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The initial value problem for the elliptic-hyperbolic
Davey-Stewartson equation

By

Hiroyuki CHIHARA

Abstract

We present the local and the global existence theorems for the elliptic-hyperbolic Davey-
Stewartson equation which does not allows the classical energy estimates. To overcome this
difficulty, we make use of the smoothing property of linear Schrbdinger type equations which
was obtained by S . D o i. Then under the smallness condition to L 2 -norm of the initial data,
we get the local solution. Moreover we show the global existence of small amplitude
solutions by the a priori estimates for which the null gauge condition of Y. Tsutsumi plays
an important role.

1. Introduction

W e study the initial value problem for the elliptic-hyperbolic Davey-Stew-
artson equation of the form

u 4 0 ,2,  + q )u  = f (u )  in (0, cc) x R 2 , (1.1)

u(0, x, y) = uo(x, y )  in R 2 , (1.2)

where u(t, x, y )  is  C-valued, i = at = 010t, ax=alaX, ay= alai), and the
nonlinear term f (u )  is defined by

2 +oo
f (u) = iff(u) ,( u ) ( x , = a.,(1u(x, yi)1 2 ) d.01(x! Y)

f o (u) = f 2(u) (x, y) = ray (lu(x', y)12 ) dx/u(x, y),

ao, ai , a2, E C are constants.
W e  use the following notations. E R 2 m e a n s  the d u a l variable of

(x, y) e R 2 under the Fourier transform.  j3 ,  =  3 / ( 3  and ac  =  alac. J ,  and ./), are
defined by 

-Jx u  = e ix 2 / 4 (
1 - f - t

 ) 241 ± t)ax ( e - 1 x 2 / 4 ( 1 + t ) t i )  = ± ( I t)0x )u,

Jy u = e 1 Y2 1 4 " ) 241 + t)ay (e - 1 Y2 1 4 ( 1 ± 1 ) u) = (y + (1 + t)0,)u.
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<D,>=(1 —  0) i l2 ,<D) ,>=(1 — 0y
2 )' 12 , <Dx ; Dy >= (1 — — 0j

2 ) 112 ,<x>= x

<y> = I  + y 2 , <x; y> + x2 + y 2 .

W" = Wm'P(R 2 )

111411 Wm P (ff 
112 

I<Dx ; Dy r te d X d y ) G +00

= W cv , = Win' 2 fo r m  R  and 1 p < co.

1,17 'n' " = W m  (R 2 ) = fu E (R 2)IIIullw - = ees.sup 1<D x ; D < +co} ,

L ' =  W ° , " ,  for in  c R.

H ' '  = 1 1 " "  (R 2 ) = fu G (R2)III<X; y>' <D; L 2  < + }

for m,n c R. means Hm-norm. Especially H • and •) mean L 2 -norm
and L 2 -inner product respectively. 9' = .9 '(R )  a n d  9 9 ' =  9 9 '(R 2 )  denote  the
Schwartz class and its topological dual respectively. Let Q  be an open subset of
som e Euclidean space. 9(Q ) and 9 ' ( 2) are the dual pair of the class of test
functions of C'( NS2) and the class of distributions on Q .  .4 ° ((2) is  the Banach
space of all bounded linear continuous functions on O. "(Q )  is  the Fréchet
space of all C s functions on Q  whose derivatives of any order are all bounded.
Let E  and F be Fréchet spaces. .27(E, F) denotes the set of all bounded linear
operators of E  t o  F. 9 ° ( E )  =  ( E ,  E ) .  Let (X , Y ) is  a  dua l pair of locally
convex spaces X  an d  Y. <y, x> m eans the operation o f y  e  Y  o n  x c X .
C ([0 , T]; E) and C ( [0, T]; E ) are the sets of all strongly and weakly continuous
E-valued functions on [0, T ] respectively. [s] means the largest integer less than
or equal to s E R . N  =  {1, 2 , 3 , ...}  and Z ±  =  N  U  {0}. W e denote the positive
constants by  the same letter C.

Originally the Davey-Stewartson systems are written as

at u — (3),2 )u = iy1u1 2 u + ib(Ox ço)u, (1.3)

(a +cay
2 )ço= ax(Iu12 ), (1.4)

where 6, y = +1 , b  c  R  and c e R \ {0}. In [6] J.-M . Ghidaglia and J.-C. Saut
classified (1.3)—(1.4) as  elliptic-elliptic, hyperbolic-elliptic, elliptic-hyperbolic and
hyperbolic-hyperbolic according to the respective sign of (6, c) = (+ +), (—  +).
(+, —) and (—, —), and studied the initial value problem for them.

For the cases of the elliptic-elliptic and the hyperbolic-elliptic (i.e. c > 0),
(1.3)—(1.4) becomes

0,u —  460! + i
2,)u = iy1111 2 u + ib(12,.(1u1 2 ))u, (1.5)

where R e is  a singular integral operator whose symbol is .2 N 2 + (V). Since Re

is a bounded linear operator of LP (R 2 ; R) to LP (R 2 ; R) for any 1 < p < +co , (1.5)

=  { u  Y '(R 2 )
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is similar to

a1u— i(ôax
2 a y

2 )u = y' e R\{0}.

Then J.-M . Ghidaglia and J.-C. Saut ([6]) obtained the  complete results on the
local existence, the global existence and the blow-up of the initial value problem
for (1.5) under the condition 6 = +1.

On the other hand, in the cases of the elliptic-hyperbolic and the hyperbolic-
hyperbolic (i.e. c < 0), one assume the radiation condition

q)(t,x , y) -* 0  a s  x  +  y , x  -  y  ->  ±ao (1.6)

in  order that the subsystem (1.4) is solvable. Here we put c = -1  fo r  simplicity.
With the transformation x := (x + y)I2, y  := (x -  y)I2, th e  system (1.3)-(1.4)-
(1.6) becomes

Otu - 40,2 + 0y
2 )u = f ( u )  if 6 =1, (1.7)

or

+ 2i. =7(u)  i f  6 = -1,

where

(u )  = (y - ) f o (u) + i f(u ) +  i-
b  

f 2 (u).
2 4' 4

Thus we consider the nonlinear term f (u) as in (1.1). Because f (u) contains a\ u,
ax a, ay a and ay a, the classical energy estimates are not available for the cases of
the  elliptic-hyperbolic and  the  hyperbolic-hyperbolic. F . L inares and  G . Ponce
([111) proved the local existence of small solutions to the initial value problems for
the  cases o f the  elliptic-hyperbolic a n d  th e  hyperbolic-hyperbolic by th e  sharp
smoothing estimates o n  e l4a2v+a )  a n d  e - I ta ',(3‘ , which are  basically due to C . E.
Kenig, G. Ponce and L . V ega ([9]). Recently, using so-called abstract Cauchy-
Kowalewski theorem, N . Hayashi and J.-C . Saut ([7]) have shown the local and
the global existence of analytic solutions to the initial value problems for the cases
of the  elliptic-hyperbolic and  the  hyperbolic-hyperbolic.

The purpose of this paper is to show the global existence of small amplitude
solutions to  (1 .1)-(1 .2). The m ain results are  the  following.

Theorem 1.1 (Local existence). Let mi b e  a sufficiently large integer. W e  put
a = la21). Then for any

1
u0 E  I r n (m  E  N  mi ) satisfying 0011= uoML2 < 

2.\//e

there exists a time T = > 0  such that the initial value problem (1.1) - (1.2)
possesses a  unique solution

ue Cw ([0, T);H '") f l C([0, T); Hm-1).

(1.8)
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Theorem 1 .2  (Global existence). Let m2 be a sufficiently large integer greater
then o r equal to m l .  T hen there ex ists a  constant 6  > 0  such that f o r any

5 5
/40 E  n m -

i j G  N  m 2  +  3 )  satisfying E uoIH2J,J (5,
1_0 j=0

the initial value problem (1.1) - (1.2) possesses a unique solution

5
u E  n  (C,([0, co); Hm - i'i) fl C([0, co); H"' - 1 - ij)) .

Remark 1.1. Since our analysis is based on the symbolic calculus of pseudo-
differential operators, it is troublesome to determine the minimum of m1 and mz.

Remark 1.2. In [14], using the inverse scattering technique, A. S. Fokas and
L. Y. Sung proved the global existence for (1.3)-(1.4)-(1.6) with large initial data
under the conditions 5 =  +1 ,  c = - 1  and 2y + b = O.

Now we explain the idea of the proofs. Theorem 1.1 follows from the energy
inequality. Theorem 1.2 is proved by the a priori estimates which consist of the
energy and the decay estimates.

For the energy estimates, we make use of S. Doi's method ([5]) for linear
Schr6dinger type equations

iA u + + c(t,x )u = f  (t, x) (0, T) x  RN .

i=1

where Oj  = (j = 1, . . . , N ), V  = (O h ... ,ON ), A = V • V = 0? + • • • + ON2 an d
bi (t,x ), c(t,x ) E C '([0 , T]; (R N  )). Roughly speaking, under the appropriate
condition on Im bi (t, x ), there exists a  automorphic u K u in L 2 (R N )  such that
[K  , -i4K - 1  is ellip tic w hich is stronger than E ./

N- 1 Im bi (t,x )ai . Because one
can choose [K, - i4 K - 1  a s  sufficiently strong, ([K, + E r  i lm b i (t, x)0i)

1/ 2

gives the smoothing estimates of order 1 / 2 .  W e use this property to get the
energy estimates for (1 .1)-(1 .2). We remark that S. Doi's method is also available
to solve the (local) semilinear Schr6dinger equations (see [1], [2], [3] and [4]).

We explain the outline of the decay estimates. We note that f  (u) satisfies the
gauge invariance, that is for any 0 G R  and for any u e .9°(R 2 ), f (eie 9 u) = ei° f  (u).
Then, J ,  and J act w ell on f  (u) and we can make use of the Libnitz formula with
respect to Jx  and Jy ,  that is, for instance,

a!
= i )  j xai u  4 cc<2.u f

al!g 2 ! 1 3!at +012-Ecx3=2

Moreover, using the Gagliardo-Nirenberg inequalities with J., and .7,„ we get the
decay estimates. For example, it follows that the inequality
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11,fo(u)il =
 e -i(x 2 +y 2 )140+0 u r

< Ile - 1 (x2 + Y2 )1 4 (1±')ull 2L.Ilull

C
2-0=2

C(1 ±  0 - 2 114 2 E
0E-0=2

f1 (u) and f 2 (u) behave as if they were cubic terms in one space dimension because
of their nonlocality. Then the expected decay rate of f i (u ) a n d  f2 (u) is at most
0((1 + t) - 1 )  b y  the elementary nonlinear estim ate . This is not enough to prove
the existence of the global small amplitude solution. Then we need an extra time-
decay. Fortunately w e can use the null gauge condition o f  Y. Tsutsumi ([13])

' x ( 1 1 ' 1 2 )
 =  2 0

1

+  t )
(.1x tdi - uf ,u) (1.9)

and w e can get the extra time-decay. (see also [81).
Fortunately, for the elliptic-hyperbolic case, we can find the operator K  such

that the commutator of the principal part and it does not bring about the loss of
tim e-decay. Then, we can extend the local existence theorem  to the global one
provided that the in itia l data  is sufficiently small. O n  th e  other hand, for the
hyperbolic-hyperbolic case, the commutator causes the loss o f  tim e-decay. Our
method is not available to study the global existence for the hyperbolic-hyperbolic
equation.

The organizations o f this paper is a s  follows. §2 is devoted to obtain the
smoothing effect of e'l (a ±a/2) . § 3 contains preliminary results. In  §4 and §5 we
prove Theorems 1.1 and 1 .2  respectively.

2. Linear estimates

I n  th is  section, following S .  D o i [5 ], w e  ob ta in  th e  smoothing effect of
e i t ( a +a ) . We use the symbolic calculus of pseudo-differential operators on R  (see
H . Kumano-go [10]). L e t T  be a positive tim e and  le t t  belong to the interval
[0, T]. We define the pseudo-differential operators K (t) = k(t , x , D) a n d  H (t) =
h(t, y, Dy )  by

k(t, = exp( - 0 ( t ,  )ds -
1) , = k (t, ,

h(t, y, ) = exp( -

 f
0(t,  )dsC<O -

1) , (t, y, ) = h(t,

0(t, s),0(t,  ) e C I ([0, T]; L I (R)) (1 C([0, T]; (R)),

tiA(t, s), tgt, s) 0  for (t,  ) E [0, T] x  R.



46 Hiroyuki Chihara

For the convenience, we put

B K (t) =  sup (laMk(t, x, )1 + laMk'(t,x,)1),
(x, )Erz,  0,+13,V

B y ( t )  =  sup (laf h(t, y, + 10 h'(t, y, ) D,
(y , ( )E R 2

+00 +co
14(0 = 0(t, s) ds, (t) = tkt, s) ds,

cc

BAI ( t )  — sup
xeR

ex

Jo a t o(t, )ds , 131
fr (t) = sup

y eR Jya  (t, s) ds0 

   

(t) = sup0 xER
(100(t,x)1+ la1a (t,x)1),

13,e(t) = sup (lay'tP(t, .01 + lataN(t, .01)
a < 1

where / e N is som e large integer (see Remark 1.1). W e note th a t B K ( t )  and
B H ( t )  are greater than one. The property of the transformation K(t) and H (t) are
the following.

Lemma 2.1. K (t) and H (t) are automorphic on L 2 (R 2 ) . More precisely, for
any  u e L 2 (R 2 )  and any  t e [0, T ], we have

IuI C B x (02 (1 + B t
ç
 )6(0) (1 + B co (W OK (0 4  ± (2.1)

OK (0 4  + -1) CB x(t)Mull, (2.2)

C B H  (t)2 (1 + (t))(1 + 137pc'(t))(11H  (04 + (2.3)

(11H(t)uli + - 1) CB H (2.4)

P ro o f  The inequalities (2.2) an d  (2.4) fo llow  from  th e L 2 -boundedness
theorem of pseudo-differential operators directly. On the other hand, we prove
(2.1) by using the identity

K' (t)K (t) = 1 + Ro(t),

a(Ro(t)))(x, R o(t)(e-")

=
0

0(t, s) ds) >- 1

2n 

f i  f f

Jo J J . x . e °11>-31(' (t +

x (b(t, x + z)k(t x + z, d z dB.

Similarly we can show (2.3).
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Now we obtain the smoothing estimates.

Lem m a 2.2. W e put f  = a ,u _ ( i+ e ) (a x2 + ay2)u, (e E [0, 1]). Then there
exists a constant C1 > 0  which is independent o f  e E [0, 1], such that

d „
—
d t  

IIR (t)u(t)11 2—  4 (0 ( t, x )<D  0 112 K(t)u(t), <D 0 1 12 K(t)u(t))

—2e(110,K(t)u(011 2P 5 K (0 14 (0112 )

C (B ç
l
b (t) + 137 (t))Roc(t)(11K(t)u( 1)11+ (lu(t)11-1) 2

+ 2 Re(K(t)f E(t), K(t)u(t)), (2.5)

d „
(t)u(t)11 2—  4 ( 1,11 (t , Y)<D3

, >I I 2  H (t)u(t), <D 0 112 H(t)u(t))

—24110,H (t)u(t)11 2 + Ita y H (t)u(t)11 2 )

+ C1 (I3(t) +  B ( t ) ) 1 1
1e (t)(111  (t)u(t)11 + litt(t)11-0 2

+ 2 Re(H (O f  (t), H (t)u(t)), (2.6)

f o r u E C([0 7]; H 2 ) n ci ([o, 71; L2 )  and t E [0, T], where

B ,(t) = (0 3 (1 + R b
°  (t)) 3 (1 + B(t)),

B 1 (t) = BH(t) 3 (l + (t)) 3 (1 + (t)).

P ro o f  Here we show (2.5). Simple calculation yields

K(t)f = ,(K (t)u) — (i + e)(0 + q )(K (t)u )

+ 2(1 — iE)<Dx >1/2 0(t, x)<Dx > (K(t)u) + R(t)u. (2.7)

The third and the forth terms of the right hand side of (2.7) is  the commutator
[K(t), 0, — (i + e)(0 x

2 + q ) ] .  The former is the principal part of it which gives the
smoothig estimate. The later is the lower order term and a L 2 -bounded operator.
More precisely we have

R(t) = R2(t) — (i + e)R3(t),

o-(R 2 (t))(x ,) =  —a,k(t, = ,Ø ( t , s )d s >- 1 1c(t, x, 4

R3 (t) = [K(t), 0 .!.1 — 2i<D 0 112 0(t , x)<Dx >II2

= R 4 (1) + R5 (t) + R 6 (t)K(t),

a(R4(t))(x, = (-2i0(t, x)<> - 1  — 0(t , X)2 < > - 2  ±  x o(t x g< > - ')k(r, x, 4
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I f
a(R5 (t) ) (X , =

i

1
0  

j
R x R

0 ) <  ±

x 0(t,x + z)k(t, x z , )d z  d r i

a(R6(t))(x,) = — 217,<>112
0

1 f
R x R

017)< 00-3/2

x 0,0(t, x z)dz dri dO.

W e observe the relationship between the  operator norm  of R ( t )  and  the  coef-
ficients o f it  in  detail. Then, the L 2 -boundedness theorem of pseudo-differential
operators implies that there exists a constant C; > 0 which is independent of e c
[0, 1], such that

ilRi(t)11 y (L2) C;( 13 (1) + .13;y° (t))(1 + N ) (t))BK(t) (2.8)

fo r  t E [0, T ] and  E C [0, 1]. W e take  th e  L 2 -inner product o f  (2.7) a n d  K(t)u.
Using (2.1), (2.7) and  (2.8), we obtain (2.5).

3 .  Preliminaries

This section is devoted  to  the  estimates o n  th e  nonlinear term f ( u ) .  Es-
pecially the  Gagliardo-Nirenberg inequalities (see e.g., L. Nirenberg [121)

Ilvhco(R) Cilavv11 IL/22(R)011L
1 ,2(R ) f o r  y  E H I (R 2 ), (3.1)

C E IIPA4111/2 1,  111/2
Y L2(R2)IIUIIL2(R2) for u E H 2 (R 2 ), (3.2)

play important roles to  get the decay estimates of solutions.
L et 1 be the  same integer as in  § 2 . W e put

+ 0 0 +Gc,
0(x) M  co lu(x, y)1 2 dy, tp(y ) = M lu(x, y)I 2 dx,

w ith som e constant M  > 0 . Similarly we define K k(x,D x ), K ' =  k '(x ,D x ),
H = h(y,D y )  and H ' = h'(y,D y )  by

k (x , )

h(Y

exp ( —

= exp ( —

0(x') dx' >-
1 ) ,

tgy') dy'C<C> -1 ) ,

(x, = k(x,y 1 ,

h' (y, ) = h(y,C) -1

We put Ro = K'K — 1 and we define BK, B H , .13(; )  a n d  B;;' in the same way as in
§2 . To resolve the  loss o f derivatives, we prepare

Lemma 3.1. Let ni he an integer 1 + I. T h e n  we have

al-11=2
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( K { ( f +G ° u' ,ax Pv dy')u}, Kw)

( X 3 ) R 2

+oc
sup I<Dx>i u(x,

+ sup Ik (x ,)P (x ,)12)(0(x )< D x> /1.2 < D ,> 112 K w )

.Y)12 dY11Kw112 (3.3)

2 M  (1

+ CB"(
—oo xeR

f o r u e  II" ' and w e H i , where

=  P  =  K ', v  =  K w  o r  u' = u, P = K, v = Kw,

and

( H { ( J'°  u 'a y Q v dx )u} ,H 14)

1 
2M ( I  +  s u p  Ih(y,C)q(y,C)12) (40)< D y> 112 w w , < D y > 72H w )

(y,C)ER2

+co
+ CB,/  f sup 1<Dy> i u(x, Y)12 dx1111"w112

—co yeR

f o r u E 1-1'" and w E H ', w here

(3.4)

u' = Q  =  H ', v  =  H w  O r  Ut =  u, Q = H, = Hw,

P ro o f  We have only to show (3.3). Here we regard u and u' as coefficients.
Simple calculation for the commutator gives

(K { u'ax pv dy ') u } ,K w)

( f +00
r8(Y Y i x D )vdy' Kw

y
)

( r c
u'r9(x, Dx )<Dx >112 v dy' ,Ci<Dx >112 Kw) (3.5)

rs(y, y', x, Dx ) = [K,u(x, y)11 1(x, y')] P

+[u(x, y)u'(x, AKa,P,<D x >112 1<Dx >- 1 1 2

(D x >112 u(x, y)u'(u, y')(KO,P<D0 - 1 1 2  — r9(x,D,)<Dx)112)-

r9(x, ) =
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The L2
- boundedness theorem of pseudo- differential operators on R  yields

Irs(y y ',,) (L2(R)) CBi (sup I<Dx> i u(x, Y)I) (suPI<Dx> 1 u(x, Al) •
xeR xeR

Then we have

(3.6)

(3.7)

)

1 / 2

1/2

r8(y, , , x, D x )v dy' , Kw)
°

▪ fffIrs(Y, x, Dx )v(x, y')11Kw(x, y)1dxdydy'

1/2 1/2
• ff(f 1r8(Y , Y' x, Dx )v(x, (11Kw(x, y)I 2 d x )  dydy'

CB2
K f (sx tgl l<Dx> 114(x, Y)I) (sx l-g l<D  u (x , Y ')I)

1/2 1/2
X (f 11/(X, y')12 dx) ( .1 Ww(x, y)12 d x )  dydy'

=  C B I {  sup I <DO I u(x, Y)1( .1. 1Kw(x, y)
1/2

12 dx) d

}  2

y
xeR

(f sup I<Dx>i u(x, Y)12 dY)11KW112 .
xeR

On the other hand, we get

( f ±: c
u r9(x, Dx )<Dx > I / 2 v dy' , [10 0 1 1 2 16v)

lifu(x, Ir9(x, Dx)<Dx> 2 v(x, Y')I u(x, y)I I<Dx> 2 Kw(x, y )lcbcdy dy '

1/2
"<-- ( f  114 (X, .012 dY') ( f  1r9(x, Dx)<Dx> 1/2 v(x, y')I 2 dy'

1/2 1/2
X (f1U(X, y)1 2 dy) ( f l < D 0 1 1 2 Kw(x, y)1 2 dy) d x

1
= Ti j 0(x) ( .1 Ir (x, DO<Dx >7 2 v(x, y')1 2 dy')

1/2
X ( .1 1<Dx > 1/2 Kw(X, y)12 dy) d x

A7/
1 110(x) I / 2 r9(X, Dx)<D0 1 /2 0 110("01 / 2 <px>I R KW11
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1 
{110(x) 1 1 2 r9(x, Dx)<Dx>2M 7202 ± 110(x) 1 1 2 <Dx>1 1 2 1 ( 1 4 2 1

1= 
2 M  

{Re(r9 (x, Dx ) * 0(x)r9(x, D x )<D x > 1 / 2 V, <D .0 112 v)

(0(x)<Dx >1 1 2  Kw, <Dx >1 1 2 KO} .

W e put

Ik(x, 1P(x, 2 e<>- . 2 .
W e  n o te  t h a t  0(x)rio(x, is t h e  sy m b o l o f th e  p r in c ip a l p a rt o f
r9 (x, Dx )* 0(x)r9(x,Dx ). Then w e have

u r 9 ( x , D x ) < D x > 1 1 2 v  dy' ,iii<Dx >' 1 2 Kw)

1 
2 M  

{Re(0(x)ri0(x, Dx )<Dx >1/2 v, <Dx >I /2 v)

+ (0(x)<D0 1/2 Kw, <Dx>1/2Kw)} C/VB,c11Kw112.

W e note the trivial inequality

Ø(x) s u p  Ik (x ,  )P(x, )12 % 0(x)rio(x, 4
( X 1 )  R2

Using the sharp Gdrding inequality we get

(.1';°u r9(x, D x )<D 0 1 1 2 v ,Ct<Dx >1 1 2 Kw)

1 
2 M  

{ 1 + sup k (x , )12} (0(X)<Dx> 1 1 2 KW, <Dx >1 1 2 KW)
( x , ) E 112

+ C/V1411KwIl 2

1
2M {1 +  s u p  Ik (x ,)P (x ,0  

2 }

 (0(x)<Dx> 1 1 2 Kw, <D>" 2 Kw)
(x,)eR 2

C  SUP I<Dx>1U(X, Y)12 dYB4KIIKW112 •xeR (3.8)

Substituting (3.7) and (3.8) in to  (3.5), w e obtain (3.3).

To prove Theorem  1.1, we prepare the following two lemmata.
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Lemma 3.2. Let m be an integer greater than or equal to 2. Then there exists
a constant C > 0  depending only on m such that

Ilfo(ti) +  E x y + IlaNly'f2(u)11 ClItili nfrov 2,+iiluilm, (3.9)
a+fi-<,m ct+fi-<..m
c c , t n - 1

11.6(u) f; (011 C(Ilullm + IlvIlm)2 11u vIlm (3.10)
j=0

f o r u,v e Hm, and

(3.12)

(3.13)

±GO +09

8 f1 (u) -  ( .1 0 1 7 1  u dy')u — (f u 1 d y ')u

+co +co
±  a ym  f2 (14) — 7E1 u dx' u — uOm+1U dx' u

Clull(m+1)/2]+111ullm (3.11)

f o r u Hm+I

Lemma 3.3. L et m be an  integer greater than o r equal to I + 1 .  Then we
have

(Krf
1- t i

f (t-iarFiu+ uaixn±it-i) dy'}u1,1CO'xn u)
y

1 (3 ± e4 m Ilu ll)(0(x)<D,> 112 KOTu,<Dx >112 1(01
x
n u)2M

+ c4 11u11;+111KaTull(IIKaTull +
+cc

(H . [ { (1-1037+1u d dy'}u],Hay
m u)

Y

1 
2 M  

(3 + e 4 m Ilu112)( (x)<Dy >112 He r
y

n u,<Dy >112 HOt
y

n u)

+ CB5H11140+ 1111 - 1 8 1 4 11(111 1 a'yn ull +

f o r any  u e Hm+1.

Proof  o f  L em m a 3.2. The Gagliardo-Nirenberg inequality (3.2) implies

Ilfo(u)M, (3.14)

Let a and 16  be non-negative integers satisfying a + m  a n d  a  m — 1. We
have
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f ,(u ) = g Tfl (u) g 2111 (u)

afJ =  - cd(g1 + c(2) )61 
gl!a2k(3! fii 1.13 21.fl3!(fi $3)±a2 - Ea3=a+ I fli - 0 2  4 3  =fl-I

X af, , ua Aa2 a f2fia u

g2 —
od(0„+OE2 ) 

1

(f+ co

11.0(21.0(3! Y
xa, u 2 dy')a 3 yfi u.

aj 4-a2-1-a3 =a+ I
ot3 a

In the same way as (3.14), we get

Ilgifi (u)11

Using the Schwarz inequality with respect to  y ',  w e have

cd(ai cx2 )
, !c,c2 !a3 !OE1+OE2 +OE3=OE+i

a 3  a

X  {f ( f la T  uI 2 dY1)(1 . 16 „1,214 12 dY2) (f la  af
j
3,u12 dy3) dx

C suP fl<Dx; DOR m +1 ) 1 2 1 u12

xeR

C lIt i ll m-F1)/21+11114 11w

Combining (3.15) and (3.16), we obtain

E Hax'afl
y fi(u)

2

Œ+fi<
Rm+1)121+111141

in
1171'

c m-i

In the same way, w e have

E [07+1)/2]+1111411ar
cx+fl- m
<m— 1

Summing up (3.14), (3.17) and (3.18), we obtain (3.9). Similarly we can get (3.10)
and (3.11).

Proof of  Lemma 3.3. Here we note the identities

u  =  ,K 'K axmu — a R o axinu. = aAK K aTu — a,R0 u,

where Ro = K' K— 1 e 2'(H 3 , L 2 ). Using (3.3), we obtain (3.12). Similarly we
get (3.13) b y  (3.4).

Now we obtain the estimates on the nonlinear term f (u ) in  order to prove
Theorem 1.2. Using the Gagliardo-Nirenberg inequality (3.2), w e have

(3.15)

(3.16)

(3.17)

(3.18)
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+ 0 - 1 I V A ! ' 112 (3.19)
a'+fir -= - 2

for u c H 2 n H0, 2 (see [2], [8] or [13] for instance). L et us introduce

Xm,n(t) =
Jj13: ti(t)11 ,

 m,n E Z+

a+fl
a' +fi'=n

for u E C[0, T]; Hin+" (1H"), where T  is a  positive  tim e. Here we remark some
commutation relations concerning J , and 4 , those are

[a, — + a,2,.),Jx ] = [a, — ( +q),Jy ] = o,

[J, J] = [8,,J ]= [ay , J,] = 0,[ a x ,JA ] = [ay , Jy ] = 1.

W e show the following two lemmata which correspond to Lemmata 3.2 and 3.3
respectively.

Lemma 3 .4 .  Let m  be an integer greater then or equal to 6. Then we have

E liaNiy3J."..Py8"fo(u(t))11
1 +11+2 ' 4 "  < In

5

+ E II (u(t)) II
a' +13' <5

a+a' <m-1
a' <4

IlaNP Ac7' ' 4 1 2 ( 14(t»11
a+13+1'4'<10

a'+#'<5
(3+,5" <m-1

2

0-2(Ex,,,_; _,,i (0) ;(0, (3.20)
4

E ./"fl (u(o)
, 
(u(t))Il

cc-ka'=In
5

11q4' f2(u(t)) (u(t))11
R+13 ' =10

11' <5

+ E ila,Œcaf,4ficuct»il
a+li <m-6

II a.N,fly 4.f2(u(t)) II
x-F/1<m-6

C(1 + 0 - 1  (  

O
 m — j-1,j(t) )  

2

m—j,j(t) (3.21)

j=0 1=0



)

.-i-i,i( t) 111((t)(67;fu(t))112

2
+ CBK (t) 4 (1 + t) - 1

j=0
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where

+00
(u) = ( 1 uft ( -1 )" ' u) di/14,

Y

+00
f 2

1616 ' (u) = (011+1 J uf,1 + (-1)fi' uafl+ 1 Jfi' u) dx' u.
Y Y Y Y

Lem m a 3.5. L e t m  b e  an  integer greater than o r equal to  max(/ + 1, 6).
Then we have

E IcK(ofr'(li(0),Kway'u(0)1
.+Œw n

1<  (3 + e 4mllu(0112

2M

x (0(t, x)<D 0 1 1 2 K (l)(a Y ,'u (0 ), <D 0 1 1 2u ( t ) ) , )

2
)m-j-i,j(t)+ CBK(t) 3 1V (t) (1 + ( 

j =0

x Ilic(t)(a'7: ,x'u(t))11

E I(H(t)fffl'(u(t)),H(t)af,Jf,'u(t))1
)6+ fl' = in

)0'

1 ( 3  + e4Mlu(t)II2
2M

(3.22)

X  NI(t , y)(D y >1 1 2 H (t)(0 1
)
3,J u (t)), <D y >1 1 2 H (t)(0 1;J  ' u (t)),)

+ CBH (t) 4 (1 + t) - 1

j=0

2

m - j - I , j ( t )  11H (t)(afJ )

13:U(0)11 2

2
CBH(t) 3 < ±  0 - 1  ( E  X f f l _i _i j ( t ) )

4

x11H(t)(apfu(t))11110Pru(011

5
Jr ( E  [0 , 7], u  E  n c ( [ 0, T]; Hm + 1 - " ) .

i=o

j=0

(3.23)
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Proof of  Lemma 3.4. Elementary calculus gives

E 11.a. al. 'x 'J ifl,'f€,(u(t))11
c,+fid-01'+K<In

01' +13' <5
4 5

C ( 1  ±  1 ) - 2  ( E  X,n _j _i j (t))

2

 Exm _j ,,(t) (3.24)
j =o j=0

(see  e .g ., [2 ] o r [8]). L et oc,fi, oc' and fi' be non-negative integers satisfying
a +13+  

a '  + 13' m ,  a' +13' < 5, a ± a' < m — 1 a n d  a' 4 .  W e  d e c o m p o s e
J 'J f f i (u) in to  tw o parts.

ax"0"36,J' J' (u )  = g  "' (u) + g 4' 6"' (u).

One is  a local nonlinear term and another is non- local, those are

g3
4 3 "' (u) = — E E

cti-Fa2 -1- c(3=ct cc;-koc.;+oc;=a'+1 fii +fi243=fi flç-1-)3 + f l= ,3 '-1

a! +  13! fi'! 
(  1 )X

kx2 !0(3! o(!aToT fl1V3 2!#3! fli!fizi !fl!()6 /  — f l)

x uax"' a.fiy 2 J.„°` x"3 f,3. 1 ))7u

al+0c2 -Ect3=a 1;+(x,;+(x;=cz' 13i -02+1334 - 1

fi! ( 1)12'
at1!cx2!/3! otil! 04 .!cq 13 1!fl2!)6 3!(fi fi3)

x  a"„' ef,2Jx°̀ uà,̀,3 a .Iy33 4' J3
1,3 ' u

+a2+ 013=a oc;;+ + Œ = '  0 2 - 0 3 — f l - 1

Œ! a '!(à lo c 21 ) )61 1( 0
ocl!ot2 !cx3! cel!cqx! fil!fi2!fl3!(fi fi3)

x 47.; I ua',',2af, , u a c,̀3 a,fly , ./x7 J f u

j-kG(2-rct3=c< +01;+01=Œ ' fli+16243 — fl— I

ad

o t t -

ce!(ocii +  a;) )61 (
!«2!ct3! ot'i!c4! 06! fii!fl2!)6 3!(fl ii3)

X  a i i r i a l l i f a H2 y  x  u y -f x - u p y i3 3 JŒ ill '„x y  X  y



• co + 0 - 2  (E
j=0 1=0

24

2

0 - 2  ( E i d ( t ) )
4

• +  
j= 0

m
—l i (

t ) • (3.28)
=0

j=0

2

)  5 (3.29)
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a! a f !(cc. +
g f œ'fl '(u)

.a2.(X3 *-2
I I ry'lrifl ty'l

-1- cx2+ 0(3= 0( ct; -1-a;+OE a'+I

( +00
X  ( - 1 )

2 i( 1  1+ axœl •Lva' ua,œ 2 J.:; u dy')0 .„.1 3 0y
, 3 4 ` J yfl'u.

 t)

Here we modified g f " '( u )  by using the null gauge condition (1.9). In the same
way as (3.24), we get

E mg3Œ"(u(r))11

Œ'

m — j , j ( t ) .

Using the Gagliardo-Nirenberg inequality (3.1), w e have

suplu(t, Y)12 dY C( 1
 + t ) '  E 110:.4u(t) 112 .

xeR a+/3... 1

Combining (3.26) and the same calculation as in (3.16), we get

E 1143 . "'"(u(())11
5

a + a '  in —  I
Œ' 4

C(1 + 0- 2 ( 
1 = 0  

m — /-1,j(t) )  

2
 

o
 In — j,j( t) (3.27)

Summing up (3.25) and (3.27), we obtain

E IlaxcYff'frf1(ti(t))11
a+,3+1'+13'

u'+ 13' 5

Œ' 4

(3.25)

(3.26)

Similarly we can get

110,°:0:,J'fff -2(u(t»li
a+ii-Fa'+)5"-tn

a '4 1 ...<, 5
/3+fl In —  I

• co + 0 - 2 (
j= 0
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Combining (3.24), (3.28) and (3.29), we obtain (3.20). T he  proof of (3.21) is
almost same as that of (3.20). Here we remark that we do not use the null gauge
condition (1.9) to get (3.21).

Proof  of  Lem m a 3.5. The proof of Lemma 3.5 is basically same as that of
Lemma 3.3. Of course, to get the time decay, we make use of the same technique
as in  the  proof o f Lemma 3.4.

4 .  Proof of Theorem 1.1

We prove Theorem 1.1  by th e  parabolic regularization a n d  th e  uniform
estimates which follow from Lemma 2.2. First we consider

at ue (i + 8)(0! + = f ( u )  in (0, co) x R 2 , (4.1)

ue(0,x, y ) = uo(x , y ) in R 2 , (4.2)

where e e ( 0 ,1 ] .  We remark that the initial data uo is independent of e e (0,1].
Since the elliptic term —e(0x

2 +  ô )  gains the regularity of order 1 and resolves the
loss o f derivatives, we obtain the local existence theorem for (4.1)—(4.2).

Lemma 4.1. L et m  be an  integer greater than o r equal to 2. For any  uo e
" , there ex ists a  tim e Te T ( 8 , 11u0112 ) > 0 such that the initial value problem

(4.1)—(4.2) possesses a  unique solution ue e C([0, 7 1 );1 1 ') . Moreover the mapping
uo u e  is continuous between the above spaces.

P ro o f  Let {  U t(t)}, 0 be a semigroup generated by the linear part of (4.1).
We consider the integral equation which is equivalent to (4.1)—(4.2)

u'(t) =  Ue(t)uo +  f U '(/ —  'Of (le (z)) dz.
. o

(4.3)

Using the smoothing property U 8 (t) and the nonlinear estimates (3.9) and (3.10),
we can prove Lemma 4.1. Here we om it the rigorous proof.

Secondly we prove the existence of a solution to (1.1)—(1.2) by the  uniform
estimates o n  f u e l e e ( 0 , 1 ] •  

M ore precisely we show that there exists a  time T  > 0
which is independent e E (0,1] such that fuel- 6E0,n  is bounded in  L '(0 , T; Tim ).
Let m  = / + 3 where / is the same integer as in §2, and let m be an integer greater
then o r equal to m l . We p u t M  = ae . We define

K e (t) = (t, x, Dr ), H P ( t )  =  ( t ,  y, Dy ),

(t, x, = exp (— 0'(t, x')

(t , y, Dy ) = exp(— f y ') dy'C<CY ' ) ,
. o
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60' (t, x) = M J u ( t ,x ,  y)12 dy,( t ,  y) = M  flu e (t, x, y)12  dx,

T = ô äu e ( t ) M ±  11K6 (t)O T  (OH + 1I118 (t) u(t) II.
Œ-F/3

Since the initial data  uo is independent of e e (0, 1], N„E,(0) is also independent of
e c (0,1] and  then w e denote them  by the  same notation N „,.  It follows from
simple calculation that there exists an  increasing function A( ) o n  [0, +oo) such
that

B ic ( t ) ,  BH , (0,13 'ç)e ,(t), B t

°
v (t), B (t), B,I

ps(t), 137)  (t), /3,;( 1(t)

A(1111 (011mi - 1) A (n ,(0 ).

W e put

=  { 0  T  <  1/2 —  

8C2(Nm, )3
N :„(t) < 2 Nni, , 0  t  <  T

where C2 is a positive constant appearing in the estimate (u) C 2 M u .  Lemma
4.1 shows Te* > O. B y  the  integral equation (4.3), w e have

Ilue (011 Iluoll + 0 11 f(u (r)) H

II uoll + C2 fo
l Ilue(r)II; dr

1 8 C 2 (N ) 3 <
2N/

for 0 t < T .
Fie

Here we note tha t the local well-posedness justifies the validity o f the  following
energy estimates. Let n be an  integer which ranges in mi n m .  Using (3.9),
we get

d
dt Ilaca,flyuE (t)11 22  E  IlaN.fly f(ue(t))11 IlaNi

fl,v(t))11

ClIti'(011n2-1N(t) 2 . (4.4)

The linear estimate (2.5) gives

d
a'ue (t)11

2—  4(yb' (t , x )<D x >1 1 2W O (t), <D0 1 1 2 1C (t) tiE (t))

+fi n Œ-i-fi n
fi a,fl,517-1

+C 
iue (011n2 -1N  (t) 2 + 2 Re(ICe (t)0',11 . (i ( t) ) , Kt ( t ) ) .  (4.5)
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Here we decompose x
n  f (14' (t)) in the last term of the right hand side of (4.5) as

f(u (t)) = g(u(t)) + ag(uE (t)),

g'51(1/ (t)) aoai
x

1 fo(ut  10) + ag`xl ,f2(ue  (0)
+00

+ a f r x
i f i (u (t)) - (etxfrElut(t)rie(t) +  ue(t)a -t-e (t))  d y ')u e (t)} ,

+cc
g (u (t ) )  =  a i{ ( f (a r i ue  (1 ) 14 ( 1 ) + ti 6 (t )a r i (t )) d Y ')u e  (0} •

Y

Using the nonlinear estimates (3.11) and (3.12), we have

2 Re(KE f (t)), K'(t) uE (t))

C u (t ) '(011,2,-I N:(0 2

a
+ —

m  
(3 + e4 m llu'll)(06 (t, x ) < D  0 1 1 2  1(6 (t)Oipe (t), <D 0 1 1 2  ICE (t) 11'(t)) (4.6)

Cllu e (t) e l
-IN :(t) 2

+  (3-e  
+ 1)(0 E (t, x)<D,> 1 1 2  IC' (t)Otu' (t), <D 0 1 1 2  Ke  (t) ue  (t))

fo r t E [0, T ,*) . Substituting (4.7) into (4.5), we get

(4.7)

d
dt

(t) u8 (0112

q u e ( t ) 1 1 ,N ( 0 2

-  3 (1  -  11 e)(tifiE (t, x)<D 0 1 1 2 K' (t)a u c (t), <D 0 1 1 2  KE (t)0x̀
l ue(t))

Cllue  1011 IN :(02 (4.8)

Similarly, using (2.6), (3.11) and (3.13), w e have

d
11H E (t)Or

y
i uT)11 2C l i u e  1011 1N102 (4.9)

dt

Summing up (4.4), (4.8) and (4.9), we obtain

d
—
d t

N (t ) Chu' 1011,22 -I N ( t )  for t E [0, T ,*) .

The Gronwall inequality implies

Nrci (t) A  exp (C II/4' 0111 -161T )
 f o r  t E [0, T,*). (4.10)

In particular, if n = n i l  and t =  T, , then the energy estimate (4.10) becomes 2
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exp(4C7:(Arm , )2). By the  definitiOn o f  T :, we obtain

T :  T  m in  
o g 2  l / 2 -  044)

> 0 .
4C(N, 7,)2 ' 8 C2(Nm, ) '

This m eans that f u l , E (0 , 1 ] is  b o u n d e d  in  L " (0 , T : H " ). U sing (4.10) succes-
sively, we show tha t futl e E  (0  is  b o u n d e d  in  I , ' (0, T; H m ) .  Then the standard
compactness arguments im ply  that there  exist a  subsequence fu 'I, E (0 , 1 ] a n d  u
L ' (0,T ; H i n )  such that

E  W *

U U  in L ' (0, T ; H m ) as e 0,

ue u  in  C([0, 7]; H IV ) ,  (5 > 0  as el O.

The second one of the above implies that u  satisfies (1.2). Since u  belongs to
L" (0 , H i n

)  and C([0, 7]; 111'0"c-
6), it is easy to see that u is also in  Cw([0, 7]; Hm).

To see u  is  a solution to  the  equation (1.1), w e have on ly  to  check

f 1 (uE) f f (u) in g '((0 , T) x  R2) as e j = 0,1,2. (4.11)

It is easy to see the case of f  = 0 in (4.11). Here we show the cases of f  = 1. For
this purpose, we introduce some classes of finite Radon measures a s  follows.

,.1g) C o((0  , T ) x R 2 ) equipped with .4 ° norm,

{y(t,x, y) E .4 ° ((0 , T) x R 2 ) ]R  > 0, ]w(t, x) E C0 ((0, T) x  (-R , + R )) s . t .

supp[y] c (0, T) x  (-R ,+R ) x  (-R ,+oo), v (t, x , y ) = w (t,x ) for y >  R I

equipped with .4 ° norm,

.41 and d i deno te  the topological dual of and  4° respectively. Clearly 4,13
a n d  4° a r e  separable a n d  not complete. c  4° implies H .  The
properties o f 4 -  a re  th e  following.

Lemma 4.2. We assume that p  a n d  y  belong to a n d  that p  = y  in
'((0, T) x R 2 ). Then p = y in

P r o o f  Lemma 4.2 is well known if we replace 4 -  by L1lo c ((0, T) x R 2 ) .  Since
g  is dense in .4 (

c;, p -= y  in  g '  implies p = y  in H . It is  en o u g h  to  co n sid e r  the
case of p, y 0  and  to prove

<p -  v , v> = 0 for any y G , y  0. (4.12)

L e t  {yn }n , 1 b e  a  sequence o f  functions belonging to  Co(R) a n d  satisfying
1 y, ?„, 0  and

{ 1 (IYI
Y „(Y)

0  a il n+ 1) •
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Clearly, yn (y )v (t. x , y ) is  in  ,4 ,(0) and

0•-•ç, y i (y)v(t, x , y) y2 (y)v(t, x , y) •-<„ • • • y„(y )v (t,x , y) • • • —+ v(t, x, y)

for any vE.4 1
c
), satisfying u O . H ere  w e  note that we can see p  and y as positive

finite measures on B orel sets of (0, T ) x  R 2 . T h e n  p  = v  in  4  means

.1y , ( y ) v ( t ,  x ,  y) dp = y ,(y )v (t, x , y) dv
(0, n x R 2( 0 , T ) x R 2

for a ll n E N . U sing th e  Beppo-Levi theorem, we obtain (4.12).

Now we return to the  proof o f (4.11). Clearly

21 / 4 1 2  in g'((0, T ) x R 2 ) as e 0

and 1/412 e Since flu 8 12 1„ (0 ,1 ] is bounded in 4  and :4° is a  separable normed
vector space, there exist a  subsequence flul

114'1 v± '+  p  in 4  as O. e

9 '  yields p =I/412 i n  g ' .  Then Lemma 4.2 implies

W+ in .a s  e O. (4.13)

Let a(t, x , y ) belong to g((0, T ) x R 2 ). Using the  Fubini theorem and the
integration by parts with respect to x , We have

<fi (V ) —  (u), a> =  F le(a) +

F 1 (oc) = r T  f r Ecc a x lu'(t, x, y')1 2 dy'
O 12 Jy

x (u'(t, x, y) — u(t, x , y ))a(t,x , y )dxdydt,

F2'. (a) = y')1 2 — y')12)v(t, x, y'; a)dxdy' dt,
o R2

V (t, x , y '; a) = u(t, x , y )a(t, x , y )dy  e 4°.

It is easy to  see F ie(oc) —> 0 a s  e j ,
 O. It fo llo w s th a t P- (1) —> 0  a s  e 1, 0  from

(4.13). Then we have finished proving the case of j  = 1  in  (4 .11). Similarly we
can show the case of j  = 2 in (4.11). This completes the proof of the existence of
a solution to  (1.1)—(1.2).

The uniqueness of the solution can be proved by the same energy method as
above. M ore precisely, le t u, V E Lce (0, T; H '')  b e  solutions to  (1.1)—(1.2). We
note the identity

ax tdi + uax 1-4 — ax ve — va.,() 3(u — + 3v(u — + tiax (u — +  (u —

21,E(0,1] and p e .41- such that



= M

= M

x') dx'

  

aflu(t,x', y)1 2 dydx'
0 -c o

OW / + uat a)dydx '
- c cJO

X j + co
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Then, we define the symbol of the transformations 0,(u -  y) 1-* K(t)&(u - u) and
Oy (u -  H (t)0y (u - y) by using u and we evaluate 11 u - LC .  These procedure
imply the uniqueness of the solution. This completes the proof of Theorem 1.1.

5. Proof of Theorem 1.2

Finally we prove Theorem 1.2 by the a priori estimates. We take m2 c N  as
rn2 = max(/ + 4, 6) ml +  1 .  In view of Theorem 1.1, we have only to obtain the
a priori estimate o f  ilu(t)lim ,-1 (< 1/2fue). In  th e  same way a s  §4, we define
K(t), H(t), BK (t) and etc. W e d en o te  Y(t) by

Y(t) , f l 2_1_i ,i (t) + ( 1 +  0 - ' 12 x,„2_6,5(t)
j=0

4
+

;= .
E IlaNfA,!jfu(t)11

1 +P=m2 - i

cc-Fa',13+fi'.1112-1

+ (1 + 0 -1 1 2 ( IIK (007 u(t)11

We suppose

11+13=n12
/3' 5 ) .

1111 (t)a , , ', . .eu(011 

s u p  Y(t) R  for some T >  0,
te  [0,T)

where R > 0  is smaller that 1/2 N/ c .  Using the  equation (1.1), W e have

, + .

J, • 2 2{q v + ay  )tlfi — i tq a ,2c( f  (u)u + f (u)u)}dydx'= M

cc

2M sup (aA-1414 —  tiaji)dy + 2M11 f (u(t))1111u(011
x e R  -co

+ 2_;,i(t )2 (1 +  u( t)112 )
j=0

t r i Y ( t ) 2 .
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Here we used the same technique as in (3.20). This means that the transformation
K (t)u(t) d o e s  n o t b r in g  a b o u t th e  lo ss  o f  time-decay because of the

structural nice property of 0(t, x ) .  This was first pointed out by S. Katayama and
Y . Tsutsumi ([8]). Similarly we have

BK (t), BH(t), 13(t), B (t)C ,

13(
1,5(t), A p (t), B` (t), B 'fr°  (t) CR 2 (1  + tr i

By the assumption, the nonlinear estimates (3.20), (3.21), (3.22) and (3.23) become

E Ila;̀,aly) J f (u(t))11 CR 3 (1 ± t)_3/2,( 5 . 1 )
a+fl-Fa'+//' < m2

a' j3 ' 5
a+a% V P ' <, m2 -1

Œ',/J'

E  IlioN,y3J.,51(u(0)11-FilaNf,4f(u(0)11} cR30 +0-72, (5.2)
1-'43 < m2 —6

E 11(K(oacxW' f (u(t)), K (t)a'X ' u(t))11

a' <5

CR 4 + 1  (1 +2 e

(0(t, x)<Dx> I I 2  K(f)a; u(t), <D x >112 K(t)(YX  u ( 0 ) ,  (5.3)
a-Fa'=m2

a' 5

E 11(H(t)af:Jrf(u()),H(t)(3 ,y6fru(0)11 (5.4)
fl+fi'=m2

fr < 5

CR 4 + (1 + —3)
2 e

(t, y)<D,,> 1 12 H (t) ,1 u(t), <D  0 112 H u(t)). (5.5)
/3-1-/V =m2

5

Using (2.5), (2.6), (5.3) and  (5.5), we get

dd t  (
Œ4- ' m2

a' 5

11K(t)(3./ .;[ti(t)11 2 I l i i ( t ) a f , J f : U ( t ) 1 1 2 CR4.

fl+/3 '=m2
5

Integrating with respect to  t ,  we have
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(1 + 0- 1 1 2
( 1111(t)aflJfl'u (t)11IIK(t).0J;:'14(t)11 Y Y

ot-i-ct' =m2 13+13' =m2

CO ± R 2 ). (5.6)

Œ' 5

On the other hand, by  the energy estimate with (5.1) and (5.2), we get

c(5+ R 3 ),
ft+ce' +IT M 2

(5.7)

5
a+a',)3+fi'.. m 2 - 1

(1 + t) _ 1 1 2E cliam 3,./xsucoll + 110, 4Jy5u(t)11) +  R 3
 )  . (5.8)

ot-Efl m2 —6

Summing up (5.6), (5.7) and (5.8), we obtain

sup Y (t) ± R 2 ).
t e [0,T)

Let R1 be  a positive small constant satisfying CRf R 1/4 . W e  c a n  ta k e  R  as
R  R I . T h e n  w e  have

sup Y(t)
rE [o,T)

provided that (5 is sufficiently small. This completes the proof of Theorem 1.2.
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