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On the law of entropy increasing of a
one-dimensional infinite system II

By

T. Niwa, S. TANAKA and M. MIZUTANI

1. Introduction

In the paper [1] we considered a one dimensional hard-points infinite
system on Z whose particles have several colors and velocities with unit
magnitude. We showed there that Boltzmann type entropies increase for the
initial states which do not have any spatial correlation. However we had to
assume a condition which is of very technical character. The condition was
that they have initially constant density 1 on Z.

In this paper we consider the same system and show that the same result
holds without the above condition, namely, the total entropy increases for the
initial states which have initially no spatial correlation. It will be also shown
that in general Boltzmann type entropy of a single color can decrease.

In section 2, for the sake of reader’s convenience, we describe the system
and the definitions of entropies (see [1] for details). In section 3, we state our
main results and prove them. In section 4 we derive master equations from
our particle model by taking various scaling limits.

2. Description of the dynamical system and the definition of entropy

Let Z be the set of all integers, and S be a “color” space with different k(%
>2) colors:

S={¢, G, Cz, v, Ck}
Let X={w; w: Z—SXS}. We write
w(n)=(w(n, =), o(n, +))ESXS (nEZ).

X can be identified with the product space X= I;Iz Xn, where X,=S7 X S%, S»

=S#=S. The time evolution mapping T : X— X in the phase space X is
defined by T = C7To, where

Communicated by Prof. T. Hirai, September 26, 1993



700 T. Niwa, S. Tanaka and M. Mizutani
(Thw)n, T)=w(nF1, +),

and

(w(n, +), w(n, —)), if w(n, —)+¢ and
(Cw)(n, =), (Co)(n, +))= w(n, +)*+¢
((w(m, =), w(n, +)), otherwise

The set of state space M of the dynamical system (X, T) consists of all
probability measures on X. Let

M={psM; p= n@z(ﬂ; X p)},

where y;i is a probability measure on Si, respectively. The elements of 4 are
called locally equilibrium states on X.
Hereafter we use following notations: for uEM ; cES; e=%; n, mE

VA

P&n, m)=P&(n, m; p)=plw; (T"w)(n, €)=c)

de(n, m)=de(n, m:; ,u)=§¢ Pn, m; p)=1—P&n, m; 1)
(Briefly

(n, 0)=Pin)=Pn; n
de(n, 0)=de(n)=d(n; p).)

The Boltzmann type entropy H(x) of u is defined by

H(ﬂ)=ﬁﬁ@§£ S PAn; 1) log Pé(n ; p).

cES

We also define Hc(z) of u by
_'_'__—1 C| . C| .
Hc(ju)—}\rlg}o 2N+1|2§Pe(n s ) log P&(n ; p).
Remark. In the paper [1] we defined H(z), Hc(z) and kc(z) in slightly

different manner in which we had to assume the existence of the limit.

3. Main results

Theorem (“Entropy increasing law”). Assume that uSM. Then we
have

H(T™'w)=H(T™y)  for m=0.

For the proof of the theorem we need some concepts which were
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introduced in [1]. Namely, B o
let 7 be a projection from M to M, n: M—M defined by

Pin; nu)=Pn ;. pu) for VcES, e=*, neZ.

We also defined the K-S type entropy () of pE€M by
T —1
W) =lim 5777 5 @A) log 4(A),

where % is the partition of X on [—N, NJ, i.e., U~ is the partition into the
sets A of a following form,

A={w; w(n, e)éc(n, €, A) for e=* and —N<n<N},

where c(n, € ; A)ES.

Now in general let P: be a probability measure on the finite set £., k=
1, -, K. Let M(P, -+, Px) be the set of such probability measures P on the
product set £y X -+ X Qx that Pmi'= Ps, where 7 is the natural projection from
the product set £, X --- X 2« onto 2(k=1, ---, K).

In general we define as usually the entropy €(P) of the probability
measure P on a finite set 2={w,, ***, w:} by

e(P)=— 2 Plw} log Pl

Following lemma (“maximal entropy principle”) is well known and can
be easily proven by using Jensen’s inequality.

Lemma. For VY PEM(P, -, Px), we have
e(P)<e(PiX -+ X Py).

The equality holds iff P=P XX Px.

From this lemma we obtain easily the following inequality :
h(mw) = h(y) for M,

equality holds if (and essentially only if) zEAM.
Now from the definition we have ([1])

H(p)=h(mw) for VueM.
We proved in [1] that #(x) is T-invariant, i.e.,
h(w)=nh(Tp) for VM.

We also proved in [1] following
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Theorem. For pEM, we have
a(T™(a(T™w)=a(T™™u)  for Vm, m =0.

Now we can prove our theorem by using these results. Let uE4. Then
we have

H(T™'w)=maT™ " w)=n(xTnT™y)
> TrT™w)=hnT™u)
=H(T™u) for m=0.

We can also prove the theorem by direct computation. For that sake we
need the following fundamental lemma which was proven in [1].

Fundamental lemma. Let p=M. Then we have following recursive
Sformulas :

for m=1, c*¢
Pi(n, m)=1—d-(n+m))P{(n—1, m—1)
+di(n—m)P(n+1, m—1)
and
P(n, m)=d-(n+m)P{(n—1, m—1)
+(1—di(n—m))P(n+1, m—1).
Proof of the Theovem. For the simplicity we set
di=di(n—m), d-=d-(n+m)
Firstly we consider a case of d+#0 and d-+0. Let
Q:(n, m)=Pi(n, m)/ds,
then from the fundamental lemma we have
Qi(n, m)=(1—d-)Q+(n—1, m—1)+d-Q-(n+1, m—1)
Q-(n, m)=d.Qi(n—1, m—1)+(1—d.)Q-(n+1, m—1)
From these relations we have
$(n, m)log P{(n, m)+ P(n, m)log P(n, m)
=d.Q+(n, m)log d.Q+(n, m)+d-Q-(n, m) log d-Q-(n, m)
=P{(n, m) log d++ P%(n, m) log d-+d:+Q+(n, m) log Q+(n, m)
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+d-Q-(n, m) log Q-(n, m)
By the convexity of the function x log x=7(x) we have
Q+(n, m) log Q+(n, m)=F(Q+(n, m))
=f(1-d)Q:(n—1, m—1)+d-Q-(n+1, m—1))
<(1-d)(Q+(n—1, m—1)+d-f(Q-(n+1, m—1)),
Q-(n, m) log Q-(n, m)<d.f(Q+(n—1, m—1))
+(1-d)f(Q-(n+1, m—1)).
Therefore we obtain
(n, m) log PS(n, m)+ P(n, m)log P<(n, m)
< P{(n, m) log d++ P5(n, m) log d-
+d:(1-d)Q+(n—1, m—1)log Q+(n—1, m—1)
+did-Q-(n+1, m—1)log Q-(n+1, m—1)
+d d:Qi«(n—1, m—1)log Qi(n—1, m—1)
+d-(1-d)Q-(n+1, m—1)log Q-(n+1, m—1)
=P{(n, m) log d++ P%(n, m) log d-
+ P{(n—1, m—1) log P{(n—1, m—1)/d+
+P(n+1, m—1)log P(n+1, m—1)/d-
=Pf(n—1, m—1)log P{(n—1, m—1)
+P(n+1, m—1)log P(n+1, m—1)
+log di{Pi(n, m)— P{(n—1, m—1)}
+log d-{P:(n, m)— P(n+1, m—1)}
=Pf(n—1, m—1)log P{(n—1, m—1)
+P(n+1, m—1) log PS(n+1, m—1)
+log di{—d-P{(n—1, m—1)+d+P(n+1, m—1)}
+log d{d-PS(n—1, m—1)—d.P(n+1, m—1)}
=P{(n—1, m—1log P{(n—1, m—1)

703
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+P(n+1, m—1)log P(n+1, m—1)
+(de PS(n+1, m—1)—d-Pi(n—1, m—1))log d+/d-.
Furthermore, for ¢+ ¢ we obtain

—c%{Pf(n, m)log PS(n, m)+ PS(n, m)log PS(n, m)}

> —C%{Pf(n—l, m—1)log P{(n—1. m—1)

+P(n+1, m—1)log PX(n+1, m—l)}—(d+d_—d_d+)log-g,f
=—c§¢{Pf(n—1, m—1)log P{(n—1. m—1)

+P(n+1, m—1)log PX(n+1, m—1)}

Note that Pf(n, m)=P{(n—1, m—1), PXn, m)=P%n+1, m—1). Hence we
have

— Z(P£(n, m)log Pi(n, m)+ PX(n, m)log P<(n, m)}
>— 2 {Pin—1, m—1)log P{(n—1. m—1)
+P(n+1, m—1log P(n+1, m—1)}

For the case of di=d+(n—m)=0 or d-=d-(n+m)=0 (say d+=0) we have

P¢(n, m)=P(n—1, m—1)=0 (c+¢)
Hence from the fundamental lemma we have for any cES

P(n, m)=P(n+1, m—1)
So we have in this case,

—ES{Pf(n, m)log P{(n, m)+ PS(n, m)log P<(n, m)}
= —;}S{Pf(n—l, m—1log P{(n—1, m—1)

+ P(n+1, m—1)log P(n+1, m—1)}
Now it is easy to obtain the inequality
H(T™)=2H(T™ 'y), m=1
(qed.)

Remark. In the case u€M, di(n)=d_(n)=d for all nEZ, we have
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PS¢(n, m)log PS(n, m)+ PS(n, m)log PS(n, m)
<P{(n—1, m—1)log P{(n—1, m—1)
+P(n+1, m—1)log PS(n+1, m—1)
Hence we have, for all cE S,
H(T"uw)=H(T™ ' p).

In general Hc(7T™u) does not need to increase. In this respect we have the
following.

Proposition. Let u=M. Moreover we assume
1. di(n; w)=d., d-(n; p)=d- for all nEZ, and
2. Pi(m; w=ps, P(n; w)=p- for all nEZ,
then we have

(=", 2 )0,

Where pm:Pf(n) m; /‘L)) qm:P—c(n} m; /‘l)y sz‘
Proof. This is a direct consequence of the fundamental lemma.

Corollary. Under the same assumptions as in the proposition, if d++d-,
di+d-+1 and p++p_, then H(T™u) can decrease in time m.

Froof. From the proposition, we can easily obtain

Dm =%(D+ +D—) +Q“+’2d;p_(l _A)m,

_d- _dpi—dip- (1 \m
qm_j(.ih"'P—) Y (1 A) )

where 4d=d++d-, and

H{T"u)=—pn l0g pm—qn l0g gn.
Note that 0< <2, 4+1, hence the trajectory (pm, gn), m =0 moves on the line
p+qg=p++p- and converges to the point ((17++ p_)%, (p++ p_)%) Note
that the function i(p, g)= —plog p—q log q takes its maximum at (p, ¢)=
<p+;—p_’ p+-51)_> on the line p+g=p++p-.

Hence, for instance, if p+>p-, d->d+, 4<1 then H(T™y) increases

(d-—d)(p++p-)

log —
monotonically up to m<M= ZIE)czg'_(jl):Ac;'+p_) and decreases
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monotonically for m> M. (q.e.d)

4. Derivation of Master equations

We want to remark that from our model it can be driven some interesting
master equations by taking various hydrodynamic limits. Namely, we could
consider our model as a diffusion process of the components in a fluid, and can
derive heuristically master equations from our particle model by taking
hydrodynamic limits. Firstly we assume the fluid has the constant density 1
and a velocity 2k, so we set

d+(7’l)= d+ =%+ kAI,

and

d(n)=d-=— k.
Let

ocndx, mdat)=P{(n, m)+ P(n, m)
and

ucndx, mdt)dx=P(n, m)— P(n, m),

where 4t =(4dx)®. oz, t) may be interpreted as the density of particles with
the color ¢ in the fluid and u.(x, ) as its momentum of the fluid.
Let

(ndzx, mdt)=(zx, t),

then we obtain

Pi(n=1, m)=%{.0c((ni'1)dx, mdt)+ dxu((nt1)dz, mat)}

+ Qe Ax)2+o((dx)2)}.

Similarly we have

2
P(nt1, m)=%{pc(:c, ) dzucz, t)* %@’; Ax+§ %;’; (dz)?
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— Ouc 2 2
o (dx)*+ o((dx) )},
and

Pi(n, m+1)=—{pc(x )+ drudz, t)+—a&m+dx aa“;AH (At)}

P(n, m+1)=—{pc(x t)— dxu(x, t)+—a‘0—cdt Ax——=5 aaZ;cAt+o(At)}

Hence from the fundamental lemma we obtain
uc=2kpc
(1){ apc _ ; dpc¢ i 0 0Oc
ot —2 or o ox?

This is the well known diffusion equation with drift term.
We could also consider our models as a dilute gas with constant density
D and velocity V. In this case we may set

d+=RAx=—%{ V+D)Az, d_=LAx=%(D— V)Az.

Let
oc(nAx, mAt)=Pi(n, m)+ P(n, m),
ucnAx, mAt)=P(n, m)— P(n, m),

and Axr=At. Similarly as above, we can get

apc — au
ot  ox
(2) 3uc axec
T= ~ar + Voc— Duc

This can be seen as a wave equation with friction. We can easily solve this
equation under a periodic boundary condition.
Let

oclx, t)= Ezpn(t)e"’“
and

uclx, t)= Ezun(t)ei”,

then (2) can be writen as follows :
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— = — NUn
dt neZz,

—q’az,;—"= —npr+ Vorn—Dux

ie.,

o= 2a 205
dt Un V— in _D Un ’
This equation can be easily solved, so that we can see the properties of its
solutions.
As we have verified for our simple particle model, we note that there can

exist several macroscopic descriptions for a microscopic molecular system,
depending on the scaling laws, namely the hierarchy of observations.
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