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The Picard group of the moduli space of stable sheaves
on  a  ruled surface

By

Kata YOSHIOKA

O. Introduction

Let (X , H ) b e  a pair consisting o f a  sm ooth projective surface X  defined
over C and an ample divisor on X .  Let MH (r, c 1 , c2 ) be the moduli space of stable
sheaves of rank r on (X, H) with Chern classes (c 1 , c 2 ) e H 2 (X , Z) x Z), and
MH (r, c 1 , c2 ) the Gieseker-Maruyama compactification of M H (r, c 1 , c 2 ). Let C be
a smooth projective curve of genus g  and X  C  a ruled surface over C .  Let
C , be  a minimal section of 7 t  and f  a fibre of i t .  L e t  H  b e  an ample divisor
w ith  (K s , H) < O , w here K s  i s  the canonical divisor on  X .  I f  (c,, f ) = 1,
Nakashima [N] and Qin [Q ] computed the Picard group of MH (2, c 1 , c 2 ). In
the rational ruled surface case, Ellingsrud and Stromme essentially computed the
Picard group of MH (2, c 1 , c 2 )  if M H (2, c 1 , c 2 )  is compact ( [Y , 5 ] ) .  But no other
results are known for general c2 . In th is paper, w e shall treat the case where
(c1 , f ) = 0 under suitable conditions on H .  Let H  C o + nf  be an ample divisor
on X .  For a fixed triplet (r, c 1 , c 2 ), there is an integer N  and for all n, n' > N ,

c1 , c 2 ) = c 1 ,  c 2 ) (Lemma 1.2). W e denote this space by M(r, c 1 , c 2 )
and M H n (r, c 1 , c 2 ) by M(r, c l , c 2 ). If g 1, r = 2 and (K s , H) < 0, then we proved
that Pic(M H (2, c 1 , c2 )) = Pic(M (2,c 1 ,c 2 )) for c2 2  ( [ Y ,  Lemma 3.6]). Hence it
is sufficient to treat M(2, c 1 , c2 ). T o  c o m p u te  the Picard groups of these spaces,
it is not necessary to restrict ourselves to the case tha t r = 2. So we shall treat
M(r, c 1 , c 2 ). If g 1 and (K s  + f , H) < O, then we can prove that Pic (M H (r, c 1 ,
c2 )) = Pic (M(r, c 1 , c 2 )) (Proposition 5.1).

The author was also motivated by the work of Drezet [D1] on the computa-
tion of Pic (M H (r, c 1 , c 2 )) in the case where X  = P2 . Let K(X ) be the Grothendieck
group of a surface X  and K(r, c 1 , c 2 ) := loc e K(X)X(Œ E )  =  0, E e M H (r, c 1 , c 2 )}.
Drezet constructed a homomorphism x: K(r, c i , c 2 ) -> Pic (M H (r, c 1 , c 2 )) and proved
th a t  K  i s  surjective for X  = P2 . For a  ru led  surface w ith  g > 1 , we cannot
expect K  t o  the surjective. In  th is  paper, w e shall construct a  morphism
M(r, c 1 , c2 ) -> A lb (X ) x Pic

°
 (X ) and prove that Pic (M(r, c l , c 2 ))/e(Pic (Alb (X ) x

Pic
°
 (X ))) is generated by the image of K.

Let M(r, c l ) be  the Seshadri compactification of the moduli space of stable
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vector bundles on  C .  Then we have M(r, c 1 , 0) M(r, c 1 ) which was treated by
Drezet and Narasimhan [D-N]. So we may assume that c 2 >  1. In  this paper,
we shall consider a  general member E of M(r, c 1 , c2 ) (and hence El„ , 00 'Lz (9„Œlr,01) )
a s  a  sheaf defined  by  a n  e x a c t  sequence 0 L e f r - 1 ) --■ E  -+  M  0, w here L
i s  th e  pull-back o f  a  line  bund le  o n  C  a n d  M  i s  a  to rs io n  f re e  sheaf of
ra n k  1. Then w ith slight modifications, w e can  u se  the  sam e argument as in
[D -N ]. A nother idea to com pute the  P icard  group is to  consider the  divisor
o n  C  determ ined by jum ping  lines. I n  o r d e r  to  analyse m oduli spaces of
stable sheaves o n  P 2 , th e  n o tio n  o f  th e  ju m p in g  line  p lays im portant roles.
I n  th is  paper, b y  u sin g  th e  divisor of jum ping lines, w e define a  morphism

M(r, c1 , c2 ) — Sc2 C, where Sc2 C is the symmetric product of C .  Since Alb (X)
J (Jacobian of C), by using this morphism and the Jacobian map, we can construct
a  morphism a: M(r, c 1 , c2 ) —> Alb (X ) x  Pic

°
 (X ) .  T hen w e obta in  the  following

theorem.

Theorem 0.1. A ssume that g >  1 and c2 >  2. T hen the following holds.
( i ) cc*: Pic (Alb (X ) x  Pic

°
 (X )) —> Pic (Tti(r, c 1 , c2 ) )  is  injective.

(ii) K  is  injective.
(iii) im K  fl im a* Pic

°
 (X ) x  Alb (X).

(iv) Pic CI ti(r, c 1 , c2 ))/Pic (Alb (X ) x Pic
°
 (X )) is generated by  the im age of

K. I n  particular, Pic WI (r, c 1 , c 2 )) Pic (Alb (X ) x Pic
°
 (X )) ( )  Z ° 3 .

In Proposition 3.14, we shall treat the case where c 2 =  1. In section 4, we
shall treat the case where g = 0.

I w ould  like to  thank the  referee for reading carefully the  previous version
of this paper and  giving many valuable suggestions. In particular, the proof of
Theorem 3.13 is simplified by him.

1. The existence of stable sheaves

1.1. N otation. L et Y  b e  a  sm ooth projective variety defined over C  and
F  a  coherent sheaf o n  Y. L e t A*(Y ) b e  th e  C how  r in g  o f  Y. Grothendieck
defined the i-th Chern class of F  as an  element of A (Y ) .  We denote it by  E (F)
and  its  image to  H2 i (Y, Z) b y  ci (F).

Let C be a sm ooth projective curve of genus g and it: X  C  a ruled surface
defined over C .  L et f  b e  a fibre of  i t  a n d  C , a m inim al section of it w ith
(Cd) =  — e. L e t H  b e  a n  a m p le  divisor o n  X .  N o te  th a t  th e  Neron-Severi
group NS(X ) is isom orphic to 142 (X , Z).

W e denote the  m oduli of stable  sheaves o f  rank  r  o n  (X, H ) w ith Chern
classes (c 1 , c2 ) E H 2 (X , Z) x  H 4 (X , Z) by M H (r, c 1 , c2 ) and the Gieseker-Maruyama
compactification by  M„(r, c 1 , c2 ). Throughout this paper, w e assume that

(1.1) (c,, f) = 0 .

For a torsion free sheaf F  o n  X , we set
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and  deg (F) = (c,(F), Co ).
For a  schem e S, we denote the projection S x X  S  by  P s  a n d  S x X —>

S  x  C  b y  7r5. L et e b e  a  family o f  coherent sheaves o n  X  parametrized by
S. F or a  divisor D  on  X , we denote 6' r '& ( D )  by &[D], where r: S x X  -4 X
is the  pro jection . In  this paper, we also denote a  divisor defining the canonical
line bundle K x  b y  K .

1.2. We shall first prove the following lemma which is due to  [L] or [Mr2].

Lem m a 1.1. L et E  be a torsion f ree sheaf  o f  rank  r  w ith Chern classes c l ,
c ,  and assum e that E k _lo o ( 9 ? , ) , where ri is  the generic p o in t  o f  C . T hen E
is obtained by  successive elementary transformations f rom  n*n * E  along sheaves on
fibres.

P ro o f . Since E17,-, (n ) 0 2 , 0 0 , the natural homomorphism e n * E  E  is injec-
tive. We assume that e n * E .7_ E .  Then there is a fibre f 1 such  tha t E l f  .
L et T1 b e  the torsion part of El f , and set F, =  E u /T i .  Since F, is  torsion free,

Of i (a; ), a  e Z .  W e  se t F1 .,_ := 0 a , > 0 ef i (a;) a n d  F,_ := F1 /F1 + . Let
E l  b e  the kernel of E  F , _ .  Then E l  is obtained by an  elementary transforma-
tion  from  E  a long  F1 _  a n d  E  is  o b ta in ed  b y  a n  elementary transformation
from E 1 ( f0  along F1 , 10 T1 . Since n* F,_ = 0 and F1 _ 0 0, there is an inclusion
e n * E  E ,  E .  Applying this argument successively, we obtain a  sequence of
inclusions n*n * E OE E i E 1_1 _7_ •  E .  Since deg (Ek ) < deg (Ek _,) — 1, there is
an  integer s  with 7c*Tc* E = E .  Therefore E is obtained by successive elementary
transformations from e n * E  along sheaves on fibres.

Remark 1.1. From  this proof, we obtain that E is  a  subsheaf of it*(7-c* E (:)
G(E7= , fi)). Since c2 (E1_1 )  =  c 2 (E1) + deg (Fi _), c 2 ( E )  =  —E7= , deg (Fi _ )  >  s.
Hence E is a  subsheaf of n*(n* E  L )  where L is a line bundle of degree c2 o n  C.

L em m a 1.2. L e t H„ = Co + n f  b e  an am ple div isor o n  X .  L e t m„, b e  an
integer such that IC , + m o f l  i s  base  po in t f ree , m, = 2rc 2 — r2 (1 — g) + r2 +
1  an d  m2 =  [((K s , Co ) + m 1 )/2 +  1 ] .  W e s e t  N  = max {mo +  r 2 c2 + 1, m 1 , m2 }.
Then we obtain that c 1 ,  c2 ) c 1 ,  c 2 ) f o r n, n' > N .  W e denote this
space by  M(r, c 1 , c2 )  and M „(r, c l , c2 )  by  M(r, c„, c 2 ).

Pro o f . W e shall first p rove that if  E  is r i -semi-stable with respect t o  H„
(n N ) ,  then  E IT, - , 0 0  C ircirio o . Replacing E  b y  E "  w e m ay assume th a t E  is
locally free. L e t  f„, ,  fm ,  be general fibres of n. Then there is an exact
sequence

m,
Exti (E, E) Exti (E l f „ Elf» EXt2 (E, E(—  E 

i ) ) .
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The Serre duality implies that Ext2 (E, E(— ETJ, f,)) Hom (E, E(K s  + ETJ1 fi))v.
From  the choice of n, w e obtain that (K s  + LT),f, H„) = (K s , Co ) + n(K s , f ) +
m, < O. S i n c e  E  is 1.i-sem i-stable, this im plies that Ext2 (E, E(— E71J1 f ) )  = O.
A ssum e that (9?;01), a n d  th e n  Ext i (E LA , 0  f o r  a l l  i. Thus
dim (fr ,  E x t  (E I L , Ei f , )) m ,  >  2 r c 2 — r2 (1 — g )  + r 2 =  — (E ,  E) + r 2  >
dim Ext i  (E, E), which is a  contrad ic tion . Therefore E17,_, 0 0

L et n , n ' > N  be integers and assum e tha t the re  is  a  torsion free sheaf E
w h ic h  is  n o t semi-stable w ith  respect t o  H  sem i-stable  w ith  respect to
H .  B y th is assum ption, there  is a  subsheaf F  such that (p(F), 11„)> (p(E), H„),
(p(F), f ) < (p(E), f ) and  E /F is  torsion free. In  fact, the  first paragraph o f this
proof implies that (p(F), f) (p (E ) , f ) ,  and if (p(F), f) = (p(E), f), then (p(F), H) =
(p(F), H„). Thus F  is  a  distabilizing subsheaf o f E  w ith respect to  H„,, which
is  a  con trad ic tion . L e t C ' b e  a  member o f  IH„ — (n — mo ) f  which does not
m e e t p in c h  p o in ts  o f  E .  T h e n  (p(F) — p(E), ( n  —  m o )(p(E) —  p(F), f)
(n — m0 )/r2 . B y R em ark 1.1, w e get n*TE,,,E c E e n * E  0  rr*L where L  i s  a
line bundle of degree c2 o n  C .  W e se t F' = n * Fi c . Then F ' is  a  subsheaf of
n * E  0  L , a n d  n*F' n * n * E C) n*L c E n * L .  Since (p(n*F'), H) = (p(F), C')
a n d  (p (E ), H ) = (p (E ), C ') , w e g e t (p(n*F'), H) ( p ( E ) ,  H )  + ( n ' —  m0 )/r2 .
Therefore, (p(n*(F' C) L ')), H) —  (,(E), H) = (p(n*F'), H) —  (p(E), H) —  c, >
(n' — m0 )/r2 — c2 > O. This contradicts the assumption that E  is semi-stable with
respect to  H .  H e n c e  e v e ry  H-semi-stable sheaf is 1-4-semi-stable. Replacing
th e  ro le  o f  n  a n d  n ',  w e ge t tha t eve ry  I-In -sem i-stable sheaf is 1-1„—semi-
stable. T h u s  the  no tion  o f the  semi-stability does not depend o n  f i n ,  n > N.
B y  th is  p ro o f, w e  can  a lso  show  th a t  th e  n o tio n  o f  th e  stability does not
depend o n  H,„ n > N .  B y the  definition o f the  coarse moduli scheme, we get
our claim.

Remark 1.2. L et E  b e  a  torsion free sheaf such that E17,-, 0 0  ( 1 1 101) a n d
F  a  subsheaf o f  E  su c h  th a t E /F  i s  torsion free, (p(F), H„) (p (E ) , H „)  and
(p(F), f ) < (p(E), f ). B y  th is  p ro o f , w e  se e  th a t (p(n*(F' 0 L ')) —  p(F), H„) =
(,u(F), C') — c, — (p(F), C') — (n — m o )(p(F), f) ( n  —  m0 )/r2 — c2 >  O. Let 0  c
F, C  F 2  C  •  •  •  C F =  E  b e  the  Harder-Narasimhan filtra tion  or a  Jordan-Holder
filtra tion of E  w ith  respect t o  H .  T h e n  th is  im p lie s  (c,(F,), f ) = 0 , th a t  is,

=  , r(trikolF)..

Remark 1.3. Since (K s , H „)< 0 for n> N , M (r, c,, c 2 )  is smooth of dimen-
sion 2rc2 + (r 2 — 1)(g — 1) + g  and  M(r, c 1 , c2 )  is  normal ([Mr1]).

From  now  on, we shall fix a  polarization H„ with n » c 2 a n d  denote it by
(9,(1). B y using th e  sam e m ethod a s  in  [D -L], w e shall show  the  following
proposition.

Proposition 1.3. A ssu m e that g 1. Then M(r, c 1 , c2 ) is not empty f o r
c, > 1.
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P r o o f  L e t  /  b e  a torsion free sheaf o f rank  1  w ith  C hern  classes c1 ,  c2 ,
and set E  =  O r - 1 )  I. Assume tha t E(m) is generated by global sections and
h i (E(m)) = 0 ,  i >  0 .  W e  s e t  V  = H ° (X, E(m)) ( . 9 x (— m), th e n  V —> E defines a
point x of l e i o l v a . Let Q x  be the connected component which contains x. Let
I/0 c  0 Q . —> b e  the universal quotient and  Q , = 1y e Qxlh i (X , 6;(m)) = 0, i > 01.
L et Ye b e  th e  se t o f  sequences o f polynomials h = (11 1 , h2 , h s )  w hich is the
Hilbert polynomial of the Harder-Narasimhan filtration of Sy , y e Q 1 : if 0  c  F,
F2 c F, = e y  is  the Harder-Narasimhan filtration of Sy , then hi (m) = x(Fi (m)).
By the above remark, (c,(Fi ), f ) = O. Let f h : , (a 4 /(2 , x x  Q ,  be the flag-scheme
whose point F corresponds to  a filtration F: 0  c  F, F, c • • • c F, = e y , y = f h (F)
with x(Fi (m)) = h i (m) and  HN (h) the open subscheme of .*74t4  „ ,  such that F
is  the Harder-Narasimhan filtration of Sy . L e t HN (h)` b e  th e  complement of
H N (h ). Since HN(h)e is closed and f h  is  proper, f h (HN(h)`) is  a  closed subset of
Q1 . Let Q h  be the open subscheme of Q , which is the complement of f h (HN(h)`).
By using analogous arguments to  th e  proof o f  th e  uniqueness o f  th e  Harder-
Narasimhan filtration, we can easily show that f h (HN(h)) fl f h (H N (V )  = 0 . Hence
we obtain a  proper morphism 

A I H N ( h ) :  H A (h) Q h •  W e se t  f. := ,n1HN(h)•
For simplicity, we denote Sy  b y  E  and gri (E) by E i . Since F  is the Harder-

Narasimhan filtration of E , we get

(1.2) Horn (E 1, Ei ) = 0 for i < j .

Since (c,(E ; ), f ) = 0, we get

(1.3) Ext2 (E1, Hom (Ei , E i 0 K x )v  = 0 for any  i, j .

I n  th e  n o ta t io n  o f  [ D - L , 1 .5 ] ,  t h e r e  i s  a n  e x a c t  sequence Ext l  (E, E)
ExtV„ (E, E)—> (E, E). By using (1.2), (1.3) and  the  spectra l sequence in
[D-L, Proposition 1.3], we see that

(1.4) E) = 0 , Exti,,, (E, E) = 0  fo r i 1 .

L et J  b e  the  kernel of the  quotien t V —> E, a n d  le t  TF b e  the Zariski tangent
space of ,Y7e7a4/" „ x  a t  F .  By virtue of [D-L, Proposition 1.5], there is an exact
sequence

(1.5)0 - +  TF Horn (J, E) aL■Ext (E, E)—> 0 ,

where co +  i s  the composition Horn (J, E)—> Ext l  (E, E)—> ExtV, (E, E). By [D-L,
Proposition 1.7], .Fects4/ Q h „x  is sm ooth at F .  Since f h' is proper and one to  one,
(1.5) implies f h'  is  a  closed im m ersion and the norm al space of im ( f h')  a t  F  is

(E , E ). The spectral sequence in [D-L, Proposition 1.3] and the Riemann-
Roch theorem imply that

(1.6) dim ExG,, (E, E) — E x(E1,

= - E Iri di  — ri d i + r i ri (1 — ) — ri ej  — ,
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where r, = rk (E,), d i = deg E. a n d  e, = c 2 (E1). Since g  > 1, we get

(1.7) dim Ext li , ,  (E, E) — E {ri d, — ri d, — rt e.; — ri e,} .
i<

Since ri di  — rj d1 , e , > 0  a n d  c2  =  1 e1 >  1, w e obtain that dim  ExtV„ (E, E) > O.
Thus codim (im f„') > O. B y  the boundedness theorem of Grothendieck, y e  is  a
finite set. Hence Q2 := Q1 \ U h e ir  irn (fa ') is  a n  non-empty open  subset o f  Q,.
B y th e  definition o f  Q 2 , fo r  a n y  poin t y  o f  Q 2 , 6 ;  i s  sem i-stable. Therefore
M(r, e 1 , c2 ) is not empty for c2  >  1 . The existence of stable sheaves follows from
the following lemma.

Lemma 1.4. L e t  Q  b e  an open set of  .,2€"0.1,0xi _,,,p 7 x  w hich satisf ies the
following:

For a quotient (9,(—  m) N E  which belongs to Q,
(i) (9r  E (m ) induces a n  isom orphism  H ° (X , (9r ) . H ° (X , E(m )) and

H i(X , E(m)) = 0 f o r i > O.
(ii) E  is  semi-stable.

W e se t QS := te x (- 0 °)NE  i s  a s tab le  sheaf  l. T hen codim (Q\Qs) > 2  for
g > 1.

Pro o f . Let 0,2 ,,x [—M ]
N  6 '  be the universal qoutient on  Q  x  X .  Let Y r

be  the  se t o f sequences o f polynomials h = (h 1 , h,, Its )  whose element is the
Hilbert polynomial of a Jordan-Holder filtration of Sy ,  y e Q: there is a  Jordan-
HOlder filtration 0 F, F2 O E • • • OE Fs = e y  s u c h  th a t  hi (m) = x(Fi (m)). B y the
above remark, (c,(Fi ), f ) = O. L e t  f: grer 1.2 b e  th e  flag-scheme whose,n: - a,961(2xx
point F  corresponds to  a filtration F: 0 F , F2 O E  • • • O E Fs = y  = f ,1(F) with
x(Fi (m)) = h i (m) and  JH (h) the  open subscheme o f .377tets4/ Q  x x  su c h  th a t  F  is  a
Jordan-Holder filtration of 6; • Although f h : JH(h)—> Q is  n o t an immersion, in
the same way as above, we can show that co, is surjective and codim (f„(JH(h))) >
-E i ,, x (Ei, Ei ). By the definition of the filtration, we get x(E,, =  r i r3 (1 — g) —
2r,ei  <  — 2. Therefore we obtain that codim (Q/Qs)> 2.

Remark 1.4. W e can easily prove that JH(h) = Fea,41(2xx.

Remark 1.5. We consider a  Jordan-Wilder filtration of a y-semi-stable sheaf
with respect to  the si-stability. T h e n , in  th e  same way as in the proof of Lemma
1.4, we can also prove that there is a  y-stable sheaf for e 2 > I. L e t  Mfi be the
open subscheme of M(r, e 1 , e 2 ) consisting of y-stable sheaves and  D  the  closed
subset o f M 14 consisting o f  non-locally free sheaves. Then, by using the  proof
o f  Lemma 3.1, w e  c a n  show  th a t  codim D > r —  1. In  particular, th e re  is  a
y-stable vector bundle for c, > 1.

Remark 1.6. In 3.1 a n d  3.2, w e  se e  th a t M(r, e 1 , e 2 ) is irreducible (see
Lemma 3.1 and (3.9)).

Corollary 1.5. M(r, c 1 , c 2 ) is locally  factorial f or g  > I.
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P ro o f. The proof is completely the same as that in  [D-N, Theorem A] and
hence we om it the proof.

2. Some perparations on the structure of Pic (M(1, c l , c2 ))

2.1. We shall first construct a m orphism  M(r, c l , c2 ) -■ S' 2 C x  Pic
°
 (X ) by

using the notion of jumping lines. Let Q be the open subscheme of .2ee.91, x ( _„ )(10,7 x

parametrizing all quotients C x ( -m) EBN  E  such that quotient sheaves E are semi-
stable sheaves of rank r with Chern classes c„, c 2 a n d  h° (X, E(m)) = N .  If m  is
sufficiently larger than r, c 1 and  c 2 , then M(r, c l , c2 ) = Q/PGL(N) (good quotient)
fo r  some N .  We choose such m  a n d  N .  We denote th e  universal family of
quotients by C Q x . x [  m ] N  e .  Let f X  x  C  be the  graph of the projection
n :X -> C  a n d  r  t h e  pull-back of J Q x X x C .  L e t  r: Q x X x C - - ,

Q x  X  b e  th e  p ro je c tio n . B y using th e  b a se  c h a n g e  theorem, we see that
R i p,2 „c ,(/-*61- Co ] 0  C ( - F ) )  and R i p,2  x c * r * 6 [-  Co ]  are  locally free sheaves of
rank c2 . We denote these sheaves by -V , and 'K2 respectively. Applying R'nr Q  x C *

to  an exact sequence

r* 6 [ -  Co] e( - r * 6 [ -  Co] r* 6 [ -  Co] T  0,

we obtain an exact sequence

'/7 .2 R 1 /9 (2xc* r* [ -  C o ] - '  0  •

F o r a  p o in t y  o f  Q,

Supp pc * (r*ey ( C o ) ip) = {P e CISo r _i( p )( 9 ?- ri (p) }

= {P  E Cln - 1 (P ) is  a jum ping line of Ç } .

The homomorphism CQ „c  ( d e t  '17 .
2 ) 0 (det -K J' in d u ced  b y  "Ki -> '1'2 defines a

family of PGL(N)-invariant effective Cartier divisors o n  C  parametrized by Q.
We denote this relative Cartier divisor by f .  By virtuue of the Grothendieck-
Riemann-Roch theorem, the  re la tive  degree o f  f  i s  c2 . Hence it defines a
morphism Q -÷ Jneep = S' 2 C , which is PGL(N)-invariant. Therefore, we obtain
a morphism

(2.1) c2) Sc 2 C

F or simplicity, we sometimes denote .1 (r ,c c2 ) b y  A.
Let det: M(r, c l , c2 ) -> Pic° (X ) be the determinant map: Et-det (E) 0 e x ( -d f),

where d = deg c , .  Then A x det defines a morphism M(r, c 1 , e2 ) -+ SC2 C X  PiC °  (X).

R em ark 2.1. F o r  a  p o in t  P  o f  C , le t  ip: Sc2- 1 C  S ' 2 C  b e  the inclusion
sending D  to D + P .  Then , f1Q ,< { p }  i s  the  pull-back of the  divisor S'2- 1 C.

2.2. We set := f(P, , P2 , ..., POE X"1P, = d  := di  d o  :=  s m o o th ,
and  d ,:= d

s i n g u l a r •
 L e t X"\ 4 1 be th e  blowing up of X °\4 1 a lo n g  40.
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Then th e  sym m etric group a n a c ts  o n  X* .'"  and  the  quotient ï n / a n i s  an open
subscheme of Yt'ierx . We denote the quotient map by g. We set E i :=
and  E:= Then the following proposition holds.

Proposition 2.1. g*: Pic (yeiee ) ,  Pic ( i '" )  is  injective.

P ro o f . Since the  codimension of the  complement o f  i '" /a n i n  yeitel is  2,
we have Pic (yede;)-- , Pic (k.'"/a n ). Let L  be a  line bundle o n  Ye •te,n, such that
g * L  (0.i„. Then it induces an action of a n o n  e i „ .  Since S„ is a  finite group
and H ° (7- , (9i„) H° (X"\A, C,„ \ A ) = C, this action is represented by an  element
e of the character group Char (a„) Z /2 Z . Let s1 ,2 b e  the element of a n which
permutes 1 and  2. Since the action of s 1 , 2  o n  E1 , 2 is  trivial, the action of s 1 ,2

on  Ok-„ is trivial. Hence we obtain e = 0, which implies that L There-
fore g *  is  injective.

Corollary 2.2. H 2 (Y et(t, Z ) is  torsion free.

P ro o f . L et P1, P2, ..., Pu _ ,  b e  n — 1 distinct points of X  a n d  p: X  X"
the morphism sending P  e  X  to  P  x  P , x • • • x Pu _ , e X " .  Then we see that the
restriction of p* to  Pic °  (X " )" : Pic

°
 (X ")^  —* Pic

°
 (X ) is  an isomorphism, where

Pic
°
 (X") e -  is  the  a n -invariant subgroup of Pic

°
 (X " ) . W e can easily show that

q: X '4 X" -4 S'IX -4 S"C induces a n  isomorphism q*: Pic
°
 (S"C) —+ Pic

°
 ( X ) .  Since

A w l  is a  subscheme of M(1, 0, n ) and .1.1, , t a  i s  the natural morphism Jrieel
g *( p i c , ( A w l ) )  = P ic o ( ï n )  Z „  Pie pc ,  S n .Sn X  S n C ,  w e get tha t ) W e shall

first p r o v e  t h a t  g*: N S (Y e(n ) —> H2 (in, Z)" ..- is injective. S in c e  Pic ( i " )
Pic (X") 0  @ i < i ZE,, i  a n d  H 2 ( Î ' 1 ,  Z) H2 (X", Z) OE O i < i ZE i ,i ,  w e obtain  that
Pic ( i " ) a - •-•• Pic (X" ) - C) Z E  and H 2 ( Î " , Z ) "  H 2(X n , Z) e " C) Z E .  S ince  the
kernel of c 1 : Pic (X") e - H2 (X", Z )' -  is  Pic

°
 (Xn) e - = g* (P ic °  (Y fi t e l ) ) ,  Proposi-

tion 2.1 implies that the kernel of the composition c 1 0 g*: Pic Prien H ( Î " ,  Z) z -
i s  Pic° v iv eD . Hence g*: N S(.1 (ita ) —> H 2 (Î " ,  Z) a -  i s  in jec tive . T he torsion-
freeness of H i (X , Z) an d  th e  Kiinneth formula imply that

H 2( x n,, H 2, —(A  Z) 6?" C) (11 1 (X, Z) 111 (X, Z))031(3) .

Since H2 (X, Z ) is  a lso  torsion free, H2 (X", Z ) and H 2 ( Î ' 1 ,  Z )  are torsion free.
H en ce  Nsva(q) is to rs io n  f re e . Therefore H2 ( le i ( n ,  Z )  is a l s o  torsion
free.

B y using this corollary, w e shall com pare the cohomologies o f  S'2C and

Lemma 2.3. H*(S`2C, Z) is  a direct sum m and of  H*(76.(42, Z).

Pro o f . L e t  Z  S '2 C  x  C  b e  t h e  universa l subschem e. T h e n  ( 1 .5̀ 2C

n)*Z is c.2c  xco c S '2 C  x  X  defines a fla t family of subschemes of length c2  o n  X .  It
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defines a  morphism Sc2C <76/,'exe2 such that (a  x l x ) * ( )  = 1 1 ,sc2c
where .2" is  the  universal subscheme o n  yedel2 x X .  From the construction of

we obtain that A 0 a =  l sc,c . Therefore H*(Y 2C, Z ) is  a  d irec t summand of
H*(Y fi(exc2, Z).

Lemma 2.4. 111 (y lv e;(2, Z) 111 (Sc2C, Z) and H2(ytve2, Z) H 2 (Sc2C, Z) C)
ZEB2  f o r c2 > 2.

Pro o f . From Corollary 2.2, we obtain that H 2 (Y t'i(q2, Z ) is  torsion free.
Combining t h e  result o f  GOttsche [G o ] w ith  th a t o f M acd o n a ld  [M c], we
g e t  b1 (Yei(n 2 ) = b 1 (S `2C ) a n d  b2 ( riee 2 ) = b2 (Y 2 C ) +  2 . B y  C o ro lla ry  2.2
a n d  Lem m a 2.3, w e  g e t  111 (Y fi(n 2, Z) 111 (Y 2C, Z )  a n d  H 2 (Yei(q2, Z)
1-12 (Se2 C, Z)

2.3. I n  this subsection, we assume that c2 >  2 .  L e t 13
1 ,  P 2 , .. . , P c 2 _1 b e

c2 - 1  distinct points of X , and we denote the ideal sheaf of {/3
1 , P c2 _1 } (resp.

the ideal sheaf of IP,, ..., P. 2 _2 1) by I (resp. 1'). Let I  -> X  be the  blowing up
of X  at /3 _1 . C, denotes the exceptional divisor. We set )17 1 =  P c 2 - 2 1 .
F, denotes the graph of b: fe, X .  Let p2 : ï ,  x X  -> X be the projection. O n
1 1 x  X , there is a surjective homomorphism ( -  CO 0  - >  0, where
we also denote the  pull-back o f C , to  1 1 x  X  by C1 . Let Iz  b e  the  kernel of
this homomorphism. Then I ,  defines a  fla t family of ideals o f Ox  parametrized
b y  I . T h u s it d efin es a  morphism y: 5e, -> if f ite x̀

2 . This induces a  homomor-
phism y*: Pic (yeael2), Pic ( I i ) sending L  to  y*(L).

Lemma 2.5. y*: Pic ( ? t 2 ) -+ Pic (ï , )  is a  surjective homomorphism.

Pro o f . For a line bundle e x (D) on X , det ( p , q 2 ,IA D ]) defines a line bundle
on  Yeiee;c2• In the G rothendieck group K (ï,) ,

Pi- , , (1 z [D]) = 151,4( 9 r„( -  C O  P I N ) )) •

Since iii i ! (e rb ( -  CI ) pliV )))= ei- 1 (—C1 + D) Oc , I ' and Y* (P.edep!M E T )  =
w e  g e t  y*(det (p., ( q 2,4(D))) -  D). Therefore y* is

surjective.

Let C  Sc2 C  b e th e  morphism su c h  th a t (P) = P + Eci w n(Pi ). Then
/t o y =  r) 7.c o b .  This implies the image of H 2 (Sc2C, Z) in H 2 (1 1 , Z) is generated
by f ,  (by Remark 2.1, the  im age  o f S'2- 1 C  is  f.) Since ZED2 Z ) /
H 2 (Sc2C, Z) -+ H 2 (1 1 , Z)/Zf Z E I3'  is surjective, it is an isom orphism . Therefore,
H 2 (Y eite2, Z)/H2 (Sc2C, Z) is  generated  by im a g e s  o f  det p , ,72 ,1.2.[D ], where
Cx(D) belongs to Pic  (X ). In particular, Pic (1(iee2)/Pic (Y 2 C)-> H2(rite12, Z)/
H 2 (Sc2C, Z) is  surjective. Since it is  a section of A, there is the  following exact
and commutative diagram.
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Pic (Y fiee2)/Pic Ze2(Sc2C)

- >

bi

H2  (. 'd 2 , z)Pic (Yede x̀
.2) H2 (y f itq , ,

dl
H 2 (Sc2C, 112 2 C,

0

Pic (Se2C)

0

Z)

0

(S̀

Z) H 1 (Sc2 C, Z), a  is  an isomorphism. T hus Pic
°
 (Y fi(e2)

288

(2.2)

Since 111

Pic ° (Y 2 C ) .  By diagram chasing, we get

(2.3) Pic (Y ede2)/ Pic (Y 2 C) H2 (Yfi( n 2 , Z)/H 2 (Sc 2 C,

H ( 1 , Z)/Zf. .

F ix  a  p o in t  x  o f  X .  L et g ' b e  a  Poincaré line bundle o f  degree d := deg c 1

on Pic
°
 (X ) x X  such that gl { L x  L  (9x (df ) and „,o ( x ) . SinceIpico(x)x {x} (9'"=”'

Pic
°
 (Pic

°
 (X )) = A lb (X ), it defines a  morphism X  —■ A lb  (X ) sending y e X  to

glpico(x)x {y} • L e t M(1, c 1 , c 2 )t ' 2  x Pic
°
 (X ) b e  a  decomposition a n d  5  =

(:),g' a  decomposition o f  a  universal family, where 1.2.  is  th e  universal ideal
sheaf of colength c2 o n  i ( d e xc2 x X  and we identify the pull-backs of I . ,  a n d  ,Y)

to M(1, c 1 , c2 ) x X  with I .  a n d  Y  respectively. In  the  same way, we can show
tha t P ic

°
(M ( l ,  c 1 , c 2 )) Pic

°
 (S` 2 x  Pic

°
 (X )) and

(2.4)
Pic (M(1, c l , c2 ))/Pic (Sc2 C x Pic

°
 (X)) 112 (M(1, c 1 , c2), Z)/H 2 (Sc2 C  x  Pic

°
 (X ), Z)

Z)/Zf. .

Remark 2.2. If c2 =  1, then ffieq 2  X .  Hence we get that

Pic (M(1, c l , c 2 ))/P ic (Sc2C x P ic °  (X)) H 2 (M (1, c 1 , c 2 ), Z)/H 2 (Sc2C x Pic
°
 (X ), Z)

H 2 (X , Z)/Zf

for c2 = 1.
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3. Structure of Pic (M(r, c 1 , c2 ))

3.1. W e shall use  the  nota tion  in  2 .1 . By choosing sufficiently large m, we
m ay assume that

(3.1) Hi(X, E(-1 + mH,,)) = 0

for i > 0 , E e M(r, c i , c2 )  and  a ll fibres 1 of IL

Lemma 3 .1 .  L et Q, be the open subscheme of  Q which parametrizes quotients
(9x ( — mrN  E  such that quotient sheaves E  are  stab le  and  R 1 n* E = O. Then
codim (Q\Q0 ) > 2 f o r r > 2.

P roo f. By Lemma 1.4, codim (Q \Qs) > 2. H e n c e  w e  s h a ll show  th a t  the
codimension of  Q

S \Q0 i s  a t  l e a s t  2 .  L e t  I b e  a  f ib r e  o f  n  a n d  s e t  D, :=
{y E Qs 1H 1 (i, g o )  0 01. T h e n  Q s \Q0 = H  D  where 1 runs all fibres of n. Hence it
is sufficient to show that codim (D,)> 3. W e  set B,:= {y e Qs1clim c  H 1 (1, 6;(— 1)) >
11. T h e n  it  is  e a sy  to  se e  th a t D, c  B,. H ence it is suffic ien t to  show  that
codim (B,) > 3. F o r  a  p o in t  y  o f  Q ,  y( —I) --+ Sy  i s  injective, and hence 4, is
flat over Q s. Then we obtain a  family of quotients (2 „,[— m]eN  S i,. T h u s  w e
get a morphism tes:  QS -4 Let .2 be the union of connected compo-
nents which contain im  (tes). W e  d e n o te  th e  universal quotien t on  .2  x  I  by
C9, ./ [ — in] '  -4  6 . For a  point y  of Q, we set K := ker (CA y) Then
th e re  is  an  ex ac t sequence Hom (K, Sy ) —■ Hom (K 11, E x t i  (K ,  y( I)). By
(3.1), Ext.' (K, Sy( - 4)).1 rf  Ext 2 (Sp 6'y ( - 0 ) .  By the  choice of H„, (K x  + 1, H„) < O.
Since Sy i s  stable, the Serre duality implies that Ext i (K,  y ( — 1)) = O. T h u s  te s
induces a surjective hom om orphism  between tangent sp a c e s . L e t  .21 := {y
JO  (I, 63,1(m)) = 01 be the open subscheme of J .  Then .21 is sm ooth and contain
im (tes). I n  order to compute the codimension of B, ,  it is sufficient to compute
the codimension of A, where /3; := ly e J i  ' dim e  H 1 (1, gy

1(— 1)) > 11.
We shall use the same method as in the proof of Proposition 1.3. We shall

only treat the case tha t S yi is not locally  free. Another case is  sim ilar. L e t Ye'
b e  th e  se t o f  sequences o f  polynomials h = (h i , h2 , h s )  such  tha t hi  i s  the
Hilbert polynomial of the torsion submodule (S ) )2, of Sy', y e .2, and h 2 — hi , ...,

— hi  are the H ilbert polynomials of filters of the Harder-Narasimhan filtration
of (S,), := ey

1/(S),, y e Q i . Since (Sy
l ) ,  i s  a  torsion free quotient of CA — m) (9 "

and  deg (6  ) F <  deg 6 yi th e  boundedness  theorem of Grothendieck implies that
.et is a  finite set. We shall consider the flag scheme fh d'° - eas41/ a, x and the
open subscheme HN(h) whose point F  corresponds to  a  filtra tion F :0  F i

F2  • • • F  = 6') , y = f h (F) such that x(F,(m)) = h i (m), Fi  is  the torsion submodule
of Sỳ  and F 2 /F 1 c• • • Fs /F, is  the Harder-Narasimhan filtration of Sy

l /F1 . In
the  sam e w ay a s  in  th e  proof of Proposition 1.3, w e  see  tha t HN(h) is
an immersion and codim (HN(h)) = g r( ') ) .  I n  order to prove
our c la im , it is  su ffic ien t to  c lassify  Ç  such  tha t cod im  (HN(h)) = 2. S in c e

X( g r 1(g yi )  gri ( )) = rk (gr( )) dim e  (gr i (Sy
l )), w e get that r =  2, dim e  gr1 ( ) =

1 and z(gr1(Sy1), gr1 (Sy
1)) =  O. T h u s  S y' C , C O , (9 ,(—  1 ) , w h e re  P e 1.

Therefore codim (B,) > 3.
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W e denote  Qo /PGL(N) b y  M(r, c 1 , c 2 )0 . Replacing E  b y  E(nf), we may
assume that R1 pQ . [ - 1] = 0 for all fibres 1, p(2 0 ,,,e  is locally free and q*p (20 ->

is surjective, where g: Q, x  C  Q 0 is  the projection. Let g: G = Gr(pQ . , ,
r -  1) Q ,  be the Grassmannian bundle over Q , parametrizing rank r -  1 sub-
bundles of p,2 0 ,  and t h e  universal subbundle of rank  r -  1. W e set

G' :=E  GH/l„ 0 ec * g o o is injective as a bundle homomorphism} .

Since pQ 0 * 6 ' i s  GL(N)-linearized, PG L(N ) a c ts  o n  G  a n d  G'. L e t  G  b e  the
quotient of G' by P G L (N ). Then we can apply the same argum ent as in [D-N,
7.3.2 and 7.3.3] to  the family /EQ . " .  S i n c e  n * Sgoo i s  a  vector bundle of degree
a := deg c ,  -  c 2 ,  w e obtain the  following exact sequence:

(3.2) 0 - > Pic (M(r, c 1 , c 2 ) 0 )  P i c  (G )  Z Z 0 ,

where n = gcd (r, a, c2 ). L e t t: T = (c (r-1), o i t ) v) _> b e  th e  projective
bundle and N the tautological line bundle on  T  O n T, there is a  homomorphism
t :  er-1) __÷ t* qi ® N .  L et T ' =  {x E TIT) ,  is  an isomorphism} be  an open set of
T  Setting g =  (g 0 t x  1,)*g a n d  -oit =  t*jli, we obtain an injective homomor-
phism on T ' x X : e rr:»  - > 61- 2 (i) 1 1\T 0  1 4 , N .  Let T" be the open subscheme
o f T ' whose po in t y  satisfies the  gy /(9' ( "- 1 ) i s  torsion free.

Lem m a 3 .2 .  T '\ T " is  at least o f  codimension 2.

P ro o f . W e shall prove that R :=E  G'1 9 0 0 / 6 r - 1 )  i s  n o t  torsion free} is
a t least of codimension 2 in  G'. W e simply denote eg  09  b y  E .  W e note  that
if E / e r - ' ) is locally free in codimension 1, then E / e r - 1 )  is  torsion free. Hence
if 1E(r-1) E11 i s  injective for a ll fibres 1, then  E/(9r - 1 )  i s  to rsion  free . In  the
proof o f  Lemma 3.1, w e proved  tha t th e  codimension o f  B1 i n  Q  is a t least
3. Hence we may assume that E11 is isomorphic to &Pr, CO) 5
o r  C , 5  e i ( -1) 5 CP (r- 1 ) . Assume th a t  E  is locally free  and  le t  1 b e  a fibre
with E ll C ,(1 ) 5  6 ,(  -  1 )  e p r _ 2 ) .  Let r: H° (X, H ° ( 1 ,  E 11) be the restriction
m a p .  I n  G' fl Gr(H° (X, E), r -  1), th e  lo c u s  o f  V c H ° (X , E ) with dim (r(V)11
H° (1, C,(1)))> 2  is  a t  le a s t  o f  codimension 2. Hence in  a  neighborhood o f  y,
codim R > 2. I f  E  is  no t loca lly  free, th e n  it  is  e a sy  to  se e  th a t  codim (R fl
Gr(H

° (X, E), r -  1)) 1 i n  Gr(H° (X, E), r -  1). W e  s e t  U := {z e Q 0 16'z i s  n o t
locally free}. Then codim U > 1 in  Q0 ,  and hence codim R > 2.

The quotient 0 yl-N /err, <
- 1 ) i s  a  fla t family of torsion free sheaves of ra n k  1

with Chern classes c 1 ,  c 2 . Therefore, g  0  p l - N /Cr>j )  can  be  w ritten  a s  I ,
det 0  14,,N) where I ,  is a flat family of ideals of colength c 2 . Thus we obtain
an extension

(3.3) 0 -> Orr,T1 ) g  p t- N - > 0 det (1 0 pl,„N) -  0 .

W e set T  =  T"/PGL(N ). Then in  th e  same way a s  in  [D-N, 7.3.4], we obtain
the following exact sequence:

1) 5 er(r-2) ,
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(3.4) 0  Pic (G )  Pic (T) ZI(r - 1 )Z  -+ 0 .

Combining (3.2) with (3.4), we obtain

( r  -  1)a
(3.5) # (P ic (T)/ Pic (M(r, e l , c2 )0 ))   •

3.2. F o r simplicity, we denote M(1, c 1 , c2 )  by M , where c l  a n d  c 2 a re  the
sam e a s  in  3.1. L e t -V := EXt (5 , O r xr-, 1) )  b e  the relative extension sheaf on
M , where i f  is  th e  universal family in  2.3. The base change theorem implies
that '17 ' is locally  free. L e t  p :  P  =  I ( V ' )  M  b e  the projective bundle and v
a  divisor which defines th e  tautological line bundle o n  P .  F o r  simplicity, we
a lso  deno te  (p  x  1 ,)* ,f  by  p * 5  a n d  pt(v) =  v  x  X  by  v . S ince  H om p ,
CP„ri l ) ) =  0, we get

(3.6) E x V ,  (ti*,51 p ( -  v ) ,  C r i 1) ) H ° (P, Ext C u *J  0  e p ( -v ), C M " ) )

H ° (P, p* -17' 0 (Op(v))

Home, 
( p * ,

( v ) ) .

Therefore the natural surjective homomorphism p*r Cp (v) defines a  universal
family of extensions:

(3.7) 0 -> C M " 0  p ( - v) 0  .

F or simplicity, we denote Yfi(e12. by H .  W e set 13 := tiz e HIR 1 7r* Iz  0 1 .  We
assume that c 2 >  2 . T h e n  1 3  is  n o t e m p ty . Let r„  x  C  b e  the  graph of
the projection  i t  a n d  r  the pull-back of 1"„ t o  H x X x  C .  Let r: H x X x C . -
H x  X  b e  the  p ro jec tion . By using the base change theorem, R 1 p„,, c * (r*/1 . (i)
0 (  -  ) )  and  R 1p„„ c * r*/21, are locally free sheaves of rank c 2 +  g  and c 2 +  g  - 1
respectively. W e denote these sheaves by '17-

3 and ^17;, respectively. Applying
RPH xc*

 t o  an exact sequence

0 r*1.2, 0  C (- 11 ->  r* -4  r*I y I T-> 0 ,

w e obtain an exact sequence

0  P H  xC*r *
 4 1 T-* - 4  R i PH.c*r* IyIT 0

 •

By using the determinantal subscheme defined by the homomorphism '173 '17-4
we can define the multiplicity of 15. By the  Porteous' formula, we get

(3.8)c 1 ( & )  =  c h * c2(17-3  -
where g1 : H x C - 1 1  i s  the projection.

Lemma 3.3. 13 is  ir r ed u cib le .

P r o o f .  Since 13 is a  divisor on H, it is sufficient to show that 15 1 := /3 12c2 i , c2

is irreducible, where 5ec2/S, 2 i s  the open subschem e defined in  2.2. Since
does not contain  th e  exceptional divisor g(E) o f w: 5-ec2/Z (X`2 \ zl, )/S,,, we
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show that co( -6 1 ) is irreducible. Since (X  x c  X  x  r2 - 2 )\ A, is irreducible and its
image to  (X`2\/1,)/S,2 i s  co(r),), co(ii i ) is irreducible. Thus  i s  a n  irreducible
divisor.

In  3.3, we shall show tha t i3 is  a  reduced divisor.
We set H0 := H\/3 and M, = H 0  x  Pic

°
 (X ) (M o  = M  for c , = 1 ) . Let P, :=

P x m  M , b e  a n  o p e n  s e t  o f  P . W e se t PS = {y e PI.Fy i s  a  s tab le  sheaf} and
= Ps n P„• W e  sh a ll p ro v e  the following.

(3.9)

P ro o f . O n  P , pp 4 (3 [m ]) is locally  free  and  pt,g pp8 ,(.97 [m ]) ,° - [m ] is
surjective. L e t  {U i }  b e  a n  o p e n  covering o f  IN  such  tha t pu o (.F m ] )  O r,
and then Pi: Ou,xx[ -

the  pull-back o f (9Q0xx[- ]i n e .  ei (r- l) pu,*(Œpi(r-e) p u i ,k3Fl u i  induces a
lifting of hi t o  G ', moreover th e  isomorphism o f  CECi r - 1 )  t o  th e  pull-back of
the  universal subbundle induces a lifting t o  T " .  Thus, w e obtain a  morphism

T = T"/PGL(N), which satisfy fit = hi  o n  Ili n U3 . Thus we obtain fi: P;;
T .  Conversely the extension (3.3) gives a  morphism k': T" ->P, ) su c h  th a t  the
pull-back of (3.7) is  (3.3). Since k ' is PGL(N)-invariant, it induces a  morphism
k: T It is easy see k  h  =  1,, and  h  k  = 1T . Thus T

Lemma 3.4. If  d := deg c , is sufficiently large, then codim (P0 \ P )  2  except
f or the case that g = 1, rIc i an d  c2  = 1.

Pro o f . W e set

:= e Poln*-*73,
 is generated by global sections and h l (C, = 0} .

In  order to prove this lemma, it is sufficient to show that codim (P,\P„' ) > 2 for
sufficiently large d, and  codim (Po' )s) 2  except for the case tha t g = 1, tic,
and c2 = 1, where (P'0 )s is the open subscheme of P'„ parametrizing stable sheaves.

Since R i n , ".
), = 0, y e P ,  a n d  deg c ,  is sufficiently large, (3.7) induces an

exact sequence

C8 g°. - 1 )  = H 1 (C,r - 1 ) ) 1 1 1 (C, tr, ) -* 0 .

Thus we get

(3.10) h i (C,rt Y7
y ) ( r  -  1)g for y E Po .

B y using suffic ient la rg e  m  (w hich depends o n  d ) ,  w e  m a y  assum e that
p;pp,(.F[m ])- .F[m ] is  surjective and R i p p ,(,F[m ]) = 0, i > 0. L et Q , b e  the
connected component of leepl,x ( _„,) Eoi x  which contains Q and (.9(21 „ , [ - m r N e
denotes the universal quotient sheaf on  Q , x  X .  Let Q2 (i) be the locally closed
subset of Q, whose point y satisfies that R i tV y  = 0 and hl (C, tr,(ey )) = i, 0 < i <
(r - 1 )g . In  th e  same way a s  in  3.1, we can construct Q2 (i)-schemes ti : T(i) -'
Q2(i) whose poin t z  corresponds to  an injective homomorphism Cr - 1 )  -*4, ( z )

with torsion free cokernel, u p  to  multiplication by  constan ts . L e t T(0° b e  an

rn]eN „Flu , defines a  morphism hi : Ui Q ,  such that pi is
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open set of T (i) such that for a point z  of T (i)
°
, the exact sequence O -+ & 1 ) .

z)- +  O  does not split. Then there are m orphism s  k .: T(i)
°
 -+ P0 .

By (3.10), we get im (k g) =  P0  a n d  U ? Ï ' im (ks ) = PØ \P. I n  L e m m a
3.5, w e shall show  that the action of PGL(N ) o n  T ( i )

°
 is set-theoretically free.

Hence, in order to estim ate codim  (P0 \P) and  codim  (P \ (P ) ,  it is sufficient
to compute dim T(0) -  dim T(i), j  >  O and codim (T(0)\T(0)s) .

L et (9 ( - m)® "  — E  be a  poin t of Q 2 (0) which has the Harder-Narasimhan
filtration F: O F1 c  F2 c :  F =  E .  Let h 1(x) be  the  H ubert polynom ial of
F ,  1 ^ i ^  s. By Lemma 1.3, the locus of quotients whose Harder-Narasimhan
filtrations have the H ilbert polynom ials  (h 1 (x), h 2 ( x ) . . . . . h ( x ) )  i s  a t  l e a s t  o f
codimension dim Ext,  ( E ,  E ) .  W e shall use the same notation in Lemma 1.3.
Then we obtain that

dim Ext ( E ,  E )  =  —  X(E, E )
i < i

=  - '

i < i

Moreover we see that dim Ext 1 , (E , E )  =  1  if and only  if s =  2, r 2 d1 — r1 d2  =  0,
g -  1 =  O  and  r 1 e2 +  r 2 e1 =  1. S i n c e  F  is the Harder-Narasim han filtration,
e1 /r1 <  e2 /r2 . T h is  im p lie s  e 1 =  O and r 1 e2  =  1. T h u s  r1 =  e 2 =  1. B y  L em m a
1.4, the locus of properly semi-stable sheaves is at least of codimension 2. There-
fore we obtain that codim (T(0)\T(0)S) = codim (Q2(0)\Q2(0)s) ^ 2 except for the
case that g =  1, n c 1 a n d  c2 =  1, where Q2(0)s = { z e Q 2 ( 0 )  i s  a  s ta b le  s h e a f }
a n d  T(0) =  t (Q 2 (0)s) .

F o r a  p o in t y  o f  Q 2 (i), d im  tT'(y) = (h
°
(X, f )  -  (r -  1))(r — 1) + (r — 1)2 —

= h
°
(X, ) ( r  — 1) — 1. S in c e  i  ^  (r — 1 )g , d im  T(0) — dim T (i) ^ dim Q 2 (0) —

dim Q 2 (i) — (r — l) 2 g. T h e r e f o r e  i t  is  s u f f ic ie n t  to  s h o w  th a t  d im  Q 2 (0) —
dim Q 2 (i) > (r -  1) 2 g +  2, i  >  O  for sufficiently large d. Let b e  t h e  s e t  o f
torsion free sheaves E  which satisfy

j
 )  rk (E) =  r, c 1 (E) = c 1 a n d  c 2 (E) = c 2 ,

(ii) R 'r E = O ,
(iii) fo r  th e  H a rd e r-N ara sim h an  f iltra tio n  F: O  F1F 2c :  F =  E,

max {rk (E/F) deg (F) — rk (F) deg (E/F)} <( r  — 1) 2 g +  2.
Since is a bounded set, there is an integer a  such that for any m em ber E  of

E(af) is generated by global sections and h'(C, ir E(af)) = 0. R e p la c in g  c 1

by c 1 + raf, we may assume that a =  0. I f  h'(X, E) 0, then E  does not belong
to,  a n d  h e n c e  d im  E x t ,( E ,  E) ^  (r — l) 2 g +  2 , w h e re  F  is  th e  H a rd e r-
Narasimhan f i l t r a t i o n  o f  E .  Hence codim (Q 2 (i)) ^  (r — l) 2 g +  2  fo r  i  ^  1.
Therefore dim T(0) — dim T (i) ^ 2  for  i  ^  1. Thus codim  (im  (i)) ^  2 for i  ^  1.
Since codim (Q\QS) ^ 2, we see that codim (P\PS) ^ 2, except for the case that
g =  I, r c 1 a n d  c2 =  1.

Remark 3.1. P - *  M(r, e 1 , e2 )0 e x te n d s  to  a  m o rp h ism  PS  -* M(r, e 1 , e 2 ).
We shall show that P 5 \P is an open dense subset of  P\P0 . S in c e  M(r, e 1 , I) =
M(r, e 1 , l), w e m ay assum e that e2 ^  2 . B y  R e m a rk  1.5 and Lemma 3.1, there
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is  a  n-stab le  vector bundle E  w hich belongs to M (r,c ,,c 2 -  1)0 . L e t  /  b e  a
jum ping lin e  o f  E: E11 r-2) IC) ( ,(1) C) ( 9(- 1). L e t  F  b e  th e  kernel o f  a
surjection E (9,( - 1) k ,, w h e re  P  i s  a  p o in t  o n  1. I t  is  e a sy  to  se e  th a t

C P - 2 )  0 C,(1) C , (  2 )  0  k ,  a n d  rc*n* E (c  E )  is  a  subsheaf of F .  Hence
there is an exact sequence 0 -> - >  F  I z  0  det (F)-■ O. T h u s  Ps \P,', is not
empty fo r c2  > 2. Since th e  complement o f P ,  is  the  pull-back o f the  divisor

x  Pic
°
 (X ), it is irreducible. Therefore we get our claim . Combining Lemma

3.4 w ith this, w e get that Pic (P) = Pic (PS) and  Pic (M(r, c 1 , c 2 )) -> Pic (P i)  lifts
to  a homomorphism Pic (M(r, e 1, c 2 )) -  Pic (P) for c 2 > 2.

Lemma 3.5. T he action of  PGL (N ) on T (i) °  is set-theoretically  free.

P ro o f . For a quotient C x (- -> E, the stabilizer of the action of PGL(N)
o n  Q2 (i)  i s  the autom orphism  group A ut (E ). I f  Q e Aut (E) fixes C

( r- 1 )  E ,
then (,9 - 1 induces a homomorphism I := E/(9 r -1) __,, E. If the composition I ->
E  I  is  no t zero, then E  e rr -1) (:) I. Hence Q  -  1 induces I -> &Tr-) which
is O. T h e re fo re  Q = I. T h u s  the action of PGL (N ) o n  T(i) °  is set-theoretically
free.

If e 2 = 1 , then we shall identify Y eir4,1 w ith X .  H ence M  = X  x  Pic
°
 (X).

W e note tha t P = P 0 a n d  M  =  Mo .

Lemma 3.6. I f  g  = 1 ,  deg c 1 =  rk  a n d  c2 =  1 ,  then  for the codim ension
1 component D  o f  P \P s , (9,(D) is isom orphic to ./N  := (9,((r - 1)(rk  - 1)v )
(1 0 ,(1)*(g) det pp1c0( x ) ,g)v )o (r-1 ) ,  where X  x  Pic

°
 (X ) -> Pic

°
 (X ) x  X  is

the morphism sending (x, L ) to (L , x).

P ro o f . By the proof of Lemma 3.4, for a  general point y  of D, the Harder-
Narasimhan filtration of .973,  is 0 L  F y  where L  is  a  line bundle o f degree
k. W e note  th a t .97y /L  belongs to  M (r -  1 , (r -  1)k, 1). B y  u s in g  the  irreduci-
bility of Pic

°
 (X ) and M (r - 1, (r - 1)k , 1), we can easily prove that D  is irreduc-

ible. W e  sh a ll f ix  a  p o in t p  o f  C .  W e set

W := {(y, g) e P  x H ° (X, .97
),( -k f )(:) n*(9 1 (g - p)) O } .

Since deg „J,(- k f ) = 0 ,  y E P ,  the R iem ann-Roch theorem  im plies that W  =
{(y, q) E P x (X, EF y (  kf ) n * ( 9 c (g  -  p ))> 11. S ince  cod im  (D) = 1  and the
Harder-Narasimhan filtration i s  unique, w e obtain  codim  (W ) =  2 . L e t F„ be
th e  g ra p h  o f  7E : X  C ,  and = (9(1„ - T(' (p) x  C )  a  lin e  b u n d le  o n  X  x
C , w hich  is  a  universal line bundle w ith c , =  0  o n  X .  L e t r: P x X  x C  - >
X  x  C  a n d  s :  P x X x C  - >  P  x  X  b e  p ro jec tions. F o r simplicity, we denote
s* (te . (-  v )[-  k f ])  r *  b y  . By the exact sequence (3.7), there is an exact
sequence o f sheaves on  P x  X  x  C:

0  r* -  k f r r -1 ) -> s* .97 ( ) r*.2[- k f ] - + / - > 0 .

S in c e  d  :=  pp „c * /  i s  a  locally  fre e  sheaf o f  r a n k  ( r -  1 ) k  -  1  and :=
R 1pp x c*(r"[ -

 kf])ar - 1 )  i s  a  locally free sheaf o f  rank  ( r -  1)k, th e  Porteous'
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formula im p lies tha t JA I  —  d ) i s  a n  integer m u ltip le  o f the  class o f  W  in
A*(P x C). Let u: P x C  P  be the projection. We denote the projections X  x
Pic

°
 (X ) x  C —> X , X  x  Pic

°
 (X ) x  C  Pic

°
 (X ) and X  x  Pic

°
 (X ) x  C  C  by w 1 ,

w2 a n d  w 3 re spec tive ly . W e  a lso  deno te  the projections X  x  Pic
°
 (X ) x  C

X  x  Pic
°
 (X ), X  x  Pic

°
 (X ) x  C  Pic

°
 (X ) x  C  a n d  X  x  Pic

°
 (X ) x C —> X  x  C,

by w12, w 2 3  and  w 1 3  respectively . L et Ac  (resp . Ax )  b e  the diagonal of C x C
(resp. X  x  X ) .  Then =  / A x g ) ,  where we identify th e  pull-backs o f / 4 x  a n d

to  X  x  Pic
°
 (X ) x  X  w ith I,„x a n d  g  respectively.

By using the exact sequence

(3.11) 0  i e „ e x xx C e x

we see that

Pp.c(s * Gt* (1 Ax 0  .g) ep( — v)[ — kf] r * .9 )

= PP xe(S * (1-1"  61 ( v ) [ — kf]) r * .2 )

— PP ><C1(.5 * (eA; g  ep( - 1, ) [ — kf]) r*J)

= Pp.e(s * (ii * Y 0 Cp( — v)[ — k f ] )0 r * .2)

—  x  1c) * (42 1* g° 0
 w (9 ( — kf) 0 43-2) 0  u*Op( — v) ,

where Ax  i s  the  pull-back o f Ax  t o  P  x  X .  By using the exact sequence

(3.12) 0 —* x c x c ( A c ) 0 ,

we see that

PP xCl(S* 0 ) (9 P (  —v)C— kfi)0 r * .2)

= Pp.u(s*V 0 ep(— v) [ — kf]) r * (7 t  x  1c) * (9c.c( — P x C))

+ Pp.o(s'V  0  e p ( - 1 ) [ — kf])(1) r*(7r x ( c) * (9 4.( — P x C))

= x lcrwI(Ppicoap(gl — kf — Ir - 1 (P)1)) 0 u*Cp(—v)

+ (P. x  1c) * (43(ipico(x) x n),(1(—kf))0  w & ( — P)) 0 u*Cp(—v).

Hence we get

(3.13) .91 = (p x lc) *
wl(PPico(x) ,WE — kf — l (P ) ]) )0 u * Cp( — v)

+ x  1c) * (43(lp1co(x) x n)i(g( — k f))0  w (9 ( — P)) 0 u ''& ( —v)

—(p  x 1c) * (421 * g  w P e x ( — kf) 0 43.210 u*Cp(—v) .

By using (3.12), we also see that

R i pp,,c* (r * -2[ — kf]) = Cu x lcrw rR i Pc* -9 E— kfl

= (11 x  
1
c)

*
wV6 P +"  (Q( — kP' — P)),

where p ' =  n (f ) .  Hence we get
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(3.14) x 1crwl(&e(k+1) _ (9c( k p , m o(r-i)

In order to compute u* C- 2 (a  — d), we may ignore e 2 (E), where E  is the pull-back
o f  a  sheaf o n  P .  In particular, we d o  not need the second Chern class of

x  lcrwl(Ppico(x)IV E — k f  — n - l (P)D® u * (9 1.1—

Since the relative degree o f YE -  7E- 1 (p )] is  (r — 1)k — 1,

(3 .1 5 ) {GI x 1c) * wilPptco(x)0 1 — kf — n - l (P)D® u * Cp( — v)I
= 5, { (p x  l c rw l(det DPico(X), V [  kf — (p)]))1 — ((r — 1)k — 1)u*(v) .

A simple calculation shows that

(3.16) 04121* [ —  kf —  
7E- 1 (1))]) • 1(4 3 ( 1 pico(x) x 7001 —  kf — 1T- 1 (P)])l

= ((r —  1)k—  1)5,(t*Y[ —  kf — n - l (p)]) .

By using (3.13), (3.14), (3.15) and (3.16), we can show that tt * C- 2 (.4 — e1(41)
mod Pic (Pic

°
 (X)). Let be the line bundle constructed by using A co( x ) L  Y ,

L  e Pic (Pic
°
 (X)). Since I/ is replaced by v + (pp ico( x )  0 t 0 /.4)*L, we get that

. We shall identify Pic
°
 (X ) with C  and assume that (1 c  x  7r),Y  = ec .c(A c +

(rk — 1)(C x  p')). T hen  w e see  tha t de t p c 0c „c (z1c  +  C  x  d) = (9,(d), where d
i s  a  divisor o n  C  a n d  pc  i s  th e  f irs t p ro jec tion . T h e n  w e  c a n  show  that
u* "62 (a — slf) = 5 , ( 4 ) .  H ence w e get di C p(u * (m W )) =  p(mD), m >  O. In the
proof of Proposition 3.14, we shall prove that m = 1.

3.3. W e assume that c 2 >  2  in  this subsection. By the construction of the
family o n  k .-

1 (c f . 2.3) and (3.8), a direct computation shows th a t the  pull-back
of /3 to  1 ,  is  Eci 2=-, 2  n - 1 (7r(Pi )) + (n - 1 (n(Pc2 _1 )) — C O . Hence we get that

(3 .17) /3 is a reduced divisor and the image of /3 in N S (i ,)  is (c2 — 1)f — C, .

Combining this with (2.4), we see that Pic (Sc2 C  x  Pic
°
 (X)) Pic (M 0 ) is injective

and

(3.18) Pic (M 0 )/Pic (Sc 2 C  x  Pic
°
 (X)) N S (k-

1)/(Z f  Z C , )  Z C o .

Hence we get

(3.19) Pic (r)/Pic (S c2C x  Pic
°
 (X)) ZC,C) Z i) .

By the construction of morphisms 2, det and h, we obtain the following commuta-
tive diagram.

hP,;

(3.20) Mo M(r, c 1 , c2)0

47( 1 x 1,e2) x det i .1,Thr,c,,c2) x det

Sc2C x  Pic
°
 (X )     Sc2C x  Pic

°
 (X )
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Therefore, the homomorphism Pic (Sc2C x  Pic
°
 (X )) -> Pic (M(r, c l , c2 )0 )  is injec-

tive. H e n c e  w e  regard Pic (Sc2C x  Pic
°
 (X )) a s  a  subgroup of Pic (M(r, e l , c2 )0 ).

Then there is an inclusion

(3 .21) Pic ( M ''
,
 cl, c 2 )0 )/ Pic (Se2C x  Pic

°
 (X )) c-■ Pic (T)/Pic (Sc2C  x  Pic

°
 (X ))

Pic (n)/Pic (Sc 2C x  Pic
°
 (X ))

ZC,„ C) Zy

Remark 3 .2 . If c2 =  1 , then /3 = 0. By using Remark 2.2, we see that (3.20)
and (3.21) also hold, unless g = 1, r1c 1 and c 2 =  1 .  I f  g = 1, and ri c i  and c 2 1 ,
then Lemma 3.6 implies that

(3.22) Pic (M(r, c l , c 2 ) 0 ) / P i c  (Sc2C  x  Pic
°
 (X )) Z C o  Zv/((r - 1)a)Zv

where a = deg c  -  c 2 .

3.4. W e shall recall D rezet's construction of line bundles o n  M(r, c l , c2 )
([D 1], [D 2], [D -N ]). Let K (X ) be the Grothendieck group of X .  L et K

°
(X)

be the subgroup of K (X ) which is generated by 0, -  & ( - D )  and  Cc. —

D, D' e Pic
°
 ( X ) .  Then K

°
(X) Pic

°
 (X ) C) A lb (X ). We shall represent the class

in  K (X ) of C x ,  ex (— f ), ex( -  C0 ) and e x ( - Co -  f  )  by e l ,  e2 , e 3 a n d  e4  respec-
tively. T h e n  K ( X )  K ° (X )C) L , where L  is the free Z-module of rank 4 gener-
ated by ei , 1  < i < 4. Let E  be the class in  K (X ) of a torsion free sheaf of rank
r  with Chern classes c 1 , c 2  and  se t

(3.23) K(r, c l , c 2 ) = e K(X)1x(e C) x) = .

W e  s e t  a := deg c i  -  c 2 . S i n c e  x(e 0  e i ) = r(1 - g) + a, x (eC) e 2 ) = r(1 - g) +
a -  r  a n d  x( e3 ) = x(e C) e4 ) = - c 2 , K (r, c l , c 2 ) = K ° (X )C ) K  w h e re  K  =

x i e, E L1x
1
(r(1  - g) + a) + x 2 (r(1 - g) + a -  r)  -  x 3 c2  -  x 4 c2  = 0 1 . F o r  a n

elem ent x  in  K(r, c l , c2 ), : =  det 0 [x ]) defines a GL(N)-linearized line
bundle o n  Q , w here  [x ] is  the  im age  o f x  t o  K (Q x  X ) .  Since the action of
the center is the multiplication by x(e 0 x)-th  power of constants, it is  the trivial
a c tio n . Therefore it defines a  line bundle on M(r, c l , c 2 ). T hus w e obta in  a
homomorphism

(3.24) K : K (r, c  c 2 ) -). Pic (M(r, c i , c2 )) .

Moreover le t S  be a  smooth variety and a  fla t family of torsion free sheaves
of rank r with Chern classes c 1 , c 2  parametrized by S. Then x i-■det C) [x])
defines a homomorphism

(3.25) K(r, c 1 , c 2 ) -+ Pic (S)
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Lemma 3.7. A ssume that W is a flat family of  stable sheaves and let s: S —>
M(r, c 1 , c2 )  be the morphism defined by W. L et a* be the homomorphism induced
by a, then K1  = a *  K.

P roo f. S ' = S  
X M ( r , c i , c 2 )

 Q —> S  is a  p rinc ipa l P G L (N )-bund le  and  hence
Pic (S) = Pic P" (N) (S'). We denote th e  pull-back o f  S  a n d  S ' to  S ' x  X  b y W'
a n d  6 ' respectively. Setting R  = H o m ,  p ' ) ,  w e get 6" R '  .  From
this, we obtain det P s '( '  [ x ] )  det 0  P R  [x]) det 0  [x ])  0
R®x ('®x) =  det ps ,i(e [x]). Since H

°
(PGL(N), (9 G L (N ))  = C . , p ic paLon( s ,) _,

Pic (S ') is  injective. Therefore we get K 4 (x) o
-
*(K(x)).

3.5. In  this subsection, we shall treat the case where c , > 2. In  particular,
we shall prove Theorem 0.1.

Lemma 3.8. K(r, c 1 , c2 ) —> Pic (M(r, c 1 , c2 )0 )/ Pic (S`2 C x Pic
°
 (X )) is surjective.

P roo f. L et 4  b e th e  family o f ideal sheaves defined in  2 .3 . T h e  family
4 [d f ] of torsion free sheaves of rank 1 defines a morphism  1 1 —> M .  We denote

m  Po b y  /3 • L e t  F  be the  pull-back o f  5 ' to P c ) . x .  We also denote the
pull-back of 4 [4 f ] to  P  x  x  by 1 ,[d f ].  Then there is an exact sequence

o _4  e T (r -1 ) —> F 1 , [ d f ]  0  Op- (— v) —> 0,P x X

where we also denote p (v ) by v. We shall define A. E Pic (P)/ Pic
°
 (X ) (1 i  4)

as follows:

(3.26) IA 1 := det pi
-
>!F =  CAC]. — ci) 0 CA —(1 — g + a)v) ,

A 2  := det p i(F [— f])=  ei , - (ci — ci+ f)06.0-(—(1— g + a —  1)v) ,

A 3 : =  de Pi(F [ —  Co]) =  e 1i(C1 — c 1 +  Co ) 0 (9i5(c2 v) ,

A, := det py4F[—  Co — f]) =  cp(ci —  c 1 + Co +  f )  0 (9 11(c 2 v) ,

where a  =  deg c i  — c 2 . Let 0: L —> Pic (P)/ Pic
°
 (X) (ZCo  Z f  0  zc i z o /

(zuc2 — 1)f  — CO) be the homomorphism such that 0 (0  = A i (cf. (3.17)). Then
the restriction of 0 to K  is the morphism induced by KF I K . Then e3 — e , belongs
to  K  a n d  0(e 3 — e,) f .  It induces the  hom om orphism  O': L/Z(e, — e,) —>
N := ZC o  Z y  P i c  ( 1 3 )/(Pic °  (X) + Z f ) . L ' := Ze i  Z e ,  Z e 3 is isomorphic to
L/Z(e 3 — e ,)  and under this isomorphism, K fl L ' is isomorphic to K/Z(e 3 — e4 ).
Let K ' be the kernel of the homomorphism L' —> Z  such that tJi(e1 ) = r(1 — g) +
a, t,1i(e2 ) = r(1 — g) + a — r  an d  0 (e 3 ) = —c2 . T h e n  0  is  the restriction of the
homomorphism x(e _): L —> Z  to  L ',  a n d  hence K ' = K  fl L'. W e set n :=
gcd (r, a, c2 ). Then im J i  =  n Z . It is  easy  to  see  th at ker o' is generated by
((1 — g) + a — 1)e 1 — ((1 — g )  + a)e ,. Hence 0(ker 0') = (r — 1 )a Z . Then there
is the  following exact and commutative diagram.



0 K'(3.27)

(r _
1
)a z

n •
Thus we get thatTherefore N / K ' nZ/ker (b' Z
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0 0

ker qY    ker

0

0

(3.28) K ' K-'.=.14  Pic (PO —> Pic (Po )/ Pic (Sc2C x Pic
°
 (X ))

is injective and

(3.29) coker Z  
(r _ 1)a

(cf. 3.3). Combining this with (3.5), (3.21), and Lemma 3.7, we obtain our lemma.

Corollary 3.9. Pic (M(r, c 1 , c2 )0 ) - -' Pic (Sc2C x Pic
°
 (X )) C) ZE92 f o r c22 .

P ro o f . We note that Pic (Sc2C x Pic ° (X )) is a  subgroup of Pic (M(r, c 1 , c2 )0 ).
By the proof of Lemma 3.8, w e get K' Pic (M(r, c l , c 2)o)/ Pic (Sc2C x Pic

°
 (X)).

Hence we obtain this corollary.

Lemma 3.10. T he restriction o f  K : K(r, c 1 , c2 ) —> Pic (M(r, c 1 , c2 ) )  to  K ° (X)
is  injective and its  im age is (A  x det)*(Pic ° (S "C  x Pic

°
 (X))).

P ro o f . We shall first consider the case that r =  1. We denote i  x  Pic
°
 (X )

b y  Y and let Y x  Pic
°
 (X ) be the morphism induced by y. We shall

show that 13* o K  is injective. L e t  r: Y Pic
°
 (X ) be the projection. For simplic-

ity , w e also  denote  pull-backs o f  1„ i n  2.3 a n d  g  t o  Y x X  b y  Iz  a n d  g
respectively. By the definition o f 1,, we see that

(3.30) det (p y i('z  0  ø[D ]))  = r* det (Ppico(x) ,VEDD)
0 (( firi 1 r*gp,)0(b*(g[D — C1])))"

w h e re  z (D) e Pic
°
 (X ), Y p i : =  i p i c o ( x ) { p , }  and b: i  x  Pic

°
 (X ) —÷ Pic

°
 (X ) x  X  is

the morphism sending (x, L ) to  (L, b(x)) (cf. 2.3). Thus we get
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13* 0 K(ex  — (9x (— D)) = r* det (ppic o( x ) ,(Y  — .9})[—D])) C),x  (9x (— D)

13* 0 K(ex (— Co ) — (9)(1—  Co — D)) = Cy Oc x  e x (— D) .

If  D • Co  = Ei ai Qi , a E  Z , then det (PpicoaptY  — g'[ — D])) L#' Oitg(2,) @° '. T h e re -
fore, for an element D  of Pic

°
 (X ), we see that

 K — (Px (—  D)) = (Di (r* YQ )°34' Oc x  (9x ( — D) ,

fl* o ic(( c o  — (9c 0(—  D)) = O i (r*Y Q ,)®"' .

Thus [3* 0 Fc is  injective and its  im age is  Pic
°
 (Y) Pic

°
 ( i  i ) x  Alb (X ) .  Since

À * a n d  y *  .1 .*  a r e  isomorphisms (cf. 2 .3 ) ,  w e  o b ta in  th a t  ic(K ° (X )) =(), x
det)*(Pic °  (S`2C  x Pic

°
 (X))).

F o r  genera l c a se s , b y  u s in g  (3 .7 ) , w e  g e t  d e t  (p p ,F[— D ]) = det (pp, •
(124,5 (_  v ) [— D ])) .  To avoid confusion, we denote the homomorphism*  o K;( (eXc .) —*
Pic (r, c l , c2 )) by K r . For the m orphism  t: Ps M ( r ,  c1 , c2 ), w e get t* ic ,.(e ,

D)) = det (Pp.41 * 5  — p.*,[— D ])) = 11*  0 Ki1(9x CA
— D)) and t

D ) )  =  det (p p .,((p*,5 — D ]) —  (* f [_  C 0 ] — Co —  D]))) =
0 K 1 (C  o — (9,0 (— D )). The assertion follows from these.

Rem ark 3.3. Replacing the morphism ./6/412 b y  X —> 16141, we see
that Lemma 3.8 and Lemma 3.10 also hold for c 2 =  1  (since C 1 does not appear
in the case, we can ignore th a t part).

Lemma 3 . 1 1 .  For a point Q of  C, let iQ : S"-1 C  S C  be  an inclusion sending
D  to  D + Q . T hen w e obtain  the follow ing. For n  > 2.

Pic (S C) P i c  (J " ) CI MO Q(Sn - 1  C))

Pic (S"C X  PO  (X)) Pic (J"  X  Pie (X)) CI ZO(iQ (Sn - 1 C) X  Pk
°
 (X)),

where JP' is  the div isor class group o f  degree n.

P ro o f . L e t  9  c  S ''C x  C  b e  th e  universal fam ily o f  divisors such that

{D} .c  =  D .  The line bundle e(9) defines a morphism j: S"C . 1 ' .  Then 9 Q  :=
g,s,,cx{Q} defines an effective divisor o n  S ''C a n d  9 Q  =  iQ (S'I -1 C). Let b e  a
Poincaré line  bundle  o f  degree n. I f  n > 2 g , th en  S''C P(Ev), where E :=
gi „,(40") is locally free sheaf on .1" ,  and hence I-12(S"C, Z) Z )  0  Z e p ( "(1 ).
For a line bundle  L E  , we see that 90 ; _1tn  =  P(H ° (C, L( Q))") OE P(H° (C, L)").
Therefore H 2 (S"C, Z) Z) $ ZO(2i (2 ). By [Mc, 12.2 and 4.2], FP(S"-1 C,
Z) —> 11̀ (SkC, Z ) is  a n  isomorphism for k  > I. Hence Pic (S

.
"' C ) '.•• Pic (S kC ) for

k  > 2. Therefore, Pic (J")—> Pic (S "C ) is in je c tiv e  a n d  Pic (S"C) P ic  ( r)  C )
Z(9(9 (2 )  for n > 2. W e also obtain the second relation.

L e t a,: yed a  A lb (X ) b e  the m orphism  induced  by  th e  Albanese map
a: X  A lb  (X ) in 2.3 (i.e. let Z  be a 0-dimensional subscheme of X  with c 2 ( l )  =  n
and E7= , /3, the associated cycle, then cx,(z) = a(P3) and cx2 :,Y eieq J"
the composition of A':,Y 6e4'x' M(1, 0, n) snc and j. We shall choose an iso-
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morphism (: J" Alb (X ) such that a i  =  0 a 2 . W e  set a  = °iltrur,ai,c2)) x
det.

Proposition 3 .1 2 . a *  i s  injectiv e an d  Pic (M (r, c 1 , c 2 )) L '•  Pic (A lb (X ) x
Pic

°
 (X )) e  K  f o r c2  >  2.

P ro o f . Since -1171(r, c 1 , c 2 )  is locally factorial (Corollary 1.5) and the comple-
ment of M(r, c 1 , c 2 )0  is  a t least of codimension 2 (Lemma 3.1), we shall compute
Pic (M(r, c1, 

c 2 ) 0 ) .
 I n  t h e  proof of Corollary 3.9, we saw that Pic (M(r, c 1 , c 2 )0 )

Pic (Sc2 C  x  Pic
°
 (X )) e K '.  Since Pic (Y 2 C  x  Pic

°
 (X )) Pic (.1̀ 2 x  Pic

°
 (X )) 0

Z e (S `2 'C  x  Pic
°
 (X ) )  a n d  (A x det)*(0(Y 2 -1 C  x  Pic

°
 (X ))) k(e3 — e 4 ) mod

Pic (Alb (X ) x  Pic
°
 (X )) (see Remark 2.1 a n d  Lemma 3.10), we get Pic (M (r, c 1 ,

c2 )0 ) Ls= Pic (.1̀ 2 x  Pic
°
 (X )) K .  Therefore, we obtain our proposition.

Proof  o f  Theorem 0.1.
(i) and (iv) follow from Proposition 3.12. By Lemma 3.10 and Proposition

3.12, w e get the  following exact and commutative diagram.

0

0 Pic
°

Alb K(r, v  — >  0(X) x (X) c i , c2)

•I•
0 Pic Pic

°
P i c C 1 , C 2 )) K— 4 (Alb (X ) x (X)) (M(r,

Hence K  is  injective and im (K) f l im (a*) c_Lf. Pic
°
 (X ) x  A lb (X ). Thus (ii) and (iii)

hold.

L e t co b e  the dualizing sheaf o f  M (r, c l , c 2 ). T h en  w e  g e t th e  following
theorem, whose proof is the  same as  tha t in  [D -N , Theorem E].

Theorem 3 .1 3 . L e t E  be  a  vector bundle o f  rank  r  w ith  f irst C hern class
c 1 . T hen to = k (Ey  —  E" 0  K )  (i)(A  x  d a )* v  ,  w here cr := det (Ppie(x)i V  0
[det E" —  det Ev 0 K A ))  and  [x ] is  the im age of  x  e  K (X ) in  K (Pic °  (X ) x  X)
(cf  3.4).

P ro o f . I t  is sufficient to compute det From  the exact sequence
(3.7), we obtain

P1.i(-9 ", = Pr(ft * -f, +  — 1 )1P p•(P* 5 ( —  v)) + P 1414 * f ( _ v ) ,  epxx)}

(r —  1 )2 13 efIep.x) •

Thus we see that

det = te(det p m ,(5 , ( )  (det P M ( J )  det p m ,(5 , x))®r-1)

0  Op( — 2d(r — 1)v),
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where d := deg c l . B y  the relative duality , w e get det (9M.,) det pm ,
(.f [K ,] )  v. T h u s

(3.31) det pp
,
( , = tek(det pm ,(J, 5 )  0 (det pm ,(5  0 [0 , —  K x ]))®°- 1 ) )

0 ep(-2d(r —  1)v) .

I n  th e  sa m e  w a y  a s  i n  2 .3 , w e  sh a ll id en tify  th e  pull-backs o f  I T  and
t o  M  x  X  w i t h  I  and respectively. Since codim Supp (CO // —

2, Ji (pm ,(em x x /./T , (9,,,„,//2 .)) =  0 .  Hence, by using the relative duality, we see
that — E i (pm ,(4 ,  4 ) )  =  — K a ) .  Since (Ox  — K x )C) E" =
((°x — K x ) ® ( e (r - i) 0  det Ev ), we obtain the following.

(3.32)
det (Pmitky g  0  C E '  E v  0  K a )  Cdet 11) m,V  0 [(let Ev — det E v  K ] )n "

= det (Pm(Iy, 4)) 0 Cdet (Pm021 O Y O  C ex —  K xD r ( r - 1 )  •

If I  is  an element of M , then x(I 0 E v) — x(/ E" C) K x ) = 2d. Therefore

(3.33) icps(E v — E" 0 K x ) p *  det (pm ,(4  0  C) EE — E" C) K a )

C) ps(-2d(r —  1)v) .

By using (3.31), (3.32) and (3.33), we get our theorem.

3.6. W e shall treat the case where c 2 = 1.

Proposition 3 .1 4 . I f  c , = 1 , then

(Pic (C  x  Pic
°
 (X)) C) Zf  g  = 1 and rIc

Pic (M(r, e l , c2)) 1Pic (C x Pic
°
 (X )) 0 , Z ° 2o t h e r w i s e .

Proof. W e note that (3.28) and (3.29) h o ld  for c2 =  1  (see Remark 3.3).
Unless g  = 1  and r c i  , Lemma 3.4 implies that Lemma 3.8 and its proof also
hold, and w e can argue as in  C orollary  3 .9 . T hus w e get Pic (M(r, c l , c2 ))
Pic (C x  Pic

°
 (X)) C) Z°312 . Hence we assume th a t g  = 1  and de l  a n d  compute

Pic (M(r, c l , c2 )). We also complete the proof of Lemma 3.6 (i.e. we shall show
that m  =  1). S ince c 2 =  1 ,  r  and a = deg c l  — c 2 a r e  relatively prim e. Hence
n = gcd (r, a, c 2 ) = 1. W e set R  := Pic (C x  Pic

°
 (X )) .  Let D  b e  the divisor de-

fined in Lemma 3.6. By using (3.26) (see Remark 3.3), we see that k,((a —  r)e, —
ae2 ) .41  = 0(m D ) mod R , in particular, (a —  r)e —  ae, belongs to ker (k w ,), where

K ' 'L +'  Pic (M(r, c l , 1)) Pic (M(r, c 1 , 1))/R  (we use Lemma 3.7). By using
(3.5), (3.21). and Lemma 3.7, we get the following exact and commutative diagram:
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(3.34)
0 0

ker (kw) ZD

0 K'— > Pic 0coker(P)/R

0 Pic U 01))/R Pic— > (M (r, c 1 ,
( P S ) / R

w h e re  U  is a  f in ite  abelian  g r o u p  w ith  #U = (r — 1)a (cf. (3.5)). Since
coker (1-4 1,,)  Z/(r — 1)aZ ((3.29)), g  i s  an  isom orph ism . B y  using  th e  snake
lem m a, w e  ge t tha t ker (RIO  ZD a n d  k ix ,is  surjective. Since a  a n d  r  are
relatively prime, (a — r)e, — ae2 i s  a primitive element of K '.  Hence we get that
ker =  Z ( ( a  —  r)e, — ae2 ). Therefore Pic (M(r, c 1 , c2 )) L' Pic (C x Pic

°
 (X )) C)

Z  and  m m ust b e  1. Thus we completed the  proof o f Lemma 3.6.

Remark 3.4. Let L  b e  a  line  bundle  o f  degree d. L e t  M(2, L, c 2 )
°
 b e

the open subset o f M(2, L, c 2 )  consisting of stable vector bundles and  se t D :=
M(2, L, c2 )\M(2, L, c 2 )° . T hen  D  i s  a n  irreducible divisor. I n  th e  same way
a s  in  [S ] ,  w e  c a n  show  th a t  Cm ( 2 ,,,,,2) (D) K[K x  + 0,42g — 2 + c2 )f) +  (2 —

2g —  d — c 2 ) ( ( (— 0 0 ) — —  f))]. A simple calculation shows tha t K x  +
ex ((2g — 2  +  c2 ) f )  +  (2 —  2g —  d  — c 2 )(e x (— Co )  — Cx ( — —  f))
c2 (e1 + e 2 ) + (c 2 +  d + e + 2 — 2g)(e4 — e3 ) — 2e3 mod K ° (X ) .  W e  assum e that
c2 >  2 . Then we obtain that

P i c  ( M ( 2 ,  L ,  c 2 ) ° )  {

Pic (A lb (X)) () Zœ2 Z / 2 Z  if d + e c 2 _= 0 mod 2
Pic (Alb (X)) CI Z° 2o t h e r w i s e .

4. Pic (M(r, e 1 , c 2 ))  in the case where g = 0

4.1. We shall next treat the case that g = 0. We shall first prove analogous
statements as in  P roposition  1.3 and  Lemma 1.4.

Proposition 4.1. (1) For an integer d  with 0 < d < r, there is a p-semi-stable
sheaf E of  rank  r with c 1 (E) = df and c2 (E) = c 2 if  and only if  c2 m a x  Ir — d, dl.

(2) Under the  condition in  (1), th e re  is  a s tab le  sheaf  E  o f  rank  r  with
c1 (E) = df and c2 (E) = c, unless d/r = c2 /r = 1/2.
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Proof. (1) For torsion free sheaves F,, F 2  such that 1 o r -1,0 i  =
1, 2, the Serre duality im plies that Ext 2 (F,, F2 ) = Horn (F2 , F,(1(,)) 1 = 0. Let
E  b e  a  ft-semi-stable sheaf of ra n k  r  with c 1 (E) = df  and c2 (E) = c2 . Then
Horn (0,(f ), E) = Horn (E, (Qx ) = 0. Hence x((9x (f), E) = d — c2  0  and x(E, ex )
= r — c 2  — d 0. Therefore c2 > max {d, r — d},  in particular A(E) = c 2 Ir 1/2.

Conversely we assume th a t  c2 > max Id, r — d l .  W e sh a ll use the quot-
scheme '2 ' and the notation in Proposition 1.3. Then it is sufficient to prove
that dim Ext1,, (E, E) > 0, where E is a torsion free sheaf of rank r with c 1 (E) = df
and c2 (E) = c2 w hich is not it-sem i-stable, and F: 0 c F, c  F2 F  =  E  is
the Harder-Narasimhan filtration of E .  Since (1.6) holds for any g ,  we obtain
that dim Exq,,, (E, E) = -E i < i x (Ei , E1 ), where E. = gri (E). Thus we shall show
tha t —E,, i  z(E,, E1 ) > 0. By the proof of (1.6), —x(E,, Ei ) = dim Ext i  (E 1, E1 ) > 0.
Therefore it is sufficient to show that x(E,, E1 ) 0 0 for some i and j. We assume
t h a t  — (E 1 , Es) = r i rs (dar, —  d 5 /r + ear, + e 5 /r5 — 1 = 0. T h e n  ear, + e s Irs <
1. Thus ear, < 1/2 or es Irs  < 1/2. We shall treat the case that ear, < 1/2. The
other case is  sim ilar. W e note that

(4.1) '1(1 — 2e 1 /r1 ) = x(E,, E 1 )

= x (E E) —  E x(E,,
j>1

= r i r(dIr — c 2 Ir — d 1 /r1 — ear, + 1)—  E (E,, E1 ).

If dIr — c 2 Ir — d 1 /r1 — ear, + 1 0, then we get 0 < rf(1  - 2e 1 /r1 ) y(E

E1). So it is sufficient to show tha t dIr — c 2 Ir — d 1 /r1 — ear, + 1 0. By our
assumption, dIr — c2 Ir 0. T h u s w e  sh a ll p ro v e  th a t —d i /ri  — ear, + 1 0.
Since F is the Harder-Narasimhan filtration of E with respect to si-semi-stability,
dl  > rl dIr > 0. I f  d, r1 ,  then — d 1 /r1 — ear, + 1 0  follows from 0  (the
Bogomolov-Gieseker inequality). If 0 < d 1 < r1 , then the necessary condition for
it-semi-stable sheaves (which was showed in the first paragraph of this proof)
implies that e l  > max {r, — d 1 , d1 }. T h e re fo re  — dl /r1 — ear, + 1 < 0 for d > 0.

(2) Let E  b e  a  it-semi-stable sheaf. Let F: 0 c F 1 c  F2 •  •  •  F  =  E  be
the Harder-Narasimhan filtration or a Jordan-Holder filtration of E . T h e n
—(E 1, E1 ) = +  —  1). Since d 1/r1 = dIr 0 0, (1) implies that e 1/r1 > 1/2.

W e shall first assume tha t dIr 0 1/2. Since e 1/r1 > 1/2, we get e 1/r1 — 1/2 > 1/2r1.
T h u s  — x(E,, Ed> (r, + r1)/2. Since dIr 0 0, 1/2, w e  se e  th a t r 3  and hence

x(E,, r I 2  >  3/2. W e next assume th a t dIr = 1/2. Then r, = 2d1 for
1 < i < s. Since c2 Ir > 1/2, th e re  is  an  integer i  su c h  th a t ei lri > 1/2. Since
r, is even, ei lri > 1/2 + 1/r1. H ence — (E 1, =  Ed> rj > 2. Therefore,
there is a stable sheaf.

Remark 4 . 1 .  Let Q  b e  the scheme in  Lemma 1.4. Then the above proof
also implies that codim (Q \Qs) 2.

Remark 4.2. B y using the sam e m ethod as in Proposition 4.1(1), we get
tha t d im  ExG, +  (E, E) = -E1 < x(E 1, > 0  fo r the case that c 1 (E) = 0  and
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c2 (E)> 0 , where F  i s  th e  Harder-Narasimhan filtra tion of E  w ith  respect to
y-semi-stability.

Lemma 4 .2 .  L e t  Q , an d  QS be open subschemes o f  th e  quot-scheme Qx
in  th e  proof of  Proposition 1.3. A ssume that 0 < d < r  an d  c2 /r > 1/2. Then
codim (Q ,\Qs)= 1 if  and  only i f  c2  = r —  d  o r c2  = d.

P roo f. B y  t h e  p ro o f  o f  P ro p o s itio n  4 .1 , it is  su ff ic ie n t to  c o n s id e r
—E ,, i  x(E i , E d  assoc ia ted  w ith  th e  Harder-Narasimhan f iltra tio n  o f  E  with
respect t o  y-semi-stability. (i) If e 1 /r 1 , e s /rs > 1/2, th en  it is  e a sy  to  see  th a t
— (E 1 , Es ) > rs d i  — ri ds > 0. Thus — 1 < x(E1, > 2.

(ii) Assume that e 1 /r 11 / 2  o r  es /rs < 1/2. W e sha ll trea t the  case  that
ear, < 1/2. The other case is  sim ila r . W e first treat the case tha t ear, = 1/2.
B y  (4.1), —E j > , x(E 1 , E )=  r1 r(c 2 /r —  d/r + dar i  + e 1 /r1 — 1). W e  sh a ll show
th a t  r1 r(c 2 /r —  d/r + dar i  + ear, — 1)> 2. I f  di t h e n  r,r(dar i  + e 1 /r 1 —
1) > re, > 2. Since c2 /r —  d/r > 0 (Proposition 4.1(1)), w e obtain that r1 r(c 2 /r —
d/r + dar t + ear, — 1)> 2. If 0 <  d i  < r i ,  t h e n  1/2 = ear i > max 11 — dar i ,
dar i }. H ence dar i  =  1/2, i n  particular r, >  1 .  S ince  1/2 = c/ 1 /r 1 >  d / r and
c2 /r — d/r, we get c2 /r >  d/r, and hence r1 r(c 2 /r —  d/r)= r 1 (c2 — 2. Thus
r1 r(c2 /r —  d/r + dar i  + ear, — 1) 2. Therefore we obtain that E i > ,
2.

W e next treat the case th a t ear, < 1/2. Assume th a t  —E i .c ;  x(Ei , Ei ) = 1.
By the  proof of Proposition 4.1, w e get 0 < /1(1 — 2e 1 /r1 ) < — E i „, x(E i , E )<
—E i > i x(Ei , = 1. Hence q(1 — 2e 1 /r1 ) = 1, r i r(d/r — c 2 /r —  dari  — ear, + 1)=
0 and <i<ix(Ei, =  0, which imply that r, = 1, e, = 0, di  =  1 and c2 =  d.
Since F2 /F 1 OE F3 /F1 c • •• F s /F i  = E /F, is  th e  Harder-Narasimhan filtration of
E/F,, if s > 2, then by the proof of Proposition 4.1 and Remark 4.2, we see that
—E l  < < x(E,, > 0. H e n c e  s = 2. Thus the Harder-Narasimhan filtration of
E  is

(4.2) 0  (9 ,( f )c  E.

Conversely, if r, c , and  c2 satisfy the above condition, then we can easily show
that codim (Qx\Qs) = 1 (in the case where c2 =  d, a  general member of codimen-
sion 1 components is a quotient (9,(—m) ) " E such that the Harder-Narasimhan
filtration of E  is  (4.2).)

Proposition 4.3. There is a stable sheaf E  o f  rank r > 2  with c i (E)= 0  and
c2 (E)= c 2  i f  and only i f  c2 > r.

P roo f. L e t E  b e  a  s tab le  sheaf o f  rank  r  w ith  c i (E)= 0  a n d  c2 (E) = c 2 .
Since H

°
(X ,E)= 0, we get 0 > x(E)= r — c 2 . Conversely, we assume that c2 >  r.

W e shall use the same method as  in  the  proof of Proposition 4.1. Let F: 0
Fi  F 2 c  Fs =  E be the Harder-Narasimhan filtration of a torsion free sheaf
E  o f rank  r  w ith c i (E)= 0  a n d  c2 (E) = c 2 w ith  respect to r i -semi-stability. I f
ear, 1/2 a n d  es /1.s >  1/2, th e n  —x(E 1 , Es ) = r i rs (dar, —  d s /r, + ear, + e,/r,—
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1) 2 .  Hence we assume that e 1 /r 1 <  1 /2  o r  es /r, < 1/2. W e m ay assume that
e l  /r i  <  1 /2  (the o ther case i s  sim ila r) . T hen  w e see  tha t 0  <  rf(1 — 2e 1 /r1 ) =
ri r(d/r — dar i — e/r — e ar, +  1) — x(E 1 , Es ). Since r,r(d/r — d i /ri ) = —rd, <
—2 a n d  e/r 1, w e  ob ta in  tha t -Ep., x(E 1 , Es ) 2. T here fo re , the re  is  a  I/-
semi-stable sheaf E. Let F: 0 c F1 c  F2 •  •  • = E be the Harder-Narasimhan
filtra tio n  o r  a  Jordan-Holder filtration of E  w ith  respect to semi-stability or
stability respectively. Then rf — E i ,  x(E 1 , Es ). Therefore there is a stable
sheaf.

R em ark  4 .3 . B y  th e  proof o f  th is  proposition, w e can  easily  show  that
— E,, i  x(E i , Ei ) = 1 if and only if (i) s = 2, r, =  1, e l =  0 and e = r, or (ii) r = e =
2  and  r, = e, = 1. Thus the Harder-Narasimhan filtration of E  is  0  c  (.9x  c  E.

Definition 4.1. For a  pair (r, it) e H ° (X, Q) x H2 (X, Q) w ith  0  d eg  y  <  1 ,
we set

S(r, p):= 1deg t — 1/21 + 1/2.

T h is definition is sim ilar to  th e  definition o f  Or, it) in  [ D - L ] .  Then we
obtain similar result a s  in  [DI].

Theorem 4.4. W e assume that 0 < deg c ar <  1 and c2 /r > 1/2. Then

Z®2 f o r  c2 /r = S(r, car)
Pic (M(r, c 1 , c2 )) =

Z ®3 f o r  c2 /r > S(r, car) .

P ro o f . We first assume tha t c2 /r > S(r, c a r ) .  Then, in the same way as in
th e  proof o f  Lem m a 3.4, we obtain that codim  (P o \n )  >  2  for c  = c  + rnf,
n  » O. H e n c e  th e  p ro o f  is  th e  sam e a s  th a t  in  P roposition  3 .12 . W e next
assume that c2 Ir = S(r, c,/r). We shall use the quot scheme Q 1 and the notation
in  Lem m a 3.4 fo r  c', =  c + rnf, n  » O. B y  v i r tu e  o f  th e  above propositions,
Fbic PGL(N) (Q7)

(w e u se  [D -N , Theorem  2.3] a n d  th e  proof o f [D -N , P rposition  4 .1 ]). F or
sim plicity, we s e t  123 := Q2 ( 0 )  a n d  T 3  := T(0)° . B y  o u r  c h o ic e  o f  n ,  Qs; =
1y e QTR I7r 6  = 01. L e m m a  3 .1  im p lie s  th a t Pic

P G L ( N )  ( Q s 3 s )  P i c P G L ( N )  ( Q 7 )

Pic (M(r, c 1 , c2 )). W e get the  following commutative diagram.

p i c PGL N) (Q S )p i c P G L ( N )  ( 7 )

(4.3)

Pic (1171(r, c1 , c2 )) Pic (P )

Since Pic
P G L ( N ) ( Q s 3 s ) — >  p i e G L ( N )  ( T iss

)  is injective, Pic (M(r, c 1 , c2 )) —> Pic (n )  is also
injective. T hen  in  th e  sam e w ay as in  P roposition  3 .14, w e can prove that
Pic (M(r, c 1 , c2 ) )  is generated by the im age of lc: K(r, c 1 , c2 ) Pic (M(r, c 1 , c2 )).
For simplicity, we set := e[— nf] i Q 3  x x • We denote the codimension 1 compo-
nent of $23 \02s3s by D .  If r/2 < d < r, then ic4 ( — Ox ( —f)) = (det pQ 3 0 [— f ] ) "  is the

Pic (M(r, c'1 , c2 )) = Pic (M(r, c l , c2 ) )  ev en  if codim (Q7\421) = 1,
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divisor (0 (23 (D). In  fac t, by (4.2) and the Riem ann-Roch theorem , we get that
D  O E  ly e Q31H°(X, ( —f)) 0 }  =  l y  E Q3 11/ 1 (X, ( g (  _ f )) 0  01. S in c e  H 2 (X,
Sy ( — f))=  0 ,  th e  b a se  c h a n g e  theorem  im plies that det (R i pQ 3 ,W [— f]) i s  a
multiple of (9Q 3 (D). Since p.2 3 , [— f] = 0  a n d  —ex ( — f) is  a primitive element
o f  K(r, c 1 , c2 ), w e  g e t  (9(2 3 (D) Kw ( — (.9x (—f )). T h e re fo re , w e  o b ta in  th a t
Pic (M(r, c 1 , c 2 )) K ( r ,  c 1 , c 2 )/Z(9,(—f ) Z ® 2 . F o r  a n  integer d  w ith 0 < d
r/2 , w e see that (0Q 3 (D) = det ( —pv (W, (9Q 3 „x )). By the relative duality, we get
det (9Q3.x)) det (pQ (S [K x ])). H ence  Pic (M(r, c 1 , c 2 )) K ( r ,  c 1 , c 2 )/
ZK x

 Z ° 2 .  I f  d  =  0 ,  then  in  th e  sam e w ay a s  above, w e see that (9Q 3 (D) =
K4 ( —(9x )  and  Pic ( 7(r, c 1 , c2 )) V B 2 .

Remark 4.4. If  c2 /r = 1/2, then the following holds.

M(r, r/2f, r/2) =
r = 2 ,
otherwise.

In  fact M(2, 1/2f, 1/2) is a  smooth projective unirational curve. Hence M(2, 1/2f,
1/2) = P I . In the notation of Lemma 1.4, we see that Q is irreducible (cf. Remark
1.6) and codim (Q\Qs) = 0 , and  hence we get M(r, r/2f, r/2) = 0.

5. Appendix

5.1. We shall slightly generalize Theorem 0.1.

Proposition 5.1. L et H  be an ample divisor such that (K x  + f, H) < 0. Then
Pic (M O., c,, c 2 )) Pic (M(r, c,, c 2 )).

Pro o f . (1) W e  s h a l l  f i r s t  show  tha t W I :=  A/4(r, c,, c 2 )\M(r, c,. c 2 )  is  a t
least of codim ension 2. L et I  be  a fibre of I I  and  E a n  element o f  W ,.  Since
the locus of E such that E is not locally free on a neighborhood of I is at least
of codimension 2, w e m ay assume that E  is locally  free  o n  a  neighborhood of
I. Since (K x  +  I, II) < 0, we see that Ext 2 (E, E(— Horn (E, E(l + K s ))" =  0.
Hence the restriction map: Ext i (E, E) Ext i (E 11, E 11)  is  surjective. By Remark
1.2, if E 1 ,(7 ) ( 9 ,®-",  then the Harder-Narasimhan filtration, or a Jordan-Holder
filtration of E with respect to  Co +  nf, n » c 2 : 0 F, c  F2 c • • • F  =  E satisfies
th a t  (c,(F,), f) = 0 , 1  <  i s .  T h en  w e  g e t th a t (p(F,), C 0 ) > (p(E), C O  and if
(p(F,), C0 ) = (p(E), Co ), th en  x(F i )/rk (F1 ) > x(E)/rk (E). T hen  it is  easy  to  see
that E is not stable with respect to  H .  Therefore E l„_. (n ) ( 9 ? 1 ( 0 . W e  set 
{E E  ei(1)e (9,(- 

e r (r - 2 )
}

. 
Applying deformation theory to E li ,  we

get that W I \ W P is a t least of codim ension 2 in A/ 1,(r, c,, c 2 ). Hence we shall
compute codim W,° . F o r  a n  element E of W,° ,  there is a filtration F: 0  F,
F2 OE F3  =  E  such that (i) E . :=  Fi / F ,  are  to rsion  free  fo r 1  <  i 3, and (ii)

(9,- 4 0 (4  (97,03_rc„;) a n d  E 31„_, ( ) ( 0 „ - 1( ) ( — 1). W e  ca ll th is
filtration the Harder-Narasimhan filtration of E  w ith respect to  f. By (ii), we
get Ext 2 (Es , Ei ) = 0 for j >  i, and hence Exti,,_ (E, E) = 0. B y using [D -L , P rop-
osition 1.3, 1.5, and 1.7], we see that
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codim W1
°  =  max dim Exq,,, (E, E)

2
>  max { —  ( -  1)1 dim Extk +  (E, E)}

E i=0

=  max { — x(E i , Ei )}

where E runs over all elements of 147
1
°  a n d  F is the Harder-Narasimhan filtration

of E  with respect to  f. By using (ii), we see that Ext k (E 1, E1, 1 ) = 0  for k 1.
Hence — (E 1, E 1, 1 ) > 0. W e  s h a ll  show th a t  — (E 1 , E 3 ) > 2. W e  set c1 (E3 ) —
c,(E,) = —2C 0  +  a f a n d  H = mCo + nf, where a ,  m, n e Z . S in c e  E  i s  stable
with respect to  H, ( -2 C , +  af, H )  0. Combining this and (K x  + f, H) < 0, we
ob ta in  tha t e + 1 — (2 — 2g) < 2n/m 2 e  +  a. T hus a + e >  2g. B y using  the
Riemann-Roch th e o re m , w e  g e t  th a t  —x(E 1 , E3 ) a -F e +  1  — g > g + 1 >  2.
Therefore codim W1

°  > 2.
(2) We shall next show that the codimension of W2 M(r, c l , c2 )\MH (r, c 1 ,

c2 ) i s  a t  l e a s t  2 .  L e t  E  b e  a n  elem ent o f  W 2 .  Then Ext 2 E ( —  CO)
Horn (E, E(C, +  K x ))v = 0. In  th e  sam e w ay a s  in  th e  proof of (1), we may
assume th a t E  is locally f re e  o n  a  neighborhood o f  C0 . Then the restriction
map: Ext l (E, E) E x t l

 ( E c o ,  E lc() ) is surjective. L e t  F: 0  c F 1 c • • • F F  =
E  b e  the  H arder-N arasim han  filtra tion  o r a  Jordan-H older filtra tion  of E
w ith  respect t o  H .  T h e n  (F1, f) 0  f o r  1 < i s  a n d  (Fi , f) <  0  f o r  some
j. (K ,  +  f ,  H) < 0  im p lie s  th a t n > 0  a n d  th a t  i f  e > 1 , th e n  n > m .  Since
(g(O, H )  (jt(E), H) = (u(E), mC0 ), w e  g e t  (MEd, mC0 ) > mC0). Thus
deg (11(F11c0 )) > deg (a(E ic .)), moreover if e 1 then deg (g(Fi r .)) > deg (it(E i c .)) +
l/rk (Fi ). Applying deformation theory to E lc ., w e see that

codim (W2 ) > d im  E x t, (E 1c0 , E lc o )

> rk (Fi ) rk (E) {deg (p(F )) — deg (pt(E1c0 ))1 + g  — 1 .

Therefore if codim (W2 )  =  1 , th e n  g  =  1 ,  e  0 ,  s = 2  a n d  r k  (E) deg (F11c0) —
rk (Fi ) deg (E 1c0 ) =  1 .  W e  se t gri (E )  =  E i ,  i  =  1 ,  2 .  Then — (E1 , E 2 )  =
rk (E 1 ) rk (E2 )(4(E 1 )  +  zi(E2) — 11(E 1.) — P1E2n 2—  (K s , 1i(E1) kt(E2))/2 ).
By the Bogomolov-Gieseker inequality, we get A (E,) 0. S in c e  K x  =  — 2 G0 —
e f  i n  N S (X ) a n d  e 0 ,  (K  102) —  (E 1 ))( - 2 G 0, 11 1E21 — 14E
2/rk (E 1) rk (E 2 ). It i s  e a s y  t o  s e e  t h a t  ( ( [ 1(E1) — ME2)) 2) < 0. Therefore
— (E 1 , E2 ) >  2. H ence w e obtain that codim  W 2 > 2.
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