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The absence of absolutely continuous spectra
of 1-dimensional Schrtidinger operators

By

Akira NEG1SHI

1. Introduction

I n  [ 8 ]  B . S im o n  a n d  T . S p e n c e r  h a v e  s tu d ie d  Ja c o b i m atrices and
Schr6dinger o p e ra to rs . T h e y  have show n that under som e conditions these
operators h a v e  n o  abso lu te ly  con tinuous spec trum . A lso  they  have  shown
tha t under o ther conditions th e re  is  no  negative absolutely continuous spec-
tru m  of Jacobi m a tr ic e s . In  th is  p a p e r  w e  a p p ly  th e se  id e a s  to  show  that
under some conditions the re  is  no negative absolutely continuous spectrum of
Schr6dinger operators (only in case of one dimension).

In  Section 2 , w e g ive  th e  m a in  re su lt o f  th is  p a p e r .  T h e  potential of
Schriidinger operator is characterized  by  having  a n  inferior function which
h a s  enumerably in fin ite ly  m any  w e lls . R ough ly  speak ing , w e  p rove  tha t
Schrbdinger opera to r has n o  negative absolutely continuous spectrum, under
the conditions tha t the distances between wells diverge to infinity faster than
logarithmic order.

In Section 3, we show the exponential estimate of spectral projection P(a,b)
(H) of SchrEdinger operator H for any a <b <0, a , b cr pp (H) . T his fact is
used to show the trace class perturbation in Section 4.

2. Notation and Main Theorem

Definition 2.1. Let T  be  a compact operator from  a H ilbert space H
to  a H ilbert space H', and le t an (T ) be eigen values of operator 17'1= VT*T
Then

B i (H, H') ={ T : E a(T )<o °}

is called trace class and its norm is

11711B,(H,H) = an (T)

Notation. In this paper we use
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1. = L2 (R) , .H2 = (R),

2. 11 • 0=11 IlLz

3. 11 • =11 • IlBw.

4. 11 • 111=II •

5. II 11-'11 • Il ,
6. for A , BcR, d (A, B) =inf{lx — yi; x E A , y  E B }

for convenience' sake.
For the subset S  of R, Xs (x )  represents the characteristic function, that

is

1 x E S
Xs ( X) — 0  otherwise.

In  th is  p ap e r w e  d ea l w ith  1- dimensional Schr6dinger operaters which
have bounded potentials a n d  a re  essentia l self-adjoint in L2 . W e  use the
same symbol for both a differential operator and its  self-adjoint extension.

Here we intoduce the special potential Vo. For the sequence {xi, YI R;
E Z} such that

we use such notations as

z i =  (y i+ x i+ 1 )/ 2 , w i=yi —xi,
di*=min{di - i, d?=max{c/i_i,

z i), Xi (x ) = X i (x ),

and for v >0,

V°, (x )  = — VX [x,,y,] (x)
(x ) (x)

t E z

d 2  Theorem 2.2. L et H = d x 2  +  V  (x )  be a self -adjoint operator on L2 .

Suppose V (x) satisfies following conditions.

(a) V is a  real I, -  function and v V a .  e .  on R.
(b) There exist bounded intervals J i=  (y i , xi+ i) such that for all i E Z.

x i < y i and V (x) ..0 a. e. on Ji

(c) di and w i( iE Z )  satisfy next two assumptions.

(A.1) in fd i =- d> 0  exists.ieZ
(A.2) For any E>0
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E (tvi + d t)e x p  (—Ed i * ) <00.
iez

_Then

aac(H) fl (-0 0 , 0 ) =  0

where aa c (H ) is the absolutely continuous spectrum of H.

Remark. Condition (b ) and condition (c ) a re  equivalent to the  next
condition.
(d ) There exists the special potential Vo that Vo a. e. and tha t Vo satisfies
the assumptions (Al) a n d  (A.2).

Example.

V (x) =

I —1 (2n+1) 2 71"2 1x1 (2n+2) 2 R- 2

(x)= n=0, 1, 2, --
0 (2n) 2 7(2 1.xl (2n +1)1/42

V0  (x) satisfies the  assumptions (Al) a n d  (A.2), then the operator

+ V (x )  has no negative absolutely continuous spectrum.

d2 

dx 2

Notation. S et .1= A/ v + 1 . F o r  any operator A  we denote the  oper-
ator A+.1 2 by AA.

3. Exponential estimate of spectral projections

In this section we will prove the property of the spectral projection which
we need to prove Lemma 4.1. To this end we use some lemmas shown next.

Lemma 3.1. ([4] p .2 9 0  (b ))  .  L e t  {Ao}Z=1 an d  A  be self-adjoint
operators on H and suppose that A 0

— >A in the strong resolvent sense. Then
If  a, b E R . a<  b and a, b Grpp ,  then P(o,o)(A0) ço— +P(a,b)(A)(,0 for all q)

E H.

Lemma 3.2. For any bounded interval I =  (xo, Yo) , let w: ( x )  ( i= 1 ,  2)
be continuous functions on I w ith 0 <wi For real constants a, bi, b2 with a
*0  and a(b 1

— b2 ) 0, let u i(i= 1 , 2) be the non-triv ial real solutions of equations

d 2  

i (X ) = Wi (X ) U i (X )  on /
dx 2

ui (xo) = a

u(x0) = b.
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Then

(1) I 0< uin ) <UP )

or 0 >uin ) >14n )
(n=0, 1, 2)

to the point where u i = 0  o r  142 = 0, where the suffices n represent n times deriva-
tives.

Remark. Let u  be a non trivial-solution of equation

d 2  

adx2 kx) = g (x)u (x) on an interval I

where g is a positive real continuous function.
Then number of elements o f  (g (0) U  ( 0 )  - 1 ) ni is at m ost one.

Proof. If u 1it2 .  0 ,  th e n  (itivt2 — ulu r2)' = (w1 2 — iv22 ) uiu2
a n d  th e  Wronskian 141142 — uivt2'  is  n o n - in c re a s in g . I ts  va lue  a t  x  =  x o  i s
n o n -p o sitiv e . Hence

(u i/142)'= (14'1742—  u lic ) /u i

so that

(x) /742 (x) (x0) /u2 (xo) = 1.

Then part o f inequalities (1 )  a t the case n  = 0  h o ld . T h e  other cases follow
from the equations.

Lemma 3.3. Let C (x) be a bounded continuous function with 0 <ci
d 2  

(z ). A n d  le t  Ac = d x 2  C  (x ) be a self-adjoint operator on L 2 .  For any ai,

bi , a 2 , b2 E R  with a1<b 1 <a 2 <b 2 , set

X 1 (X ) = X [a 1,b 11
 ( z ) ,

 X 2  (X )  = X ta 2 ,b 2 ) (X ) •

Then

(2)I  (Xigi, A c  1 X292) I C1 exp{ — ,, i. (a2 liX29211

for all 91, 92 L 2 where C1 is some positive constant depending only on c1 and C1/
co as c 1\0.

Proof. Let u ±  b e  non-trivial real independent solutions of the equation

d 2  

C (x))u= 0
dx 2

with the conditions



u+ (x) cix

(x ) < e A/ x
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u+(a2) =exp /( — a2),( a 2 )
u_ (b i ) =exp (— b1) (bi) exp ( — 8/ZTbi)

Then by Lemma 3.2 and its remark,

u+ (x) x

(x ) e A/ x

ur
+ (x) — cx

Then integral kernel of operator Ac is

(u (x )u _ ( )

E (x, =
u_ (x)u+ ( >

where d =vt'_ (x) u+  (x) (x) u _ (x)

Then

c- 1  X29 2) (x) = f  E  ( x ,  x2 ( ) g2 *c/

= ,u +  ( x )  f  u X 2 ( )  2 ( )

+ 14--P f  u + X2( )92( )c1 .

Substituting this in the left hand side of (2), we get

fa

/ 2b i

u_ (x) x (x)gi (x)dx. f  u +  (e) x2 (0 g2 g
i az

2A/c-T1 u_CTMXI211X1g1liff 144- ()dd÷11X2g211
a b:

az

621

u : b i lexp (2 x) dx} 211xig i  u a i

b2

 exp (— 2 )

, 1
griX29211

_  Ix igiI IX2.9211 {exp (2,V.b1) — exp (2 al) } -12-

X {exp( - 2 J -.02) — exp

1IX
'11111 IIX29211 exp{ — J1 (a2 — b4c

[1 — exp{ - 2Jr(bi — a 1 ) } ]  [1 —exp{-2,reT

1
Ac  X2g \ =
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(62
—  a2) 4.1 2

C1llX1g111 IIX2g2IleXP{ — .%/ (a2— bi)

where C1 is more than or equal to 1/4c 1 . So the lemma is proved.

Lemma 3.4. let we (x) be a continuous function on an interval I =  E—  x0 ,
x o ] ( x o > 0) . Set wi = infw (x ), w2 =supw (x ).  F o r  real constants a,b with ab>xEr xE7
0, let u be a real solution of the equation

u  ( x )  = w  ( x ) u  ( x )
dx 2

u ( — x0) =a
u' (— xo) =b.

Then

(3) lu' (x) C2lu (x) I o n  [0, xo]
r x

(4) j  u 2 (x)d.x Ci
f o x 0  

u (x) dx
) 2

where C2, C3 are positive numbers depending only on wi, w2 and xo.

Remark. When ab < 0 and boundary conditions are given at the point
x=x0, we can show the same estimates in the in te rv a l [ — x o , 0 ] .

Proof. Set u  (i =1, 2 ) be real solutions of the equations

d
2

(X ) = W(14i (X)
dX 2

Vti ( — X2) =a

14;( —  xo) = b.

Then

u, (x) =a cosh w, (x+ x 0 ) - 1- 1) sinh wi (x+xo ) (i =1, 2)

By Lemma 3.2, for any xE/

(x)  < 1;2 (x) 
u (X) ui (x)

< w2(a sinh 2w2x0+6 cosh 2w2x0) 
— a  cosh wixo±b sinh wixo

w2(a' sinh 2w2x0 - Fb' cosh 2w2x0) 
— a' cosh wixo±b' sinh wixo

on I

on I

(5)
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where a'=a/(a 2 ±b 2 )  and b' =b/ (a2 +b 2). Since the denominator o f  (5) is not
zero w hen  (a ', b') e  S I , (5 ) has supremum w hich is independent of a and b.
T hen  (3) is proved.

Also

(6)

(7)

f : o
__ f

oxU 2  (x)dx '1,d(x)dx

( f 0

xo
(X ) dX) 

2 ( f  xo 2
Ui 24 (X ) dX) .

0

T h e  r ig h t  h a n d  s id e  o f  ( 6 )  a n d  le f t  h a n d  s id e  o f  ( 7 )  a r e  both
homogeneous polynomials o f o rde r 2  w . r . t .  a  a n d  b, an d  th e  la tte r  is not
zero when ab > 0 . So the ratio of them has supremum which is independent of
a and b. Then we can complete the proof.

Lemma 3.5. Let pe *  be the mollifier. T h e n  for any u 1,-  and for any
fEL 2 ,

II (PE *u — u)f HO (as E— q31)

d 2  

Lemma 3.6. Let H=
dx 2 

± V (x) be a self-adjoint operator on L2 and

let V (x) satisfy the next conditions.

(a) V (x) is a real function and unon _ V(x) um a . a. e. on R.

(b) There exists a bounded interval I -= (x', y ') such that V (x) 0 a.e.
on I.

Then for all a, b with a<b<0 and a, b Upp (H), for any Positive constant do with
160o<III and for a subinterval J=  [x ", y " ]  of I with 5 = d  (J, > 85e, there ex-
ists C>0 such that

IIXJP(a,b)(H)110 C exp( .̀/ 2
1' 5 )

where C depends only on b, v min, Vmax, 50.

Remark. W hen / is unbounded, w e can sh o w  th e  sam e estim ate of
any bounded interval I ' in I. T h e n  /'— >/. W e can show  the unbounded case.
F o r  example if  / = R, th e  estim ate show s th a t P(a,b) (H) = O. I t  means that
there is no negative spectrum.

Proof. S e t V L  (x ) = X(-L,L ) (x ) V ( x )  fo r L> 0  a n d  se t  VLs (x )  = p&  * v (x)
where to *  is  the m o llif ie r . T hen  VLE is non-negative and continuous on the

in te rva l (x' + 6 ,  y' — s) . A nd set H L =
d x 2

 V L  and H L E  dx`
d 2

„ + Vu . By

the resolvent equation, for all feL2
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(I I

= (HL - ,/  - 1) -1{x(-0,-L]+ x(L,..)}v(H-V - 1) -1f,

m e - , /  - 1 )  - (HL f = f ) - lf

= (H u - I -1 ) v u) (f h-

Since (H —  — 1) E H2 and  ll(HL— ,/- 1) - i llo -1, then

II (111,- .1-1) + x [L,-)1 v(H-.1-1) - V II
Il (III. —

 — 1- 9110 II {X (-0,-LI ± X (z.,-)1 V (H - - ,/—  1 ) 11' 0  (as L - - ) .

(HI,- e H 2 a n d  (HLE— r - 1 ) - 1 1lo by Lemma 3.5,

( lh e  N/- 1  ) ( VLs) (HL — /- 1) fll
—  — 1) 1 0  II ( V L  V  u) (H — - 1 f  HO (as e— >0).

So l i c - oH in  the  strong resolvent sense and in  the  strong resol-
vent sense for all L >O . B y L em m a 3.1, for all f L 2 ,

IIP(a,b) (1/L)f — P(a,b) (11)f HO (as L '° ° )

IlP(a,b) (HLE)f P (a,b) L) f 11'0  ( a s  e--co)

then

1 (a,b) .„ _JP (a,b)IIX P H  f  X f 11— ' 0  (a s  L — œ )

J  (a,b) ...1P(a,b) HL11X P ) f f 11— '0  (as 6— *0 0 )

Therefore it is enough to show that for all fEL 2 fo r E sufficiently small,

(8) 11)C"a,b) (11LE) f 11 C  e x p ( —
2

b )IIf

H e re  E  is fixed to  satisfy 8 (50 + e )  0. Since th e  potential function of
operator H1  h a s  com pact support, the negative spectrum  of 11.1,6 is  d iscre te ,
and the range of P(a,b) (1-1L,E) has finite d im ension . So let { p n } i  b e  a  complete
orthonomal system in  L 2 such  tha t Ths(pn=i1nyon fo r  1 I\TL, and max (a, —
umin) /1 <b, where N . is the dimension of RangetP(a,b)(HLE)}.

For any f  E L 2

P(a,b)(HLe) f (Pn) (Pn

1,1L

=
nE. 1 Ç O n )  (p.
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Then
N,

IIX IP(a,b)(11Le)f (Pn) XJTnil

nE1I (f , 4On) I Ilxiçonll

(n
At .

11(f, çon)21)1 (nt i IIX Nn112)

(9) 11f II (nt 1lIXJ(Pn112)
Here we define cut-off function -0'n  o f çon to apply Lemma 3.3 to  (9).

Considering the  rem ark of Lemma 3.2, there is at m ost one point xn in  the  se t

(40» (0) W,D,,(0)) n

if In E (11, 11 +D (y' 4 1 , Y')

if xn E [Y5 5+ 71 , —41 o
r

x n does not exist.

(case 2)

Set

 

± 5 y  —A)2 2

 

(a;, a;t) =

   

(case 1)

Let On (X) E C6 (R) have the properties that

( j ) ( , b n  (x)
(ii) suPPSbn (x) = [a; — So, a: + 50]
(iii) çi (x ) =1 on [ a '7, a;t]

(iv) io'n (x) 01 0 ' n  (x) I for some c > O.

Set Cfin (x) = (X) (Pn (X) . Set Ân=Av,-,1,, in Lemma 3.3,

A n  ç-D n =  O 'n f  (Pn - 20'nço'n —  (Pn(P'nf  (V L s —  2n) On(Pn

= (Pn-20'n(P'n+ (111,e —  An) 40n

= ÇOn— 2 o'nq);
where the last equality follows from the fac t tha t M e  / I n )  çan= 0.

Since supp (Xn(P— n) C [a ;  — 50 , a;] U [a t, a  +  50] a n d  d (supp (Xnq)— n),
X.1) 5/2, setting C1= —1/4b (> — 1/42n) and applying Lemma 3.3., we get

IIXJ(Pn112 = (XJ(Pn, XJ(Pn)= ((iOn, Xl(Pn)

= (4;n, XJ(Pn) = ( , 4- ; 1. 21-  nÇO— n, )(140n)
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(10) C ie X P (  .1— 22 n  5 )11)71—n
Set

• (X) = X (e-}-1-60,s' +1) (x)

• (x) =- X (v-1-,y' -1-Fao) (x)

• (x) =X  (e 4-6 0,x' +4) (x)

X-2f  (x )  =  ( ' - fr y'±,50) (x)

Then

n11= +20'nço;;11
.11 ;11.{11xT(p.11+11xt(P.11)+2110;z11—(11x1(p'.11+11xtgon11)

(11) c‘4{11xT(P.11+11xt(pnil}

where i is decided as the case i. The last inequality follows from Lemma 3.4.
(3) and C4 =c (1+ 250C2) /56.

The potential of FILE- - /In in positive continous on the in terval [a; - 250, (47
+ S o] (o r  [a: - 50, a +25 0] )  and xn  is  n o t  in there  for all n .  So we can ap-
ply Lemma 3.4 and get

(12) I (xt, (ion) I (i = 1 , 2)

By combining (10) , (11) and  (12), we get
1\4

1Ellxiçon112 -< E c i 2 C4
2 exp ( — 5) {IIX TSonli IIX (bill} 2=  1,2)n= n=i

2C1
2 C4

2 exp — b 5) nE
1
T g o n ii 2 + t(Pni12

) (i =1,2)

2C12 C32 C42 exp (— b nE 1 (I(XT Çon)12 +1(Xi Çon)1 2 )

 NL

2C12 C32 C42 exp (— ,N/ b  5) E {11X 1112 +11X t 112 }

= C2 exp H  — b 5)

(i =1,2)

where C=2450C1C3C4. Combining this inequality a n d  (9) w e ge t (8) , and
we can complete the proof.
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4 .  Trace class perturbation

Lemma 4.1. Let H b e the same operator as in Theorem  2.2 and H,= —
d 2  

d x 2
-1- V1 be self - adjoint operators in L2 , w h ere V ,= x iV . Set

K= E x
Ez

Then for all a,b w ith a< b<  0 and a, b app (H)

(H2 - 1 — K )P(a,b) (H)EBI..

To prove this lemma we show a few lemmas first.

d 2  

Lemma 4.2. Let T=
dx2 ± V 

be a self-adjoint operator where V =  —

yx[x
, ,,,, ] for y>  0. Suppose f  E L2 and g EL - , set

x" -= min finf {supp f ) , x') y" = max (sup Is upp f  ,  y')

where x" is possibly — 0 0  and y" is possib ly 0 0 .
And suppose supp g rl (z", y") = 0, set d (supp g, [x", y"]) = 5. Then

g g IIIIf
where C  depends only on v.

Proof. T A  has constant potential in  (— 0 0 , x '), , y ') and (y ', 0 0 ) .  By
considering the solutions of each interval and connecting them C1 -smoothly,
we get

A i el l+ A 2e - a x

{u +  (x )  =  B i e s +B 2e - x

e
- A x

e
,i x

14,- (X ) =  C i e  ± C2e - x

Di e'l x+D 2e- A x
where

(x x')
(1.'<x<y')

(y"

x')
(x'<x<y')

(y'

(13)

A l =  (.12 -1)exp{— 2 (x' +0} le i — e l -A.1
A2=  eXP (— Al) { (2+1) 2e1 — (2 — 1) 2e- ')/4 A
DI=A2
D2=  (22— 1) exp GI ( ii ± o } le l — e- 1 )14.1

B1= — (2- 1) exp ( - 4 — il)/2
B2=  (2 ± 1) exp ( - 4 + 0 / 2
c1=(2+1)exp ( i t i — Y) /2
C2=  — (2 - 1) exp (Âxt+x')/2

with /=y'—x'.
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Remark. A1, A 2 , B 2 , C 1 , D i, D 2 > 0 ,  B 1 ,  C 2 <  O.

Then the integral kernel of operator T 2  is

u+ (x)u- ( x)
E  ( x ' /12 1A 2 u  ( x )  u +  ( 0 ( >

Therefore for any fE L 2, the solution of equation T2u=f is

u (x) = fIE (x, )f ( ) d

=J  u + (x)u - f u- (x) u+ f

At first, assume that supp(g) c (— X"] and set go = sup{supp g )  or
co if g O.

then

11 (x) u (x)11= „ 1
 A  2 ( .17 °

.  (ge2 s ) 2d • . 1:x:(Aie'' E ± A ze- A E ) f c

+J Y ' (Bje L FB2e- )f() d d
X '

g/1
1
,
1
4-2 ( f° e2i-dx) 1eg+A2e-gwo

--FfY:1 (13 ieL  B2e- e )f ( ) ki E "  le- "f () Id d

< II lIII f II  e x p ( A g o) { ( f e i e ,,e A 2e _Ae) 2d  ,)2
2.1.122A 2

1 y 1

+ ( f v(-131ed-B26.-e) 2d  2 + ( f  ''e-22ed 2 )
X ' Y'

(14) gi1.4 f   exp (Ago) f ie2"± A 2C " ) d  2
22,/22A2 .r"

Y' 22 ±  1 _( 2 /  (Bie 2 -1-B2e- 2 ) d
122

where the third inequality follows from Schwarz inequality and fourth from
the fact that for a, b E R , (a+b) 2 2  (a2 + b 2 )

By (13)
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A
A

1 = (2 2 - 1) exp ( - 2 2 .4  (el  — e- 1 ) + 1) 2ei — — 1) 2e- i l
2  1  

 exp ( - 22,f)

— 2A22 (2 — 1) exp ( y') / (2 +1) 2 e 1 —  (2 - 1) 2e- 1 )
29.2

2  

exp( —Ax' — y')

B2 22 (2 +1) exp ( — 2,f+y')/{(2+1) 2e1 — (2 - 1) 2e- 1 )

2 + 1  
2  e x p  ( -2 .f  + y' — l)

By combining (14) a n d  (15) , we get

(x)u (x) I< ligWf  [f A2 1 
 (1  e x p  f  — 2  (y' 4 1 ) 1  e x p  1 - 2  (x '

—
g 0 ) )22.122 2

1  
2 2  e x p  — (y' —g o) 1 + {1 e x p {  —  22 (x' — x '')})

x  ( 2 -
4

1 ) 2  expl — 22 (al — go)} ±expl —22 (x" — go)1)1 2/,,j 1

CIIg ftfII exp{ —  ( x " — go)}

1 [ f  (2 -1 ) 2  +1 1  1  _02 2 +10+   1  where c = 22 [{
I-14 1  i /T1 2  1 .,/22 .1•

W hen supp g [ y" , 00) , th e  sa m e  is  tru e  b y  sym m etricity. In  general
case supp g E x"] U [y", 00) by hypothesis. D ecom posing g into g  +g 2

with supp 91c ( —

 c o .  x i  and supp 9 2 E  [y", co ) and applying the  above argu-
ment, we can complete the proof.

Lemma 4.3. Let T be the same operator as before and T  =  d 2b e
d x 2

a self-adjoint operator in L 2 , where -12-' is real-valued L function and V (x)
(x) a. e. x E R. T h e n  -I" satisfies the same estimate that T  satisfies in Lemma
4.2.

Proof. By Kato's inequality, for any u E L l
d2

oc with u E LL,

d 2  

(d2 u
d x 2

)1
dx 2

in the distribution sense.
Then

(15)

242

dx2



488 Akira Negishi

d2
 2 + 17 ±,12)iui<R 

e
d2+ 2 2 ) v t l .

dx d x 2

Set Tiu =f , then

TÀI T ' f I^

fV f I  Re( f) riu
ILf

Let u EH2 , then f  EL 2 . B y  (13) the integral kernel of operator TA  is positive,
then

rivf
For any f, g which satisfy the condition of Lemma 4.2,

g Tr if II.

So we can complete the proof.

Lemma 4.4. Let H be the same operator as in Theorem 2.2 and a,b satis-
fy the same conditions as in Lemma 4.1 and for any a, IS, TER with a<P and
y>0, (Pa lgr  E C2 have the properties that

(i) 0 O aer

(ii) supp 0,4 3 7.= [a—y, I S+ y]
(iii) oas r =  on [a, /A
(iv) for some c'> 0 ,10ar'l- lOa5;1 7,2

d 2 + 1 )0aRTP(a,b)(H)110 ta- r,5+r1P(a,b) (H)
dX 2

where C depends only on v, y and c'.

Proof. Set gb= OaRr , P  P ( a , h ) ( H )  and X =X [a-r,13-1-71. Then

(16) d
d

x
2

2 / =  0 " P  20' d  P - F (I)(
d 2

„ P .dx dx`)

For all f E

II—  0"Pf sup101 IlxPf 11xPlIollfr2

Then

So
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(17) 11— (P"Pllo 11XPlio.T 2

By the spectral theorem, for all f E L2

1111Pf 112 = (HPf, HPf ) = (H2Pf, Pf ) = (PH2Pf, f )  = (H2Pf, f )

=f 022dP,, (min{ — a, v}) 211f112 -v 211f 112.a

Then

 

r d 2  \ I
dx 2

=1kP (H—  P f 11+110 VPf

--112(PHPf II+v11XPf II 2 vIIxPIIII f

So

(18) 0 (  d2  )p
dX 2 o

2v11xP110.

 

And for f  e Ran P,

11o'1112 = (o'f, (P7' )  = V , (V)2() = (f, 2(Y0T+ (/) 2f )
= — 2(0 , (PT) ((PY, Or) - 2 11071111o'f'11+11(p51l

211o"f112 +11(pf 112 +11vf1111o7"11
Transposing the second term, multiplying both sides by two and applying

(18), we get

11(Pf'112 4 1107- 112 + 2 11071111 4c:207"11- (1 +vr2)11Xf 112.

So

(19) 1120 dd (1 ±vr 2) -111XPIlo.x r 2

Combining (16), (17), (18) a n d  (19), the proof is completed.

d 2  

L em m a 4.5. Let Bad3= 
dx 2 

+1  be a  self-adjoint operator on L 2  ([a ,

PE with Dirichlet boundary conditions. Then

I 113a -
1 

11,1,2 (kr,i31) — 2

Proof. Since the operator  Ba, s  is positive and its  eigenvalues are
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2 2
An = n  7 + 1  (n =1 , 2,•••),(R—a) 2

the eigenvalues of operator Ba,s - 1  a r e  
1

and then

11B a ,5  1 111,L2(ta,m) =  E  E  —
n=1 yln

a) 2

n= 1 n 27r2 (s_ 2

(13— a) 2 •

_  13— a 
2

dx
77.2x  2 ± a) 2

Lemma 4.6. L et H be the same operator as in  Theorem 2.2 and a,b satis-
f y  the same conditions as in Lemma 4 .1  Then for any a, IS, r  E R  w ith a<I3 and
r>0 ,

IIX ta,s]P(a,b) (H) IL C (IS—  a+ 2 1- ) IIX [a -r,s+ riP (a ,b ) (H) 110
where C depends only on y , y and c'.

Proof. Let 0 a/3r  be  the same as in  Lemma 4.4. Then

X [ct,R]P  = X I a . ]

X Ic rdS1 * B a–r + r 113 a –r,O+r * OafirP

w here th e  f i r s t  *  represents embedding from L 2 (fa —  r, /3 + 71) to L2 and
second *  represents identifying a  function which is in L2 a n d  whose support
is  a subset o f [a — r, 13+7 ]  a s  a  function in L2 ([a — y, IS+ r]).

Then by Lemma 4.4 and Lemma 4.5

PIXEct,R113111= 11X[ce,41 * Ba–r,i3+r 1-B a–r .$-Fr * (PaBrPill

= DX fa,131 *1113 (L' (a – 7., ,8+r). Ba–r,R-i-r-111B(12(a– P-Er). –  is+ r) )

X  1113
a-7,13+r * OaRrPlIB (L, 0 (a –T , $+T)

<  (13—a+27) 
— 2 (

'dx2 +1)o . 5rP
0

 

C(13— a+27') 17
Ea–r,13-1-71P110

Proof of Lemma 4.1.

P h = I I  (112-1  Xi — '  j ± H i2-1 xi) Ph

1co
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=11 {11 ,1- 1 ( — V 3 ) 1 1 12- 1 X i+ X il l i ,C 1X1}P111

(20) E (111/2- 1 110v +1) ( E

(21) + E E (IIH»IIov +1)k=1

where

X il (x ) = X [zi 1,zi
d i - i (x )

X12 (x ) =  X  (z i- l+ t) (z )

X 13 (x) =  X [z1—t,zi) (z) .

First of all in  (20) d (supp ( supp Xi) • So by Lemma 4.3

( E exp ( — /Id1* /2)

dSetting r= ri a n d  using Lemma 4.6, we get

IIX C(tvi +
di _i - l- di ,

- r2 4 IIX [ t!.1z i+ ,P 110

(wi +4').
Then

(22) E ( k i l o  y  + 1) ( E f) exp (— A d 1* /2)

In  (21) when j=i-1 and k= 2, 3 o r j= i+1  and k --= 1, 2, d (su p p  V j, supp
di* 

Xik) 8 •

Then

(23) E (111-1,c10 y  +1) CE (w i - F d )  exp (— A d 1* /8)

W hen j=i-1 and k=1 or j= i+1  and k=3,

liX 1

and by Lemma 3.6

IIX [z.--",km+ '-6 2 "4 Pilo =i, i+  1)
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. CdZ exp( — s/ — b d ./8 ) . (m =i, i + 1 )

(wi -F0) exp (— bdi */8)

Then

(24) (11112- (wi+o)exp(—.1—bdi*/8).1110 y +1)

Combining from (22) t o  (24), we get

II (1.12- 1 — K)Pil1 c E  (wi +ce)exp( — min {
8 b '  8

 Id *• ) < coi

where the last inequality follows from the assum ption (A.2).

5. Proof of Main Theorem

In this section we will apply Pearson's theorem to prove Theorem 2.2.

Lemma 5.1. ( [ 6 ]  p . 2 4 ) .  Let A and B  be self-adjoint operators and let
J be a bounded operator. Suppose that there is a trace class operator C so that C =
A J— JB  in the sense that for all goED (A ) and (PED(B ),

(C(P, (p) = ([0, A (p) — (JB(1), go)

then

S2±  (A , B; eiAtJe-zBtPac(B)t-± -

exist.

Proof of Theorem 2 . 2 .  Since H h a s  no spec tra  i n  H  co, —  y) ,  we can
assume that — y w ithout loss of g e n e ra lity . Set A =K, B = H2 - 1  and  J =

P (a ,b ) (H ) in  Lemma 5.1. B y the spectral theorem, P(a,b) (H ) =  (P  b+122 a+1,32 )

(H A -1
)  . Since H2 - 1  and P ( 6+22 ' + )  ( I  I  2-1) commute each other, by Lemma 4.1a22 

w e can prove that they satisfy the hypotheses of Lemma 5.1 under the condi-
tions of Theorem 2.2. Then

) (112- 1 ) Pac (1-1(25) eiK te— iH  tp(  1  1 
b+,72 'a+2 2t—too

exist.

(25) shows tha t Range (P( 1
b + A 2 'a + 2 2

)(112- 1)Pac(112- 1 ))  is unitary equivalent

to the subspace of Range ( P   1  1(
b + 2 2 ' a + , 1 2 , 1

\ (10 P a c (K )) . So let's consider the oper-

ator K.
For any i E Z we can regard the operator as the one from L2 (/,) to
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H2 (Ii) . Since H2 (I i )  is  the com pact subspace o f L2 (ii) , XjHjAi s  compact.
So by Riesz-Schauder's theorem  its spectra a re  discrete except for the origin,
and the set of its eigenfunctions constitutes a C.O.N.S. of L2 (L).

T he function which is gained by em bedding th e  eigenfunction of x i H,a
- i

into L2 (R ) is  a n  eigenfunction of K. T h e  s e t  o f  all such functions fo r  all i
consists a C.O.N.S. of L2 .
Then th e  absolutely continuous subspace o f K  i s  {0} . So we can conclude
that

Range (P ( b 4
1
, 0 ,a _1 2 )(K) P  (K)) = {0}.

Then

Range (P( bL12 ,a _ IF-2 ,) (H») P ac , 1 -
1 ) ) = {0} .

By the spectral theorem

Range (P(a,b) (H) P ac (H)) = {O}.

Since a, b are arbitrary w ith a <b < 0 and a, b app (H) ,

aac (H) n H 0 0 ,  0) .
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