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Mappings of domains connected with the
Dirichlet problem for the

equation of vibrating string

By

A. A. Lyashenko

1. Introduction

In  the present paper w e continue investigations we have begun in  IL - S i
In  paper [ L- S ] we studied solvability of the D irichlet problem for the  vibrat-
ing string equation

(1)
Vtxx — Ityy - 11(x,

uin2 =0

y, = 0 ,  (x, y)

f o r  a  c lass o f  bounded dom ains D  c It2 w i th  piecewise smooth boundaries.
U nder som e sym m etry  a n d  sm oothness assum ptions o n  th e  boundary  aQ,
which will be described in section 2, it w as show n that there  exist piecewise

on
smooth increasing functions h, g: R R such that

(2) D =  (h (z+t) +g (z— t), h (z+ t) —g (z— t)) I z E  (0, 7r), t E (0, T) I

for some T> 0 with —

T  

rational. Therefore problem (1) can be rewritten in the

following equivalent form

(3)
wu— wzz+f(z, t, (z, t) E HT= (0 , 7 r) X  (0 , T)

wian,=-  0

where

(4) w (z, =14 01 (Z+t)+g (z— t), h (z+ t) —g (z—t))

We notice that F. John po] was among the first who suggested to use a change
of variables of the form

x i = h (x - i- y) +g ( x — y ) ,  yi= h(x-Fy)— g (x— y)
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to reduce problem (1) to a  problem of the same form in  a  simpler domain.
Applying the results of [R a], [B - 1\1], [Sm] we obtained existence, unique-

n e ss  a n d  regularity  o f  w eak  so lu tio n s  o f  (3 )  under som e assum ptions on
f  [L - S]. Because o f  (4 ), the  regularity of a solution u (x, y )  of problem  (1)
is determined by regularity of the solution w (z , t )  of problem  (3 ) and by reg-
ularity properties of the  functions h, g .  O ur m ain goal in the present work is
to derive necessary and sufficient conditions for existence of functions h, g  E
Ck (R )  satisfying (2).

The outline o f the  paper is  a s  follows. In section 2  the  c lass of domains
we consider is introduced. In section 3 we show existence and describe gener-
a l  struc tu re  o f functions h, g  sa tisfy ing  (2) . A  necessary condition for the
functions h, g  to belong Ck (R )  a re  derived in section 4. Finally, in section 5
we obtain a  necessary and sufficient condition for existence h, gE Ck (R ) satis-
fying (2).

2 .  A class of domains

For the  sake of convenience we rew rite problem  (1 ) in  the  characteristic
form

u iu
- F f(x , y, u )  = 0 ,  (x, y) E D

ulaf2= 0

W e w ill be interested in existence and regularity o f increasing functions h, g
such that

(5) Q =  {  (x), g  (y )) 0 < x ± y  < T  1, 0<x — y <T2}

for some T1, T2>0.
T he domain D c  R 2 is assum ed to  be bounded, w ith  a  boundary F= 00

satisfying:

(A l )  T = 8 S 2 = r,, { (x , y (x))1xY , y  (x ) EC "  [4 ,  X j] for any
j=1

j= 1, 2, 3, 4 and for some k 2;

(A2) IY; (r) > 0, x E [XY, Xj], = 1, 2, 3, 4;

(A3) T he  endpoints P1 =  (4 ,  y i  (4 ) )  of the  curves . . . . .  F4 a re  th e  ver-
tices of F w ith respect to the lines x=const, y =canst. By this we mean
that for any j= 1 , ,  4  one of the two lines x = x ?, y =y j (4 )  has emp-
ty  intersection w ith  S2 and  the re  a re  n o  o ther po in ts on  r with this
property.

Conditions (A1)- (A3) imply that the domain S2 is strictly convex relative
to  th e  lines x = const, y = const. Therefore, follow ing [Jo] ,  w e can define
homeomorphisms T + , T -  o n  th e  boundary F a s  follows: T +  a ssigns to  a point



P4

3

P2
0
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FIGURE 1

o n  th e  boundary th e  o ther boundary  po in t w ith  th e  sam e y  coordinate; T -

assigns to a  point on the boundary the other boundary point w ith the same x
coordinate. Notice that each vertex P1 is  a  fixed point of e ither 7- or T .  W e
set F =T -  o  T + . It is easy to see that F preserves the orientation of the bound-
ary (see Figure 1).

Let F= { (x  (s) , y  (W I  0 s  <1) be the  parametrization o f r b y  the arc
length parameter, so that 1 is  the total length of F. F or each point PEE we de-
note its coordinate by S (P) C  [0, i ) .  T hen  the  homeomorphism F  can be lifted
[N i] to  a  continuous map f i  :  R— .R, w hich is an  increasing function onto R
such that 0 ( 0 )  <1,

f i(s+1 ) =f i(s )  +1 , s  R , a n d  S (FP) =fi (S  (P)) (mod /), PET.

T he function fi (s)  is ca lled  the  lift o f F  [ N i] .  If  w e inductively set fk  (s) =
f i  r k- 1 ( s ) )  for integer k 2, then it is known [Ni] that the limit

lim
fk (s )  de f

=  a  ( F )  E  [0, 1]

exists and  is independent o f s c R. T he num ber a (F)  is  ca lled  the rotation
number of F  [Ni]. The following cases are possible:

(A) a (F) = —

m  

is a  rational number, and F n = /  where / is the  identity map-

ping of F onto itself;

(B) a (F) = m  i s  a  rational number, F" has a fixed point on r, but Fn *I;

(C) a (F) is  an  irrational num ber, and F k  h a s  no  fixed points on F fo r any
k E N.
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Here we will consider only case  (A ) , and so we make a  fourth assumption on

( A 4 )  a (F) = m
 n  

is  a  rational number and F = I .

Henceforth we consider th e  c lass o f  bounded domains Q C  11,2 su c h  th a t  the
boundary r= as? satisfies conditions (A l) - (A4) . T his  class of domains will
be denoted by E.

W e point out th a t condition (A4) can be regarded a s  a  symmetry condi-
tion on the boundary. I f  (A4) holds then the boundary r can be divided into
tw o parts  r, r2 in  such a  w ay that r2 is completely determined by r' and

the number a (F) = . This follows, for example, from the results o f [Jo ] (see

also section 3).

3. Existence and general structure

Notice that the collection of domains E  satisfying (A1) -  (A4) is composed
of classes E (m, n, k) , where fo r a  given trip le  of natural num bers m, n, k we
denote by E (m, n, k) the set of domains Q satisfying (A l) - (A4) with smooth-

ness k, rotation number a (F) = —
n  '  

and En= I. Correctness of the definition of

classes E(m, n, k) follows from the following lemma.

Lemma 1  ([S - L]). 1) E (mj, nj, k)=E (m, n, k) for any m, n, k, j EN;
2) E (m, n, k) = 0 for any m, n, k E N, m n .

Henceforth we will always assume that m <n a n d  (m, n) =1. The simplest
representative of the class E(m,n,k) is the rectangle

117
n
n = {(x ,y )1 0 < x ± y < m  0 < x  y < n " I }

Indeed, it is easy to see that the length 1 of rnm = affnm is equal to n and f i (s)

= s + m  is  the lift of F. Thus fk (s) =km - Fs and a (F) =- —

n  
. Therefore E(m,n,

±  0  if m <n.
The following theorem implies that for any D EE (m, n, k) there exist in-

creasing functions h, g  satisfying

(6) Q =  (h (x), g (Y)) I (x, y) E Ig n }

Theorem 1  ([L - s]) . Let Qi, Q2  E E (m, n, k) for some m, n, k E N, m
<n, k  2. Then there exist functions h (x), g  (y ) such that

(7) Q2= (h (x) , g (y) ) I (x, y) E Qi}

and
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h (x) Ec(R) n ck (— co, xil nckEr,i, +œ) 
n-2

x ,, , i
j=1

n-2

(8) g  (y) EC (R) n c k  ( -0 0 ,  y i  n C q y n - i ,  +° ° )  nC" ,  y ,+ , ]
j = 1

0 <if, (x), (y) C ,  v $ .., y ( t yn_d

for some points x i, . ,  xn- i, , un - i satisf y ing x i< x ) +1, y i<g1+1, j =1,
n — 2 and for some positive constants 5, C.

Although Theorem 1 was proved in [L - SI w e w ill give the complete proof
here  because  it w ill be  used  fu rther, a n d  because it contains description of
general structure of the functions h, g .

Proof of Theorem 1. W e shall use the notations T ± , F introduced in
section 2. Observe that from the definitions it follows that T T + = T - T - =1, so
that F= T -  T+  h a s  inverse F -  = T +  T-  . Let Q E  E (m, n, k); thus Fn = I, a (F) =
—

n
. W ithout loss o f  generality  w e assum e th a t  th e  vertices Pi, , P 4  (see

(A 3 )) are numbered such that P 1 (P3) has minimal (maximal) x  coordinate on
F= 5Q, and P2 (P4) has minimal (maximal) y  coordinate on F  (see Figure 1).
Then

T +P2 = p2, T +P4 = 134, T  P i = P 1, T P3 = P3

and there are no other fixed points of T+  and  T .  F o r  any PE F we set

0 (P) = {P, T + P, FP, T+FP, F 2p,T + F n - i p }

Because o f  (A4 ) th e  se t 0 (P )  is  invariant w ith  respect to  the  homeomorph-
isms T ± , F, i .e .  (0  (P ) )  =  T -  (0 (P)) = F (0 (P)) =0 (P). Following [Fo] we
call the  se t 0 (P ) the cycle generated by PE  T . It is  easy  to  see  tha t fo r any
P, Q E T either 0 (P) n 0  (Q ) = 0 or 0 (P) = 0 (Q) , and if Q c 0 (P) then 0 (Q)
=0 (P).

Consider the vertex P2. Since T + P2= P2 and V T ' = F - 1 T+  f o r  any integer
1, we have

T + F iP2 = F - 1 P2 =Fn - 1 P2

If n is even the choice /=-11-"- shows that A P 2 i s  a  fixed point of T + , and conse-

quently F1P 2 E 1/3 2 ,  P4). Since (m ,n) = 1 the minimal period of any point P

is n  (otherwise a (F) = for some m
, <m, n '<n ), and so we must have F l2LP2

=P4 and F1P4=P2. Using the same arguments we obtain F iP 1 = P 3 , FiP3=PI.
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n+1 n+1
If n is odd then the choice /=

1
 sh o w s T - F P 2 = T - T ± F

n -
2

1

P2 
= F

P 2 . Thus F n-12-1 P2 e {P1, P3}. Applying the same arguments we obtain P n -± 1 P4

{Pi., P3} and F P1, F—n-21P3 E {P2 , P4 }. We have shown that

(9) FIP2= P4, F-2-P1= P 3 , n even
n+1 n+n + 1

F—T-P2 F  2 1 --P g  P 3  o r  FP2=- P3, 1
n4-1

4 2 P4 
= P I ,  n, odd

From  (9) it follows that 0 (P2) =0(P4), 0 (PI) =  0(P 3 ) i f  n is even; 0 (P2) = 0
(P1) , 0(P4) = 0 (Ps) or 0(P2) =0 (P3) , 0(P4) =0 (P1) if n is odd.

Tin is even then 0(P2) n o (Po = 0 . Indeed, if 0(P2) n o (po *  0  then 0

(P2)=0 (P1) and there exists /<n such that F 1P2 =P 1 o r  T + F 1P2 =P 1 . If T ± F 1P2
=Pi. then F H -1 P 2 = T -  Pi

=
 P i .  Hence we only need to consider the case F i P2=P1

for some /<n, and in this case we have

F 21P2 = FY I = T -F - iPi= T - P 2 = T - T + 13
2 = FP 2

Hence F2 1 - 1 P2=P2. But then 21-1 = jn  for some j E N  w hich  is impossible since
n is even. Therefore 0(P2)  n 0(Pi) = 0  when n is even. Using the same argu-
ments we obtain 0 (P i ) n o (F.3 ) =  0  if n is odd. Thus

0 (Pi) = 0 (P3) , 0 (P2) = 0 (P4) , 0 (Pi) n o (p2) = o , even
0(P1) = o (P2) , o (P3) = o (P4) , 0 (P 1) n o (p3) = o
or , n odd
0 (Pi) = 0 (P4) , 0 (P2) =0 (P3) , 0(P1) n o (P3) =

Follow ing [ Z e ] w e  n e x t d e f in e  th e  so -ca lled  genera ting  se t  fo r  th e
homeomorphisms T±, F. F o r  any  points P, Q E  F  w e deno te  by  (P , Q ) r the
open arc of r from P  to  Q according to the positive orientation on F; we also
denote (P, r =  (P ,  Q )  r  U  {Q}. If n is even then w e denote by P * the point
from the finite nonempty set 0(P2) n P2ir w ith the property (P i, P*) r n o
(P2) = 0. I f  n is odd then we denote by P* the point from the  finite nonempty
se t 0 (P3) n (P1, P2] r such that (P i, P*) r n o (P3) -= 0 . By the generating set
for homeomorphisms T ± , F we shall mean the arc Mo= P*ir.

Lemma 2 ([L - S]). I )  For any P, QE Mo, with P * Q, we have 0 (P)
n o (Q) =  ;

) u (p) = F , i. e. ( P )  n mo * O for any Pc r.
PeMo

We define, for 1=0, ... , n - 1, the sets

M21 = F 1 (Mo) = [F 113 1, FIP*[ r A 2 1 = FiP*) r

M2/+1 = ( M O  =[T+FIP * , T + F i Pd r  , -421+1= (T + F 1P*, T ± F`Pi)r

Then Lemma 2 can be written as follows.

(10)
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Lemma 2.' ) A 1 flA, 2 = 0 , 11,12c (0 , ,  2 n - 1 } ,  11 * 1 2 ,
2n-1

11) U  m,=r.
1=1

Let us now introduce the constants

= m intrl (x, y ) E n , b=max{xl (x, y ) E n
c -= m in ty l(x , y )E n , d = m a x [y I (x , y )E F )

and the functions X (P): F f .  [a, b1, Y(P): [c, dl, such that

(X (P) , Y (P)) = P, V P E r

Next we define intervals

Xi  =X (* ) =  [X  (P) 'P c  Mi } , = X (I ) ,  j = 0, . . . , 2n — 1

Yi = Y (A ) =-- {Y (P) ' P E A L  f i = Y (k i ) ,  j=  0, . . . , 2n — 1

o o
Clearly X i , Yi  (X  Y i )  are closed (open) intervals satisfying the properties

0 0 0 0 0
X 2 j

—
X 2 j -1 ,  XV —  X 2 j - 1 ,  X —  X 2 n -1 ,  X0 —  X 2 n - i ,  j  — 1 ,  . .  . , n  1

o o
Y2i—  Ya i+1, Y2i —  Y2/+1, j - 0 ,  . . .  ,  n - 1
n -1 n -1

UX 2 j
=

 [a, b i ,  U
J=o .J=0 Y2i

—  [c, d]

o o o ox 2 i nx 2 1 =  0 ,  y o y 21 =  0  , i t i
, 1 4 4

[a, b ] \  (  U  
1-

2 ) =  U  X (0 (Pi ))  =  " {X (P) IP E  0  (PO }
i=o t=i 1=1
.--1 4 4

[c, d ] \ ( U  i 972i) =  U  Y(0 (Pi)) = U 1Y  (P ) IP E o  (P 1) )
J=0 1=1 i=i

We define functions ri (x) :X0  )(at, /3 (x): X o
. ln*  1/2.; b y  the following formulae

ri  (X (P)) = X (P P ) , ( X  ( P ) )  = Y (FP ) , P E Mo, j -= 0, . . . , n —  1

where F
°

1. Since A n 0 (P1) = 0 9 j = 0  . . . . .  2 n - 1 ,  1= 1, 2 , 3 , 4  then because
o f  (A l) ,  (A 2) we have

isi E c k  (x0), i= 0, , n - 1

for some positive constants C1, C 2 . In addition, for any PEMo

P P =  (ri (X (P)) , 131(X (P)) , T + PP= (7 -1 ,1 (x (P )) , (P ) ) ) ,  1 = 0 , , n - 1



336 A. A. Lyashenko

Proposition 1 ([L - S]).L e t  DEE (m , n, k ) , (m , n) =1, m  <n, and the
arcs Mi  be defined as above. Let us define a permutation j : = a(i)  of the numbers 0,
1, , 2n - 1 according to the order of arcs Mo, M i . . . . . . . . . . . . . . . . . M2n-1 on I', so that

M : -<Ma  if and only if ji<.ia

where 111, - <M d  i f Q) r for any P e la i , QEk a.
Then

(11) i2i = a (2i) = 2mi (mod 2n) , i  =  0  . . . . .  —  1

Corollary 1. The order of the intervals X 2  (resP. Y af) on [a,b] (resp.
[c, d ]) depends only on the numbers n, m.

Using the fact that F  preserves orientation on F we have T.; (x) > 0 (resp .
(x ) <0) if and only if Ma i c  [P 1 , P 3 [ 1  (resp. M 21 C [p 3 , P i ] r ) ;  /35 x) > 0 (resp .

/35 (x) <o) if  and  only if Mai c [P2, P4] r  (resp. M21 c [P4, P2] .  Hence from
Proposition 1 and Corollary 1 we obtain a second result.

Corollary 2. The sign of the functions TS (x), (x ) depends only on the
numbers m, n, j  and does not depend on the shape of the domain DEE (m, n, k).

Let Q1 , Q2 E E (m ,n ,k ), F1 =aS21, j=1 , 2. According to the formulae above
we define for each boudary F i, F2 intervals

Xf 2 , Y P ,  Y T 2 , j= 0 ..... 2n —1

and functions

(P) : ±n. y1' (p) : 1-1 1> [ci,

X 1
2 (P) : F2 [c12, b2], y

1'
2 (P ) r2 (2 4  [c2,

_ >
°n X 21», Sp _)"

TT 2 X6'2 X g , Sf2 Xt2 yg, j=o ..... n - 1

Let h o (x ) be an arbitrary function h0 x )— °n 4 2 satisfying the conditions

ho E  c i c  (xci); h"o (x) 6 > 0 ,  x E x c i

We define

(12)
{ h  (x )= rP(ho((rf l ) (x ))), x EXÇf

g  (y) = i312(140( (ffi ) —1 (0)),
Then using the properties of the functions rp, SP we obtain



n -1

j= 0

o
Y g

0
VXE Y C

o
X g,

n-1

j=0

n-1

j=0

Y
0y

n-1

j=0

o
X  ,
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on
h (x) : [al, [a2, b2 ], h  E

g  (y ) 61'1°2. [6.2, d21, g

n-1

Ih' (x) I, g'(y)I ô> O , .TE  U y E
j=0

From Corollary 2 it follows that rp , rp  are  either both increasing o r both de-
creasing. The same is true for pp. Therefore

h' (x ), ( y ) (3>C1,

From  Corollary 1 it fo llow s that h (x )  is continuous at the  po in ts  [ai, bi]
n-1 n-1

U and g  (y ) is continuous at the points [c1, di] \  U  g .
i=o P=0

Thus

h (x) E C [a i, UCk (X g ) ,  j = 0, , n —1

g ( y )  E C k i , U C k (Y ) ,  j= 0 , . . . ,  n -1

n-1

h ' (x ), g ' (y) 6 > 0 ,  x E  U
j= 0

Extending h (x) , g  (y ) to x  E R  \Lai, b il, y  E R  \  [CI, d i]  a s  functions from Ck

we obtain that h, g  sa tisfy  (8 ) where

4

, xn_il = (ai, 1)1) U {Xr i  (P)IP U ° I . 1 ( PP) )

j=1

U
4

, (C I , d i )  U {Yri (P)IPE o' (if')})=1
It rem ains to prove (7). Since for any j=1, 2, 1=0, ... , n - 1, PEfi r l

PriP= (TR (Xn  (P )), SP (xri (P))),

Fi-,P=O-T,!1(xri (p)), (xn (P)) )

it follows from (12) tha t if PEM P, QEM P and

(13) x '2 (Q) =h0 (xr' (P))
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then

Fi,,Q= (h (X II (P r i P )), g (Yn (Fir ,P )))

'Q= (h (X"' (7 ) 1 F i
r ,P)) , g ( (T ) , F r,P )))

fo r any I = 0, , n — 1. Thus m apping (12) transform s any cycle Or  (P)

P  M P, into a cycle 0 1 2  (Q) , where Q E Mô2 is uniquely  determ ined by (13) .
Since

(x12\ -
)  

1 (ho (Xn (P ))) mc2

it follows from Lemma 2 that m apping (12) transform s T1 o n to  F2. Since S21,
Q2 are  convex relative to  the  lines x = const, y = const and h (x) , g (y ) a re  in-
creasing continuous functions (7) holds. T his completes the  proof of Theorem
1.

It easy to see that any functions h, g satisfying (7) can be determined by
(12) where ho (x) = h (x) , x E XCI . Therefore the  proof of Theorem 1 gives us
the general structure of functions h, g  satisfying (7).

4. A necessary condition

From  Theorem  1 it fo llow s that fo r  any  Q E E (m, n, k) there exist in-
creasing functions h, g  satisfying (8) and such that

(14) Ihn= ( (h (x), g (y))1(x, y) E ,Q)

In the present section we derive a  necessary condition for the functions h, g  to
belong to Ck (R).

Let h, g sa tisfy  (8), (14). From the definition of rectangle fEr it follows

4  '
(15) h (X (P)) ±h (X (T ±  P)) = m  

P E T ,  IP — P41<6

PE T ,
(16) g (Y (P)) +g(Y(T - P ) )  =  2m —n P E T ,  IP—P3 I<E4  '

for s >0 small enough. Using (Al) we rew rite  ( 1 5 ) ,  (16) as follows

(17)
h (yi l (y)) - F h (yi l  (y)) =7 "I I , yE [C , C± El{

h (yi l  (y)) - I-  h (yV (y)) = ,\
I ' 7 ,  y  C  Ed

14 —In
IP—P2I<E



(18)
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{

9 (yi (x )) +9  (Y4(x)) =0, xE [a, a±ei

9 (Y2 (x )) +9 (Y3(x)) = 2 7 i n , x E  [b — 6, b]

where

a = (x, y) E n , b=max{xl (x, y)
c=min{y1 (x, y) , d= m ax{yl (x, y)

Equalities (17), (18) imply some necessary conditions for the functions h, g  to
belong to C R C . T o  d e riv e  th e se  conditions w e consider the  following auxiliary
problem.

Assume functions w 1 (x), w2  (x) satisfy

) wi, w2E C k [0, 1],
) 0  < (x ),  ( - 1.1 (x )) xC [0, 1],

iii) (0) W 2 (0 ) =0.

Assume there exists a real-valued function g E Ck  (R) , g ' (0) >0 satisfying

(19) (wi (x )) +9 (w2(x)) x E [0, 1]

for some constant C I R .  Equality  (19) implies

(20) d '  / (wi  (x )) + 9  (w 2 (x ))k = 0, j = 1 ..... k
dx' = -F o

We set for j=  1, ,k

1 d iw ig  i =  d i g 1  d 'w 2  (0),(21) ., (+0) , (+0).,
dyi dx' .1! d x '

and define functions az., (T ), T=•  •  'T O  E RIC by the following formula

(22) (E y i.x )i= (T )xl, j =1, . . ,k , x E R
1=1 j5 i5 jk

T hen (20) can be written in the form

glen =- 0

g1e21+g2C22 
=

0

(23) g1C31 +g2C32+g 3C33 
=

0

g 1Ckl ± g 2 C k 2 ± g 3 C k 3 +  • • • + g  k C k k = 0

where
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(24) ci; =ci ;  (a, [3) a  (a) + a ii (1 3 ) 1 j i k

It is easy to check that

(a1 - Fi3i) , C j j ( a l -  F 131) , j =1, . . ,k

cm--1)= (j —i) (a1 -
2a2 +m - 202), j =2, . , k

(25) fi; -2) = ( j( j - 2 ) (aVa3+131 -
3$3)

+  
— 2)

2

( i - 3 )

 (a1 - 4 a+131 - $ 1 ) , j  =

Since g' (0) > 0 then g1 > 0. U sing (23 ),(25 ) we obtain c ii=  (a1+$1) =0. Hence

(26) Ri= — a l

From  i i )  it follows al*O . Therefore

_  0 ,  j  is odd
c l l -

2a-1, j  is even

Let 3. Consider the second and the third equation of (23). Since 9 1 * 0  then
using  (25 ), (26 ) we obtain

0=c21c32 — c22c31=2a1 ( (a l - 131) — a1 (a3+i33) )

Hence

(27) al (a3+$3 ) (cd

Let Consider the fourth and the fifth equation of (23)

1C41 ±g 2C42 3C43 ±g4C44 =

g1051 +g2C52+g3C53 +g4C54

U sing (25),(26) we obtain

C43C54 C53C44 = 3af (a2 +$2) • 4a? (a2 $2) 2at [3a 21 (a3- 1- [33)
±3cr i  (od— Si)] = 6a? (cd— —  6a? (a 3 + 3 3 ) = 0

by force of (27). Hence

91 (c412 (a2 132) a ic s i)  + 9 2  (C422 (a2 a1c52) — 0

Since g 1 * 0  then using the second equation of (23) we obtain

0= (c 4 1 2 (a 2 — $2) a1c51) • c22 (c422 (a2 [32) a1c52) • C21

One can check that the last equation can be written as follows

(28) 2a? (a2 — /32) (a4 +/34 ) —a? (a5+135) + af (a4 — 04) (a2+$2)
+ a l (a2a3+/32/33) (a2+132) —  (a1-131) — 2af (a3 —$3) =0
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Let 5. Then for any / 21-k1 k we have by force of (25 )-(27 )

det(
C21(21-1) C2121

c(21+1)(2i-i.) c(21+1)21)= (21 - 1) a r 2 (a 2 + $ 2 )  •  2 1a? '  l ( a 2  1 3 2)

— 2af' [ (2/-1) ar 2 (a 3 +133 ) ±  (21 - 1) (1 -1 ) a r 3 (cd — SZ)]
= 2 (21 —  1) a r 3 (a —/3?) - 2  (21 — 1) ar 2 (a 3 +/3 3) =0

Since a i * 0  then the system of two equations

g 1C 211 + • ± g  21C  2121
=  0

g 1C (21+1)1 +  — ±g 21C (21+1)21

is equivalent to

g 1 6 2 1 - 2 ) 1 ± ••• ± g21-2C (2)-2)(21-2) = 0

g1C211+ .......... ±g 21C 2121 =

where

(29) C(21-2)j=c21,/ (a2 — 132) j=1, • • • , 2/-2

Assume (26)- (28) hold and consider the system

91C21±g2C22 - 0
g1C41± • • •  +g 4c44— 0
g ic-41+ 4  .  •  +g4C-44= 0

g 1C211+ ........... ±-  g  2 1 C  2 1 2 1
=  0

g 1C211 + ........... +- g21C2121=0

g 1C (k-2)1 ± — + g  k -2C (k -2)(k -2)
= - 0

g 1C  k l+ .......... ± g k C k k O

if k is even, or the system

g1c21±g2C22=0
g1C41+ • • • ±g4C44 = 0

gler41± • • • + ge4 4 = 0

(31)
g 1C 211 + ........... ±-  g  2 1 C  2 1 2 1

=  0

g 1C- 211 + ............+ g 2 1 2 1 2 1 = 0

g1C(k-1)1+ • • • +gk-1C(k-1)(k-i) =

if k is odd.
Since c2 1 2 1 >0  and solvality o f  (30),(31) does not depend on the magnitude

of g i > 0 then  w e can  assume g 1 = 1 an d  rew rite  (30) , (31) in  the  following
equivalent form

(30)
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g2d22 = 
—

d21

g 2d 32 +g 3d 33 = — d31
g 2d42 +93d 43 +g 4d 44 = — d41

g 2d (k-02 + .......... + g -4 d  (k- 4)( K-4) — d(k4)1
g1C(k - 2)1 + .......... +9 1(-2C(k-2)(k-2)

=  —
C(k-2)1

g 1C kl + ........... +9 kCkk
=  —

Ckl

g 2d22 = — d21

g 2d32 4 - 93d 33 = — d 3 i

g 2d 42 +g3d43+g 4d 44 = — d41

g2d(k-3 )2+ .......... + gk -3 d (k -3 )(k -3 )=  d(k-3)1

g 1C(k-1)1 +gk-1C(k-1)(k-1) =  
—

Clk-1)1

where

(32) d211=c2ii, d (21- 1 j
=

 C21j C2121
—

 C
-
211 C 2 1 2 I

Consider the system

g 2d22 —  d21
g 2d 32 - Fg 3d 33 —  d 31

(33) g 2d42 +g 3d 43 +g 4d 44 — d 4 1

g 2c112 + ......... - I - g id u =  du

where

(34) 1=1 (k) =  
(k - 4 ) ,  k is even
(k k is odd

Then system  (30 ') (re sp . (3 1 ')) is  solvable if and only i f  (33 ) is  solvable. In-
deed, if k  is even and (g 2 . . . . .  k _ 4 )  sa tisfy  (33 ) then fo r arbitrary Pk-3, 9k-1
E R the  values of 9k-2, 9k are  uniquely determined by th e  last two equations
o f  (3 0 1  If k is odd a n d  (g 2 , ,  g k _ 3 )  sa tisfy  (33) then for any arbitrary gk-2,
g k E R  the value of gk_i is uniquely determined by the last equation o f  (31').

For any a= (a i

(35) D (a, 3, k) =

. . . . . a k)

/d22

d 32 d 33

3= (31,
O. \

Sk) we denote

\ d/2 d13

O
d u  /

(30')

(31')

where c111= d „  (a, 73) are determined by (2 4 ), (2 9 ), (3 2 ), 1=-1 (k) is determined
b y  (34).
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W e have obtained that if there exists g E C k  (R ) , g' (0) >0 satisfying (19)
then  (26) -  (28) hold and there exists X G  R 1 ( k ) - 1  such that

D (a , a  k) • X =  — d (a, IS, k)

where

/ d21 (a, p)
(36) d (a, p, k) =

\d i(k)i (a, IS') /

L e t u s  determine a (P i) =  (a i (Pi) a k (P i)) (P i) =  (Pi (Pi)
Pk (Pi)), j = 1, 2, 3, 4 by the following formulae

(37)

1 4al (Pi) = 1

 d l

d x
y

  (a+0) ,

1  d' (1.1 1 ) a l (P2) = 1 d y i ( c  - F 0) ,

(p3) = 111  (b 0) ,

, 1  d ' (y i 1) 
al (P4) = ' (d 0 ) ,1! d y l

1  d i g i  (Pi) = ( a + 0 )
! dx 1

1  d l ( y i i ) (P2) = (c +0)1 d y  

(p3 ) = dly  
 ( b  0 )

oi 

1  d i (y V) (P  =  11  d y i ( d  0 )

The next theorem follows from the above arguments.

Theorem 2. Let S2 G E (m, n, k) for some m, n, k EN, m <n, 5. If
there exist functions h (x) G Ck [a, b], g (y) E C"  [c, d ] satisfying (8) , (14) then

for any j = 1, 2, 3, 4 vectors a ( P , ) ,  13 (Pi) satisfy (26) - (28) and there exists XiE
R" k ) - 1  satisfying

D (a (p i ) , p ( p i ) ,  k) x , =  — d (a (p i ), 13 (p1), k)

where D (a, p , k) is determined by (35), d (a ,  i3) are determined by (24), (29),
(32), 1(k) is determined by (34), d (a, p, k) is determined by (36).

5. A necessary and sufficient condition

In  the  present section w e derive a  necessary and  sufficient condition for
existence h ECk Ea, b], g eC k [c, d ] satisfying (8), (14).

Let G E (m, n, k) fo r some m ,n,k N, 2. Denote r= 0,Q,F7r =
It is easy to see that from  the  proof of Theorem 1 it follow s that if h o : Xô. -°14

Xgnm, ho G Ck (X i) is chosen such that function h (x) , g (y ) defined  by  (12)
satisfy for some s > 0
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h E Ck  (P 2 )  — , X  (I)  2) ±  6 ) n ck (x (p4) —6, x ( 4 ) + )

g E Ck  (Y (13 1) — 6, Y(P1) + E) n ck (Y (P3) — 6, Y (P3) + E)

then hE Ck  [a, 1)] , g  EC k [c, dl. Because o f  (8) conditions (38) are  equivalent
to

d'h 
(X (Pi) 0) = 

d 'h  
 (X (P,) + 0 ),  j = 2, 4, 1=1, . . . , k

dx 1

d'gd ' g  (Y (p i ) 0) = (Y (Pi) + 0 ),  j =1, 3, 1=1, . . , k
dy id y i

Consider the rectangle H . I t  is  e a sy  to  se e  th a t the vertices of irnn

Pin"' = (0, 0) , p r . .  = (n — m 
2 \  24  2 4

p r „„z = f  n   2 m  — n )  K n . = f  m  m  
3\ 2 ' \  2 4  2 4

and for any 1=0, ... , n-1, j=  0, , 2n- 1, P, Q Agn m

(41) IXrnm (P) X r nm (Q )I=IX r nm (P rn . P )  X r nm

=1Yr n m  (F ireiP) Y r 'im  (PrnmQ)I=IYr n m  (P) Y r n m  (Q)I

Let h (x) , g (y) sa tisfy  (8) , (14). Since the  m apping (xi, y i)  =  (h (x) , g (y ))
transform s any cycle 0 (P )  in to  the  cycle  O r nm (Q )  w here  Q = (X  (P ))
g (Y ( P ) ) )  then for any 1EZ

(42) Xrnm (F'r n . (h (X (p ) ) ,  g ( Y  (P )))) = (PP)) , PE  F
Yr nm (Pr o z(h ( P ) )  ,  g ( Y  (P )))) =g  (Y  (F 'P )), PE E

Consider two cases: I )  n is even, II) n is odd.

) . L et n b e  a n  even  num ber. B y fo rc e  o f  (9 ) w e  have FiPi =- P3,

=T i
r  »

,
n  P f n m  P r .

U sing (40)- (42) we obtain

(43) 0 —g  (Y (P)) =g (Y
( p ) ) )  ±  2 1 1 1  

24

for any PE T such that 1P— P1l is sufficiently small.

Since FiP2=P4, r e , = Pfnm  then employing (40)- (42) we obtain

n — m  =  m  (44) h (X (P)) h (1 (P)))
24  2 4

for any PEE such that IP— P2I is sufficiently small.

(38)

(39)

(40)
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Besides, in  a  neighborhood of each vertex PL. P4 w e have one extra
functional equation: (15) o r  (16) . W e note th a t i f  (16) holds then it is suf-
ficient to consider (43) only for P E  s u c h  th a t  Y (P) _< y (p1). Indeed, let P —

Y (P) Y(P1) f o r  a  small e> O. Consider points P, T P, F P ,  T - F1P=

F1T - P. Assume that g (Y (P)) +g ( Y ( F ( P ) ) )  =  n
24

2 m  T h e n  u s in g  (16) we

obtain

g (Y (T - P)) +g (17  (FLi (T - P ))) =  — g  (Y  (P )) + ( n  g  (Y  (F IP )))

( n - 2m \ y (p) g  (y ) n-2m  
\ 24

Since Y (P)Y  ( P i ) if  a n d  on ly  if Y  (Tr- P) Y  (P1) then  w e ob ta in  tha t it
suffices to consider (43) only for P E T  satisfying IP (P) (P )
provided (16) holds and E is sufficiently small. Using the  same arguments we
obtain  that it suffices to  consider (44) only for P ET' satisfying IP
x (p )  x (P 2 )  provided (15) holds and E is sufficiently small

For x  E [X (1'2) s, X (P2)] [ (P1) E, Y  (P i ) ]  we define functions
0(x), 0(y) using the following formulae

(45) 0 (X (P) ) = X (TIP) , X (P) Ex (P2) - E , x (P2)1, Pe r i

(46) 0 (it ( P ) )  =  (FIP) , (P) [Y (PO  E, (PO] , Pe r i

F ro m  (A l) , (A2) and Lemma 3' it follows that for E sufficiently small

(x) [x (P2)  - , x (P2)] [x ( PO , x(P4) +

(y) :  [Y (Pi) Y(P1) I [17 (P3) , (P 3 ) + 5 2 ]

95 (x) e Ck [X WO X (PA , (y) eCk[Y(Pi) Y (Pi )]

95 ' (x), (Y) - - 5 < 0 ,  x E [X (P2) — E, X (PA , [Y (Pi) — E, (Pi ) I

for some constants Si , 6 2 , 5>0. Equations (43), (44) can be written as follows

(47) g ( y )  ± g  ( 0  ( 0 ) n  2 m   
' E [17 (Pi) — E, (PO]

(48) h (x) h ( ( x ) )  = n x E [x (P2) - s, X (13 2)]

D e f in e  g  1± —  1 ± g 1± ) T  g 3  — 3k±) T h 2 ±  —  ( h i ± h i± )  T

h4± = ( W, , ht,± ) T , 0 =  (0 1 , •  •  • k) =  ( 0 1 ,  •  • lc ) as follows
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(49)

(50)

Equations

(51)

(52)

where

(53)

A. A. Lyashenko

_ ;± ,  1  dig 
"

j 1, 3, 1=1, . . . , k
1. dy l 1-1)  ▪  u )

▪ U) i = 2, 4, 1=1, . . . , kn i 1 !

1 d i q51  d 10 
01= 

1  !  d x l  
(X (P2) — 0) , i= 

1  !  d y l  
(If  (Pi) — 0 ) ,  1=1, . . . , k

(47), (48) imply

9 1 - -=A  (0 )  •  g 3 +

h2 -  ( 0 )  •  h 4+

— A  () =

and a y  (7 ) are determined by (22). It is easy to see that

(Ti)', j= 1 , , k

Since 0', çÛ' - - 5<0 then

(54) ay (0) ± 0 , a y  (0) ± 0 , j  =1 , .  ,  k

Hence

det A (0) ±0, det A (0) ±0

As it was shown above, there exists g E Ck  (17  (Pi) (P1).± n ck (Y (P3)
6, Y(P 3 ) - 1- E) satisfying (16) if and only if g l - =g 1 + =-- gi, g 3 - =g 3 +=g 3 satisfy

(55) c (4 (p i) , (P,)) • gi =() , j = 1 , 3

where for any a=  (a1, , ak), 3  (13i, , 13k)

 

C i i (a, /3)
2, (4, f3) C 2 2  (d , 13)

O

C kl (a.  , p ) C  k 2 (a ,  /3) •  •  •  C kk (a , s)

( 5 6 ) (a, 13)

 

and ci i (a, /3) are defined by (24), a (Pi) , (P;) are  defined by (37).
Analogously, there exist h (x ) E C k (X  (P2) E , X  (P2 )  ±  E )  n ck (X  (P4) —

x (P4) +s) satisfying (15) if and only if h 2 —h 2 —h 2 , h 4 - =h 4 +=--h 4 satisfy
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(57) C (a (Pi ) , ( P .7 ) )  •  h  ' =0  , j = 2, 4

Because of (51), (52) we can rewrite (55), (57) as follows

(58) C (Pi) , (P 1 ) ) • 0
c (Ft (P 3 ) , s  (P 3 )  )  •  A - 1  ((,b) • #1 = 0

(59) c (a (p2) , s (P 3 )  )  •  h2= 0
C (P4) , 13 (P4) ) • A -

1 (0 )  • 1712 = 0

Thus we obtained that if there exist h (x) E Ck [a, b] , g  (y) EC k [C , d] satisfying
(8), (14) th en  (58), (59) hold for some h2 ,  l ER k , hi, g  > 0.

Let us assume that there  exist G ,H E R k , G 1 , H 1 > 0  such  tha t G satisfies
(58) and H  satisfies (59). Since n is even then P* E . Hence there exists
1 E {0, , n - 1) such that P2 = *. We define /1(x), x E X0 = [a, X ( P ) ]  as
follows

(60) /1(X (P) ) =X  (PP) ,  x (P ) E X ° ,  P ri

F ro m  (A l) , (A2) it follows that A (x) x 0X 2 1 = [X  (F 1P1) , ( P 2 ) ]
(x) E C k (X0) , 5> O. Consider

(61) h*= — A  (2*) • H ,  ha =A  (A ') • G

where

2* = (At......  At) ,........ = ,
_  (p*) , 1_2 7  1  d d

l y  
(a+ 0), = 1, . . . ,k

d x '

Since

/It =2' (X (P*) —0) >0, =  (a +0) < 0

a i i Ç) yi, 1/1, G1>0

then

(62) hP, hT>0

Let ho (x), xEX0= [a, X ( P ) ]  be an arbitrary function satisfying

on 1  
h o (x ) X  0 X r ; : m n  =  [ 0 , 

2 4
] 
'  

ho E C k  (X0);

h'o (X )  5 > 0 , x E X 0 for some ö>0;

1  d ih o (63) (a+0) =h7,
1  d l h o

 (X  (P*) — 0) =14`, 1=1, •••, k1!1  !  d x `
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Such function exists because o f  (62). Let h (x), g (y ) be defined by (12) where

FI =F=as2, F2 = = affnm. Then h, g sa tisfy  (8 ), (14). Consider 9 ', g 3 ± , h ,

h4 ±  defined by (49). Because o f  (12), (41), (42), (60) we have

(64) ho (X (P*)) — ho (x ) = h (P2) ) h (2 (x) ), x  X0

Hence, by force of (22), (53), (63), (64)

I  1  d h o

 (X (P*) — 0  \1 ! d x
= — A (2*) • h 2 -

1  dkho \ie d x k (x (P*) — 0) /

From  (61) it follows

(65) h2-=H

Consider g ( y ) ,  y E  Yo . According to (12) and definition of the fu n c tio n s  A  X.0
on

— '172; we have

So(X (P)) Y  (P ) ,  P E M o ;  S ô nm (Xr n m  (P)) Y r n m  (P ) , P E  M m

Hence, according to (Al)

po (x) =y ( x ) ,  a n 'n  (x) = — x

Therefore from (12) it follows

g (y) = Afn m (110(/36- 1 (y ))) =  — ho(yT 1 (Y)) y E Yo= [Y(P*),Y(Pi)]

Last equation can be written in the form

(66) ho (x )=  — 9 (yi ( x ) ) ,  xEX0

U sing (22), (49), (53), (61), (63), (66) we obtain

A(2a) • G = ha =

/ 0 (a +0)( a + 0 )

1  dkho 
\k ! dxk ( a + C I )

 I

= A  (.1a)

Hence

(67) g l - =G

According to (51), (52) we have

(68) g3+ =A - 1 ( 0 )  g l -  , h 4 +  =A - 4  (0 ) •  h 2 -
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A s it was mentioned above, to prove hEC k [a, g ECk [c, d ] it is sufficient to
show th a t  (39) holds. Equations (39) can be rewritten as follows

(69) 112- -=h2 +  , h 4 -  =1,14 +  , g '= g 1 +  , g 3 -  =0 +

Consider equations (17) , (18) . U sing  (17) , (18) , (22) , (37) , (49) , (53) we
obtain

A (a (P2)) • h 2 -  + A  (i3(P2)) • h2 +  =  0

(70) A  (a (P4 ) )  h 4 ± +A  (19 (P4)) • h4 -  =  0

A (13 (Pi) ) • gl - ±A (a (Pi) )  •  gl +  =  0

A (13 (P2 ) ) • g3 +  +A  (a (p 3) ) • g3 -  =  0

From  (24) it follows

(71) c (a, ,3) =A  (a) ± A  (13) , , /3E R'

Since G satisfies (58) and H satisfies (59) then  using  (65) , (67), (68), (70) ,
(71) we obtain

A (13 (P2)) • (h2 - - h2 ± )  =

A (i3 (P4 ) ) • (h 4 +  — h4 - )  =  0

A  (a (PO) • (g' -  — gl + ) =  0

A (a (P3) ) • (g3 + -g 3 - )  =

By force of (A2) we have Si (P,) # 0, j = 2, 4; a 1 (Pi) *0, i =1 , 3 . Then det A
(R(Pi )) *0, j = 2, 4; det A (a (Pi )) *0, i = 1, 3. Therefore (69) holds and h E Ck

[a, b], g ECk [c, d].
Thus we verified the following result.

Theorem 3. Let QEE(m, n, k) for some m, n, k E N , m <n, k . 2, and
n be even. Then there exist h (x) e Ck [a, b], g (y) E Ck  [C, dl satisfy ing (8) , (14)
if and only if there exist vectors H, G ER k , H1 , G1 >0 such that G satisf ies (58),
H satisf ies (59).

H ) .  Let n  be an odd number. Then by force of (9) w e have FYP1=P2,
F' . P3 = P4 o r F n -z - i P i  =P4, F l i - 1 P3= P2. U sing  (40) - (4 2 )  w e  o b ta in  for suf-
ficiently small e> 0

0 - 9 (Y (P ))=h (X ( P ) )  n m 1 1 3 - 13
1 l si

m — n  m ,
2 4  '

g 07  (P)) 
2 

= 2 4  h ç z ia r P ) )  ,  I P — P3I-E24  

if F
n i l

Pi 
=

P2, or

(72)

(73)
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m
, 1P—P11-6J0— g —  h (x (F n 21P ))(Y (P)) =

24(74)
2 m  n n m

' 113—P3I Eg (if (P )) =h (x ( p ))
24 24

if F / 3'1 =P4 .
We define functions p (y) , (.1)(y)

P ( ' (P)) = X (F n. P) , Y  (P )  [Y  (PO Y W O E  PE El

(Y  (P)) = X  (F , Y  ( P )  E [Y (P3) , Y (P3) + 6 ], PE ,r3

F ro m  (A l) , (A2) and Lemma 3' it follows that for s>0 sufficiently small

[X (P2), x (P2) ± e l ] , F n -21P1 = P2

[X (P4) — Si, X (P4)] , P21 _ 1— _ 4

o n  I  [X (P4) — El , X  (P4)] F n p i  =P2
[X (P2) , x (P2) ± El] , F ' Pl = P4

1iEC 1117 (PO — 6, Y COECk[Y (13 3), Y  (P3) +E]

(Y)1 6 0 , y  EDT  (Pi) — 6, Y (Pi )];

yE[Y(P3), Y(133) +6]

for some constants si, (5>0. Equations (73), (74) can be written as follows

11 (Y) [Y  ( P i)  — 6, )7 W ill o2 .

(y) [1/- (P3) , (P3) d - El

(75)

(76)

g (Y) - Fh (p(y )) = n  m  
2 / '

g  (y) + h (co (y )) = 3 m  n
2 '

g (y) — h(u(y)) = m
2., / Y '

g (y) — h (a) (y )) = 3m — n 
2 '

y  [Y (P i)  s , 1 / (Pi)1 , F np p i = p 2

y E [Y (P3) , Y (P3) +5], F P l  P 2

[i T (P1) — 6, IT  (PM ,

y  [/7  (P3) , Y (P3 ) + E] , '.F P1=P4

We define g = (  . . . . ,  P l c ) ,  (
0 =  (Oh. • W k )  as follows

1  dip 
Pi =

 d y I 
(37 (p1) — o ) ,

I 

Equations (75), (76) imply

1  d i co (Y (P3 ) +0) , 1=1, . . . , k
1 ! dyi

(77) =  { A (u) h2 +  F nV P1=P2

— A (Tt) • h 4 ,P i  =P4



(78) g  + =—
3A  (a )) • h , F

1
2  P 4  P 2

n -  

n-1
— A  (a )) • h2 , F  2  Pi = P4
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If h2 --  = h 2 + =h 2 , h4 -  = h4 +  = h4 , gl -  = g ' g 3 -=g 3 +=g 3  then  using  (55), (56)
, (77), (78) we obtain

(79) j C (Pi) , (P i)  )  • = 0
I C (P2) , (P 2 )) •  J r ' (Tt) • W1 = 0

(80) j c Ccr (P3) , (p3) ) • w3 = o
c (a (P4) , (P4)) • A - 1  (ïo) • W 3 =  0

n-1
if F  2  Pi = P 2 , or

(81) c (a (PO , (P O ) • -0 =  0
1 C (a (P4) , (P  4 ) )  • (T1) • W1 = 0

(82) j c (a (P3) , (P3)) • W 3 = 0
C (p2),, ( p 2 ) )  •  A- (To) • =  0

if F2 P I =P 4 .
Thus we verified that if there exist h (x) E C k [a, b], g  (y) EC" [c, d ] satis-

fying (8), (14) then there exist R k, 91>  0  satisfy ing (79), (80) or

(81), (82) according to whether F'j -21 P1=P 2 o r  FYP1=P4.
Using the same arguments as in the case  I )  w e  o b ta in  th a t  if there exist

• G 3E Rk, Gi>0 such that G I sa tisfies (79) o r  (81) according to whether
n-1 n-1

F— T-P1=P 2 o r  .F
5-1
- P 1 = P 4 , G3 sa tisfies (80) o r  (82) according to whether

• =  P 2  or F n 2l P1 =P4 then there exist h (x) E Ck  [a , b], g  (y) E  C c ,  d ]  satis-
fying (8), (14). Thus we verified the following result.

Theorem 4. L et QEE(m, n, k) for some m, n, kc N, m<n, k >_ 2, and n
be odd. Then there exist h (x) EC k [a, b], g (y) EC k [c, d ] satisfying (8) , (14) if
and only if  there exist vectors G', G 3 E R k , G I, G > 0 such that G1 satisfies (79)

or (81) according to whether F n  21 Pi -= P2 or FV P I = P4 , G3 satisfies (80) o r (8 2 )
n-1 

according to whether .h 2  Pi =P 2 or F  2

n-1 
 P1 = P4.
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