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1. Introduction

Let G be a compact, connected, simply connected Lie group and e  its  unit.
Denote by A G th e  space o f  free  loops o n  G  a n d  b y  DG th e  space o f  based
loops on  G the  base  po in t e. B y the m ultiplication of G  and compact open
topology A G is  a  topological group and DG is  a  closed normal subgroup. W e
define a  m a p . A d: G X ,DG , Q G  by A d (9 ,1 ) (t) =  gl(t) g - '  for g  E G, I E DG.
Then the following theorem holds:

Theorem (K ono-K ozim a [10]). L et G  be a com pact, connected, simply
connected Lie group and p  a prim e. Then the fo l lw in g  three conditions are equiva-
lent:

(1) H* (G ; Z )  is  p-torsion  free,
(2) H* (A d; Z /p)=H * (p2; Z/p), where P2 is  the second projection,
(3) H* (BAG; Z /p ) is isom orphic to H* ( BG; Z/p) H *  (G; Z /p) as an

algebra.

T h e  above T heorem  is a  good characterization o f  th e  triv ia lity  of the
p -to rs io n  part o f H* ( G, Z )  for compact 1-connected Lie g r o u p s .  In general,
(1 )  im plies (2 )  a n d  (3 )  fo r  a  1-connected finite associative H -space G .  The
purpose of th is  paper is  to  show that H* (A d; Z / 2 ) is  non-triv ia l for a  finite
H -space which was constructed by Dwyer and W ilkerson. Dwyer and Wilker-
son proved:

Theorem (Dwyer-W ilkerson [5 ]) . There is a complex B such that

H* (B; Z/2) =Z/2 [y8, yi2, y14, , where deg y ;  is j

Then, if we put X  =DB , one can obtain

H* (X ; Z/2) =Z/2 [x i] / (x i) O E  (xii, x13) where deg x i is  j

and
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H* (QX: Z/2) =Z/2 [as] OE (alo, a20) * 21 where deg a , is j

using only the algebraic structure of H* (B; Z/2). (See §2)
We can define A d: X X ,QX —> S2X, since S2X has a homotopy inverse. Our

result is the folltwing:

Theorem. A d* (a20) 0a6+ 1  ®a20.

The non-triviality of the adjoint map A d or the commutator map

G x S2G — > S2G

defined by

F(g , 1) (t) =g1 (t) g -
1 1 (t)

is  a  reflection o f some geometrical properties of G  and  h as  connections with
another invariants like  W hitehead and Samelson p ro d u c ts . In  o u r  case, the
above formula for A d * (a20) or, more directly, the form ula F *a 20 =x; O a s (See
§4) says that the commutator map

F: X x S2X —> .QX

is  n o t  tr iv ia l. F ro m  th is  fac t, one  can  easily  conclude  tha t th e  generalized
Samelson product <ix, iax> can't vanish where ix  (resp. iQx) is the inclusion of
X  (resp. D X ) to the free loop space AX.

The above formula is similar to those obtained in  [10] for the exceptional
Lie g r o u p s . This shows a similarity of S2B and the exceptional Lie groups.

T his paper is organized a s  follows: In section 2, we compute the cohomo-
logical structures of the spaces associated with B .  We construct some spaces
an d  a  diagram to get more information in  se c tio n  3 . T h e  m a in  result is de-
duced from these computations and the formula for F *  in section 4.

The second author acknowledges his gratitude to  th e  M inister of Educa-
tion, Science and Culture for supporting him in  part with the G rant-in-A id for
Scientifie Reserch while this work was done.

2. Properties of Dwyer - Wilkerson complex

Let B be the Dwyer-Wilkerson complex and X  the  loop space of B . First,
we recall the Z/2-cohomology of B  and X .  W e abbreviate H*  ( ;  Z / 2 ) to  H*

).
One can see easily that

dim Hi (B) 1  forj 2 3—

B y the  A dem  re la tion  Sa l '  = SeSq 8,  w e  have = sq l5y 1 5  = ses q 8y 1 5 .

T hus Sq8 y 15 i s  non-zero and the re  is  on ly  one possible element y sy i s  i n  H2 3 .
So we have Sey15= Y8Y15.
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Since Sq7 =Sq l Sq2 Sq4 and //2 1 (B ) is a zero group, we obtain the equation

y i,= S q 7 (y8yi5 ) =  (Sq 7 0 )  yi5+y8SqlSeSq 4 y15= (Sq 7 y8) y15

and conclude that

Sq7y8= y15

and

y i , = Sq4ys, y 14 = .4 2 y12, yi5=Sq l y14 •

Then, by the Adem relation Se5q 1 =Sq 2 Sq7 -F5q9 =Sq 2 Sq7 +Sq l Se, we obtain

Sq8 y 15= Sq8 y = Sq 2 Sq7 y +  S q 1Sq8 y 14= Sq l S e y  ,

since H2 1  (B ) = O. T h u s  y8y15=Sq 1 Sq8 y14 and Sq8 1/14 m ust be  ysym by dimen-
siona l reasons. Similary from the Adem relation Sq8 ,5g2 = + Sq 4 Sq6 = Sq 2 Sq8

+Sq 4 Sq6 and H 1 8 (B) =0, we can deduce /i •S'n ,S'n,  8 , 1 4  —  - , 2 - , 8 ,  1 2  and 5q 8 y /i1 2  — , 8 ,1 2 .

Thus we get a  following lemma.

Lemma. 2.1. Sq8yi=y8y; for j 8 , 1 2 , 1 4 , 1 5 .

By using Serre spectral sequence, we see

H*  (X ) —  (a (y8 ) a (y12, 0 . (y ,  a (y15) )

and

Sq.' a (y  =  o - (Se y  =  a (y 1 5 ) .

Since X is  an associative H-space, one can easily show

H* (X) = Z /2 [x  /  (4) OE (x /13)

where xi=cr(y i + i )  and

S  4
 — rq 1 3  •

Applying the Serre spectral sequence one more time, we obtain

H*  (52X) = (as, aio, a12, am) fo r  *.__23

where ci,= a (xj 4.1) for j=6,10,12 and

s e ct6 = s q 60 .(x 7 ) = a  (s q 6x 7 \ _) a (x13) = a n

Seam = _s 10  - 1 1q = 0 . (s q l0x ,  =  0

Since in the Eilenberg-Moore spectral sequence

Cotor i i * " " / 2 ) (Z/2, Z/2) 1i* (X; Z/2)

a 2 0  corresponds to the relation x i i =0, we see
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H* (QX) =  2  [as ] 0E (am , an) for * _ 2 3

and

(an) —aio Octio

w h e r e  i s  the  reduced coproduct induced from the  loop product 2: QX x S2X
—> S2X.

3. A construction

W e assume th a t the  all spaces a re  localized at 2 in  th e  following sequel.
Let A =X ( 4 ) =.5 7 U S1 1 U S" U Sm . W e  deno te  by

f :  ZA V ,S8 B

the composition of the wedge of following two maps

eval
ZA —> (S2B) — > B ,

eval
(S2B) - - - *  B  .

and the folding map BV B —> B .  We denote also by j  the inclusion

j: V S 8Z A  x S 8 .

Le M  be the double mapping cylinder of f  and j .  Then, w e have the following
diagram:

h

) B
(*)7 1 f t i1 1

h'

ZA V S8   Z A  X S8

where K  and L  a re  th e  homotopy fibers of the inclusions and f  th e  induced
map from f  on fibers.

Let

a i cIP (ZA)( j = 8,12 ,14 ,15),  S k eR k (S k )( k = 6 , 7 , 8 )

be the generators. Then a (a.,) is the generator of (A ) for j =8 ,12 ,14 and
(a (a 7 )) 2 th e  generator of H14 ( A ) .  Then, clearly 1115 (L ) is generated by h'*
(a 1 5 )  and H' (L ) =0 for j<15.

Since M  i s  the  double  m apping cylinder, w e obtain th e  following exact
sequence

»H* (m) -  H* (H) e H* (ZA x S 8)-- >  H* (ZA V S 8)

w h e r e  (m) = (i n, i7 m )  and r  (y, a) = —  j * a .  One can easily see that 7E
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is epic, so the  above exact sequence splits to the short exact sequences. Since
(y8, as - Figs), (Yi, ai) for j=12,14,15 a n d  (0, a f $ 8 )  for j=  8,12,14,15 are in
th e  kernel o f  th e  homomorphism 7T, there exist elem ents Is , and  vii-s for j  =
8,12,14,15 such that

(148) = (ys, a8 - Fi(38), = (yi, a j )  for j * 8

and

= (0, crii38) .

Then, for j=12,14,15,

(Sq 8u, - Fv1+8) =Sq 8 (rt1) (t,
 3+8)

= Sq 8  ( y  cr,) + (0, ail%) = 0) ± (0, ail%)
= (YsYi, Xi/38) •

On the other hand, since a,a 8 =0  in H* (ZA) , we obtain

(1/1,/u8) = ai) (y8, a8+88) = (Y8111, aii38)

By using the fact that is  monic, w e can prove (1 ) of the folltwing lem-
ma, and the rest of the lemma can be proved by a quite similar manner.

Lemma 3.1. (1) Sq8 uJ =V j + 8 ±U j U8 ( j= 1 2 ,1 4 ,1 5 )
(2) Seu 8 =u 12 , S q 2 u12= u m , Sq i u 14 =  14 15

(3) Sq4 v16 = v2o, Sq2 v20— V22, S q 1V22 = V23

S in c e  (visus) = (0, a8$8) (118, a8 4-)38 ) = (0,0), we have also v16u8=0.
To get the  imformation of cohomolgies of Q M  and Q 2 M , we compute the

cohomologies of K and ,QK up to some dimension.
By using the Serre spectral spectral sequence of the fibration

and the above lemma, one can obtain elements Ti E Hi (K ) so as to satisfy 7- (r1)
=1),•44  fo r  j = 15,19,21,11. Since visus= 0, us 0 T83 is  a cycle in the spectral
sequence and there  is 7.'22 

E  H 2 2  (
K

)  

to kill this cy c le . T h en , we have easily

[7*(10- <r15, T19, T21, T22, 7. ' 22> * 25

w here <S>represents the Z/2-vector space with the basis S, and

_ 4 _  _ _2/ 13 / 19, ot/  /  i9 —  T21, S q  T21 = T22 •

So

i f* (Q10 — <P14, P18, P20, P21, P21> *  24

is turned out by the Serre spectral sequence of the path-loop fibration of K.
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Proposition 3.2. As an H*  (K) -module,

H* (Q M )  H* (K)
 ® H *

 (QM
= Z /2  [07, 0 1 1 , 0 1 3 , 0 1 5 , 0 1 9 , 0 21, 022]

for degree - 25.

The Serre spectral sequence of the fibration S2B —> QM —> K is  trivial in
th is  range of degree. So we have only to show (0 - (y12)) 2 =  T22 in  th is spectral
sequence. Since we can obtain easily the following equations

(Vt j) 0  j-1 , (t, j+8 ) V:1+7( j =8,12  and 14)

where cr: H* (M) — ' H * - 1 (Q M ) is the cohomology suspension. So we have also

(14 is) =  a (Sq l Sq2Seu s ) = Sq 7 = 2.4
0' ( )2 3 ) =  a (SqlSq2SeSq8u12) =

and the last equation shows that (a(Y12)) 2 =  1 2 2  as required.
From  (3.2), w e have

H*  (QM) pi0, P1 2 , P1 4 , P1 8 , P20, P21) *

as a module where a(u)).

Since v13=Sq 2 Sq4 1)7 and 021= qs 2 se u n _ sq lo v ii, we can deduce

2 2
p 1 2 = p 6  and p 2 0 = P io  .

Thus, as a ring,

H* (Q 2M) — Z/2[,06, Pi°, P14, P18, P21] *

and there are operations

So4 n n _ c _ 4 ,, ,2  „
,-- 6 —  10, , --3q  N io — p  6, o q  P 1 4  P18, p P18 P o  •

Now we turn to the Serre spectral sequence of the fibration

S22h $22if

,Q2K  >  Q 2 B > S22M

Clearly, we can show that the cohomology of the fiber and total space a re  fol-
lowing:

/7*  (S -22K )  —  < C 13 , C 17 , C 19 , C 20 , ' 20> * 23
H* (Q 2B ) =Z/2 [as , an, am ] (a 21/1) *  2 0  .

Since r(C 13 )  = p i 4 , we have

(C2o) (Sql S q2 S q4  C13)
= Sq l  Sq 2 Sq 4 p14

S q l  (p 2 10) =0 .
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T h u s ,  E TM (S22h) *  and the one possibility is

Lemma 3.3. S2 2h * a20 = C20.

By comparing the Serre spectral sequences of 2K 2B c 2 m  a n d  c2L

—* C2 (ZA V S8) —> C2 (ZA x S 8), we easily obtain the following lemma.

Lemma 3.4.
(C 2 f  )*  H 1 3 (s22K)_,, H13 (Q 2L)

is am isomorphism.

4 .  The main result

Let Y be an H-space w ith inverse. Then, we define two commutator maps
Ty : Yx Y—> Y and T ' y  : Yx S2Y — > S2Y by the following equations:

T y  (a, b) =aba - 1 b- 1

T  y (a, 1) (t) =al (t) a - 1 1 (t)

Let D be the composiotion

)1X./2

D: A  X S7— >  S2 (EA V S 8 ) x S2 (EA V S 8 ) > S2 (ZA VS 8)

and put b7=a(a8), 6'7= u(S8) in H' (Q (ZA V S8)) .

Since a8/38 = 0 in H* (ZA V S8) , there is an element b14 E  — 1 4

H  (S2 (ZA V S8) )
satisfying (b1.4) = b7 b' 7 . W e  abuse the notation a 7 E1-1*  (A ) for a (a 8)  where
a8  is  the generator of H8 (EA).

Lemma 4.1. D*614= a7 S7.

Proof. First w e show tha t F * 614= b7 0 6' 7 + b', O b7 . Since
 

(b 1 4 )  b7 O b',
and 67 , b' 7 are primitive, one can easily obtain

Ad * bi4 = 1 0 bi4 +67 b ' 7 + b', 06 7.

(See [10], Lemma 3.2.) W e can put

T * b i4 = A  b14 0 1 -FB • WS:lb/ 7 +C  • b'70b 7 -1-D • 1 Ob i ,'

by the dimensional reasons. Since A d  --=  (Fx id) (id X A), we get

Ad * b1 4 =  (id X A) * (EX id)* .1*b
= (id A *) (E* Oki) 014
= (id A *) (r* oid) (10b14+b7obt 7 +b 1 4 o1)
=1 0b 14 + (id ,A* ) (T * b7 Ob'7) F * 44 .

On the other hand, since Ad * b7 =1 0b 7 and
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Ad * b7 = (id  O S ') (p * Oid)0b 7 =F * b7 +1 0 b 7

We have F * b7 = 0 .  Thus it follows that A = D = 0  and B  =C =1 . So, we have

D* 144 = (iP (gin F*N4
—( oil) ( b 7 o b '7 + b '7  (8) b7 )

ce7 1 3 7 .

Now, since the composition

A V S 7 CA x S 8 —> S2 (IV  .58)

is  homotopic to  the constant map, D  induces the map from A A S 7 . Let us de-
note this map by D .  We denote also the composition of 3' 1 x  a ( j 2)  and F ' by

D': A  X S6  - * Q 2 (ZA V 5 8 ) .

Since D' is homotopic to the constant map on  A  V  5 8 , we get an induced map

D': A A S 8 —* S22 (ZA V S 8 )

whose adjoint map is D.

Proposition 4.2. S21 0D =constant map.

Proof. By the definition of D, we obtain the equation

(S21 0D) (a, s)) (t) =j [ (a, t) V  * ,  *  V  (s, t ) ]
= [((a, t) , * ) , (*  , (s , t))]

where a E A , s E S 7 an d  t  E  I. Since D i  oD  can be deformed to the map h de-
fined by the formula

(a, s)) (t) = [( (a, t) , (s, t)) , ((a, t) , (s, t))]

in  S2 (ZA x S 8 )  w hich is clearly homotopic to  the constant m ap, the result fol-
lows.

W e can prove also  Q 2j  o  D' constant m ap by  the  very  sim ilar w ay. So
there  exists a lift A  X 5 6Q 2 L  satisfy ing (D 2h') 5 '= D '.  Then we get
the following homotopy commutative diagram:

0 2 6

s22K ,Q2B
s22f Q 2 f

026 '

Q 2/,  Q2 (ZA v s 8 )
D'

A X S 6A  x S 6

We denote the composition

f22j

Q2m

EA x 58
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PD .

A X S 6Q B  x  Q 2B ,Q2B

by D" where the first m ap is the product of the inclusion A c Q B and the ad-
joint of the inclusion S ' c  Q B .  Then

D" Q 2f 0 D' Q 2f 0 Q f 0 1Y ,

and we obtain the equation

DY * a20=15',S22f * Seri3
=- Se15!*S221-*z- 1 3

=S q1 15'* b13 •

Since F'* o- = (id o-) F* and b13=0"(b14). we conclude that

15'*bi 3 = a 7  0 1 3 6

by Lemma 4.1. So we have

D 'a z o  = c r ,  ®/36 ace7 0136 .

which implies

„

/  DB , / 20 — J - 7 •

Thus the result follows.
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