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Modulo odd prime homotopy normality for
H-spaces

By

Kenji KUDOU and Nobuaki YAGITA

Abstract

Given a n  H - m a p  Y  X, we say that i  is mod p  homotpy narmal if the
com m utator m ap from  X ( p ) x  Y(91 t o  X( p ) can be deform ed into Y o,,. In  this
paper, we study necessary conditions of mod p  homotopy normality for the cases
that X are exceptional Lie groups with odd torsion in the cohomology, by using
the Morava K-theory.

1. Introduction

W hen X  is  a  hom otopy associative H-space o f finite cohomology type, the
homotopy functor [—, X ] takes its values in category of groups. G iven an inclusion

Y—* X  o f  H-spaces, we a re  interested in  th e  property such that  Y] are
always norm al subgroups o f  [Z, X ] for all finite complexes Z .  If the inclusion
i: Y c X has such property, we say that the m ap i is homotopy normal.

I. James ([4],[5]) notices that the homotopy normality is equivalent to the fact
that the commutator map c 2 : X x X can be deform ed into Y . James ([4], [5])
and MacCarty [8] proved many facts about non homotopy normality for classical
Lie g ro u p s . F o r example, the standard inclusions U(n) U (n  + 1 ) c  U (n  + 2 ) •••
are not homotopy n o rm a l. Furukawa [ I ]  studied the cases including exceptional
Lie groups, i.e., inclusions G 2  C  F4  c  E 6 c  E 7 C  E 8  are not homotopy normal.

The above facts are proved by using the Samelson product or the Hopf algebra
structure of H*(X;ZIp). In  this paper, we will study these problems by using the
Morava K-homology K(n) * (X )  a n d  its Pontrjagin product structure [10], [11],
[ 1 2 ] .  Since the cohomology K(n)*(X) does not have a commutative product for
p= 2, w e assume that p  is  a n  odd  prime througnhout th is p a p e r . Moreover we
consider just the p-com ponent. Hence we define that an  Il -map i : Y  X  is mod p
homotpy normal if its localization i( ,) : Y( ,) —■ X(p ) is hom otopy n o rm a l. Here maps
i and i(p) a re  not assumed injective.

In  particu lar, w e w ill study  these  problem s w hen X  a re  exceptional Lie
g ro u p s . For example, suppose that X = F , and that H*( Y; Z/3) does not have any
19-dimensional primitive element. Then if an H - m a p  Y  F4 is mod 3 homotopy
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normal, w e  w ill p rove  tha t i*H*(F4 ;Z 13) is isom orphic  to  o n e  o f  th e  m od 3
cohomologies of F 4 ,  Spin(9), G2 and a p o in t. However we do not know yet that the
natural inclusions G , S p in (9 )  c  F 4 a r e  m od 3 hom otopy norm al or no t, while
they are not mod 2 homotopy normal.

The authors thank to  the  referee who pointed out errors in  the  first version
of this paper.

2. mod p  homotopy normality

Thoughout this paper, let Y and X  be simply connected homotopy associative
H-spaces a n d  i: Y  X  b e  a n  H -m a p . Moreover we assume th a t X  is  o f  finite
cohom ology ty p e , nam ely , H*(X )_.'11*(Z ) f o r  som e fin ite  com plex  Z .  The
commutator map c 2 : X x X —> X  is defined by

dxxdx I xtw x1
C 2:X X X X X  X X  X X  X X X X X  X X  X

I X I X g X 0 . W m x0
—> X x  X x  X x  X X

where dx  i s  the diagonal, tw  is  the  twisting m ap, a  i s  the inverse and It is  the
multiplication m a p  o f  X .  O f course, w hen X  i s  a  topological group, c2(g,h)
=g h g 'h 1 fo r  g,he X.

Define an H-map i: Y -4 X  is mod p  normal if c2(X (, ) x i( Y)(, )) is deformed into
i( Y)(, ) , namely, there exist maps : X(,) x i( Y)(, ) —> X( ,) such that f 0 = c2 IX(m x  Y(, ) and
ft(Xini x Yip)) OE i1 n(p).

Let h  be  a commutative ring spectrum over Z  p  and h*(— ) be  the induced
generalized cohomology theory. Here we assume that, for finite complexes X  and
X ', the Kiinneth formula h*(X  x X ')''. h*(X )Qh.h*(X ') holds and that the Kronecker
pairing induces a  natural isomorphism h Hom(h *(X ),Z p).

Examples for such h * (—) are the mod p  ordinary homology H ( —  ; Z /p ) and
the Morava K-theory K(n) * (—) with the coefficient K(n) *= Z p[v„ , =  2 ( p "  —  1)
f o r  a n  o d d  prime p. F o r  these theories, h * (X )  a re  H o p f  a lgebras w ith  the
multiplication it* and the comultiplication c/it. Hence they are cocommutative but,
in  general, not commutative.

Lemma 2.1 ([10 ], [11 ]). If  x ,y eh * (X ) are primitive, then

C2 *(xOY) = [x , =  xY
)1x11Y lyx

P ro o f  S in c e  x  is  prim itive, a(x)= — x and dx * ( x ) = x 0 1  + 1 0 x .  Similar
equations hold f o r  y .  Hence we get

(1 x tw x i) *(dx  x dx)*(x0.0-(i x tw x 1) *(xo + 0 x)0(y01 +10y)

=x0y0101+(-1)Ixim 1oyoxol + xolotoy+1010x0y.
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Applying (1 x 1 x o- x , w e have

x 0 Y 0 1 0 1 — ( - 1) li ' l l O Y O x0 1 — x 0 10 1-0Y + 10 10 x 0 Y .

Also applying k t.(gx  ti),, we have the commutator map

c2*(xC)y)= 01.11ylyx+xy_[x,y]

Corollary 2.2. If i:Y  — > X  is m od p hom otopy  norm al and if  x ch,(X ) and
y c h * (Y ) are prim itive, then [x ,i * (y)]e

Corollary 2.3. If  x ,y E h * (X ) are primitive, then so is c2,,,(x0y).

P ro o f  Direct computation shows that cht[x, y] = [x, y] 01 + 10 [x, y].

3. H-spaces with one even degree generator

By the Borel theorem, the mod p  cohomology H*(X ;Z Ip) is  a  tensor algebra
of truncated polynomial and exterior algebras generated by even and odd dimensional
elements respectively. In  th is section, we consider the case th a t the polynomial
algebra in H*(X ;Z Ip) is generated by only one element y. By Kane [6], we know
that 2 ( p i  +p i - 1  + • •• + 1) for some i and y 2 =O . However all known examples
satify that i = 1 and yP = O. H e n c e  w e  assume

(3.1) H *(X; Z Z p[y]l(yP)() A, 1.3'1= 2p + 2

where A is an  exterior algebra generated by odd degree elements. Then it is also
known by Kane [6] that there exists generators x 0 , x'0 e A such that

,9 1.x0 = x 'o  a n d  [34  = y  with lx0 1 = 3, 141 = 2p + 1.

F or such H-space X , the Morava K-theory K(2)*(X) is just a  tensor product
K(2)*(X) - H*(X ;Z  p)OK (2)*, and the Hopf algebra structure is given in [12]

Theorem 3.1 ([1 2 ], [6 ]) . L et X  be an H-spase satisfing (3.1). ThenH*(X ;ZIp)
(resp. K(2)*(X )) has a  quotient Hopf  algebra Q f=  K[y] /(yP)0 A(x i , x 0 2)
with K=ZIp (resp. K(2)*), lx i l=2(p+ .1)i+ 3, Ixi = 2(p + 1)(i+ 1)-1 such that the dual
Hopf algebra QK* is multiplicatively generated by z, z', y with the relations ad P- 1 (y)(z)=0
(resp. —v 2z), adP - 1 (y)(z)= 0  (resp. = — v 2z), yP = 0  (resp. = — v 2y ), and ad(z)(z')= 0
w here ad(y )(z )=[y ,z ]. M oreov er the K -m odule of  prim itiv e elem ents in  QK* is
generated by ad(y)(z), ad i(y)(z'), y  which are duals of indecomposable elements x 1 ,
y  respectively.

L e t  u s  w rite  ad l (y)(z)=-- z 1 a n d  ad(y )(4)= z . F r o m  t h e  above theorem,
K[y]l(yP)0A (z i ,410 < i <p — 2)) additively. So we can take a K-module basis
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(3.2) Q K *  K (y k (z o )a° • • • (zp-2)"P - 2 (z'o)° • • • (z'p- 2)°P - 2 )

with 0<_k — 1 and a,,c4=0 o r  1. Let Fs. be the filtration of QK * generated by
monomials y k( z o ) ao( z p _ 2 )a„_ 2(4, 4 • • •) (z'p _ 2 fp -2 such that Ea + Ea; > s.

Then it is immediate that F,F, Fs+ t and ad(y)F, c F .  Let F1, + be the module
genera ted  by  yk zi , y k z ;  for k > 1, 0 < i< p  — 2 a n d  elem ents i n  F 2  so  th a t

K(ys,z i ,4). Then note that ad(y)Ft,+ Ft,+ .

Theorem 3.2. L e t i: Y —* X be m od p homotopy norm al f or an  H-space X
satisfying (3.1). L et Q *= Q r ( 2). Suppose that the quotient m ap  to  Q * splits, i.e.,
Q *  K (2 )* (X ) as Hopf algebras. T hen i*Q * is isom orphic to one of  the following
Hopf algebras

Q*, Q*101, K(2) * ®A(x1 1 0< p — 2), K(2)*C)11(x;I0 <i < p — 2), K(2)*.

P ro o f  Recall that x 1 and 4 are duals in (3.2) of zi and z respectively. Suppose
that i*(xi ) 0eK (2 )*(Y ) for some j. Then we see that there exists i i eK(2) * (Y) such
tha t i * ( i i ) =z i  mod(Ft,+) because if k 0 j, then 0*(x,,), w> =0 and  0*(4), w)= 0 for
any weK(2)2(p+ i)j+ 3( Y) by dimensional reason. From Corollary 2.2, the homotopy
normality of i implies that there exists f k e K(2) * ( Y ) with i* (4 )- -z k mod(F1,+) for all
k >  j .  Let Zo = v i 12 , , -  .  Then we get 2k  fo r all 0 < k <p— 2. So the composition
of maps

K(2)*( Y) K(2) * (X )  Q  *I (y, z')

is epic. Therefore we have proved that if i*(xJ ) 00 for some j  then

K(2) * 0 A( i*(x ,) 10 i —2) c K(2) *( Y).

Similar fact holds for the cases i*(x'i) 00.
Next suppose tha t i* (y )0 0 . Then there is 5eK(2) * ( Y) with i ( 5 ) = y .  Hence

[y, z] [ i  *07), z] i  * K (2 )( Y) for all z K (2 ) * (X ) .  This implies i* Q * Q *.

To consider the mod p  ordinary homology version of the above theorem, we
recall the connective Morava K-theory k(n) * ( —) with the coefficient k(n) * -= Z p[v
T h e  u su a l M orava K-theory i s  ju s t  t h e  localization K(n) * ( —)—{v„-  lk (n ) * ( —).
M o re o v e r  w e  k n o w  th a t  th e  c o n d itio n  K(n) * (X) (n) * ()H  * (X ;Z  p )  implies
k(n) * (X )--k(n) * OH * (X ;Z  lp ) b y  th e  naturality o f  th e  Atiyah-Hirzebruch spectral
sequence. Since k(n) is a  connective spectrum, there is the natural Thom map for
reduced theories r(n) * (X ) — ) * (X  Z  p ) which is an  isomorphism if *<2(p"— 1)+2
for spaces X  in  (3.1), since 1v„1=2(pn— 1).

Theorem 3.3. L e t i: Y -4 X he m od p homotopy norm al f or an  H-space X
satisfy ing (3.1). L e t Q * = Q Z „ .  S uppose that there does not ex ist any  prim itive
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elem ent o f  degree  2(p2
 — 1)+3 n o r 2(p 2

—  1)+2p +1 in  H * (Y ;Z Ip )  an d  that
Q* c H*(X ;ZI p) as Hopf algebras. Then i*(Q*) is isomorphic to one of the following
Hopf algebras

Q*, Q*/(y), A(x, I 0 i — 2), Zip.

P ro o f  We consider the m od p-cohomology version of the proof of Theorem
4.2. Suppose first that the there is x i such  that i*(x i') 0 0  in  H * (Y ;Z jp ). Then we
see that there exists  e H * (Y ;Z Ip ) su c h  th a t  i * (ii') =z i' m o d ( F , , , ) .  Moreover

< 2 (P2 - 1 )=Iv21 implies that we can identify ek(2) * ( Y). The mod p  homotopy
normality fo r i  im plies that there exists f'k ek(2) * (Y ) fo r all w i t h  i ( ) = z k'
=ad(y) k ( z r)  m o d ( F ,) .  F o r  p - 2 - 1 ( j ,  b y  th e  dim ensional reason such that
lad k (y)(z)1<11)21, we can take f k'  also in  H * (Y ;z1p).

The crucial case is k =p —1 where ,) = ad" -
 1 (y)(z)= v 2z' mod(F,, + ). Hence

there are two possibilities; there exists such that i * (2')=z ' m od(F,,,) or there exists
a k(2)-m odule generator f"  such that i * (f")=v 2z ' m o d ( F , ) .  F or the  later case,
by the dimensional reason, 1" is also in  H * ( Y ;ZIp).

Suppose that f" is a k(2)-algebra generator. Taking the dual, we know that
there exists a primitive element in  H*(Y ;Z Ip) of degree In =2(p 2 — 1)+2p + 1. By
the assumption of this theorem, there does not exist such a n  element and  so we
get i 'E H * (Y ;Z /p ) . N ext suppose th a t f"=Euw in  k(2) * (Y ) w ith u 00, w 00 in
11 ,(Y ;Z Ip ). In  the projection im age to  k(2) * ()Q * ,  w e see  Ei * (u)i * (w)= v2z' 00
eF I /F2 . Since F,F, C  F 2 ,  there is u  and w such that i * (u) (or i * (w)) is  no t zero
i n  F0 /F1 , n a m e ly , is  yk m od(F 1) f o r  1< k < p - 1 .  T h is  m ean s i*(y k ) 0 0  in
H * (Y ;Z /p ). So i*(y )00 and i*(x'0 )00 since fix'o = y .  Hence for all cases we have
z' e H *(Y ;Z Ip ). Thus from corollary 2.2, there is f 'k c H*(Y ;ZIp) for all 0 - k<p—  2.

Here we note that .91 (x0 ) =Y0 and that i*(4) 00 implies i*(x0 ) 00 also. H ence
w e  g e t a lso  the existence of i k f o r  a ll  0 <k <p  —2 b y  th e  m od  p  homotopy
n o rm a lity . S o  the  com position  o f m a p s  H * (Y ;Z /p)—  H * (X;ZIp)—■ Q I ( y )  i s
epic. Therefore we have proved if i*(xi') 0 0 , then

A(i*(x i), i *(x) I 0 2) c H*(Y ; zip).
If i*(xk') =-0 for all 0 <k  <p —2 and i*(x i ) 0 0  for some j, then by the non existence

of primitive element of degree 2(p2 — 1)+3, we get similarly

A(i*(x i) 0 2) i*Q *.

Thus we have shown the theorem.

For the casesp= 3,5, the quotient Hopf algebra Q* are isomorphic to H*(F4 ;Z13),
H*(E8 ;Z I5) respectively [9],[7].
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H*(F4 ;Z /3) Z13[y 8 ]/(4 )0 A (x 3 , , ,x15)

H*(E8 ;Z/5). Z/5[y12]/(02)0A(x 3 , x i  , X15 X23 X27 X351X39 >X47)

where subscript means the degree, i.e., The reduced powers are also known

Y l x i = x i +2,0,_ 1 ) (i.e., . 'x 3 =x 7 , Y l x ii= x i s fo r p= 3).
Note that this means Y l x i =x ; in the notations in Theorem 3.1.

Corollary 3.4. L e t  i :Y  F 4  (resp. E 8) be a  m od 3 (resp. 5) homotopy normal
m ap. S uppose that there does not ex ist any  prim itiv e elem ent in  H *(Y ;Z Ip) of
degree 19 (resp. 51). Then i*H*(F4 ;Z13) (resp. i*H*(E 8 ;ZI5)) is isomorphic to one
of the following Hopf algebras

H*(F4 ;Z I3), H*(F4 ;Z13)1(y 8 ), A(x 3 ,x ii), Z I3
(resp. H*(E 8 ;ZI5), H*(E 8 ;ZI5)1(y12), A(x 3 ,x15 , X27 , X39), Z/5).

P ro o f  Suppose that i*(x) 0. T hen  i*(x ;) 0 since Y l x i =x"i. Since there
does not exist any primitive element in  H*(Y ;Z Ip) of degree 2(p 2 — 1)+ 3, we get
i*(x0)0 0 from the argument in the proof of Theorem 3.3. Therefore i*(4)0 0 from
3 l x 0 = x '0 .  Thus w e have  the  corollary (without the assumpion fo r the  degree
2(p 2 -1 )+ 2p+ 1).

The advantage of using the M orava K-theory for X =H*(F4 ;Z 13) is just to
exclude the Hopf algebras A(x i i ), A(xi „xis) which seem not to be proved by only
using reduced powers and the Hopf algebra structure of H*(F4  ; Z/3). The homotopy
group ni i(G 2) i s  i s o m o r p h ic  t o  Z / 3  a n d  it d e f in e s  t h e  generator Xii i n
H*(G 2 ; Z /3 ). T h is  induces ni2(BG2(3)) Z /3 . So there is a  m ap S ' 2 B G 2 which
represents a  generator of ni2(BG 2). Then we have a m ap of loop spaces

(QS 12 )( 3 ) S (
131 x ( S 2 3 )(3) -)• G2(3) = W iG 2 (3 ) F4(3) •

W e know that i*H*(F4 ;Z 13)=A (x ii) and hence this map is not mod 3 homotopy
normal.

N ext consider th e  c a se s  exceptional L ie  g roups E6, E 7  fo r  p = 3 .  The
cohomologies are known

H*(E,, ; H*(F4; Z 13)0 A(x 9 , x 17)

H*(E 7 ;Z 13)-H *(F4 ;Z13)0A (x19, X 2 7  x3 5 )

with 9/ 3 =x19, Y l x is  = x 2 7 , 3 l x i5 = e x i9  ( e =  1). D e n o te  a ls o  b y  z i t h e  dual
of x i . The Pontrijagin product structre in H * (E6 ;Z13) (resp. H * (E7 ;Z I3)) is given
by

ad(y)(z9)= Z17 (resp. ad(y) (zi9)= Z 2 7 , ad(y)(z27)=Z35).
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Lem m a 3.5. The Pontrjagin product structure in K(2),(E 6 ) (resp. K(2),(E 7 )) is
given by ad(y) (z17)= — v 2 z 9  (resp. ad(y) (z35)= — v 2 z27).

P ro o f  Since y 3 = — v 2y, we always have

ad(Y) 3(z i) = ackY 3)(z = — v2ad(Y)(z

Since ad(y) (z19) is primitive, w e  se e  th a t ad(y)(z17)= Av 2 z 9 , / le  Z 13 , from  the
dimenisional reason. Then

v2 z i 7 = v2 ad(y)(z 9 )= — ad(y) 3 (z9 )= — ad(y)(ad(y)(z i  7))

=  -  ad(y)(Av 2 z9 ) = — Av2 z 1 7

Thus we know 2= —1. The case E 7  is proved similarly.

C orollary 3.6. Let Y  E 6  (resp. E 7 ) b e  a  m o d  3  hom otopy norm al
m ap. S uppose th at  K(2) * ( Y) - ' K(2) * ()H * (Y ; Z/3) an d  there does not ex ist any
prim itive elem ent in H*(Y  ;Z  13) o f  degree  19  n o r 2 5  (resp. 19  n o r 43). Then
i*H*(E6 ;Z13)(resp. i*H*(E 7 ;Z 13) is isomorphic to one of the following Hopf algebras.

H*(E6 ;Z I3), H * (E6;Z I 3 )1(Y ), A(x9,x17), H * (F4;Z I 3 )1(Y), A(x 3 ,x ii), Z I3

(resp. H*(E 7 ; Z 13)I(Y , x19), H*(F4;Z1 3 )1(Y), A(x 3 ,x ii), Z 13)

P ro o f  By the assumption K(2)*( K(2)*(:)1/*( Y; Z I3) it follows that i*(x)0 0
in H*( Y; Z/3) implies i*(x)0 0  in k(2)*(Y). For the case X =E 6 ,  if i*(y)0 0, then
—[z 9 ,y ]=z 17 shows i*(x i 7) 0 O. The non existence of any k(2)-algebra generator
z" e k(2) * ( Y ) such that ad(y)(z11)= i*(z") nor ad(y)(z1 7 )= i * (z") implies the corollary
for this case. W hen X =E 7 ,  facts that i*(x19)= 0 and 3 X15= X27 can prove the
corollary. Here we use the nonexisence of any primitive element of degree I ad(y)(z
and lad(y)(z3 5 )1.

Corollary 3.7 ([1]). The naturad inclusions F, E 6  E, are not mod 3 homotopy
normal.

4. H-spaces with two even degree generators

In this section, we consider a simply connected homotopy associative H-space
X  such that

(4.1) H*(X ; Z Z 1 p [y ,  u] 1 (YP  u")®  A,I l O lu!.

However the known example is only the case p = 3  and X = L ., x X ' for some X '
such  tha t H*(X' ; Z/3) is  isom orph ic  to  an exterior algegra. Therefore we only
consider the case p = 3 and X = E 8 h e rea fte r . The ordinary mod 3 cohomology of
E , is ([9], [7])
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H * (E8;Z I3) - Z13[y 8 ,u20]104,uio)0A (x 3 , X 7 , X15 , X19 X27 , X35 , X39 ,X47)

The reduced powers are also known

' 1 X3 =x7, Y i xi 5 =ext9 , 1X35  =X 3 9  (e = +1 )

g 3 x 7 =x 1 9 , 3 ' 3 x 15=x 27, .9 3 x27=— X 39, .9 3 x35=x47•

13x7= x8, fix19 =  Y 3Y8 = U20

The Morava K-theory K(3) * (E 8 )  is given in  [12].

Theorem 4.1 ([12]). T here is a K (3)-algebra isom orphism  K(3)*(E8 ) - (3)*
OH*(E 8 ;Z 1 3 ) .  L et z ; (resp. y ,u)eK (3) * (E 8 )  b e  the dual elem ents o f  x i (resp. y 8 ,
u2o)e K(3)*(E8 ). T h e  Pontrjag in  rin g  K(3) * (E 8 ) is generated by  tw o elem ents,
u,z' = z i 9 , w ith the relations u9  =0, ad(u) 8 (z') = 0 .  ( z ) 2 = 0  (and u 3 = —v 3 y). The
adjoint m ap is given by  the following arrows, i.e., z

Zi9 —1' Z39 — V 3 Z 7  , Z7  —1. Z27 —> Z4.7 V3Z15

Z15 —4. Z35 — V3Z3 ,z 3 —  O.

Theorem 4.2. Let i: Y —  E 8  be a mod 3 homotopy norm al m ap. L et (a0 , ...,a 7 )
be  the ordered set (19, 39, 7, 27, 47, 15, 35, 3). Then i*K(3)*(E8 )  is isomorphic to
one of the following H opf  algebras

K(3)*(:) A(x a , x.,, „ • • • , x.7) f o r  0 . j 7 ,

K(3)*[y]/(y 3 )0A(x., , • • x a 7 )  f o r 0:5_j_ 2,

K(3)* and K(3)*(E8 ).

P ro o f  The a;  is ordered so that ad(u)(z .,)=z a„, or — v 3 zni , in K( 3 )1E8). B y
the arguments sim ilar to  th e  proof o f Theorem 3.2 a n d  th e  facts fi(x 7 )= y  and
x 7 = X a 2 ,  we can prove the theorem.

By arguments quite similar to the proof of Theorem 3.3, we get the following theorem.

Theorem 4.3. L et i: Y —> E 8  be m od 3 hom o topy  norm al m ap. S uppose that
there does not exist any primitive element of degree 55,59 nor 67. Then i*H*(E 8 ;Z13)
is isomorphic to one of  the following Hopf  algebras

A (X a j  X a i  9  •  •  . 9  Xa7) fo r 0 <j<7,

ZIp[y]l(y 3 )0A(x.,, • • •, x a 7 )  fo r  0 2

Z /3  and H*(E 8 ;ZI3).

U sing th e  H o p f algebra structure  of 11*(E8 ;Z I 3 )  a n d  th e  reduced power
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operations, we get the similar result as above, however it seems difficult to exclude
the case A(x 5  X 3  5 ) .

There is well known chain of inclusions of simple Lie groups SU(3) c G 2  c Spin(7)
Spin(8) c Spin(9) C  F 4  C  E , c  E , c  E 8 . Furukaw a [1] show ed that any 11 c  G

above is not homotopy normal.

Corollary 4.4 ([1]). L et i:H  c  E , be any inclusion of above except for H=SU(3)
nor G 2 . T hen  i is  no t m od  3 homotopy normal.

P ro o f  For each subgroup H, there is not any primitive element in H *(H ; 13)
of d e g re e  5 5 , 5 9  n o r  6 7 . For the case H =E 7 , i*(x i 9 )0 0  in  H*(E 7 ;Z I3 )  but
i*(x47)=0. This contradicts the th eo rem . For other cases, i*(x 7 ) 0 but i*(x 3 5 )= 0
implies the non mod 3 homotopy normality.
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