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Rationality o f almost simple algebraic groups

By

Nguya Quôe TH:sa■IG*

Abstract

We prove the stable rationality of almost simple adjoint algebraic groups, the connected
components of the Dynkin diagram of anisotropic kernel of which contain at most two
vertices. The (stable) rationality o f  many isotropic almost simple groups with small
anisotropic kernel and some related results over arbitrary fields are discussed.

Introduction

L e t G  be a  connected linear algebraic group defined over a  fie ld  k. The
classical results of Chevalley (Séminaire Chevalley 1956-1958) showed that if k is
an  algebraically closed field then G  is rational over k  as k-variety, i.e., the field
k(G) of rational functions defined over k of G is a pure transcendental extension of
k. However this is no longer true if k is not algebraically closed and one of basic
geometric problems of algebraic groups over non-algebraically closed fields is the
problem of rationality. A  milder notion of stable rationality (and unirationality)
is in sequence: An irreducible k-variety X is k-stably rational (resp. k-unirational)
if there is an  affine k-space A  such that X x A  is k-birationally equivalent to an
affine k-space (resp. such that there is a surjective k-morphism A  — * X ) .  In
general, it is difficult to verify i f  a  given k-group (or k-variety) is rational (or
irra tional). We refer the readers to [Ch], [CT], [MT], [M1,2], [P], [V], [VK] and
references thereof for various problems and progress related with the  rationality
problem.

Up to now there is no general critetion to decide which almost simple groups
are  stably rational over the  fie ld  of definition by looking at their Tits indices,
except for the trivial cases of split and quasi-split groups. Quite recently, with the
papers [M1,2] it became known that

Theorem I ([M 1 , 2 ]). 1 ) For any  division algebra D  o f  degree divisible by 4
over a f ield k, the related almost simple simply connected k-groups G  with G(k) =
SLn (D), where SL„(D) is  the group of  all elem ents o f  reduced norm  one in the
m atrix  algebra M,,(D), are  not stably  rational over k.

2) There are almost simple adjoint groups of  ty pe 2 D 3 =  2 A3 which are not
stably  rational over the f ield o f  definition.
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In  terms of Tits indices, from Theorem 1 it follows that for any field k  such
that there exists a division k-algebra D of index d divisible by 4, any almost simple
simply connected group G  defined over a field k  of type An

d , w ith Tits index

d — d rd
•  —  —  •  —  •  •  •  —  •  —  —  •  —  •  •  •  —  •

where d  is divisible by 4 , is not stably rational over k. In particular, it is true
when d = 4, i.e., the maximal length of a segment consisting only of black vertices
is equal to 3.

I n  this paper we a re  mainly interested in  ad jo in t groups (which can be
considered as a continuation of our previous papers [T11 and [T21). The purpose
o f  this no te  is  to  show  that Theorem 1 can be used to  get such a  general
criterion. Our method shows that many almost simple groups with relatively big
k-rank and the degree of the related division algebra is < 3  are k-stably rational.
Hence in certain sense, our results are optim al. M ore precisely the main result of
the paper is the following. We keep the notation of a classical type X,,dr

) over a
field k , a s  adopted by Tits, where d  denotes the  degree of the division algebra
(associated with the group), n  denotes the  rank and r  denotes the k-rank.

Theorem 2. L et G  be an almost simple adjoint algebraic group of  ty pe X,;,d)
over a f ie ld  k .  L et m (G) b e  the m axim al num ber of  vertices o f  connected com-
ponents of the Dynkin diagram of anisotropic kernel of G. If  n —  rd < 2 and G is of
classical type, or if  m (G) < 2 and G is of exceptional type then G is rational over k.

We will show in the course of the proof that for individual classes of groups, the
results can be better. W e remark that th e  number 2  in  th e  theorem is best
possible, i.e., one cannot replace 2 by any greater number. In  fac t, the  above
result of Merkurjev says that for arbitrary fields k , if there exists division algebra D
of degree 3, then for any natural number n, there exist non stably rational groups
G  with m(G) = 4n —  I. H ow ever, it is not know n if  fo r  any natural number
m 0 4n —  1 there are a field k  and  a  non  (stably-) rational group G over k  with
m (G) = m.

The following two key results are used here. First, it is a  result of Chevalley
(originally proved in [C] for fields of characterstic 0, and extended to arbitrary
characteristic by Grothendieck in [SGA III, Exp. X III, Corollaire 3.3 and Exp.
XIV, Théorème 6.1]).

Theorem 3 ([C]). L et G be a connected ( linear) algebraic group defined over a
field k . T h e n  the function f ield k (G) o f  a connected reductive k-group G is of  the
form  L (T ) where L  is the function field of  the k-variety TorG of  m axim al tori of G
(w hich is rational ov er k ) and T  is  a  Carton subgroup o f  G  defined over L.

The second one is the following theorem of Voskresenskii (see e.g. [VI), which
dated back to 1965.

Theorem 4 .  A ny torus of  dimension < 2 is rational over the field of definition.
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From these two results one deduces that, i f  G  is connected reductive of
rank <  2  then it is rational over the field of definition.

It is well-known that the alm ost direct product of (stably) rational groups is
far from being rational or stably rational. But it turns out that if k  is  one of
"nice" fields such as local (p-adic or real) fields, or if the Tits index of G is "nice'
(in the sense to be made clear below), then many isotropic almost simple k-group
are k-(stably) rational. The method of the proof of these facts is based on a
detailed analysis of the Tits index and explicit computations in the groups under
consideration.

The first version of the paper (written in March 1995; see also preprint [T4],
September 1995) contained two directions of study (and corresponding results
obtained, the proofs of which were merely sketched):

1) Many almost simple groups are rational or stably rational over p-adic
fields. It reflects the fact that except for groups of type A  (naturally, due to
Merkurjev's result) and certain simply connected forms of type D , any almost
simple group over p-adic field are rational or stably rational.

2) Almost simple k-groups with T its indices of their anisotropic kernels
having connected components with at most two vertices (sometimes three) (called
black segments in  [T4]) (the condition again clearly necessary due to Merkurjev's
result) are rational or stably rational.

Some people already worked in these two directions and for the first direction
my result was completed in a (one year later) 1996 paper [CPI, where it was shown
that actually any almost simple group of type 0  A  is rational over the p-adic
field. T h e  method of proof is similar to the one we used and most of technical
points are overlapped.

Also, there appeared later in  1996 a  preprint [ChM], where they applied the
existence of the norm principle for the group of R-equivalence classes (which was
also studied earlier in our preprints [T5-61, where we called corestriction principle
instead of norm principle due to its connection with Galois cohomology) to prove
the rationality of special unitary groups of type 2 A ( d ) with d < 3, which is stronger
the corresponding result we had in  [T41. In [T7] we investigated some relation
between weak approximation and Brauer and R-equivalence relations in algebraic
groups over number fields and indicated another approach to give examples of
non-stably rational connected semisimple groups over p-adic fields.

Notation and conv ention. If k  is a field, k  denotes an algebraic closure of k.
An almost simple group always means an absolutely almost simple group. For an
almost simple group G defined over a field k  which has characteristic either 0  or
relatively big', e.g. relatively prime with the order of the center C ent(G) of G let
S be a maximal k-split torus of G, T  a maximal k-torus of G containing S .  We
denote by A d(G) = GI C ent(G) the adjoint group of G .  If dim T  = n, we denote

The assumption of characteristic of k is put to simplify the arguments related with inseparability and
is no t essential.
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by

a  basis of simple roots for the root system 0  of G with respect to  T. We may
consider the relative root system k0 of G relatively to S  and let kA a basis of k

compatible with A .  If a„6 are two roots, then we denote by 0,13> =2(oc,f3)1
O A .  For 1 < i < n  we denote by S , the standard k-split torus corresponding
to  the root oc,. We denote by x ( t )  the multiplicative one-parameter unipotent
subgroup (resp. hŒ( t )  the multiplicative one-parameter diagonal subgroup) o f G
corresponding to a root a e A  where we keep the same notation used in [St]. F o r
a =  a, we denote x ( t )  = x ,( t) , h i (t) = h „( t) , 1 i  n. In particular, if G  is
simply connected then T  is  the direct product of the images of k := h „,  1 <
i < n. We use intensively the notion and results of Tits' classification theory of
almost simple algebraic groups as presented in [T ill and refer also to [B] and [BT]
for other notions in algebraic groups. We often identify a simple root with the
vertex representing it in  the Tits index. In the D ynkin diagrams, the updown
arrows, if any, indicate the vertices belonging to the same orbit under *-action of
G al(k dk ) on the A  ( just like in Satake diagrams, see [Sal).

1. Some general well - known useful facts

1.1. Let G be a connected reductive k-group, S  a maximal k-split torus of G.
The Bruhat decomposition for G  (see [BT, Section 4]) implies that

G  Z G (S ) x A

as varieties, where A  is  an affine space defined over k. Thus the study of ra-
tionality of G is reduced, in certain sense, to that of Z G (S ).  Namely G is stably
rational over k  if and only if ZG(S) is and if Z G (S ) is k-rational, then so is G.

However in certain cases the group ZG(S) is hard to handle with and we are
forced to find a  substitute, which can be studied easier. In  many cases it is
possible to  d o  s o . Namely le t So be a  nontrivial k-subtorus o f S. Another
version of Bruhat decomposition says that

G  ZG(S0) x A,

the direct product of Z G (So )  with an affine space A  over k.
Therefore we a re  reduced to studying the connected reductive k-groups

ZG(S0). The problem here is to choose a  "nice" torus So so that we can prove
the rationality or stable rationality of Z G (S0 ) ,  which is possible if the k-rank is
relatively b ig .  W e m ake use frequently the following simple but very useful
observation.

1.2. Proposition (IDTI). L e t  So b e  a standard k -split torus o f  G  and
Z G (S o ) = S 0 T0 H  (almost direct product), where T o is a k -torus, H a semisimple k-
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subgroup of  G . T hen  the Tits index of H is obtained from that of G by removing all
v ertices not belonging to the preimage O  of  OU {0}  under the restriction map

—> ktIU { 0 } .  M oreover To is anisotropic and S T o = (Z T (H))
°
.

Remarks. 1. As it was mentioned in  [D T], the idea of 1.2 is  due to Tits
[T il, p . 39, lines —7 to —4, p. 45 , remark d)] (see also [Se, p. 42]).

2. The equality in  th e  la st s ta tem en t is  no t in  [D T ] but it is  c lea r by
comparing the dimension of both side and by m aking use of the previous part
of the proposition. In particular it shows tha t if Z T (H ) is connected then STo
contains the center of H.

Another interesting remark is the following observation due to Tits.

1.3. Proposition ([T i2 , Lemma, p . 89], [Se, L em m a 4.1.3]). L e t G  b e  an
adjoint semisimple isotropic k-groups, S  a k -split torus o f  G .  L et Z G (S ) = S T 0 11,
where H is the semisimple part of  Z G (S ).  Then the connected center STo of ZG(S)
is  a d irect product o f  quasi-split (i.e . induced) k -tori. In particular, it is also
cohomologically trivial.

Remark. This proposition can be considered as a generalization of the well-
known fact, th a t the maximal k-tori containing a m ax im al k -split torus in adjoint
quasi-split semisimple k-groups are induced k -tori. For a proof of this well - known
fact, see e.g. [BrT, Prop. 4.4.16], or [Ta].

The following result essentially is due to Ono—Rosenlicht (see [0]).

1.4. Proposition. If  T  is a central k-torus of a connected reductive k-group G,
such that for any  extension k  k '  t h e  canonical projection G(k ') — > (GIT)(V ) is
surjective (e.g. i f  T  is quasi-split torus ov er k ), then there is a  rational k-cross
section GIT' — > G .  In particular the k -variety  G is birationally  equivalent to the
product T ' x  (GIT ').

F rom  above  w e see  tha t it is  essen tia l to  know  the group Z G (S)/(ST0 ),
ZG(S)/S (which we call the semisimple and reductive anisotropic quotient of G,
respectively) if we want to know the rationality property of G .  In the next section
we examine various computations of this group. The following remark is useful in
the sequel.

1.5. Proposition. L et G be a connected reductive k -group. If  : G  — > G' is
a central k-isogeny and S ' = n(S) is the image in G ' of  a k-split torus S  of G, then Ir
induces a central isogeny

Z G (S ) I S  

Moreover, if  7v : G' G " is another cen tral k -isogeny , S " = (S ') then w e have
the following induced commutative diagram
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Z G (S)I  Z G , (S ')

ZOE, (S")

and also sim ilar diagram f o r reductive quotients:

zO,V)/S'

ZOE, (S ")IS "

Among others, the following general result was proved by Voskresenskii and
Klyachko.

1.6. Theorem ([V K ]) . L et G  be an adjoint k -group of  type Ani ,  where m is
even. T h e n  G  is rational over k .

2. Rationality of groups of type A

2 . 1 .  We keep the above notation and we assume that G is an almost simple
k -g ro u p . L et P1,1  < i < s , b e  k-groups with F ,  a cen tra l k-subgroup o f P i .
Assume that all F1 a r e  k-isom orphic. By a  suitable factoring out a central k-
subgroup of the direct production of P, we will obtain an almost direct product

. . .P s  with the property that the set-theoretic intersections P; fl PJ are  all equal
and k-isomorphic to F .  We call such a group the product of  P, w ith glued central
subgroups F,.

2 .2 .  Proposition. L et G be an almost simple k-group of type A n  w ith k-rank
r > 0.

a) If  G  is an  inner form, the anisotropie semisimple quotient ZG(S)I S  is the
product of k-conjugate almost simple anisotropie k-groups of type I A d_i with glued
center.

b) If  G  is an  outer form , ZG(S)I STo is the product of  anisotropic groups of
type 2 A d_i with an anisotropic k-group of  type 2 A n _2r d  with glued central subgroup
of  order dividing d.

P ro o f  a) First we begin with simply connected isotropic groups of type 'A n .
From [Till we know that such groups have the following Tits index

•
1

• d-1 rd-1•— — • • • — — — • 1

Let be the standard k-split torus corresponding to the isotropic vertex i, i  =
d ,2 d , . . . , rd .  Here d is the index of the division k-algebra D related with this type
and r  denotes the k-rank of G , i.e ., G(k) = SL,.+ 1 (D ) . Then
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is  a maximal k-split torus of G . 'W e have ZG(S') =  -1:1, w here -1--/  =  11 k, ,  is  a
semisimple k-group which is a direct product of anisotropic k-groups 1711 of type
1 Ad_i (see Proposition 1.2).

It is easy to see that all these groups I-1 are k-conjugate and k-isomorphic to
the simply connected almost simple k-group Go o f type 1 Ad_ 1 defined by Go (k) =
SL 1(D ). (To see this, we may assume that in certain basis, the maximal k-split
torus S (k ) consists of all diagonal matrices from G L (D )  with coefficients from k*
and of determinant 1:

S (k )= t i  •  •  •  tr i =1 ,  t i E 1  r +11,

thus

Z G(S )(k )= z ,  GLI (D), Nrd(zi • • • z r + 1) =1 < i < r + 11.

It follows that all the groups Hi  above are k - conjugate (i.e. conjugate by elements
from G(k)).

Therefore if G ' is a quotient of G by a central k-subgroup then we can form
the corresponding centralizer of a maximal k-split torus S ' of G ', which is an
almost direct product of S ' and k-conjugate almost simple k-groups 111'  of type
1Ad_ i ;  and they are the homomorphic image of the simply connected almost
simple k-groups f  of type Ad_I such that 17/1 (k) SL, (D).

Some tedious computations ( just like ones we have in Section 1) show that S
contains the products z ,z , of two generators z , and z , of centers of the groups Hi

and Hi ,  respectively. From this and Proposition 1.5, the assertion a)  follows.
b) Let I be the separable quadratic extension of k  over which G becomes of

inner type. Assume first that G  is simply connected. From [Till we know that
the Tits index of G  is  as follows

• •  •  •  •  —  —  0  —  — • • •  •  •  —  — • •

• •  •  •  •  —  —  0  —  —  •  •  •  •  •  —  —  0 • •

Denote by G(W ) the semisimple regular subgroup of G  generated by the root
subgroups X„ oc, c W, where W is a  subset of 4 .  By Proposition 1.2 in order to
compute the intersection ST0 r) H  we are reduced to computing the intersection of
the torus

S d S n -d +IS 2 d S n -2 d +1  • . . S r d S n-rd+

with the semisimple subgroup

Gf

where 1 < i < r is  the semisimple k-group G( V '.) w ith  the root system gen-
erated by the basis

=  { 1 (i-1)(1+1  .............•  I n - ( i - l ) d  • •  •  'D n - id±2}  •
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a n d  A  i s  th e  g roup  G(ard+i, • • • an-rd). T hen  a s  in  th e  p a r t  a )  th e  p a r t  b)
fo llow s. T h e  general case also follow s from  this a s  in  a )  by m aking use of
Proposition 1.5.

The case d  < 3 is o f special interest to us due to  the following results which
follows from Proposition 2.2.

2.3. Proposition. L et k  be a f ield with a division algebra D of degree d  < 3,
Go an  anisotropic semisimple k-group which is an almost direct product of k-groups
of  ty pe A d _ i  isogeneous ov er k  to either S L I D  o r  PGL I ,D  such that any  sim ply
connected factor contains the center of  the other. T h e n  G  is rational ov er k . In
particular, i f k has a unique up to isomorphism quaternion division algebra (e.g. k  is
a local field), then any such almost direct product of anisotropic k-groups of type A 1

is rational over k .

P ro o f  Since PGL 1,D  has no center and is k-rational, we may assume that all
almost simple factors of G are isomorphic to SL I D  and  they have common center
(i.e. product of groups of type A d _ i  with glued center). Let the number of almost
simple components o f  G  be  r. Then from  Proposition 2.2 w e see that for the
group G1 w ith  Gi(k ) =S L r ± i(D ) and S  a maximal k-split torus o f  G1 w e  have

ZG,(S) = SG2,

and
ZG,(S)I S = G.

Since the group SL I D  i s  k-rational by assumption on  d  and by Theorem 4 , the
group SL„,D is also for any n (see [M 11, [VD, and it follows that G is rational over
k.

2.4. Theorem. L e t  G  b e  an  alm ost sim ple k -group o f  ty p e  1 A ( d )  w h e re
d  < 3 . Then G  is rational over k .

P ro o f  It fo llow s from  [T ill that G  is  a n  almost sim ple k-group w ith the
following Tits index

• — — 0.........•  ........ •.........0 — — •,

i.e . o f type  1A (
2

2,.+) 1 , , ,  o r th e  following

• — — • — — 0 • • •........ • 0 — — • — — •,

i.e. o f type  IA3342,1-
A s above le t 6  be  the  universal covering o f  G , w ith maximal k-split torus

-4 G  be  the corresponding projection, and S  =  i r( , ) .  Then

= G I X x

where 6'; a r e  anisotropic simply connected k-group of type  1 A,1_1,  with O 1(k)
SL (D ), where D is a division algebra over k. We have just mentioned that is
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k-rational (since d < 3) hence so is 6. From the Bruhat decomposition it follows
that

Zd(S-) x A 2 'n

is  rational, where m  i s  the dim ension of the unipotent radical of a m inim al
parabolic k-subgroup o f  G .  Hence from Proposition 1.4 it follows that

(Z6(S')/S) x A 2 m+r

is also rational over k. (Notice that dim(S) = r.) Here

Z d(S)/S  =  6; ... 1

is the product of simply connected groups of type I Ad_i with glued centers (see the
beginning of Section 2). The isogeny TC induces a central k-isogeny

• • Zd(S'0  7 > ZG(S)IS =

w ith G, = 1 < i < r + 1, which a re  also groups w ith glued centers. The
common center of has order 2 or 3 by assumption on d, therefore the (common)
center o f  G , has either th e  sam e order o r  j u s t  1 .  In  th e  first case is  an
isom orphism , and in the second case, GI ... G,.+ 1  is  an  ad jo in t group hence is
rational over k. In  any case,

ZG(S)/S x A 2 '

is rational over k , hence so is the group G.

Now we consider almost simple groups of type 2 An .

2 .5 .  Proposition ([C hM ]). L et G  be  an  alm ost simple simply connected k-
group of  type 2 A .  T h e n  G  is rational if  d  < 3.

2 . 6 .  Proposition. a) If  G  is adjoint and of  type 2 A,V r) w ith n — rd < 2 then G
is rational over k.

b) W ith notation as  above, let d = 1, and ZG(S)= ST01-1. Then STo con-
tains the center of  H. T hus any  group k-isogeneous to G has isomorphic semisimple
anisotropie quotient to that of  G.

P ro o f  a )  Let S be a maximal k-split torus of G, Z G (S )= S T 0 H .  Then by
Proposition 1.3, STo contains the center of H, and there is a birational equivalence

G -= (ZG(S)I ST0) x STo.

W e have a direct product over k

ZG(S)ISTo = An_ r d X R ic , ik (A d -1 ) X  ' • • X  R kIk (A d -1 ),

where A , are adjoint k '-groups of type A i , w here  k ' is  a  separable quadratic
extension of k. H ere A d_1 i s  o f  inner type, hence rational over k ',  and the
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corresponding restriction of scalars is rational over k. Since n -  rd < 2, A n _ rd  is
also rational. Therefore G  is rational over k.

b )  We assume first that G  is simply connected. The general case follows
from this since if i t  : G - > G' is a central k-isogeny, then S ' := n(S ) is a maximal
k-split torus of G ' and n(Z G(S )) =  ZOE (S t ) (see [BT]) and we use Proposition
1.6. For simplicity we assume that r 1 and we give a complete computation in
this case. From Proposition 1.2 it follows that we have only to check that

C ent(H) SiSd, (1)

where H = G( From above we see that for an element t E T,

t = H h,(t,)
1 <i<n

is in Z T (H )  if and only if t commutes with all one-parameter unipotent subgroups
X , for 2 < i < n -  1. Hence we have the following system of equations for t,:

= it3

2 =  12t4

2tn=  tn-2tn•

One checks that

t, =  6 .
- I / t r -2 , 3 < i < n,

while the center of H  is generated by

h2(C )...h n _1( n - 2 ),

where is a primitive (n -  1)-th root of unity. Hence (1) is verified.
Note that (with notation as above), the isogeny it induces an isogeny (denoted

by the same symbol)

Tt : Z G (S )/S T 0 Z G ,(S ' TO I S '  T c;

between the anisotropic semisimple quotients. Now by above S T 0 contains the
center of H , the corresponding anisotropic semisimple quotient is an adjoint group,
hence the above induced isogeny is in fact a  k -isomorphism.

Now we assume that k  = R. Recently Chernousov [Ch] has proved that if G
is an anisotropic semisimple R-group with no factors of type E6, E7, E8 then G is
stably rational over R. The main idea there (as in [M2]) is to use the group of
similarity factors of the forms involved, which goes back to [T1-3], where we
considered the problem of weak approximation in a close relation with the
problem of rationality. In view of results above, we can state the result of
Chernousov as follows.
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L e t G  be  a sem isim ple R -group w ith no anisotropie factors of  ty pe E „  i =
6, 7, 8. Then G  is stably  rational over R.

3. Rationality of isotropic almost simple groups of type A

First consider groups of classical type B  - D .  For groups G of type B, if G is
simply connected (i.e. G  S pin(f) fo r some nondegenerate quadratic form f  of
odd dimension) then G is rational by [PI, Prop. 3]. (One can use our method to
prove this fact easily.) If it is adjoint, then G  S O ( f )  and also is ra tio n a l. Thus
the  following is well-known, b u t we give a  proof based o n  our previous con-
sideration.

3 .1 .  Proposition. If  G  is isotropic almost simple k-group of  type B , then G is
k-rational.

P ro o f  We give a  proof for the case G  is simply connected only, since the
special orthogonal groups are known to be rational via Cayley transformations in
any characteristic (see [D i] o r  [W ]). The Tits index of G  is  a s  follows

Denote by S  a maximal k-split torus of G .  We find S  in  its standard form, i.e.,
writing the  system of equations defining ti

t r2+  —  44+2

n
2

 2  =  1,341— I

nt _2t n2n—I

tn
2

 —  tn—I,

thus the center o f Z G(S ) is

Cent(ZG(S)) =  {hi ( t1 ) ... 11,-(4)h,.+ I(t r )hr +2(tr) . . . hn _ (t r )hn (t n ) : t E Tc,t = 41,

whence S  = C ent(Z G (S )) and it contains the center of H , where ZG(S) =  S H, and
H  Spin(f) is a  group of type B , , .  So Z G ( S ) / S  SO (f) which is rational and
so is G.

3 .2 .  Proposition. L et G  be an  isotropic almost simple k-group of type C .
n  -  rd < 3. Then G  is either rational o r stably  rational over k .

P ro o f  We consider these case separately. The Tits index of G is as follows

0 d . . . . . r d - 1 rd • • I on

I t  is well-known that G is rational if G is simply connected (by using the Cayley
transformation, see [Di I or [ W ] ) .  If G is adjoint, S  is a maximal k-split torus of G
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and n — rd < 2 , then

ZG (S ) =  SH 1H 2,

where H1 is a  product of k-groups of type  A d - 1 ,  and H2 is a  group of type Cn-rd
(see Prop. 1.2). W e know  that S  contains the center of the  product 1-111-12 (see
Proposition 1.3), therefore

Z G (S )IS  A d (1 1 1 )Ad(H2),

the direct product of adjoint groups of type 'A  a n d  C .  Since adjoint k-groups of
type I A  a r e  well-known to be rational, and the adjoint k-groups of type Cn  is
rational if n < 2, and stably rational if n = 3 (see [M2, Prop. 4]). The proposition
is proved.

For the  case of type D , we need to distinguish two cases.

3.3. Proposition. Let G be alm ost simple of  type D,d,  r >  0  such that n—
rd < 2.

a) If G  is adjoint, then G is rational over k .
b) If n — rd = 0  (resp. n —  rd = 2) and d < 2  (resp. d =1 )  then G is rational

over k.

P ro o f  a) Let S  be  a maximal k-split torus o f  G .  Then

Z G (S )/S  = G1 X • " X Gr X Dpi-rd

is  a direct product of adjoint k-groups G, of type  1 Ad_ i (hence  rational) and a
group of type D n _ rd  which is also rational by the assumption on  n , r, d. Now
from results in Section 1 we conclude that G is rational over k.

I)) If  n — rd = 0  then  by  [T ill G is  o f inner type and n =  r  (d = 1 ) (trivial
case) or n = 2r(d -= 2). In  the  la tter case  le t S  be  the  k-split torus o f  G cor-
responding to the  last circled vertex (root) in the Tits index of G:

1• — — 0 2 —

Then
Z G (S )= SA,

where A  is  a n  almost simple k-group of type  I An(2)1,,-1 w ith Tits index

• 0 • 0  n-2 o n - I

Then Z G(S )/S  also has this type, hence from Section 2 we know that Z G (S )/S  is
rational, hence so is G.

If n — rd = 2 and d =  1, then the above A has rank two, so Z G (S )/S  is again
rational.
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Now we focus our attention to exceptional groups and we have the following
result. W e  exc luded  the  group of type G2 since isotropic group o f this type is
split.

3 .4 .  Proposition. L et G  be an  isotropic almost simple group of  exceptional
type over a f ield k .

a) I f  G  is of  adjoint ty pe 134, Fet then G  is k-rational.
b) Let G be one of the following types: ' E 6 ; 2 E6, , r > 2 and G is adjoint if G

is of  type 2 N, 6; o r 2 E 6
2
" ; E7, r ,  r > 3, E8,,, r > 3. Then G  is either k -rational or

stably  rational over k .
c) If  G  is of  ty pe E77

8
1 ,  then any k-group which is k-isogeneous to G  is also

birationally  isomorphic to G  ov er k  as k-varieties.

P ro o f  a) The proof for groups of type adjoint type D4 and F4 was given in
[Ti, P rop. 2 .3  and 3.3 1. (T h e re  w e  p ro v ed  G has weak approximation, but the
result also holds for rationality.) It a lso  fo llow s from  resu lts of Section 1.

b) F or the  group o f type  1E6 we consider first the group 'E (
6
28

2
) w ith Tits

index

0  1 . 3  0 4  0 6

Let 6. (resp. G) be the simply connected covering (resp. adjoint group) of G and S'
(resp. S ) a  maximal k-split torus of G- (re sp . G ) .  It is well-known that (see e.g.
[Se])

ZG(S)=

where D  is  the Spin group o f  a  quadratic form f  w hich is a  norm  form  of a
division Cayley algebra, i.e., f  is a  Pfister f o r m . By Merkurjev's result [M2, Prop.
71, the adjoint group o f S O (f) is stably rational over k. By Proposition 1.3, S
contains the center of Z d ( S ) .  Hence G is stably rational over k. For the case of
simply connected G  we need the  following.

3 .4 .1 .  L em m a. W ith above notation c o n t a i n s  the center of  D.

Proof  o f  L em m a. The D ynkin diagram of D  consists o f pa rt o f tha t o f  G
with vertices {oc2, ,  a 5 }. S - is given as the connected component of identity of
the group P  defined by the  following condition

P =  p{ H= 1 4 ( 0  :  p x „ ( t ) p - I  = x ,(t),V a = cx2, ... , cx5 .
I < i< 6

Since

hi (t i )x ,( t)h i (t i ) - 1  =  x, (tt"'"'>)
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so w e have the following system of equations fo r ti :

/3
2 =  1 1(4

,
t4  == 1 20 1 5

2/5 =  1416

2

It follows that we have the following parametrization for P:

P — {p - 111(tit 2
2 )h2(t2)h3(t3)h4(d)h5(t3

1 q)h6(t 3
2 4) : t2, t3

which is clearly connected. Thus S  = P .  The center C ent(D) of D  is generated
by

z1 = h2( - 1)h5( - 1), z2 = h2(-1)h3(-1),

and  we check immediately that

C e n t ( D )  S.

The lemma is proved.

T h u s .6, being k-birationally equivalent to S. x  A d(D) which is k-birational to
G , is also stably rational over k.

Now we consider the case 1 E e 2 . L e t  G be an  almost simple k-group of this
type with Tits index

o 2

e l e3 0 4

and le t S  be  a k-split torus o f  G corresponding to the  root oc2. Then

ZG(S) =  SD,

where D  is of type 1 A5
3

1 a n d  ZG(S)/S is an  almost simple k-group of the same
type, hence is rational by results o f S ec tion  2 . Therefore G  is also k-rational.

L et G  be simply connected of type E 6;  w ith the following Tits index

. 3 — — o l

2 4

• —

From this we see that the anisotropic kernel of G is of type 2 A (» ,  which is also the
anisotropic kernel A  of the simply connected semisimple group H  of type 2 A5 with
the root system spanned by 4 \ {a2}. F r o m  Proposition 1.3 it follows that for a

(4.
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maximal k-split torus S  o f  G, the  center o f the  semisimple part A  o f ZG(S) is
contained in the connected center of ZG(S), which is an induced torus. Therefore
it is clear that the anisotropic semisimple quotient of G is an adjoint group of type
2 A3

(1 ) . B y a  result o f  [ChM ] (Prop. 2.5), adjo in t groups o f  ty p e  2 A (
3

I )  a r e
ra tio n a l. Hence G is also rational.

The case of type  2 E ' w ith  T its  index

• 3 -  -  • 1

0  2  _  4  0

.5 .6

is considered in a similar way as ab o ve : If S (resp. G = Ad(G)) have the meaning
as above, then S contains the  center o f Z ( S ) .  Then

Z 6 (S )/ S  R u k (A),

where A is an adjoint 1-group of type A2 over a quadratic extension / of k, hence G
is rational.

Now we assume that G is of the following types E7, r , where r > 3. W e claim
that they are  all rational o r  stably rational.

L e t G  b e a  k-group o f  ty p e  E 4 ,  S  be the  standard  k-split torus o f  G
corresponding to the  se t o f two k-roots /3} as in  the  Tits index below:

4,7 0 4 _  0 3 _  0 1

Then
ZG(S) =  SA,

where A is an almost simple k-group of type I A (
5
2 )

2 . Therefore Z G (S)/S has also
this type , and  is rational by results of Section 2  (Theorem 2.4). Hence G  is
rational.

Let G be of type E38
3 , S the standard k-torus of G corresponding to the k-root

/7 in  th e  following Tits index

0  7  _  0  6  _ _ _  O !

Then 
ZG(S) =  SA,

where A  is a  k-group o f  ty p e  EP2 . Any group of latter type is stably rational
over k, hence the  same is true fo r G .  The case of group of type Eg, r ,  r 3  is
similar.
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c) It rests to consider the case E77
8

1 . L e t  S be a maximal k-split torus of G,
where we assume th a t G  is sim ply connected. One checks th a t S contains the
center of the anisotropic kernel of type E 6  o f  G .  Thus

Z G (S )/ S  Z 6 (S)/S

and we are done.

4. Concluding remarks

4.1. We say that a segment in the Tits index of an almost simple k-group G
is  black  (resp. white) if  it consists o f  only black (resp. white, i.e., distinguished)
vertices. The length of a segment is the number of vertices it contains. W e say
tha t a segment is  defined over k, if  the  almost simple subgroup o f  G  with root
system spanned o n  th is  segment is defined over k. In  other words, the black
segments are the connected components of the  D ynkin  diagram  of anisotropic
kernel o f  G  in  th e  T its index of G , which are k-defined. From results proved
above we derive the  following m ain result o f  this paper.

4.2. Theorem. L et G  be an  almost simple adjoint k-group and m(G) be the
m axim al length of  the black  segments of its T its index defined over k .  I f  G  is of
classical type X 4  with n — rd < 2, or G is of  exceptional type with m(G) < 3 then
G  is either rational o r stably  rational over k.

P ro o f  It follows from results of Section 2 (Prop. 2.6), Section 3 (Prop. 3.1—
3.4) and the Tits classification of indices [T ill.

Remark. The number 2 in the theorem is best possib le . According to [M2]
there exist non stably rational adjoint groups G and fields k with m (G )= 3, k can
even be chosen a  number field. Also if k is a field such that there exist division
algebras D  of index 4n (e.g. a  number field), then for the group G w ith G(k) =
SL,n (D), the subgroup of reduced norm 1 of M ,„(D ), then G is not stably rational
over k and m(G)= 4n — 1.

5. Appendix

In this section we give some useful and frequently used formulas related with
Tits index of an almost simple k-group G .  We keep the same notation adopted in
the Introduction.

We give here only formulas for centers P of simply connected groups G, via
generators.

An :

P <h1()h2(C 2 ) —h„g n » ,
w h e r e  =  (n+ 1)-th primitive root of I .

B„.
P  



Cn :

n  even:

where

Almost simple algebraic groups

F = <h i ( -1 )h 3 (-1) • • -112[1+112]-1( - 1 )>.

p =

z1 = h 1( -1 )/ 1 3 (-1 ) •  •h n _ 3 (— o h n _ 1 (-0 ,
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z 2  = h 1 (-1 )h 3 (-1 )  • • • hn-3( - 1 )hn( - 1 )•

Dn ,  n  odd:

= <h1(-1)h3( - 1)...11,_2( - 1)11n-i( - Ohn(i)>,

where i  =  \ / - 1 .
E6:

P = <ii i (oh 3 (c2 )h5 (0h 6 (c2 )>,

where is a primitive cubic root o f  1.

P = 02 ( -0 h 5 (-011 7 (-0>.
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