear space.

Lemma 5.5. Let I be a height 3 Gorenstein ideal in R=Fk[xo, -, xn).
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If ¥=1o0r r=2 and its degree matrix (u.;) satisfies the condition u:;>0 for i
+7=2r+4, i=3, -, r+1, then I can be lifted to a height 3 Gorenstein prime
ideal JCS=F[xo, -, xn] for some integer m>n such that S/] is a normal
domain.

Now we are able to complete the proofs of 1.2 and 1.3.

Proof of the sufficient part of 1.2. Let (u:;) be the degree matrix a
height 3 Gorenstein homogeneous ideal in some polynomial ring R over k.
Suppose that u:;; >0 for i+j=27r+4, i=3,---, v+1. By 5.5 we can lift [ to a
height 3 Gorenstein prime ideal J in a polynomial ring S=Fk[xo, ***, T=) such
that S/J is a normal domain. Let YCP™ be the arithmetically Cohen-
Macaulay normal variety defined by /. Using Bertini’s theorem on hyper-
plane sections of normal varieties [11, Theorem 5.2] we can find a linear
subspace P* of P™ such that X=Y N P*is a smooth arithmetically Gorenstein
curve. Of course, X has the same degree matrix (u.;) as Y.

Proof of the sufficient part of 1.3. Let ICR=F[xo, -+, x»] be the reduced
defining ideal of X. Suppose that the degree matrix of X satisfies the
condition #;>0 for i+;7=2»+4. By 55, I can be lifted to a height 3
Gorenstein prime ideal J'CS’=k[xo, ***, =] for some integer m = such that
S’/]’ is anormal domain. We may assume that ¥ =m—»#>2, R=S"/(xn+1, -,
.I'm) and I;(],, Ln+1, °°°, xm)/($n+l, oty xm) Then I/:(],, Tn+1, °*°, xm) is a
reduced ideal with height/'=height/'+ 7. Applying 3.5 successively, we can
find » —1 linear forms, say Zn+z, ***, Tm, such that (J', Zn+z, -, Tn) is a Goren-
stein prime ideal and S’/(J’, Zu+2, ***, Tm) is a normal domain. Let J be the
ideal (J', Zn+2, ***, Tm)/(Xn+2, -+, Xm) of the ring S=Fk[xo, ***, Tns1]=S"/(Tn+2, ***,
zn). Then J is a height 3 Gorenstein prime ideal and S/J is a normal domain.
Let YCP"*! be the arithmetically Gorenstein normal variety defined by the
ideal Jand H the hyperplane xn+1=0. It is obvious that X=Y NH.

From Theorem 1.3 and Lemma 5.1 we immediately obtain the following
result.

Corollary 5.6. Let XCP” be a reduced arithmetically Gorenstein vari-
ety of codimension 3. Let H be a hypersurface of least possible degree
containing X. If H is irreducible, then X is the hyperplane section of a

reduced irreducible arithmetically Gorenstein normal variety of codimension
3in P”.

6. The multiplicity of height 3 perfect homogeneous Gorenstein ideals

The purpose of this section is to give a compact formula for the multiplic-
ity of a height 3 homogeneous Gorenstein ideal in terms of its degree matrix.
We begin with the generic situation: let £ be a field, R the polynomial ring
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over k in the indeterminates x;, 1<i<;j<2r+1, and let A=(g;;) be an 2 +1
by 27 +1 skew-symmetic matrix with g;=x; for all 1<:<;<2»+1. Given 7
<<+ <1q;, j<27r+1, we let A: 54 be the skew-symmetric matrix which is
obtained from A by deleting the 7-th, z-th, ---, Z;-th column and row of A, and
denote by p: - the pfaffian of A:ses,.

We intend to compute a Grbner basis of I=(p, ***, p2r+1) with respect to
a suitable order of the monomials. First we order the indeterminates accord-
ing to their position in A row by row from the right to the left:

Tizr+1> Lizr > > X12 > Tazr+1 > " > T2z > Laar+1 >,
and extend this order to all monomials by the reverse lexicographical order.
Theorem 6.1. The generators pi, ***, par+1 form a Grobuner basis of I

Proof. We denote by f* the leading form of a polynomial f. Let us first
compute p.*. Let i#+1,2»+1, then

-1 . 2r+1 .
Pizj;z( - 1)’x1jp1ij+j§1( =1y xuipris .

Since non of the pi; contains the variable xi2-+1 which is the largest in the
given order, it follows from this expansion that

pF=(F Tizra1prizr+1)¥ =T Lizra1DFi2re1
and hence
(pz*y Y p;‘r):xlzr-n(ih*y T qz*") )

where q:=piizr+1 for =2, -, 7.
For i=1, we have pi=2%3(—1)'x2:p12:;, and so pr*=t Toors1pfr+1. It
follows by induction that

1*= * Xoor+1L32r " Lizr4s—i* Trraz .
Similarly
D¥ri1= £ X12rXozr—17 Lizrae1—i* " Lrrs1 .

Let J=(p*, -+, p¥r+1). We conclude that
(1) ]:(il;llxz‘+12r+2—i, il;lez'Zr+l—i, x12r+1)n(02*, oy, C]ikr) .

We want to prove that /=I*. The inclusion JCI* is obvious. To prove the
other inclusion notice that J is reduced and equidimensional (as may be seen
by induction), so that it suffices to show that e(R/])=e(R/I*).

In order to compute e(R/I*) we observe that e(R/[*)=e(S), where S=
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R/I. We reduce S modulo a sequence of 1-forms, and obtain an Artinian ring,
S. Then e(S)=e(S)=1(S), the length of S. The degree of the socle of the
Gorenstein ring S is 27 —2, and the defining equations of S are of degree 7.
From this and the symmetry of the Hilbert function it follows easily that

[+
(’22) ifo<i<r—1

(272_’) if r<i<2r—2.

Hs(i)=

Therefore e(S)=2X2722(3)+ (") =217
On the other hand it follows from the presentation of J that

e(R[)=7r*+e(R/(g:*, -+, q37)) .
By induction we may assume that
(qz*y Y q;r)z(qzv Y QZr)* )

and so
e(R/(g2*, -, as)) = (Rl (as, -+, qur)) = 2,

Thus, indeed, e(R/I*)=e(R/]).

Quite generally, for an ideal 7, one has height/ =height/*; but depthR/I*
may be less than depthR/I. In other words, if I is perfect, I* needs not to be
perfect. In our case we have

Proposition 6.2. R/I* has the minimal free homogeneous

2r+1

0— i=€i—)+2R(_ i— f§§+2R(_ DOR(—r—1)2r+

— R(—7r)*"*! R RIT* 0.

In particular, I* is perfect, and R[I* is Gorenstein if and only if r=1.

Proof. We proceed by induction on #. The case »=1 is trivial. Now
let I, denote the ideal of the pfaffians p, -*,p2r+1 of A, and by [I,_; the
corresponding ideal for Aizr+1. The proof will be based on equation (1) in the
proof of 6.1:

L*=KNI*,,

where K is generated by a regular sequence ., ., ms with degm,=degm.=
r and degms=1. Moreover we have K+ I} =(I*,, ms). Therefore we get
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the exact sequence
0 — R/I,*— RIK@®R/I} +—— R/ (I}-1, ms)—0

which yields the exact sequence

0—— Torsk, R/(I}1, ms))— Tors(k, R/Ir*)(al’ az)

(%)

Tors(k, RIK)®Tors(k, R/I}-1)——> Tors(k, R/(I}\, ms))

We observe that £ is injective : indeed, the exact sequence

0—— RIIF s RITF—— RI(I¥ -, ms)— 0

(ms is R/I}-i-regular) gives the exact sequence

Tors(k, RITX1) —Tors(k, RIIE1) —Tors(k, RI(IXr, ms) |

and multiplication by ms on Tor(k, -) is the zero-map.
Next observe that 8,=0: we have

0 for i#2r+1,

Torslk R/K)iz{k for i=2r+1.

On the other hand, using the induction hypothesis, we see that Tors(k, R/(1*.,
ms))2r+1=0, and thus the conclusion follows.

Now 0=pia1+ Ba:= B2, and since B is injective, we see that a=0.
Therefore we obtain the exact sequence

0—— Tors(k, R/(IF1, ms))— Tors(k, R/I,*— Tors(k, RIK)—0 .

Notice that Tor«k, R/(I*1, ms))=Tors(k, R/[}1)(—1); therefore, the induc-
tion hypothesis implies

k for i=r+2, - 2r+1

*) . —
Tors(k, R/I*): {0 otherwise .

Finally, to compute the shifts in the second step of the resolution we note that
R/I, and R/I;* have the same Hilbert series. In both cases we use their
resolutions to compute it:

He () =1—QCr+1Dt"+Q@r+1)t™— 21 /(1 —1¢)3,
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and
Hen () =(1—Qr+1)t"+ X(t)— iﬁ:zt")/(l— )2

Here X(¢) stands for the polynomial corresponding to the yet unknown part
of the resolution of R/I;*.
The comparison shows that

2r
X(=@r+ D+ 3 1

This completes the proof.
Now we come to the main application of Theorem 6.1.

Proposition 6.3. With the notations of (1) in Section 5 we have
e(RIN=Zvd Zu)(Zw,) .

Proof. The multiplicity e(R/I) is a polynomial function in the entries u;
of the degree matrix of I. This can be seen if one uses the minimal R-free
resolution of R/I in order to compute e(R/I). Thus, if we give a (polynomial)
formula for e(R/I) in terms of the u; or (u:, vi, w;) under the assumption that
all u:;;>0, this formula is also valid without this assumption. Without loss of
generality we may therefore assume that all #.; >0.

Consider the (flat) homomorphism ¢: [ X]1- k[ X], o(x;)=x%, X={xs 1
<i<j<2r+1}. Let B=(x%’) be the image of A under ¢, and let p: be the
pfaffian of A: and ¢: the pfaffian of B.. Then g.=¢(p:) for i=1, -+, 2r +1.

We claim that qi, ***, gzr+1 is a Grobner basis of I=(qu, ***, g2r+1). In order
to prove the claim we employ the following well-known criterion: let R be a
generating set of homoeneous relations of ¢:*, .-+, ¢37+1. Then g1, -+, g2r+1is a
Grobner basis of I, if any element of R can be lifted to a relation of qi, -+,
qz2r+1.

A relation X:a.q:* is called homogeneous if

(a) a;is a monomial for all ¢,
(b) dega:q:*=dega,q;* for all 7, with a;, a;#0.

Here the degree of a monomial is its exponent. The common degree in
(b) is called the degree of the relation a=(ai, -, azr+1). We say that the
relation a=(a, ***, azr+1) of @i*, -+, ¢3»+1 can be lifted to relation of (g1, -,
Gar+1) if there exist n.€R, i=1, -+, 2r+1, such that:

(1) Eihiqz'zo ,

(2) h*=a; for all 7 with a.;#0,
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(3) degh.*degq.* >dega for all i with a;=0 (>in the reverse lexicographical
order).

Note that for any f& R which is homogeneous in the usual sense we have
o(f)*=o(f*); in particular, ¢.*=¢(p;*) for i=1, -, 2r +1.

Since ¢ is flat we conclude that there exists a generating set R of
homogeneous relations of gi*, -+, g5+ such that for each (a:)E R there exists
a homogeneous relation (b:) of pi*, -+, p¥rs1 with ¢(b:;)=a;. Since (pr*, -,
P¥1)=(p1, -, par+1)*, we can lift each (b:) to (k.) satisfying (1), (2) and (3).
Then (¢(4), -+, ¢(har+1)) is the required lifting for (a, ***, @2r+1). This proves
the claim.

Now for I* we have a decompostion corresponding to the one of J in the
proof of 6.1:

L= 28, Tztra o alir) NI
Both components have codim 3, and so

e(RIT)=e(RIL*)= v S Zwd) +e(R/IF-)
Hence the formula follows by induction on 7.
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