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1. Introduction

L et k  be a n  algebraically closed field of positive characteristic p. L et X ,
be a K3 surface defined over k. Denote by NS (X k ) the  Néron-Severi group of
X , .  It is known that NS (Xk )  is a  finitely generated abelian group with Z-rank
at most 22; p u t p(X k ) = rank z  NS (Xk ). A s in  [10], we call X , a  supersingular
K 3 surface if p(X k ) = 22. Write disc NS (Xk ) for the determinant of the intersec-
tion matrix of NS (X k ). If  X k  is  supersingular, then

disc NS (Xk
) = _p2,0(xo

for some integer cro = o - ,(X k) satisfying 1 __ ao 1 0  (cf. [1]). The integer ao may
be called the A rtin invariant of X k .  In [8], Shioda showed that ao  takes all the
10 possible values; furthermore, in [10], he gave concrete examples of K3 surfaces
for all values of a, except for a o  =  7  a n d  1 0 . In  this paper, we apply Shioda's
ethod (which is based o n  Ekedahl's algorithm o f  computing co )  to weighted
Delsarte surfaces and construct supersingular K3 surfaces with Artin invariant 10.

L et Q = (go , g1 , g2 , g3 )  be a  quadruplet of positive integers such that 111' gi

(0 i ._-_ 3 )  and gcd (gat , g f i , gy ) = 1 f o r  every tr ip le  {a, /3, y} c {0, 1, 2, 3}. The
weighted projective 3-space over k  of type Q  is  the projective variety P i (Q) :=
Proj k[x o , x 1 , x 2 , x 3 ]  where the polynomial algebra is graded by the condition
deg (x1) = gi (0 i 3) (cf. [4]). L e t  jug , be the  group of q. -th roots of unity in
le . P u t tt = pq . x Ai ,  X /1,12 X tiq3 • Then pi acts o n  Pk'. d iagonally and we have
Pe/it '.'_'—' P,(Q ) (cf. [4], §1.2.2).

Let m be a positive integer such that p 1 m .  Let A  = (a t j ) be a  4  x  4  matrix
of integer entries satisfying the conditions

1 ( i ) ai i  >  0  and  p 1' at i  f o r  every (i,j)
(ii) p 1 det A
(iii) Z .T.„0 gj at i  = m  for 0 ... i < 3
(iv) given j ,  at./ = 0  for some i .

We define a  weighted Delsarte surface in Pe(Q) o f  degree m  w ith m atrix  A  (cf.
[2 ], [9 ]) to be the surface
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3
X A : E xg0x71x,1.2x‘3' , 3  =  o P ( Q ) .

i=o

Weighted Delsarte surfaces are, in general, singular surfaces. W e  w r i te  A  for
the minimal resolution (of singularities) of X A. The minimal resolution 5e, may
be called a  supersingular weighted Delsarte K3 surface if it is supersingular and K3.

Acknowledgments. I would like to thank Niels Nygaard for suggesting me
to compute the Artin invariant of supersingular weighted K3 surfaces and Noriko
Yui for various comments on an earlier version of this p a p e r . M y  special thanks
a re  d u e  t o  Tetsuji Shioda fo r  stimulating conversations which inspired m e  to
work o n  weighted Delsarte surfaces.

2. The Artin invariant of supersingular weighted Delsarte K3 surfaces

L et X A  b e  a  weighted Delsarte surface in  P (Q )  o f degree m with matrix
A .  P u t d = det A .  Define Y, to  b e  the Fermat surface in P  of degree d:

Yk: Y ô + Y 1 + Y 1+ Y 1 = 0

As in the case of Delsarte surfaces in  P  ( c f .  [9]), XA is  a  finite quotient of Yk•
In fact, put T  = f t, x [id x  /i d x p d /(diagonal elements). Let

7  3 3 3 3

FA = /1"°' H Aa ".1=o .i=o Âa2i H 2 3 J ) e  Fi=o i=o
Al, /12,

}

(AO> 3 ) e OE T .

Then FA acts o n  Yk by

3 3 3
r • ( y o  Yi Y2  :Y3 ) =  ((H  AP )Yo :01 :(T31 212; ) y  •  (2• »13')Y3)

i=o i=o J=o

for y e and  (y o : Y i : y 2 : y 3 ) E Y k, and X ,  is birational to  the quotient Yk / / , .
L e t  W  b e  th e  r in g  o f  W itt  vectors over k. D eno te  by  11 s ( --„/W) the

second crystalline cohomology of ÎA . I t  is  k n o w n  th a t  o-
o (k , )  is  equa l to  the

p-rank o f th e  cokernel o f th e  Chern class m ap c, : NS (X. - A) W  11,2 (5e,/W )
(cf. [6]). Further, o-

o (k --, )  is  a  birational invariant ([9 ], Proposition 5). Hence
to compute o-

0 (i , ) ,  it suffices to look into the cohomology o f /VT,. Recall (see
[9 ]) th a t 1-1,2,,(Y„/W) is decomposed as:

l e r i s ( Y 1 W )  V(0) V(a)
e 11(4)

3
MK) =  CC =  (a° , ati , cx2 , a3 ) I CIi E Z/dZ, a i0  ( 0  _ .  i 3), E  a, = 0}{ i=o

V(a) = {v E Hp2,4.(n/W)17*(v) = yg(yiL I T
,21 2 p • v,V7 = (70, Yl, Y2 ,  Y3) e Fl.
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Proposition 2.1. L et X , b e  a  weighted Delsarte surface in P I (Q ) of  degree
m  w ith m atrix  A .  L e t  Y„ be the Ferm at surface in P  o f  degree d = det A . P u t

:=  KJ-A .  Define

 

{

11(X ,) = cc = (oco , cc1 , cc 2, cc3 ) e II(K)
3
E = o 3)}
i=o

Then

 

l e r is (YOW) - - ..' V(0)0 V(c1).. E01 1 (x A ) 

Pro o f . T h e  Hochschild-Serre spectral s e q u e n c e  y ie ld s  lic2ris( Y OW )='
Fer is (YkIM E A . Choose an arbitrary a E 1.I(Yk ). T h en  V (a ) is  f ix ed  b y  FA if and
only if

j=0
/1.7')

j= 0  
AP')

j=0

Fl
 4 2 ) )

j = 0
11 43 ') =

/ 3 \ ao 3 \ 1 1 3 22 3 a3

This gives rise to the assertion.

The main reason for looking at weighted projective surfaces is that we can
determine various properties o f them  very  na tu ra lly . W e assume th a t  X ,  is
quasi-sm ooth (cf. [4], §3) and that codim , A (X, rIP,(Q) s in g )  >  2 . T h e n  X ,  has
only cyclic quotient singularities of type A (cf. [4 ] ,  [5 ] ) .  Furthermore. (X k )s in g  =
X J1P(Q)„„g ( [ 3 ] )  and the dualizing sheaf o f  X A  is ca lcu la ted  by

— q , — q , — q2 —  q3 ) (cf. [4]). In particular, X A  is  K 3  if and only if m =
go + q 1 + q 2 + q3 . T h e r e  are exactly 95 pairs of m  and Q  which produce K3
surfaces in P,(Q ) (cf. [7]). If i ,  is  K 3 , there  ex ists a unique (a , a i , a 2 , a 3 ) =:
a„ E II(X ,) such that V (ot„) is of type (2, 0) ( in  the Hodge decomposition of
1-1,2,.,()ZA / W)); if w e assume 1 < a i < d fo r  0 <  i < 3 , then this is equivalent to
a o  +  a l  +  a 2 +  a 3 =  d. Given a ss =  a 1 , a 2 , a 3 ), we define

(1) eA = d/gcd (a o , a 1 , a 2 , a 3 , d).

Lemma 2.2. L et X A be a  weighted Delsarte surface w ith m atrix  A . A ssum e
that X A is  K 3 . T h e n  X A is supersingular if  an d  only  if  p"1. —= (mod e ,)  for
som e integer it > 1.

Using Shioda's method of computing the Artin invariant of Fermat surfaces,
we can now generalize Theorem  4 o f [1 0 ] to supersingular weighted Delsarte
K 3 surfaces.

Theorem 2.3. L e t  X A  b e  a  quasi-sm ooth w eighted Delsarte surface in
P,(q o , q 1 , q2 , q 3 ) of  degree m  with matrix  A .  W rite 1, for the m inim al resolution
o f  X A . A ssume that p'2 — 1  (mod e ,)  f o r som e positive integer f t, w here e, is
the integer defined in (1); let g o  b e  the smallest integer among such ifs. A ssum e
also that m  = g o + q , + q 2 + q 3 . T h e n  )7 A  i s  a supersingular K 3 surface and the
A rtin invariant of  iA  is equal to pg.

for all (.10 , Ai, )2, /13) E r
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3. Supersingular K3 surfaces with Artin invariant 10

We give 2  examples of supersingular K3 surfaces with A rtin invariant 10.

Example 3.1. Assume p 0 2 , 3, 5. L e t  Q = (1, 1, 1, 3 ) an d  m  =  6 . L e t X,
be a  weighted Delsarte surface in IV(1, 1, 1, 3) defined by the  equation:

xgx, +  .4x 2 +  4  +  x i = 0 .

Since X ,  is quasi-smooth and (X ,), in g =  X k n P : ( 12)sing =  0, X A  is  sm o o th . As
m = go + g 1 + q 2 + q 3 , X A  is a  K 3  s u r f a c e .  W e  f in d  d =  22 . 3.5 2 , rtss
(90, 48, 42, 150) and  eA  =  2  52 . Therefore

{  2 if p 1, 11, 21, 31, 41 (mod 50)
P(XA) = 22o t h e r w is e .

When XA is  supersingular, we obtain

10 if p a-  + 3 , ± 27 , ± 3 3 , ± 3 7  (mod 50)
5 if p 9, 19, 29, 39 (mod 50)

if p + 4 3  (mod 50)
if p -1  (mod 50)

Example 3.2. Assume p  2 , 3 , 5. L e t  Q = (1, 1, 1, 3 ) an d  m  =  6 . L e t XA
be a  weighted Delsarte surface in W(1, 1, 1, 3) defined by the  equation:

xgx, + x7x 2 +  x 2
3 x 3 +  x i = 0 .

For the  same reason as above, XA is a  K 3  su rface . We find d =  2 . 3 . 52 ,  2S S

(30, 24, 42, 54) and eA  = 52 . Therefore,

p(x A )=
{  22

if p 1, 6, 11, 16, 21 (mod 25)
otherwise .

When X A  is  supersingular, we obtain

10 if p +2, ± 3 , ± 8 ,  + 1 2  (mod 25)
5 if p 4 , 9 , 14 , 19  (mod 25)

if p + 7  (mod 25)
1 if p _= -1 (mod 25) .

R em ark  3 .3 . W e  m u s t  m o d ify  o u r m eth o d  to  rea lize  o- 0  =  7  since
th e re  is  n o  integer d  su ch  th a t th e  m a x im a l order o f  t h e  elements in
{x e Z/dZ1gcd (x, d) =  1} is equal to 14.
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