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On maps from BS 1 to classifying spaces of certain
gauge groups II
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Shuichi TSUKUDA

1. Introduction

The purpose of this paper is to generalize Theorem  1.2 o f  [ 5 ] .  Let Jr: P
—>X be a principal SU (2) bundle over a  simply connected closed 4 manifold X
and its gauge group. is identified w ith r(A d P ), all continuous sections
of the adjoint bundle of P, and we give the compact open topology on it.
We show the following result.

Theorem 1 .1  The following three conditions are equivalent.
1. There exists a homotopically non trivial map from BS' to B.
2. There exists a non trivial homomorphism from S l  to
3. The structure group of P reduces to S 1 .

Remark 1 .2  I n  [5 ], we showed this result under the  assumption that X
is a  smooth simply connected spin 4 manifold or CP2 .

It is clear that 3  implies 2  and by the Appendix o f  [5 ], 2  implies 1. The
struc tu re  g roup  o f  P  reduces to  S I  i f  a n d  o n ly  i f  th e re  e x is ts  a n  element
u E H 2 (X ) such that c2 (P) =  u2 [X] . W e w ill show  th a t 1 implies c2 (P) =
— u 2 [X]. In this paper H * ( )  ( (H * )) mean the in tegral (co) homology.

2 .  Proof of Theorem 1.1

Note th a t principal SU (2) bundles over X  a re  c lassified  by their 2nd Chern
c la sse s . If  c2 (P) =k , b y  [1 ], we have a homotopy equivalence

BW -=Mapk (X , BSU (2) ) ,

where Mapk (X, BSU (2)) denotes the connected component of Map (X, BSU(2))
containing the map inducing P and a fibration

eV

M ap' (X, BSU (2) ) — )Mapk (X, BSU (2) ) BSU (2) ,
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where Map' (X, BSU (2)) is the space of based maps.

Lemma 2.1 ( [5] ) . Consider a map f Mapk (X, BSU (2) ) . If  ev of
is homotopically trivial, then so is f.

Let p : S 1— *SU(2) be a non trivial hom om orphism . Denote by Z (p )  the
centralizer of this homomorphism and  by M ap, (BS", BSU (2) ) the  component
which contains th e  m ap B p .  Note th a t Z  (p) = S I . T h e  obvious homomor-
phism

Z (p) x S 1---*SLI (2)

B Z(p ) x BS 1—q1SU (2) ,

ad,: BZ (p) — M ap (BS 1 , BSU (2) ) .

L et X ,  b e  the hom otopy fibe r o f  a d ,. W e can com pute the homotopy
groups of X , (see  [3 ], [5 ] for details).

, (X 0 ) =
/ Z , i= 0 , 1, 2

0, otherwise,
—

w here Z =11Zp is  the  p roduct over a ll p -ad ic  in tegers. Note t h a t  i / Z  i s  a

rational vector space. Let M— > Map, (BS", BSU (2) ) be the universal covering.
S in c e  B S '  is s im p ly  c o n n e c t e d ,  a d ,  lifts t o  M .  L e t  F  b e  the

homotopy fiber of the lifting CTCip .13,51- ) M  then we have

Z / Z ,  i 1, 2
i t  (F) =

0, otherwise.

D enote by Rep (S 1 ,  S U (2 ))  th e  s e t  o f  conjugation classes of homomor-
phisms.

Theorem 2.2 ( [3] ). The map

Rep (S1 , SU (2) ) [ B S 1 , BSU (2)

is a bijection.

Suppose there  ex ists a  n o n  tr iv ia l map f Mapk (X , BSU (2)) . By
Lemma 2.1, ev of is homotopically nontrivial and  by Lemma 2.2 there exists a
non trivial homomorphism  p : S l — S U(2) such that ev- °f=  B p .  Taking abjoint
of f  we obtain a  map g: X—>Map, (BS 1 , BSU (2) ). Since X  is simply connected,
g lifts to M.

induces a map

which has as adjoint
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BS'

I e-t-d

M

I ev p

BSU (2) .

Note that ev.p. 0" induces P and ev ° p ° Z i p  Bi : BSU (2) , w here j:
SU(2) is  a n  in c lu s io n . Bi *c2 =  — cf, where c2 e H 4 (BSU (2) ) is  the  universal
2nd Chern class and ciE H 2 (BS 1 )  is  the universal 1st Chern class a n d  (ev op

Y) *c2=c2 (P).

Proposition 2 . 3  C-i'd,* H2 
(

4 ) H 2 (13 ,--1)3  is an  isom orphism . T he kernel

of a—clo* H 4 (m ) „, H4 (BS').) is a rational vector space.

B y this proposition, we can prove Theorem 1.1 a s  fo llow s. There exists

an element ceH 2 (M ) such that ad p
*

 ( C )  =  1 .  Then a , *  (c2 +  (ev°P) *c2) =- 0.
Since I/4 (X) = Z , ff* (c2 +  (evop)*c 2 ) = 0 .  Therefore

c2 (P) =  (ev o p °  —ff)*c2= —  ff*c) 2

hence the structure group of P reduces to S I an d  Theorem 1.1 is proved.
In the rest of the paper w e prove Proposition 2.3. By the  homotopy exact

sequence for the fibration

F—*BS' — ,Z P  M,

we have the following short exact sequence

a,*
2r2—> Z Z—() , (1)

where 7r2=  OW

Lemma 2 .4 .  If A is  a rational vector space, so is Ext i  (A, Z).

Proof. Note tha t an abelian group A  is a  rational vector space if and only
if  th e  homomorphism çai =  1 X  :A — , A  i s  a n  isomorphism fo r  a n y  non zero
integer 1. If yot is  an isomorphism, so is Ext i  (yo :  Ext i  (A, Z) — >Exti (A , Z).

Lemma 2 . 5  The sequence (1) is a split short exact sequence.

Proof. B y k illing  homotopy groups, w e  have an  inclusion  j  : BSU(2) — +
K (Z, 4 ) .  Note that the composite map
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BS 1 1 3 )13 BSU (2) — > K (Z, 4)

is represented by /2c , w here 1 is  a  non  zero  integer and j  induces a  map
M—>Map_ i 2 (BS 1 , K (Z, 4 ) ) .  We show that the homomorphism

a71,*
7 2 (BS I ) Tr2 (M) )* 7r2 (Map_12 (BS', K (Z, 4)))

is not a  ze ro  m ap . Consider the following isomorphism.

7(2 (Map_/2 (BS 1 , K (Z, 4))) "-=' 7r2 (Mapo (BS 1 , K (Z, 4)))
7c2 (Map: (BS 1 , K (Z, 4)))

= [S 2 ABS 1 , K (Z, 4)]
Z.

T h e  element aci  E H4 (S 2 A  BS 1 ) represents a  generator E  o f  7r2 (Map:
K (Z, 4 ))) where a E H2 (S2 ; Z) is  a  genera to r. The generator of r 2 (Map_ r2(BS1,
K (Z, 4))) corresponds to ac i under the isomorphism above is represented by

aci — /2ci : S2 x B.S1K  ( Z ,  4) .

The map

52 X  BS'B S I X BS' —> BSU (2) K (Z, 4)

is represented by 21ac1
 — 12d, w hich  is — 21 X e, therefore j * a d  * 0. The

short exact sequence (1) induces a long exact sequence

0—>Hom(z2 , Z) Hom(Z, Z) —> Ext l ( Z/Z, Z)—>•••.
—

Since Z/Z is  a  rational vector space, so is Ext.' (Z/Z, Z) by Lemma 2.4, hence

(ad p*) * m u st b e  e p ic  o r  z e r o .  A s  w e  s a w , (a—cl,*) * * )  =  j *  p * 0 .

Therefore  (ad,0 *) *  i s  e p i c .  A n element a e Hom (r 2 , Z ) such  that i* (a ) = 1
gives a splitting.

C orollary  2 .6  The hornotopy groups of M is given by

ZED -2 / Z , j=2
lry (M) = /z,j 3

0, otherwise.

Thus we have a fibration

K(Z/Z, >K(Z, xK(Z/Z, (2)

and we may assume
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a,
BS 1M K (Z, 2) X  K (Z /Z, 2) — > K  (Z , 2) =B S ' (3)

is identity, where h  is  the  f irs t p ro jec tion . P u t B = B,S 1 X  K  (Z  /Z , 2) . Note
that H, (K  (Z  /Z , j)) are rational vector spaces and

1/1 (K( -2/Z, 3)) =0, ./.3
1/4 (K(Z/Z, 3)) -=-"Ext1 ( 2/Z, Z).

On the other hand

H2 (B) H2 (BS I ) El) H2 (If ( /Z, 2) )
H3 (B) 0
H4 (B) =-7/4 (BS I ) ED H2 (BS 1 ) 0H2 (K ( 2/Z, 2) ) H4 (K ( /Z, 2) )

i/z@H4(K(Z/z, 2))
H5 (B) H 5  (I( ( /Z, 2) )

therefore

112 (B) "="" H2 (BS 1 )
H4  (B) Hom (H4 (B) , Z) (131Ext 1 (H3 (B) , Z)

H5 (B) Hom (H5 (B), Z ) E x t i  (H4 (B), Z)
:-=Ext 1 (2/ZEDH4 (K (2/Z , 2)), Z ).

Consider the Serre spectral sequence for the f ib ra tio n  (2 ). Since

E -= =  H 2 (B) ,
P+q=2

we have an isomorphism

H2  (BS') 112 (B) — > H 2 (M)

and b y  th e  fac t tha t the composition of m aps i n  (3 )  is identity, c74,* :112 (M)
--*H2 (B S9 is  an isomorphism.

E'2. 4 -=-E2'4  and is the kernel of

H4 (I( ( /Z, 3) ) :="" Ext.' ( 2/Z, Z) =E' 4

n o  H 5  (B )

Since H5 (B ) is  torsion free and Ext 1 ( Z/z, z) is  a  rational vector sace, E? 4  is
a ra tional vector space . Note that and 

j r *
 is given by

H 4 (B ) = E 1,0,-,E 0 H 4 (m ) .

Since pi' : H4 (Bs 1)—q/4 (B) is  an isomorphism, we have a short exact sequence

0 —> H4  (BS I ) H4 (m ) Eo‘,,4
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and Zip* : H4  (M) — >H4 (BS 1)  gives a splitting of th is sequence. T herefore  the

kernel of c-i-d„ * is isomorphic to E?.:.4  w hich is a rational vector space.
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