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Quasi Sure quadratic variations of two parameter
smooth martingales on the Wiener space* r
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Zong-xia LIANG

1. Introduction

Stimulated by Malliavin calculus, the theory of quasi sure analysis of Wiener
functionals has been extensively developed (cf. [4, 6, 7, 8, 9, 12, 13, 16, 17, 18,
19], etc). Recently, J. Ren (cf. [17]) has studied quasi sure properties of quadratic
variation of "smooth martingales", a  no tion  introduced by P . M alliavin and D.
N ualart [8], and his results are concentrated on  studying one parameter smooth
martingales and tw o param eter sm ooth strong m artinga les. In  this paper we
generalize his results in m ore general setting and study the quasi sure properties
of two parameter smooth martingales which are not necessary strong martingale
in  genera l. This situation is  m uch  m ore difficulty to handle, when Malliavin
calculus is involved, because th e  two parameter stochastic differentiation rules
(cf. [1, 21, 24]) and the representation of two parameter square integrable martin-
gales involve "stochastic integral of  the second type", i.e., f(c,n)dw4ciw„
(cf. [1]). N ow  le t u s  state our results in  m ore details.

L e t N  b e  a  two param eter sm ooth martingale, th e n  b y  [1 ]  and [21], for
each z E  H  = [0, 1] 2 ,  N  can be represented a s  a  sum  o f  stochastic integral of
the first type and stochastic integral of the second type,

= 0( 11)dW , + if ti)dfrylW n
JR. Rzx.tt

w here W  is a  two param eter Wiener process a n d  vanishing on  the  axes. L e t

Nz = f  0 (q )d W , and M z =  I f 0(,11)d14/4(1W,i. It is  w e ll k n o w n  th a t the
.tz 12 ,,Rz

quadratic variation processes o f N , m  and  N  are  given by <N >, = f  0(n) 2 t1q,

0 1 >z = f
( W , 1 1 ) 2 g d r i  a n d  <N>z = 0(t7)2 A  + ri)2g c h i re-

R . x R

spectively. And by [21], we have for each z  tha t <N, M >, = O. W e sha ll p rove

*  W ork  suppo rted  by  N S F  a n d  D octo ra l Research  Foundation  o f Ch ina
Typeset by latex

Com m unicated by Prof. K .  Ueno, O cto b e r II, 1995
Revised February 16, 1996

Rz



620 Zong-xia Liang

th a t the  quadratic variation process <N> o f two param eter sm ooth martingale
N  adm its a n  co-modification which can be constructed as quasi su re  lim it of

sums of form E N (A ) 2 . Our main tool is the quasi sure version of Kolmogrov
ii

criterion for the  continuity o f trajectories o f stochastic processes established by
J . Ren (cf. [4, 16, 18]).

T he organization o f  th is paper is a s  fo llow s. In  section 2 we will briefly
recall some basic facts about Malliavin calculus for two parameter Wiener func-
tionals and two parameter processes. In section 3 we will study the quasi sure

properties of two parameter smooth martingale M z  =  f tp(, q)d14/ W4 d , I . In
fli z xR z

section 4 we will give the m ain results.

2. M alliavin  calculus

The extension o f Malliavin Calculus to the case of two parameter Wiener
functionals is straightforward. W e introduce here those notations and concepts
which are necessary for finishing our main results. Let H = [0, 1] 2 be our param-
eter space, z, = (s 1 , t 1 )  and z2 = (s2 , t2 ) be tw o points in H, we write z, z 2 if f
s, s2  a n d  t, t2 , z, < z 2 i f  5 ,  < 5 2 a n d  t, < t2 , a n d  z, 7  z25 15 2 a n d
t, t2 . If  z, < z 2 , (z 1 , z2 ]  will denote the rectangle {z e H; z, < z z 2 }. We
p u t  R , = [0, z ],  a n d  z, y  z2 = (max (s1 , s2 ), max (t 1 , t2 )). T h e  increment o f  a
function f :  H  R  o n  a  rec tan g le  (z 1 , z21  is  g iv e n  b y  f((z,, z 2 ]) = f(s,, t 1 ) —
f(s i , t 2 ) f(s 2 , t 1 ) + f(s 2 , t2 ).

L et (X, .9-7, it )  b e  th e  canonical probability space associated with th e  two
parameter Wiener process W, th a t is, X = {w: H —> R, continuous, vanishing on
the axes}, i i s  the  two parameter Wiener measure (cf. [14, 25]), and 27; is  the
completion o f the  B ore l a-field o f X  w ith  respect t o  tt, {,Fz }  i s  the filtration
generated by th e  functions {(1)(4  w  e X, r z }  a n d  th e  nu ll sec ts o f  .97 . Let

—2  —  (1 ,,, for z = (s, t) e H, t h e n  gjz }, e  l l ,  {"F zi } z  // and { okz2 } z e l l ,

{
,̂2

0  (1 )
satisfy th e  usual conditions of [1 ] .  L et H  =  co E X , there exists e L 2 (H)

Os&
s

such that w(s, t) =
J o  J

subspace. H  is  a Hilbert

rt 02 0 )

dudv, for any = (s, t) e H be its Cameron—Martinz

c
auaw

space with the  inner product <w1 ,1, H
/7  aSat

a2
2 dsdt. Then (X, H, ti) forms a  classical two parameter Wiener space (cf. [12,

asa t
13]).

A  smooth functional is a  m ap F: X —> R  such that there exists some n > 1
and Cm-function f  o n  R " with the following properties:
(i) f  and  all its derivatives have a t m ost polynomial growth order;
(ii) F(w) = f(o)(z,), , co(z„)) for some z 1 , , z,, e H.
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The derivative VF of a smooth functional F along any vector h c H is given by

n ô
g<V F, h> H = —  ( 0 ) (Z1), • • • W (Z n ))h (Zk )n

k=1 u)Ck

= (-1-)171(r)dr (2.1)
H

n

W h e re  (r) =  y (co(z,), w(z„))/R „ (r), ii(z) = 
( s ,  t )

, for z = (s, t).
of 0 2 h

k=1 esatOCk

Sim ilar to [12], we can define the Nth derivative VN F  of F, it determines
a square integrable random variable taking values on the Hilbert space H ® N  of
all continuous N-m ultilinear form s on H  !N. ). 0  H  w ith  the Hilbert—Schmidt
norm H I H S  (for details cf. [ 1 3 ] ) .  We define Ornstein—Uhlenbeck operator L  on
smooth functionals as follows:

n a2j •

LF(w) = E (a)(z 1 ), ..., co(z))F(z i , zi )
1,k=1 taleXk

— (0)(Z 1), , CH(Z,i ) )0 ) (Z O
k=1 VXk

Where F(ze , = min (x i , x). min (y e, yi ) if z i = (x 1, ye) i = 1, n. For any inte-
ger r > 0  and any real num ber p > 1, w e set

11F11p,2r = 11(1 — F11 and

IlFrp,2,= + 111 7 2 7 11p

0 = n  w2Pr
p> 1,r>0

Where in is the completion of set of smooth functionals with respect the norm
' p,2, (i.e., Wir  i s  the Sobolev space of order 2r and of power p over X), then

w e have (cf. [3 , 12]) th a t  for any smooth functional F  there exists constant c
and c' such that

dFllp,2r (2.2)

and Woo i s  a  nice space in the sense that:
( i ) Woo i s  an algebra;
(ii) if F, G c  Woo ,  then LF e Woo an d  <VF, VG> l l  G  Woo ;
(iii) if  F e W ., and  let u: Rd  R  b e  a  C m -function such that u  and all its

derivatives have at most polynomial grow th  order. If we set F = (F1 , ,  F n )
then u o F e Woo and the following differentiation rules hold:

d  Du

V (u  F) = E (F)• (2.3)
i=1 ax,

au
,

L ( u  F) =
1 

,:a2
 n
u 0 F). <VFe , V Fe >l l  +  (L  

a x  
F) • LFe( 2 . 4 )

i=  ox i oxi i = i  
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In  [1 , 21 ] Cairoli and W alsh, Wong and Zakai introduced the concepts of
two parameter martingales, i-martingales (i = 1, 2), strong (weak) martingales and
stochastic surface integral. W ith these concepts it is w ell know n that a  strong
martingale is  a  m artingale, a  process is a martingale if f  it  is  b o th  a n  adapted
1-martingale and an adapted 2-martingale, and adapted 1- and 2-martingales are
also w eak m artingales. B y  [1 ], for any  square integrable martingale N , there
exists {$'}-predictable increasing process [N] i ( i  = 1, 2), and 1 3;z 1-predictable
increasing process <N > such  that (N)2 — [N] i i s  an 1-martingale (1 = 1, 2 when
i = 2, 1, respectively) and  (N) 2 —  <N> is  a  weak martingale.

/Let s',' = —
i

, t!
-I
' = — 

' 
(i, j = 1, 2, ... , 2"), for any z = (s, t) E H .  We shall denote

2" 2"
.

the  rec tang les —
i

As,
i +  1

2
 A s x j  A t , j +  1

2
 A t  

'
1 A s  '  2i +  1

A  S i  X(

2n " "

(0, i  +  1 A ti and (0, i  +  1 A s] X ( A t, j  ±  1 A ti b y  A , A , and  A, respec-

tively. B y  the definition of stochastic integral of the second type and stochastic
Fubini's theorem (cf. [1, Theorem 2.6]), we have the following.

Proposition 2.1. For the square integrable m artingale Mz = 11Q i (  17)•.f ,Rz xRz

dW dW  we have that

[111 ] !
{ IR .

M(A) = i f n)dW4clW,1

[M ] (A ) =  f  f 01144

2

dg
L i L .

MV (A ) = 0(, n)dW n} 
2

Moreover we note tha t the  parameter space T  = [0, 1] of [20]
b y  T  = [0, 1] 2 =  H , th en  b y  the  definition o f stochastic integral
Fubini's theorem  (c f. [1 , 24 ]) w e easily deduce from  the
proposition 5.8 of [20] and (2.2), (2.3) that

n)d14/4} 
2

11)d141,1}
2  

g

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

replaced
stochastic

5 .1  and

(2.10)

(2.11 )

(2.12)

can be
and

proposition

•L(1 . {

L(11 .f(L I
R z x R,

21(1W 4,dw.,2) =

2)(kldW2) =

if (V  —

I
1 )d d 2

2)tg 1 d W , 2
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We don't give the proofs of (2.10) (2.11) (2.12), for it is entirely sim ilar to the
one parameter case (cf. [ 2 3 ]).

Given an open set 0  in X, its (r, p)-capacity is defined by (cf. [3, 4, 7, 19])

Cr ,p (0 )  inf u E Wfr, >  1 ,  g- a.e. on  0}

and for any subset A  of X , the capacity is defined to be

Cr ,p (A) inf 0  is  open and 0 D A}

I f  Cr ,p (A) = 0  for a ll p > 2  and for a ll  r e N , then A  is called  a  slim set (cf.
[7]). I f  some property holds except on a slim set, then we say that it holds
quasi surely (abb. q.s.). It is well known (cf. [4 ] )  that for any element f  in
W  n  W f r ,  we can find a function f *  such that (1) f*  =  f tt - a.e.; (2) for

p>i,r>o
each pair (p, r) and any e > 0, there exists an open set 0  with Cr ,p (0) < e such
that f *  is continuous on X \ O . f *  is referred to as redefinition of f. Obviously,
any two redefinitions of a function coincide except on a slim  set. Any function
with property (2) above is called cc-quasi continuous. The important tool we
will also use is  the concept of cc-modification o f a  random field.

Definition 2.1 (cf. [4 ,  1 8 ] ) .  L et {X (t), t e  D } be a  random  f ield, where D  is
a  dom ain in  R d . A  random  f ie ld  {i(t), t e  D } is  called  a n  co-modification of

(t), t e D} if
(1) k-  (t) = X (t) a.e. f o r each t E D;
(2) .k(•, co) are  continuous in  D q.s.;
(3) i ( t ,  - )  is co-quasi continuous f o r each t E D.

Theorem 2.1 (Quasi sure version of Kolmogrov criterion) (cf. [ 1 8 ] ) .  Suppose
that for any  pair (p, r) we can f ind an even number fl(p, r) and two positive constant
c = c(p, r), a = a(p, r) such that
(1) X (t) E  W  f o r each t e D;
(2) (X(t) — X (s)) e Wf r f o r each (t, s) E D x  D;
(3 ) 11(X10 — X(5 )Yi llp,2r —  sr' d  f o r each (t, s) e D x D,

d

where — sM = —  sA. T hen {X (t), t e DI has an  co-modification.
j=1

In addition, we quote the following theorems which will be used later.

Theorem 2.2 (cf. [4 , 1 8 ] ) . I f  two processes X i (t, co), X 2 (t, co) satisfy the condi-
tions o f  Theorem 2.1 above and if  X i (t, co) < X 2 (t, co) ac. for every t, then 1 1 (t, co)

2 (t, co) q.s. f o r all t e D.

Theorem 2.3 (Fad di Bruno's inequality) (cf. [4 ,  1 6 ] ) .  Fo r any  f ix ed p  2,
r E N  and n > 2r, there ex ists a constant c = c(n, p, r) such that

C W Ili rr2 p, 2 r  max F.[.._.11g 11(n- a)2rp]112rp
0 <Œ<2r

Theorem 2.4. S uppose that u e W u *  is its refinement, then
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1
C p,n0 144 > 0 4 4 ,2 r

f o r any  E  > O.

Now we define two parameter smooth martingales. As in introduction, for
any square integrable martingale N  which vanishes on the axes, w e have

Nz  =‘ W z  tfr • w w
z

L0011c1 W  + f  
f 12 x.12

ri)dIV4c1Wn (2.13)

w h e r e  e L,24, f f :  f  is an  {Y—,
z }-predictable process and E  { f  if (0 1 2 d 4  <  +co,

for any z e 17}, e { f  : f  = { g), E HI satisfies: (1) f  is predictable

process (cf. [1]), (2) = 0  unless A n, (3 )  E { ff < +ri)2 gdg} co

for z e l i } .

Following P . Malliavin and  D . Nualart [8], w e say  tha t N  represented as
(2.13) is sm ooth if the  following conditions are fulfilled:
(C.1) 0(z) e W . and tfr ( ri) e W . for almost 0 < z  < (1, 1), and 0 n (1 , 1 ) .

(C.2) 1104,2,d11 + ff 110(,17)111;,,2,gdri < + co  for a ll p, r.
17 11 x 17

3. Quasi sure analysis on two parameter smooth martingale M

Analogously to [8, Theorem 4.2], w e have the following.

Theorem 3.1. L e t M z  t l f  WWz  = f f ri)d14/dW i and satisfies
R z  x12

conditions (C.1) (C.2), then
(i) M z  E W „ f o r all z  E H;
(ii) T here ex ists a  decreasing sequence {on , n > 1}  of  open subsets o f  X and a

function 1171:(U O nc ) x  11—> R such that
n>1

(a) M- is continuous on  On x  H , f or each n > 1;
(b) Cr ,p (0„)—  0, as n +oo, f or all p, r;
(c) f a z  =  M , almost surely , f o r all z  e H.

P ro o f .  F o r  simplicity, all the constants depending only o n  M , p, b u t not
o n  n  a n d  th e  parameter z , w ill be sim ply denoted by c. N o te  th a t  <M>z =

tli( , 11)2 dO r l .  By (2.11), Burkholder's inequality for two parameter mar-
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tingales (cf. [2, 5, 10, 11]) and Holder's inequality there exists c  such that

sup 11 111W, 0111;,2d0 11 < +coMz11̀ ;2 c ff  
11 x 11

(by (C l)  (C.2))

and in the same way

sup 11 11(W, 1011119,,gdr/ < +
Z
0 0Mz111;,,, C

11x 11

for a ll p, r. In particular, (i) holds.
To prove (ii), for any z, z' e H , we only consider the case z < z', and z A  z'

can be considered in the same way as in previous case. For any z < z', we have

Mz' M z  = M (D i) + M(D2) (3.1)

w here  D, =  (0, s '] x (t ,  t '],  D 2  =  CS, x (0, t ]  for z = (s, t), z' = (s', t') e /7, and
by  (2.7) we have

M(D1) = tl)dW4dWn
D, xD 3

M(D2)= q)d14/4 c/Wn

J x D 2

where D3 = (s, s'] x (0, t ']. Using again Burkholder's inequality and  Holder's
inequality we get

11M(D1)11, 2 c E ( I f 130 — L01 2 ddri
J D, '<D2

)p12

< cm(D i  x  D3 )/2-1

< C -  CIP / 2 - 1

if 10 2 d o n
D , xD2

(3.2)
II,< II

where m stands for Lebesgue measure on H  x H.
Similarly

M(D2 )11 c — 110111,2gdri (3.3)
I Ix

A combination of (3.1), (3.2) and (3.3) implies

11/1 4 z — Mz, 1111,,, cElt — + —

(by (C.1) (C.2))

And we can prove in  the same way that
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Ms,t — 2r 
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< c[ls — s' lp/2 — 1 + t t' 21]10, —

for all p, r. Hence by Theorem 2.1 and Theorem 2.3, the proof of (ii) is finished.
Q.E.D

Similar to the proof of Theorem 3.1 of [17] and the proof of (ii) above, we
have the following.

Theorem 3.2. (W> = tii( , 17)2  dOri, z e H  admits an oo-modification.
( Rz x Rz

W e deno te  by  M (resp <M>) itself its co-modification A-4  (resp <M.: >). The
following theorem is our main result in this section.

Theorem 3.3. T he convergence

tim E M(A7i (s, t)) 2  =  f f 0 (, il) 2  cgdrl
n—, 0 0  ij Rz x R.

holds uniformly in z = (s, t) E H , q.s., where N 'i (s, t) = (si , si+ 1 ]  x si =

S ,  t  = — A  t.

P ro o f . We define a random  field parametrized by [0, 1] 3 as follows:

X(2 - ", s, t) + — 2 — n )(2 — n2 — ( " + " )

x (X(2 - ", s, t) — X (2 ' ,  s, t)), if E [2 - + 1 ) , 2 1

TRz R z

 tP(, '7) 2 gd 17, if = O.

where X (2", s, t) = E m(Az7).2, z = (s, t). By Theorem 2.1, 2.2, 2.3, 2.4 and 3.2,

it suffices to prove the following facts:

sup 11X(2- ", s', t') — X(2 - ", s, t)11f, c[ls' — 5 IP / 2 - 1  + — t 1P 1 2 (3.4)

sup 11X(2, s, t) — X(0, s, t)11'1, < c2-
n ( p 1 2 - 1 ) (3.5)

sup 11,1C( > z/g,2, < 00 (3.6)
4, z

W e divide the proof in three steps.

Proo f  o f  (3.4). B y  the definition o f z < z ' and z 7  z ', w e need only  to
consider two cases s < s', t < t' and s < s', t > t'. Since the methods are similar,

[2n s] _ [2" t]
we only prove (3.4) in the case of s < s ' and t < t'. Let =

n 2 n tn 2n

we can reduce the following four cases: f„) = (3;„ ï,,) , , )
(4, F.) and (S . ,<  ( S n, in) , so  w e can only  prove (3.4) in tw o cases of (sn , tn) =
W„, f a  and (.„, „) < W,„ fin).

X ( ,  s, t) =
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In the first case, we have

II X(2 - ", s, t) —  X (2
- n , s ' O P ;

=  IIM((z„, z1) 2 — M((z ., z]) 2 III;
s] x (t, t']) + M((s, s'] x (f,„ t'])11 1L,

11M ((, s ] x  (t, + 11M ((s, t1)115, (3.7)

where zn =  (g n , „), z = (s, t).
On the other hand, by (2.7) we have

M ((, s ] x  (t, t ']) = rl)di'VdWn
(Rs , \Rs dx(R s e\Rg„, , )

By the Burkholder's inequality for two parameter continuous martingales and
proposition 2.4(b) of [1 ] we get

II M((s- „, s]  x (t, t'] )11L,
E .f t i l g , 1 1 ) d d r I ) P

(Rs , , \Rs d x (R \ R E n c)

1/2

  

cm(R„,\R st )P-1 1 2  m(R„,\ Rg a ,)P- 1 ff,„ Elt/112Pgdri
1/2

  

e — t'IP/2 - 1

Similarly

II M((s, s'] x (t,„ r])11L, c Is —

Therefore we deduce from (3.7), (3.8) and (3.9) that

IIX ( 2 ,  s, t) — X ( 2 ,  s', t')  — +  It — CIP/ 2 - 1 1
For the second case, we have

X ( 2 — n , s ' , —  X ( 2 — n ,

[2"s']-1 [2.0-1

=  IM(Zn , Z '
n ] ) 2  —  M ((Z n , Z D 2 E E m (A4)2

j=0

[2"s]-1 [2"t']-1 [2"s']-1 12"t']-1

+  E  E  ApAro2 +  E  E  M(L)2
i =0 j=12"t] i=[2"s] j=12"t]

+ a3 + ag + (3.11)

( i  i + 1 + 1 ]where A;li  =  2n ,  2 . x  2n , 2 n  .  Similar to the proof in the first case, we

have

1144 c[Is  — s'IP/2 - 1  + t  — CIP/2 - 1 ] (3.12)

By Burkholder's inequality for two parameter discrete martingales and Holder's
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inequality, we have

Ela31P
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2p
= cE (1/( , ri)dW4d4 q

ftg; , 1 x(RR;, \ R g j )

C E (  n)2 dOrl
f x(Rgw„\12-g j )

<  cis — S ' r - 1

C is — S
' i p 1 2 - 1

Similarly

E l a ' C  It 0 P / 2  1

ElaVP c[ls — s'
I 1 1 2 - 1  

±  It —

A combinaion of (3.11), (3.12), (3.13), (3.14) and (3.14) yields

11X(2 - ", s', t') — X(2 - ", s, t)11; cEls— s'IP/ 2 - 1  +  It — t'IP/ 2 - 1 1

hence the proof of (3.4).

(3.13)

(3.14)

(3.15)

Proof  o f  (3.5). F o r  two parameter martingale M z =  f (W , n)dW4c1W„,
f iz .12

b y  I to  formula (cf. [2 ] )  fo r  two parameter stochastic processes we have the
following decomposition

X(2 - ", s, t) — X(0, s, t)

= 2
f i

M ( A Z i ( s  u ,  t  v ) ) d M u„ + 2 f f do-M„c/TM
u Al!,(s,0 ,ovs,t)

+ ([M] l

ij

+ b

Since <M>(u, y) =

we have

+ ([M] 2 (L4(s,

(A (s ,

+ b +

u ju

o o o

t)) — <M>(.7i (s, t)))

t)) —  <M >((s, t)))

17)2  ckcig, noting that i//(, ri) = 0 unless
o

(3.16)

d<M>(u, =  f f u

o
t1/( 1, 172)2ckicb72}dudv

0
(3.17)

Hence we have



T w o param eter sm ooth martingales 629

E = c(P)E E M (Ni(s A  u, t A  y))dM u ,

  

(by Burkholder's inequality for two parameter discrete
martingales and Wilder's inequality)

ff,40,0< c 4

2 - 1 1  
E 

E
M (A (s  A  u, t A  y))dM u ,

ii

(by Burholder's inequality for two parameter continuous martingales)

( f f  4(s,0
E

M (A (s t v)))2d(M>(u, 
u))p/2

< c e
p / 2 - 1 )  E  

(by (3.17))

f, fo
< c4 m((si,u,

ii s

2 - 1 )  
E 

E
s,,, 5 + ,

p/2
x (tp  y]) 2 y ;  u ,  1/2 )2 dudvg i dn 2

)

(by Holder's inequality)

E 1E M((si, id] x (t»  vi)1 2 P 11/2

u o 0
x 11,//1 1 ,

 u , t4, 172)12 P 11/2 dudvgidt/2 (3.18)

O n the  other hand, for any (u, y) e AZ(s, t), w e have

E 114((si , u] x (tp  0)1 2 "

(by Burholder's inequality for two parameter continuous martingales)

<  c E  ( f f
(12„,\R,„.dx(R“,\R.,,) 

tfr(, 0 2 g d ri) P

(by HOlder's inequality)

c m (R \R O P - 1 m1R.v\Rs,v) P - 1 E l t K  ti)2 P dOri
172

<  C 4— n(P -1 ) (3.19)

Substituting (3.19) in to  (3.18) and  taking (C.1) (C.2) into account we get
E  b t i  <  c 2 - n ( p / 2 -1 ) (3.20)

F o r  63, by using again Burkholder's inequality fo r  two parameter parameter
martingales, we get

2
E do-mc r t dtm, t )

Az(s,t)

(by Wilder's inequality)

cE
p/2
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c4"(
p 1 2 - 1 1 ) E

ij ftAz(s,t) ( 1 6

 

(by Burkholder's inequality for two parameter continuous martingales)
pI2

< c 4 "
( p / 2 - 1 )  

E 
E

ij
f  A ,, ,i( s m tio- [M ] r tit [M ] ,

< ceP/2
-
1) E E (  sup i f  d o l M t u dt [M],,2,

ij (.,V)E Avj (s,t) AV,

G C4n ( P / 2 - 1 3 E ( s u p  ([M ],2„
i i u E

j+1 [ M E t i ) ) P

+ c4 2
-
') E E

(  
sup ( [ M ]s1,,,,, — [M ] ,,,ii u oi ,t ,i

1;q1 + 63 2( 3 . 2 1 )

N oting  tha t [M] 2 — <M> is  a  1-martingale, by th e  corollary o f Theorem
(11.3) o f  [ 5 ]  (cf. [5 , page 9 8 ]) a n d  Burkholder's inequality fo r  two parameter
continuous martingales w e have

< c4 1 t ( P / 2 - 1 )E1<M>(A7i(s, t))) P

ij

(by Holder's inequality)

< c4 2 E E kW,ft 2 d d

U A 2

=  C 4 -1 1 P 1 2 ftE 2 d d

< c2 - "P (3.22)

Similarly

1)12 c 2- "P (3.23)

Hence we deduce from (3.21), (3.22) and (3.23) that

1)1P < c2 - n( P12
-

1 )( 3 . 2 4 )

To estimate b :, le t M= for z  e II, by applying Ito's formulaf 'IN N
R

to 1-martingale R.  = {M ,,  s E [0, 1], 1 for every fixed t E  [0 , 1]. (In general,
M is not both m ar' tingale and  2-martingale) we have

E IN.1" = E
AS

2 Ms, A t N U M U j i ,;-■ I A t

L i  / S i  AS

 

) p / 2

) P

(by Burkholder's inequality for one parameter discrete martingales and
noting that [M] 2 — <M> is a  1-martingale)
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E f At ,— ms,As,,, A ddum .,„  A tdo 2

AS

si

(by using Holder's inequality, three times)

< cE
p/2

   

<  c 2
n(p/2-11 E

fAi

S i+ ,  A S

( M u ,tp , M.S;AS,ti-,-, A t)d u M u , t i ,  At
S t A t

(3.25)

  

Since (M ., , A l M S , A t ) d u M t 4 , t i , i A t  is  a m artingale w .r.t. V ;z 1 1, therefore

by Burkholder's inequality for one parameter continuous martingales, we get

S t . '  A S

A l MS, A S ,  t ,  AI) d uR u,ti+, A t

A S

<  c E  ( f  
A S

Si A S

 
(
M

 U ,  I  At M s, A sap , A t) 2  duEML,, 
A t)p / 2

c E  ( f  A S  "  A t  ( M U
' "  A t  

M  
A S . "  A t

 )2 ( ; u , v )
2 dudv l '2

S i A S 0

(by using Wilder's inequality, twice)

< c2
p / 2 - i ) (El A lA t  — M S , AS,t,, At 12 9

1/2

' S O S 0

S ,+ i  A S ti A t

x 012P)112dudv (3.26)

Again by using Burkholder's inequality for one parameter continuous martingales,
we get

E M"
 U , I i+ ,  A t MS; As,ti ,  A t l2 P  < C E

 

C uA I

W ,  1 02 dr1
S ,  A S  0

  

(by Wilder's inequality)

< c2 - "1"- i ) E / ( ,  g )1 2 d g ( 3 . 2 7 )
,fs,J o

Substituting (3.27) in to  (3.26) and  then (3.26) in to  (3.25), we get (again by using
Holder's inequality)

E lb:1" c2 - " 2 E E 1 0 (, 17 4 dric/0
ii (II )1A, x A2

f=  c2-n(P-12E l ,  01 2 P gdri
,fRz sR

<  c2 - "(P- "/2( 3 . 2 8 )
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For N, we note that ia z -.. f t/f( , Wri)d 4 is  a 2-martingale, [MV — <M> is also
R z

a 2-m artingale. Similar to the  estimate of I): we get

EINIP < c2 - "(P
- 1 ) 1 2

(3.29)

A  combination of (3.16), (3.20), (3.24), (3.28) and (3.29) implies that

sup 11X(2 - ", s, t) — X(0, s, On < a- n ( p 1 2 - 1 )

hence the  proof of (3.5).

Proof of (3.6). To prove (3.6) we need the following propositions which are
easily deduced from (2.3), (2.4) a n d  th e  definition o f  stochastic integral of the
second type.

Proposition 3.1. For two parametermartin  gale M z =  • wwz  w e  have

<0 V n (if (>  n)di/V4 c1W,I)(•)
Rz xR z

  

= q)( 14/-)d 4dWri + n
It z xR z f R z x R :

+ n f 1111)(•)(IN W q
xR z

n )( - )d w 4 d r i

+ n(n — f vn -2 q )( . )d U r l

<2> V" ( if ti/(, OWn g ) (* )
Rz xR z

=  JJ V , • )(11/1/qg  + n  f 17"--10(, 17 17
R z nR zf

) (0 0li x.12zA

V n (if l/J( , ti)dnd14)(•)
R z x Rz

= f n)(•)cincl147
4 + n f7n-1tW, r1 )(*)gchl

R z  xR zf R :  x R z

Proposition 3.2. L et f, g c W ., th e n  (f, g) e W

L(f, g) -= (Lf, g) + (f,Lg) + (V f, V  g) H

Now we turn to the proof of (3.6). By (C.1) and (C.2), for all p, r, we have

sup

 

11 10 2 gcb1 G +CC. SO it suffice to prove thatp. 2r

   

sup
n,z

 

M(.6.7i(s, 0)2 < + 0 D ,p, 2r V p, r. (3.30)
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By Proposition 3.2 we have the following decomposition:

L M(A7i (s, t)) 2 )  = 2  E M(/(s, t))LM(Ar(s, t)) + E 11VM(.6.7; (s, t))11

2/7 + /3 (3.31)

In view of (2.11), LM  is a martingale. By (C.1), (C.2) and [2 ], we get

lirn  sup E1/(z)V' = sup E 1<M, LM>z 1P sup (E<M>f) 1 1 2 sup (E<LM>f) 1/2 < +oo.
n — ■ + c o  z

Consequently

sup E/(z)V'<  +ŒJ( 3 . 3 2 )
n,z

We deduce from Proposition 2.1 and Proposition 3.1 that

M (A(s, t))(u, v) = 171W ,  q)(u, v)dVV4c1W, if
+ f f ,A 2 ( u ,v )  A I

n ) d c i r l

+ff IM 11)ckWil

A i(1 4 ,0  X  A 2

where A i (u, = (0, Si + i  A  / 4 ]  X  ( ( i A  V, ti± i A  V ] ,  A 2 ( U , =  ( Si  A  U, S i + i  A  U ]  X  (0 ,

A  y ] .  By Proposition 2.1, we have

17 11/(, n)(u, v)14/(1W,I = ((17 11/)• WW)(A(s, t))(u, v) (3.34)

By the definition of inner product (-, ' ) H  w e have

f 2

HA 2 ( • ,  x

1//( , n)dwddg

f10 ,1 12 au 
-  ( ft( u,v )  x

rl)dWd dr1)
0 2

av
2

= f 1/1( > W) chl
A 2 A I

= [M ] l (A(s, t)) (3.35)

Similarly

x A2

(3.33)

2

dudv

 

tk(, r1WW,,cg
f < A,

2

H
=  [M ] 2 (AVs, t)) (3.36)

   

From (3.33), (3.34), (3.35) and (3.36) we deduce that
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E 1117m07(s, E 11070 • wwoz i (s, + C.A4V + CAIV

131 ±  132  +  I 3 ( 3 . 3 7 )

To estimate /1
2' ,(z), w e have

ElF2
1 ,(z)IP = E E 1(I70)- ww(Az i (s, 0)1 2H

ij

(by Burkholder's inequality for H ilbert space-valued martingales
with discrete parameter)

i.
17 Wn)d 4 dWn

R, ,,,,i ,„„ x I2(,i ,, 1, 0 H

12p

    

(by Burkholder's inequality for H-valued martingales with discrete
parameter, but in reverse way)

C E [ If7 . 0(• 11)
jR z

(by

c

A nd for /32 ,  by

Holder's inequality)

E FtP(, 11)11 gdri < +oo (by (CA) and (C.2))

[5 ]  we get

(3.38)

E1132 (z)1P cE(<M>z) P c E 1W ,  1 1)12 P dA  < +oc (3.39)
.u2

Similarly

E/ 3 (z)r E 10(, 012 P cktiq <  +co (3.40)
/12

From  (3.37), (3.38), (3.39) and  (3.40) w e have

sup ElFp' < +oo (3.41)
n,z

A  combination of (3.32) and  (3.41) implies that

sup
Z

 

M (N i (s, t)) 2 < + c 0
p . 2 r

for r = 1

    

Now we proceed to estimate th e  fourth order derivatives. By Proposition

3.2 w e have
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L2 (E m(Azp, 0)2)

= E [2M(A4(s, t))1, 2 M(A7i (s, t))

+ 2(LM(L4(s, t))) 2 + 2(17 M(.6.7i (s, t)), YLM(.6.7; (s, t))) H

+ 2(LVM(A7i (s, t)), (N i (s, t)))11 + 11V 2  M(AZ;(s, 0)11 211011]

+ 
J 2 f l + J 3 f l + J'41. + (3.42)

The estimation of J r  (i = 1, 2, 3) being obtained in  a  w ay sim ilar to  that of /7
and  F ,  w e have that

sup E(I4I P  + IJ3I P +  4 1 P )  <  +00 (3.43)
n, z

Since

I 4 1  E IlLvmovs, + E 11 V MC6(s,

+ (3.44)

Sim ilar to that fo r /3  we get

sup E14.2I P  <  +co (3.45)
n, z

T o estim ate  4 1 , w e first m ake th e  following observation (by (2.11), (2.12) and
Proposition 3.1):

L V M (6(s, t))(u, u )  =  f f (LVIP — 2V0)(u, v)(11/y lW n

■■1 x A2

+11
±ff

, 2 ( u ,o x A ,

A 2  
( L I P

 —

(3.46)

If set V I (Ltli - tP)• WW., a n d  V i (L 1 7 0 — 2/)• WWz then  sim ilar to  the  proof
of /3  we get from (3.46) that

E IILFM(A7i(s, E Ilm(A;(s, on + [m]  + [mE

The RH S can be estim ated in  th e  same way as fo r F2' a n d  w e have

sup Elf:LI P  <  +oo (3.47)
n,z

Therefore

sup Elf:1P < +oo (3.48)

(DP —  O)(, ri)dW dri
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To estimate J ,  we use Proposition 3.1 to obtain

V2 M(AZi (s, t))(u, y) = 5f 17 2 /g, ri)(u, v)d147
4 c/W,,

A, X  42

4- 2 ff A2(4, r )  x Li n)(u, y)dW4 cin

+2 ffAi(u,v)x A2
n)(u, y)d g

+ 2ffAi(u,v) x A2(u, 
tfrg,11)gcbi

c, + c 2 + c 3 + e4 (3.49)

Setting

= e2(141, V I ;  U2, 142) 2 f f Vt/ig, n)(u2, v2 )dW4 dri
A2(u,ox

then by the theorem 11.10 o f M . Reed and B. Simon [15] we have

04 e, 2
11C211 L O H  =  f f    du  du  du  dy

,p(au2av2a141avi)
2 2

 

= 4

 

ri)d14/4
2

dn
H

(3.50)

Similarly

     

11C3
2

H x H = 4 V Wtlf n)d u

A i A2

2

H

  

=  4  j j tifg , n)2 gcln

=  4
<
M > 0 7 0 ,  t))

Hence from (3.49), (3.50) and (3.51) we get

(3.51)

1107 2 0)• WW(.6.(s, H  + 4 E
ii fA2

 

Ç17 0(, n)dW4
A,

2
dn

H

  

2
+4  E f  vtpg, ti)dWn+  4  f f (Pg, n) 2 ckcin

42 H R z x l2

—= 41 ± 42 ± 43 ± 44 (3.52)

Since can be estimated in  the same way as fo r F ,  and it is  trivial that

sup ti/( ,11)2d011 <  +oo, so it suffices to estimate 42 (in view ofif R  1 2z > ■ p , 2r
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the symmetric relation of 4 2  an d  4 3 ). By Holder's inequality, we have

2p

E142,1P  < c 2 n ( P - 1 )  E f E
ii A2

170(, 004/4 dn
H

(by Burkholder's inequality for H-valued martingales w.r.t {gor.z2 }zE )

a n ( P - 1 )  E E(f Olio/ )  dr/
A2 A,

(by Hiilder's inequality)

if Eli V i ( , OUT/
Aix A2

=  C EiiV , 11)112irckdri
Rx12.

f E11170(1  Oar cgclq < +co (by (C.1) (C.2))
1/2

Therefore

sup E141P < +co (3.53)
n,z

Finally we deduce from (3.42) (3.48) and (3.53) that

sup
n ,z

E M(.6(s, t)) 2 < + 0 0
p ,4

  

proving (3.30) for r = 2. Doing the same thing for high order derivatives, step
by step, we complete the proof of (3.30). Thus finished the proof of Theorem 3.3.

Q.E.D

4. Main results

Theorem 4 . 1 .  L e t N  be a  two parameter smooth m artingale represented as
(2.13), then the convergence

lirn
n + oo ij

E N (14(s, 0) 2  = 
R .  

0(0 2  +  f  
R . x 

11/ n ) 2  gdn

holds uniformly in  z = (s, t) e H , q.s. where .14(s, t) = si+ 1 ] x t ]
—  A  S, t ,  —  A  t.

and s i =

To prove this theorem, in  view of Theorem 3.3 above and Theorem 4.3 of
[17], we need only to prove the following.



+I TT do-M,JITN„
ii z\!;(s,r)

+ I do- N d -cM ,,
ii A';'./(s,t)

d'; + d'27 + d3 +

+ N (.6(s  A  u, t A  v))dM„„
i i  1 1 ,4 (s ,t)

(4.4)
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Theorem 4.2. L et N, f 001)diV and M, t1/( , OdW4 dWn f o r any
12

z e H , where (A, 0  satisfy  conditions (C.1) and (C.2), then the convergence

lim M(AZi (s, t)) Nz (N i (s, t)) = 0
n_ + ij

holds uniformly in z = (s, t) c H , q.s.

P ro o f . P u t  X(2", s, t) M (6 ,(s , t))N (N i (s, t)). Similar t o  t h a t  of

Theorem 3.3 we reduce the  proof to proving the  following inequalities:

sup 11X(2- ", s, t)111
1), < c2-

n ( p 1 2 - 1 1 (4.1)

sup 11X(2- ", s, t) — X(2 ', s', C)II; c[ls — s'
1 p / 2 - 1  

+  t — CIP1 2 - 1 ]

SUP X(2 - n, s, 04,2, < 
+CCn, z

where z = (s, t).
T o  p ro v e  (4.1), b y  a p p ly in g  I to  fo rm u la  fo r  two parameter processes

t o  (M  fv- )2, T v- 2,  m 2  a n d  I t o  fo rm u la  fo r  o n e  param eter processes to

{ ( f  t W , 17)dIV + 010) 2 , -Fzi }  a n d  { ( i .  t/J(, ;N W , + 0(0) 2 , g;z 2 }
R s , sER),ii R s., te[0,11

fo r  a  fixed (s o , to ) e I I , w e get the following decomposition:

1 M (N i )N(A7i ) = E ff M ( ( s  A u, t A v)dN„„
ii ii A;ys,t)

(4.2)

(4.3)

where we have used the fact: <N, M> = O.
Similar to the estimation of h ,  w e  have

10 Jt i.

1  cf. ',
0(02 dsup [M],r)PE

1: + 1 E l  2 P g d ri)
0 f t . i J i

Eld7 < c4))(p/2-1) I  E
p ]1 / 2

< c epp -1)

1 11,,
E kW"

/2
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Cl
< c2 - 2

[ t  Jos—  f„, f òi-

E0 , 2pd, dq+ , E,0,2pd,i

< c2 - nP/2 E102" gclti + 2" f E12 10"I Rz xR z 1 1

 

< c 2—n(p/2-1)

 

(4.5)

B y th e  symmetric re la tion  o f d3 a n d  dft , we get

EldZP <
n ( p 1 2 - 1 )

(4.6)

The estimation of d'i ' (i =  1, 2) can be done in the same way as for 14, thus we have

sup E(I4IP + E d " )  <  C2
— n ( p 1 2 - 1 )

(4.7)

A  com bination o f (4.4), (4.5), (4.6) a n d  (4.7) im plies th e  proof o f  (4.1).
B y an  a rg u m en t sim ila r  to  th a t  o f  (3.4) a n d  (3.6) w e  n e e d  o n ly  to  replace

M t))2 b y  M(.6.7; (s, t))N(L4(s, t)) a n d  u s e  H o ld e r 's  in equ a lity  IL  •)nonl
c[II • + • II 2H o ]  to  e s t im a te  (LVM(A(s, t)), VTV- (.6.7.; (s, t))H, (V 2 M(AZ; (s,
V2  N(A7i (s, t)) 11 0 11 , ..., a n d  so  o n  in  th e  proof o f (3.4) a n d  (3.6). W e can easily
prove (4.2) and(4.3), thus com plete  th e  proof. Q.E.D

F ro m  th e  proof o f  Theorem  4.1 o f  [17] a n d  th a t  o f  Theorem  3.1, we also
have  the  following

Theorem 4.3. L e t N  be  a  tw o param eter sm ooth m artingale represented as
(2.13), then
(i) N. c W , f o r all z e H;
(ii) T here ex ists a  decreasing sequence {O n , n > 1} of  open subset o f  X  and a

function 0 )  x  H  R  such that

(a) g i is continuous on  0,`, x IT f o r each n > 1;
(b) Cr ,(0„) 0 as  n —› co f o r all p, r;
(c) Nz almost surely, f o r all z E TI.
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