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Abstract

In this paper we consider the structure, in  particular the singularities, of solutions of
singular Cauchy problem for the following operator L  with holomorphic coefficients in the
neighbourhood of the  origin o f  C 2 under some conditions

L  =  D  -  ( AT bt 2 )D  - a(t, x )D , - c(t, x )D ,, - d  (t , x ).

W e construct its solution by so-called asymptotic expansion m ethod a n d  study its
structure by  the monodromy theory o f the  hypergeometric function.

1. Introduction and Results

We consider non-characteristic Cauchy problem with singular Cauchy data for
a  linear partial differential equation with holomorphic coefficients in the complex
domain.

This problem has been investigated by Y. Hamada, J . Leray, C. Wagschal
[H.L.W.11, G. Nakamura [H.N.1], D . Shiltz, J. Vaillant [S.V.W.1], T. Kobayashi
[Ko.1], J .  Perrson [P .1], E . L eichtnam  [L .1] a n d  m any  au tho rs  f o r  various
c a se s . W e can find detail in  th e  bibliography of the  book b y  B . Stemin & V.
Shatalov [S.S.1]. This problem for the most general operator is difficult. I n  this
p ap e r w e  trea t a  lim ited  c lass o f  opera to rs tha t a re  re la te d  to  th e  radially
symmetric operator and Gauss's hypergeometric functions, whose monodromy
theory w ill clarify th e  ramification around th e  characteristic surfaces and the
singularities, the structure of the solution o f our problem.

W e consider singular Cauchy problem fo r the  following operator L  in the
neighbourhood Q of the  origin o f  C 2 w ith  the coordinate (t, x).

L  = D r
2 —  (x + ht 2 ).0 — a(t, x)D, — c(t, x)D v — d(t, x)

where a(t, x ), c(t, x ) and d(t, x ) are holomorphic functions in Q .  W e  impose the
next condition (c) on the coefficient c(t,
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Condition (c): c (0 , x ) =  c  where c  is  a constant.

So w e can rewrite c(t, x) =  c + tC(t, x) and

L = P, — tC(t, x)D x — a(t, x)D, — d(t, x)

where P, = Do —  (x + bt 2 )1: —  cD„ and b  and c  are complex numbers.
Now we study the following Cauchy problem

Lu(t , x) = 0  with the initial data
{

u(0, x) = w (x) f„(x)

u,(0, x) = W 2(X )f(X )

where 111(x) and w 2 (x) are holomorphic functions in  Qn It = 01 and

x"
f ( x )  =  

F ( a +  1 )  
which are so-called wave forms.

T h is  opera to r Pc w a s  s t u d ie d  b y  V . G u ille m in  a n d  D . Schaeffer in
[G .S .11. W hen b = 0 , one can find it in [U.2, 3 1.

A s for the  singular Cauchy problem, we a re  interested in  where the  singu-
larities of the solutions appear and what kinds of singularities the solutions have.
The former problem is concerned with the homogeneous part of the highest order
o f  L .  In  case of this operator, its characteristic surfaces determined by Po are
composed o f two curves K±- where

K +  = { (t, x ); = 0} ; = x  —  (1 + D)t 2

= {(t, x); 0}; = x —  (1 —  D)t 2

D = + 16b: Re(D) > O.

K ±  a re  th e  characteristic surfaces issuing from th e  origin a n d  their union we
denote by K .  When b = D  =  +  16b = 0, that is, = î i .  W e  do not treat
this case b = _t in this paper. The la tter problem is concerned not only with the
principal part, but also with the adequate lower order term , tha t is, 1) and c  in
particular in  this operator.

We introduce the auxiliary functions U„' (t, x )  and 17 (t, x) as the solution of
the following Cauchy problem respectively

PCUD =  0 with the initial data 1./,̀  (0, x) = ( x )  a n d  D U ( O x )  =  0

PCV. =  0 with the initial data (0 , x ) =  0  a n d  D,17 ,̀ : (0, x ) = L (x ).

W e remark that the next explicit representations o f  U,(t, x )  a n d  V,(t, x) are
able to be verified.

F ( 1 1 1I \  a +c - 1  1  \
t j ( I ' x ) =  r(a + i) 2 '4 D) D

3 11 )  a+ c — I 3  )=  ( c ) c ± o c ,  4 1 + D  + where z =  1 —  .
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We suppose some condition on complex parameters oc, b , c. W e put Qi +  =
{q E  Q : q  > 1} where Q  is  the  se t o f all rational numbers.

Condition (b): D = + 16b 0 Qi + a n d  D  0 0 (b

W e denote the  se t o f all integers by Z.

Condition (a, b, c.): 1 + 1  + 1  (  ot _
3  +  c )  Z  a n d4  -  D 4

3 1 ( 1
+ -  +  -  a -  -+  c )  Z

4  -  D 4

Theorem . Under Condition (b), (c) and  (a, b, c .) , in  the  sufficiently small
neighbourhood co of  the  origin o f  C2 , th is Cauchy problem  has a unique holo-
m orphic solution on the universal covering space 1 - (Z over co - K .  M ore precisely
speaking, the solution is expressed by

tl( t , = E r= 0  2 — a k -0  Ur ,k  (t, x)U7,k +
1
1 (t, x) + g,k(t, x)D I U:+

-
r
k  (t, x)

± V r , k (t , X ) ( t  X ) ±  hr ,k(i, X) D, V:Zr
k  (t, x)}

where tir ,k , gr ,k , V r,k  and h r ,k  are holomorphic functions on co.

Remark. When Cauchy data has pole on the origin in the initial surface, we
also obtain a unique holomorphic solution on J  b y  the derivation of u(t. x) with
respect to a and restriction of a on the integer. In this case, Condition (a, b, c.) is
reduced to the  following Condition (b, c),

Condition (b, c): c  D  ( Z  + + (Z  +!-4).

Corollary. Under Condition (b) and Condition (b, c.), in the sufficiently small
neighbourhood co of  the origin of  C2 , this Cauchy problem  L  u(t,x ) = 0 with initial
d ata u (0 ,x )= wi(x)k_,(x) a n d  u,(0,x) = w2(x)k_i(x) has a unique holomorphic
solution on the universal covering space R over co - K .  More precisely speaking the
solution is expressed by

u(t ,x ) =
I 

Z—ak—Oitir,k(t, X)X pt —
i
k + 1  ( t , X ) ±  fi r ,k (t, X )U ef i

k ± i (t, X )

▪ gr , k (t, X )Di Xr
c

 — i
k + 1  ( ± ( t, X)Dt U;' — i

k +  I ( t, X)

▪ Vr , k (t, X )Y r"— k+1 ( I  
x )

 + X)Vrci-i
k + 1  (t, X )

+ h r ,k(t, x)D, y r ik + I ( t ,  x ) /4, k (t, x ) D ,  v re-ik+I ( t ,  x ) }

where Ur,k, gr,k,Vr,k, hr,k and Ei r,k , g ilr ,k  are holomorphic functions on co and I
is  the highest degree of  the poles o f  the initial data and

x ) = (t, x), (t, x) = (t , k ,(t, x ) = x).

We note AÇc(t,x) a n d  Y,c(t,x) satisfy the Cauchy problem 13 ,. (t , x) = 0 with



4 Jiichiroh Urahe

the initial data  X (0 , x ) =  k ( x )  a n d  D,X ,,c(0,x) = 0  a n d  Pex )  =  0  with
th e  initial d a ta  YOE' (0, x) 0  a n d  D, Y:(0, x) = k ( x )  respectively, a n d  k ,(x )=

+11!(-1)" - I x  for a  =  —1, - 2 .....
Note that without Condition (b) and (a, b, c) w e can treat this problem . In

this case so-called degenerate case we need something else. Here we only propose
one example in  Appendix.

For the proof of this theorem, we construct the formal solution of this Cauchy
problem in  the  above expansion form and  then confirm the convergence of the
form al so lu tion . T h is theorem shows th a t th e  singularities of the solution are
reduced to the singularities of the auxiliary functions which are to be studied in
Appendix in detail. T o  construc t the formal solution, first we are to prepare some
calculations and properties of the operator and auxiliary functions with which we
start in  the  next section.

2. Auxiliary Functions

To prove our theorem , we need the simple relations among these auxiliary
functions Ua,̀ (t, x) a n d  17 (t, x) and their derivatives, which we describe now and
their precise properties about singularities and ramifications are to  be  found  in
Appendix.

Proposition 1. Let r,k  he integers non-negative.
(1) D,,f,,(x)= f „ 1  ( x ) ,  x f„(x ) = (c( + 1) f;+ (x), D .rk(x) =  k.— i (x).
(2) P,(D,(1;47,() =2btU ò 7,k +,2 —kD,1_1 17,k + ,1 , P,(D ,V ak )=2bt (±22—kDiV;*471.
(3) P ( D U ) P ,( D ,V ) =
(4) P ,( tU ,) =2 D ,U , P ,( tV ) =2 D ,V .
(5) P ,( x U ) = — 2(x + bt 2 )D, ( l à , P ,( x V ) = — 2(x + bt 2 )D., V .

(6) P,( tD ,U )=2 .0 ?2 U,' +2bt 2 D U ,, P,( tD ,1 7 )=2 .1 ){ 7 +2 b t2 D 2 V .
(7) P,(x D ,I.1) = — (x+217t 2 )D2,1_1, — ctDxV :: — (x+2bt 2 )1 2 17,̀

W e can easily obtain this proposition from the definitions o f these auxiliary
functions. So w e om it their proofs. A dding tw o relations (5) and (6), we have
the  next proposition.

Proposition 2.
(1) (tD,±2xD,)(1,": = 2a (1,̀,
(2) (tD,H-2xD x )17 ,,̀  = (2a + 1) Va,"
(3) D x t l . = Dx17;:

(1) says that U (t, x) is the partially weighted homogeneous function of degree
2a, tha t is, (t, x ) satisfies the identity W(A 2 t, .1,x) = ; 2 7  W (t, X ). (2) says that

x) is the partially weighted homogeneous function of degree 2a + 1, that is,
‘.x) satisfies the identity w ( 2 21.,Â x ) 2 2 1 w ( i ,  x) This fact suggests us that

we m ay seek the explicit representations o f  th e  auxiliary functions a s  th e  form
tr

L I(1,x ) = 
r ( c t

"
+ 1 )

U ( z )  a n d  1/,`,(t,x) =
 1 ( 7

-
± 1 )

1/(z ), a n d  then actually  w e



Proposition 3.
(1) x U:+

1
1 =  ( . . / .  -  -t D,U,':

2
(a  + -  -t  D, V c

2 Œ 2 '
(2) ici7"+ 17-1  -
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reach the  hyper-geometric equations o f  U (z ) a n d  respectively V ( z ) .  (3 ) is  the
most important relations.

For the proof of (1), it is enough to verify that W (t,x ) =  (ID, + 2xD,)U,c(t. x)
satisfies the  C auchy  problem  Pe W  = 0  w ith  the initial conditions W (0, x) =
2Œ f(x) and  D, W(0, x) = O. F o r  th e  proof o f (2 ), it is enough to  verify  that
W (t,x ) =  (ID , + 2xD x ) V (t, x )  satisfies the Cauchy problems Pe W  = 0  w ith  the
initial conditions W (0, x) = 0 and D i W  (0, x) = (2 a  +  1 )f ,(x ) . F o r the  proof of
(3), it  is  e n o u g h  to  v e r ify  th a t Lox I I ( t ,  x )  a n d  D , x )  satisfy respectively
the Cauchy problem [Dx (Pc (U ))] = P c + I (Dx =  0  w i t h  the initial conditions
Dx (1(0 , x ) = f 1 (x) a n d  D,(D,L  c̀ i (0, x)) = 0, a n d  t h e  C a u c h y  problem
[Dx (Pc (V „e))1 = P+1(DV ) = 0  w ith  th e  initial conditions D,17 ,,c (0, x ) = 0  and
D,(D x V0,` (0, x)) = _ 1 (x).

2b c+2 a + c -
(3) xDitIc+11 3 1 t LI ( +

I
I +  a 1 D ,U `  -u t D ,U e +1

2 t- - 2 2 2 ' 4 '- I

(4) x D ,1 /1 -
b  

t3 17 '2
1  +  2 ( o c  +  c  -  1 )  

t17
 0,1+1

1 +  ID , V ' +

2  

D,U 1
1 .

2 ' 4 ' 4

For the proof of (1) and (2), we rewrite (1) and (2) in Proposition 2 using (3)
in  P roposition  2 . By differentiating (1) and  (2) w ith respect t  a n d  using these
relations, we obtain (3) and (4).

3. Construction of the solution

In  this section we construct the solution of this Cauchy problem, that is, we
determine all holomorphic coefficients ur ,k(t, x ), gr,k (t, x ),v r,k (t, x )  a n d  hr. k(t,x).

To verify  that the  series represents its solution, we substitute the  series in
Lu = 0  a n d  using the previous propositions w e have

E x,
Lu =

k 0
R bt2 + 2bt)g,. + 1,k4.1 - ( M + k)u,.+ 1 ,/,± 1r = 0  Z - d =

+ r + c - k  - 1)A g + (L  - 2(a + r - 1)D ,)14,k ]

+ [-  ( -
2

A + + k 1 )g r+ 1 ,k + 1 Atir+1,k+1

1
+  (L  - 2 (a  + r -

▪ [(bt 2 A  2 b 1 ) /Ar+1,k+1 ( M k)Vr+1,k+1

+ (a  +  r + C -  k  -  -
2

)A h
r '

k (L — 2 (  +  r -  - ) D y )v,. k] Ve- k + ,1
2

e-k+1
r-1
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+[— (—
t

A ± M ± k + i ) 1ar+1,k+1 + AV rd-1 ,k+12

(L  -  2(a + r)D ,)h r ,k] D t V,̀ -
r
k

w here A = 2D t tD ,  -  a ( t ,  x )  and  M  = 2bt2 D , +  te (t, x ). O n the other hand,
from  the initial data in the similar way we have

E  r
u (0 , x) = =o= E r k_o[U r,k(0, X) hr_i,k(0, X)} f (X )  =

c o  x --,r
D i tt(0, x) =

r = 0 k — 0
[V r k (0 , X )  + D t ur , k  (0  X)

+ (a + r c  -  k ) g r ,k(0, x) D t hr _ i ,k(0, x)]fOE+ r _ i (x)

=  11'2(x) (x).

Setting the coefficients of L/,̀ :H7,./(+
1
1,  D t Ucc,';, /,̀ , 1/,`:;rk +

1
1 , D t V 1 !  and

 f + r — i
 equal

to  zero, we obtain the recursion formulae for U r,k, gr,k , h r,k :

AtIr+1,k--1
t

A M (k 1 ) a
2

1
=  - ( L  - 2(ot +  r  -  - )D , ) g r  k2 '

—  (M + k)ur+i,k+i + (bt 2 A + 2bOgr+1,k+1

=  - ( L  -  2 ( a  r - 1 )D ,)u r ,k  - (a r - k  - 1 )A g r ,k

Avr+1,k+1 ( -
2

A  +  M  ( k  1 )  I,)- 1r+1,k+1

- ( L  -  2(a + r)D x )hr ,k

-  (M + k)vr-Fi,k+i + (bt 2 A + 2 bt)br-Fi,k+1

11
-  2 ( c x  +  r  i )D ‘ ) v r , k  -  ( c x  r  r  - k

2

where A =  2D, + tD , - a (t, x ) and M  = 2bt2t - e ( t ,  x ) .

k=0 [t r ,k(0, x) x ) ]  =  W 1  (X )  (for r = 1),

Ek
r
 0  [Ur , k (0 , X )  ±  hr--] , k (0 x)] = 0 (otherwise).

0 [1,
r , k (0 , X )  ± p it  tr , k (0 , X)

+  (a + r  +  -  k )g r ,k (0 , x) D  r _  k  (0  X)] =  2 ( x )  (for r = 1).

0'[v. k  (0  X )  +  D 1ti r ,k(0 , X)k=

+  (a +  r -  k)gr,k(0, x) + (0, x)] = 0  (otherwise).

(E.1)

(E.2)
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We remark that these first order systems for ur+ 1,k+ 1, gr+ 1,k+ 1 and for vr+i,k+ 1,

hr+1,k+1 are composed o f the  first order systems o f the  same form

(bt 2 A + 2bt)g — (M + k)u = F(t, x) (F)

—
t

A + M  + (k  + 1)) g + Au = G(t, x)
2 (G)

where F(t, x ) a n d  G(t , x) are  holomorphic functions in  a  neighbourhood of the
origin o f  C2 a n d  in  particular when k  = 0 , F(t, x) O.

We note that this first order system (F) and (G) of the case k  = 0  is slightly
different from this system of the case k  > O. B y  a d d in g  (F) to  2bt x  (G ), we get

(bt 2 A + 2fit)g — (M + k )u  = F( t , x )  (F)

(2btA — M —  k)u —  2b1(M + k)g = F(t, x) + 2bt G(t , x)

that is

t(2btD,+bt 2 D, —  bta(t x)+2b)g —  (t(2btD„+J(t, x))+k)u= F (t , x)

(t(4bD,-2ba(t, x)— x))—k)u— 446 2 t2 D ,±2btJ(t, x )+2bk )g = F(t, x )+2btG(t )

A t first we study this first order recurrence system for k  = O. In  particular
when k  = 0 , w e can rewrite above system in  the  following form

(2tD, + t 2 —  ta(t , x ) + 2)g —  (2tD  + l u  =  0

(4D, — 2a(t, x) 
J ( t  x )

) u  ( 4 b t 2+ 2 tJ(t, x ))g  = 2 G (t, x )

with the initial data u(0, x) given.
This is  Fuchian system of first order, that we can solve in the routine way,

using the method of indetermined coefficients due to  F u c h s . There exist unique
holomorphic solutions u(t, x )  and  g(t, x ) o f this Fuchsian Cauchy problem.

Secondly we study this first order recurrence system for k  > O. W h e n  k >  0,
we note that for the solvability of this first order system of u(t, x ) and g(t, x), the
following condition is necessary:

— ku(0, x) = F(0. x).

W e shall use the next notation

Rf (t, x) [Rf }(t, x)
1

 ( f (t, x) — f (O. x)).

Now we apply this necessary condition to ( E.1) and (E .2) and then we can
rewrite this necessary condition in the following form: for k  > 0
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(I.D.1) — kur+i,k+1 (0, x)

=  (—(L — 2(a + r — — ( + r + c —  k —  1)A g,, k )L 0

(I.D.2) — kv,(1,/,+1 (0, x)

=  ( — (L — 2(ot +r--1 )D ,v r,k — (a + r + e — k —
DAhr.k)LO•

So ur + i ,k+ I (0 ,x )  and  vr+i.k+I(0,x) are determined by t i r , k ,  g r , k  and  vr .k , hr.k
respectively. then (E .1 ) and  (E .2) become

1 k 1
(t A + 2)g —  (—

b t
M + —

b
R)u = —

b
R F(t

'
x)

Au —
t

A + M  + (k  + 1))g = G(t, x )
2

where F(t ,x )  a n d  G(t, x ) are  holomorphic functions in  a  neighbourhood of the
origin o f  C 2 a n d  A = 2D 1 + tD, —  a(t,x ) and  M  =  t(2btD, + "e).

We can solve this first order system under the Condition (b), that is, Poincare
condition for th is  system . In  fact w e se t u =E r' 0 u1 (x ) t ' and  g  -=, E 7  0 g1 (x)f '
and other functions into the similar Taylor expansion form, and then we substitute
these series into the  corresponding place in  this system respectively. After the
calculation setting the coefficients of tj equal to zero, we obtain recursion formulae
to determinate the coefficients u 1 (x ) and g 1 (x ) inductively. These recursion for-
m ulae a re  first order linear system  for u 1( x )  and g 1 (x )  whose determinant is

b —  b( j, k) w here b( j, k) =

k ( k  +  1  +  j )  
I f  b b ( j ,  k ) ,  w e can determ ine all

4 (j+  1 ) 2

coefficients u 3 (x )  and g 1(x )  inductively. This condition b b(j , k ), is equal to

1 + 16b 1 + 16b(j,k ) = 
( 2 k  +  j  +

21

)2  

B y th e  definition D = V 16b +  1 , this is
+  1 )

2k
equal to the condition D 0 1 +  .

2 k  

for all non-negative integers j . k .   can
J + 1j  +  1

be any non-negative rational number and so Poincare condition b b ( j . k )  is equal
Condition (b). N am ely  under Condition ( b )  the re  ex ist unique holomorphic
solutions u(t,x ) and  g(t, x ) in  the  neighbourhood of the  origin o f  C 2 .

B y  th e s e  f a c ts  ho lom orph ic  coefficients g r ,k ( f  x ) 1 g r ,k ( t ,  X ),  V r , k (t , X )  and
11, k (t , X )  can be determined inductively.

In  fact first step: u0 .0 (0, x) is determined from the relation of (I .D .u )  and
initial data w 1 (x) a n d  w ith  th is u0,0(0, x) as the  in itia l da ta  w e can solve the
Cauchy problem  o f  th e  f irs t o rde r F u ch sian  system  (E .1 )  f o r  u0 .0 (1, x )  and
go ,o (t,x). and then we can determine 1,0 (0 ,x )  from the relation of (I. D .v) and
initial data it5(x), 0 ( t, x ) ,  go.o(t,x ) and  using this v0,0(0, x) as the initial data
we can solve the Cauchy problem o f the  first order Fuchsian system (E .2) for
vo ,o ( t ,x )  a n d  ho ,o (t,x ). T hus w e can  de term ine  th e  holom orphic coefficients
{ /1 0 .0 ( t , x) , goo(/, x), vo,o(t, x), ho. o (I, -01.



Singular Cauchy problem 9

Second step: f i r s t  w e  suppose all holomorphic coefficients Ur,k , gr,k , V r,k  and
hr,k(0 < r < R, 0 <  k  < K )  a re  determined, a n d  then  w e can  so lve  the Cauchy
problems o f  th e  first o rder Fuchsian  systems (E .1 )  a n d  (E .2 )  fo r  uR-ri.k(t.x).

gRA-1,k(t,x) (1 < k  < K +  1 )  and V R+1,1,(t, X ) ,
 h R + 1 , I t ( t ,  X )  (1  <  k  < K +  1 ) with the

corresponding initial data (I.D .1) and (I.D .2) respectively, and so we can restrict
these holom orphic coefficients on the initial surface It =  0 1  a n d  then we can
determine uR+1.0(0,x) from the relation (I.D .u) and using this uR±i,o(0.x) as the
initial data we can solve the  first order Fuchsian Cauchy problem o f  (E .1) for
uR + 1 ,0 ( t , x )  and  gR +1,o(t,x). W e can restrict t i R ± i , o ( t , x )  a n d  g R + 1,0(t, x) on the
initial surface { t =  0 ) , and using this uR+ 1 j)(0,x) and gR+ 1,0(0,x) we can determine
vR±],o(0,x), which we use as the initial data for the first order Fuchsian Cauchy
problem of (E.1) for 1, R + 1,0 (t,x) and we can solve it. Finally due to mathematical
induction we can determine all holomorphic coefficients Ur , k (t , x), k  ( t  X ), V ,. k (t , X )

and hr ,k (t ,x ) (0  <  r  <  R  1,0 <  k  < K  + 1). We shall prove these holomorphic
coefficients Ur , k  (t, x), g,, k (t, X ), V , k (I ,  X )  a n d  14., k  (t, X )  h a v e  a  com m on existence
domain and suitable estimates in  that domain, which lead the convergence of the
expansion of the series o f the  formal solution in the next section.

4 .  Convergence of the formal series

For the method of the majoration, we introduce families of the scale functions
(qA (t, x )  a s  follows

(pt)'
i= (V 2(R  —  x))i ± 1

(t, x) = x)

= 0(j + 1)(j + 3) • • • (j + 1)(2(R _ x vi+214-1)/(-2) ( p o i

for ixl<R, Ipt12<12(R — x)I

We put R[f (t, x)] = t -
1 (f  (t, x) — .f (0, x). The following propositions can be

easily verified. See [U.1].

Proposition 0. {( (t, x )}  have following properties.
(1) D,O, » pt0„f l

(2) 1 ) (bOE » P2y+1
(3) » p 2 t2 0-E2
(4) (tD, + 1 )01+1 » D , , R [D r(b]. f ;1

(5) 8p(tD, + 1)(5+ 2  »  D N R [ D ]
(6) 20, 1_1 (0, x) » D ,(0, x)
(7) 41)0 , ± 1  (0, x) » (0, x)

1 1

(8) > 1, R < 1, R" R '>  R
( R '  —  x ) ( R "  —  t )

D «  
( R '  —  R ) ( R "  —  R )

D
i
k

0(t, x) = (V 2(R —  x) — pt)'
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The majoration method applied to the proof of the convergence of the formal
solution is based on  the  next proposition

Proposition (M.R.) Under Condition (b) for the Cauchy  problem

(tA  + 2)g —  (1 M + —lc R ) u =  1 RF(t, x)
bt b b

A u —  (-
2

A  + M + (k  + 1))g = G(t,x) with the initial data u(0,x) = uo(x),

where A  =2D, + tD„ —  a(t, x), M = 2bt2D, + tE(t,x ) and a(t, x ), (t, x), F(t, x ) and
G(t,x) are holomorphic functions in a neighbourhood of  the origin of  C 2. there exist
unique holotnorphic solutions u(t, x) and g(t,x) in the neighbourhood of the origin.
M oreover assum ing a(t, x ) « q(t , x ), e.(t, x ) «  x ) , F ( t ,  x )  «  i" ( t ,  x ) , G ( t , x )  «
G(t,x ) and uo (x )«  io (x ) , w e can v erif y  that u(t,x ) «h(t,x ) and g(t, x ) « g(t,x ) if
f l(t,x ) and g(t,x ) satisfy

41, x) k 1
(2tD, + 2)g(t, x )» (tD„ + a(t, x ))g(t, x ) + (2tD, + + v j ù(t, x) + N RF(t.x)

2D,[1(t, x) » (tD„. + g(t, .,,c))h(t, x) + + + (k  + 1))g(t, x ) + 6(t,

[4(0, x) » ho(x)

w here A  = 2D, + tD, + a(t, x )  and M = 21b1t 2 D, + t7e(t,x ).

Applying these propositions to  the recurrence formulae (E.1) and (E.2) with
(I. D.u) and (I.D.v), we have the following proposition says that these holomorphic
coefficients Ur, k (t , x ) , g r ,k (t , X ),  V r , k (t, X )  a n d  ho, (t, x ) h a v e  a  com m on existence
domain and  suitable estimates in  tha t domain.

Proposition (Es.) T here ex ist positiv e constants U, G, V , H,K ,L , R  and p
independent o f  a,r,k  such that

tt,,k (t, X )  <<

gr ,k (t , X )  <<

Vr,k ( 1 , X )  «

hr,k ( 1, X )  «

1 K

(k — 1)!(r — k +1)! ;D  tO c o - r+k +1 ( t ,

1 Ka±r±!G  
k!(r — k)! Lk (Pc,-kr+k+2( 1, x )

1 v  

(k  —  1)!(r —  k  +1)!K : Dt0a+r+k+2(t,

Ka+1+1
H

k!(r — k)!L k çi51-1-r±k+3 (t
'  

X ) .

From this proposition, we know holomorphic coefficients ur,k(t,x), g r ,k (t , X ),

x) and hr,k(t , x) have a common existence domain that is a neighbourhood of
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the origin and the following estimates in  that dom ain of the base space

1 K r
—  k  +  1 ) ! L k

F (r + k + 1 )C

( k  —  1 ) ! ( r

C

k ! ( r —

1

k ) !

K

L k
F(r + k + 1)

C

( k  —  1 ) ! ( r

1 

—  k  +  1 ) !  L k  

F ( r  +  k  +  2 )

C

k ! (

1

 k ) !  

Kr 
F ( r  +  k  +  2 )

r —  L k

where C, K, L are positive constants independent of r, k.
On the other hand in Appendix we have the estimates on any compact set k

in the universal covering space 6,1 over co,1 = {(t, x) : 0 0 <  0  0  r /  <  ) - }

(i(P)) i, (1(P » i , II/27,11+1i WPM ,

(1 (P))i < C(cit, c k)T,rT2k (r
 —
r! k)! r

where T1, T2, C(a, c, k ) are positive constants and the common factor independent
of r, k.

According these estimates, choosing .1 > 0 sufficiently small, we can prove
the convergence d f  th e  form al solution on the universal covering space 6,1

over (DA = {(t, x) : 0 0ç < A, 0  1 1/1 < w h ic h  w e  c a n  e m p lo y  as w-K in  our
th eo rem . W e  note that uniqueness of the so lution  i s  d u e  t o  th e  Cauchy-
Kobalevskaya theorem. Thus we can prove our theorem.

Appendix

In this appendix we study the ramification, the singularities and the estimates
of the auxiliary functions tic(t, x) and V,  ̀(t, x ) .  We treat these auxiliary functions
in the more general form but in this paper w e use only the results of the case

1
To be precise, we put

= D ; — (xt" -
I + bt 2")D 2, — ct" -

1

where b and c  are complex parameters and n is  a  natural number.
W e first introduce 1./̀  (t, x )  an d  17 (t, x) as the solutions of the following

Cauchy problems respectively:

P c [U,c(t, x)] =  (D ; — (xt" -
I + bt 2")D 2, — c r -

1 D )x )

with the initial data 1/c(0, x) = .f,(x)

D, (0,x) = 0,
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Pc[V: (t, x)] (D,2 — (xt" -1  + bt 2")D x2 — ct"-1  D,)17„c(t,x)

with the initial d a ta  V ( 0 ,x )  =  f„(x)

DI V „c (0, x) =fŒ(x)

A nd w e  in troduce  ( t ,x )  and  n(t,x ) a s  tw o solutions of the following Cauchy
problem for the  characteristic equation o f the  operator P c respectively.

çot2 (xtn—I bt 2 ")g9  =  —t n — I ÇO with the initial data v(0, x ) = x.

We can solve this problem explicitly:

1
x )  =  x  (1 +D )tn+ 1

2(n + 1) 2

n(t, x) = 
1

(1 D)tn+1

2(n + 1) 2

where D = 1  + 4(n + 1) 2b Re(D) > O.

To seek U cc, (t, x ), w e  p u t  1./o .(t, x) =  r ( a  i )  f  (z ) where z  = 1

substitute the  right hand side in P [U ] = O. T h e n  w e  have

a n d  we

z(1 — f  + n (1 + — 1)± c f

[ n + 1
+ 

2 ( n  +  1 )  (

1)
+  D D )

— ( - 1 ) (
2 ( n (

1
+  

OE 

—

0 the initial data f(0) = 1.
+  1 )

+ 
D

1 )  

+

c

D f  = with
)

This is  the hypergeometric equation and  so w e have

f (z ) -=  F  (- , 
2 ( n

n

+  1 )  
1 + + c + cx 

—1
 n

D n + 1

t "
In  th e  sim ilar w ay w e can seek Vc" ( t ,x ) .  W e  put 17,"(t,x) = rot ±  f  (f)

and  substitute the  right hand side in P [V ] = O. T h e n  w e  have

z(1 — z)f " + [nn +
+

2
1 ( 1  a + 2 (

n
n

+
+

2
1) (1  + I

D )  + c  + c
i

t
)
 1 )z ] f

(  c ( ) (

 n + 2   ( i  ±  1 )  ±

D

c + a —

2(n + 1)

1 )

f  0  with the initial data f(0) = 1.
) j  

So we have

n + 2  ( 1 )  c +a — 1 n+2(z) = F ot, 
2 ( n  +  1 )  

1 + +
D D n + 1;



(
O   e2ni(C—B—A))

g fr I 1 0
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We know explicit representations o f  U,c(t, x ) a n d  l e(t, x) a s  follows

=
T ( +

a ,

2 ( n  + 1) (
1 + 1 )  + c

D n +

n +2   ( 1 + 1 ) + c + 1 - 1  n + 2
- z ) .V,c(t, x) = +   F a ,

2 ( n  +  1 ) D D n + 1

Because Uocc(t. x) a n d  V ( t ,  x )  have hypergeometric functions as important
factors respectively, th e  study of the ram ification and singularities a n d  multi-
valuedness o f  these functions a re  reduced to those o f  hypergeometric functions.
The next lemma about the analytic continuation that is the monodromy theory of
th e  hypergeometric functions, plays a  fundam ental role in  t h e  study  of the
behaviour of these functions U,c(t, x ) a n d  VI' ( t, x ) around the branching surfaces.

Lemma A .1  (see  [Ki.11). L e t  S  b e  the R iem ann sphere. Put D = S  —
{0, 1, oo }. S e t  F  = F(A ,B ,C ;z )  an d  t  = z i - cF(A — C +  1,B —  C + 1 ,2 :C :z )
which constitute a fundamental system of solutions f or the hyper-geometric ordinary

d
dif ferential equation [z (1  z )

d 2

2
 + {C —  (A  + B + 1)z}  —

d z

— A B ]u(z ) = O. Now
dz

the monodromy representation p of the hyper-geometric ordinary differential equation
with respect to  the fundam ental system  {F, P I  is def ined in  the following way:

Denote by  lo (11, l re spec tiv e ly ) a  loop which encircles the point 0  (1, oo
respectively) once in the positive sense. W e denote by  the same letter 10 (11, 1x
respectively) a hotnotopy class containing lo (li, l c, respectively). Let i t  n ( D )  b e
the fundamental group of  D. Then we can define a homomorphism p of the group 7E
onto the group G  c G L (2,C ) which is called the monodromy representation of the
hyper-geometric differential equation with respect to the fundamental system {F. E} ,
where G  is  the subgroup of  GL (2,C), generated by  go and gi,

1P(1o) = go =  )0  e -2 c

P( 1x) = gx = (g0f11) -1

w h e re  e-
(

e -22iA e - 2 n i C  e -2ni(C— B)( e -2 n iA  _  1 )

e -2 n iB  _  1  1  _  e -2ni(C—B)

 

F (B )F (C  —  
F(C )

0

0
h =

 

F(A — C + 1)F(1 — A) 
e n i ( C + A - B - 1 )

F(2 — C)
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C - 1  —
e-2ni(C— B) 1 —  e - 2 7 6 B

e-2ni(C— B) (1 e - 2 n i A )  e - 2 n i A  
—  e

-2niC

=  
e -2niA  (1 e-2niC  ) (I e-2n1(C—B— A)) .

N am ely  i f  {F, PI is continued analy tically  along 10 (II, Ix  respectiv ely ), then

( p )  goes to  g0 (p )  (g p  g o o  p )  respectiv ely ).

W e apply this lem m a to the study o f  UOE(( t ,x )  and 17 (t,x).
1

I n  t h e  c a s e  o f  U 0̀, (t, x), F  is F(Œ;,17) =  F (  a ,

2 ( n  +  1 ) (
1 + —

D )
+

c + a — 1 n )
a n d  so I' is t ( a ; ,g )  =

n + 1
z i l (n+1) F(  1  a 1

' I n  +  1 ' +D ' n + l 
n ( 1 ±

D D1
) + c + _ 1  n +  2 .

' n  +  1
.z ) .

2(n + 1) 

I n  t h e  c a s e  o f  T / .(t, x ) ,  F  is F ( Œ ;  , 1 7 ) F (  06,  n  + 2   ( 1 +  1
2(n + 1) D)  ±

c + ot — 1 n + 2 )
D '  n  +  1 '

• z a n d  s o  É  i s  É ( c x ; ,  II) = z - l An+1) F ( n
—
+

1
 1 a ,  n

—
+

1
1  +

n + 2   ( i  +  1 )  c + a —1 n  
2(n + 1) Y

+
D '  n  +  1

;z). To explain the ramification, the multi-
D

valuedness and  the  singularities o f  U (t, x )  a n d  1 /( t , x )  in  terms o f the  mono-
dromy theory o f the  hyper-geometric functions, we introduce the  new functions

(4(t, x) =  r ,(ot :  1 ) F  and  12
0̀, (t, x):

z i / ( n + i ) F (  1  a ,  1 n ( 1 _E l c+a-1 n+2 . ,..t I c ' e  ( t ,  x )=
F (a+1) n+1 n+1

±

 2(n+1) D  ) +  D ' n + 1  )

17,,, ( t ,  \ ì c̀ z _ i i ( n + 1 ) F (  — 1 — 1 ±  n + 2   ( 1 + 1) ± c±a —1 n  .
) F ( a + 1 ) fl-4-1 n + 1  2 (n + 1 ) D ) D  ' n +1 ' )

L e t  (2),. =  fg , it); 0, 0 0, <  r,1171 < rl. L e t  P  b e  a n y  point
belonging to cor a n d  keep P  fixed. W e  c o n s id e r  a n y  lo o p  1 starting a n d  ter-
m inating at P  in  the  domain tor . In  particular we denote l(P)  the  terminating
point in order to distinguish the terminating point from the starting point P .  We
denote by the same letter I the homotopy class containing I too. Let it = 7r(o),.. P)
be the fundamental group of co,. with the base point P .  D e n o te  b y  l E it (II E 7T,

E i t  respectively) a  loop w hich encircles = 0 (g = 0, =  g  respectively) once in
the positive sense, w here by "positive sense" w e  m e a n  th a t th e  loop which
is transformed by the mapping z = 1 e n c i r c l e s  the corresponding point in the

positive sense in  z -p lane . We note that this mapping z  =  1  —  transfo rm s =  0 ,



Generally we have

Therefore we have

p ( i ) ( F (a; P ) )
•t(a ; P) )

( L I ( P ) )
go (..-7.( p )

= g ( P ) )

U (P ) )

=  e 2rti

(P ) )(11* (P)
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0, =  n to z Jo, 1,0 respectively and /0 , / I , G  to  the corresponding loops in
the lemma A .1 .  Using lemma A.1 we have

F(a;10 (P ) ) ) g  F (a ; P )

(a; lo(P)) ) (a;

F (a; 1„ (P))( F ( :  P ) )

t (a; 1 c c, (P )) ) t (a; P) )

(F(oc; g i (F (a : P ))

F(cx; (P)) ) P)

W e in troduce  the monodromy representation p *  w ith  respect the pair
, O n  as a homomorphism p* of the group rc onto the group G * Œ GL(2. C),

where G *  is  the sub-group of GL(2, C) generated by go, g i  and 4* =

P* (10) = go , P *=  g i 1)* (Ix) =

Then generally we have

LIct; (1(P)) p. (1
)
 (  U (P )

(1(P)) ) (1 (P ) )

B y the w ay w e need  only  the behaviour o f  U,,,̀  (1(P)). For the study of
(„Ic(1(P)), we have to study p*(1) namely go, gi, g ,  C ' and b .  Seeing that both
go and b are diagonal matrices, they are commutative each other and so  go =
b -1  gob . On the other hand g i and gG,  are also  in  the form  f) - I  G‘h that is
al = to - v Èl b  an d  4  =  b -1  b .  Therefore p*(1) = 15 - '1)* M I )  holds where
I,* (1) i s  a homomorphism rc o n to  G* c  GL(2, C), the subgroup o f GL(2. C)
generated by g o ,  Ê 1 a n d  Ê .  p #  (/ ), the principal part of p* (1), is  to  b e
investigated precisely. k c,, = ÊT 1g,T1 an d  go  i s  a simple diagonal matrix and so
the study of p* (1) is reduced to the study o f  t i a n d  t i -1 .

Put é — I 
e '1 2

a n d  then  w e have é-1
1 ( - e 1 2 . Put

C21 C 2 2 ) C - 6 1  C 1 1

e-1 (' ° e ,  w here  Ô= Ê 1 o r  kFI, and then0 K-
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a —   1
6 2  -  K e 1 2 6 1 (1 K ) e 1 2 6 2

( -  1 ) ê , 6 1 K e'll -  è 1 2 e 2 1

 

1 ( +  (1 - K y62e2i
G =-

ICI - (1  —K)

(1 -  K ) e 1 2  6 2  )

— (1 — ic)61è22

where ic =
e 2 n i(C -B -A ) ...............

e -2 n i(C -B -A ) ...............

Ô  =  E{ l

Û i - 1
El

 

So G can have the singularities on = e -
2niA (I _ e -2n1c)(1 _ _

O. In  the  case  of U e  C -  and in  the  case  of Vc̀ i, C = 
n +  2  

so that 1 -
" n 1 n + 1

2niC O. Therefore we can find the  singularities o n  1 - e- 2n1(C-B-A) O.0

{  - 1  f

1 _ e -2 n i(C -B _A ) K  ll- K )

( I IC) 

1 ( Ô l l  Ô 1 2Put G = and then from the above every component Gu has6'
21 Ô 2 2

the  fac to r (1 - lc). Therefore th e  singularity o n  1 _ e -2 n 1 (( '-B -A ) O. o f  G  is
removal. So t 1  and Ê j a r e  entire functions o f a and  c.

We have expressed (.1; and  Vo,e on the universal covering space Co,. of the base
space co, with U and V  on the base space cor , which we are to investigate. For
this purpose to these functions we apply the  connection formulae o f the  hyper
geometric functions which a r e  described bellow by t h e  help o f  Kummer's
transformations.

(C.F.)(1) F(A ,B ,C;z )

F (C )F (C  -  A  - B )
F(C  - A )F(C  -

F(A  + B  - C)F(C) 
(1 z) c - B - A

F(A )F(B )

x  F ( C -  A ,C -  B ,C -  A - B + 1 ;1  -  z )  in 11 - =

(C.F.)(2) F (A , B, C; z)

F(B  - A )F(C) = (1 z r A F ( A . 0  B , A  B + 1
. 1 1 - z

)
F(C - A )F(B )

F(A - B)F(C) +  

F ( C  -  B ) F ( A )
(1 -9z) 

1 
x  F (B ,C  -  A, B  - A 

+ 1 , 1 1 -  z
)  in   =< 1

l  -  z 11

= k1

=

F(A ,B ,A  + B  - C  +1;1  -

< 1
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(C.F.)(3) z I - cF(A  — C +  1, B — C +  1, 2 — C; z)

17

F(A + B — C)F(2 — C) (1C — A — Bz )

F(A — C +1)F(B — C +1) \

x F(C — A, C — B,C — B — A +1;1 — z)

—  A  —  B ) F ( 2  —  C )

F(A, B, A ++

F ( C

B — C +1;1 —
F(1 — A)F(1

in 11 — =

— B)

r/ <1

(C.F.)(4) z l 'F ( A  — C+1, B — C + 1,2— C;z)

F(B — A)F(2 — C) (1 z )-A e ni(c-1)
F(1 — A)F(B — C +1)

x F(A ,C— B,A— B + 1; i
1

F(A — B)F(2 — B e n i ( C - 1 )
(1 Z)—

+  
T(1 — B)F(A — C+ 1)

A in
1

x F(B,C — A,B— = < l+1; 1
1
 z ) 1 — z

Using these formulae we can list up the representations o f Up" , t/Œc, 17,',  and in

<1 a n d <  1  respectively.

We put n* =  and a* =  a + n*, =1 — n* and  ac** = a+ n**
2(n +1)

Fi(a* ,c ,D ,n * ;)  =  F (n
a* + c —1 a**

D
+ c — 1

n* +  a  + + 1;C),
D 

F2(a* ,c, D,n*;C) = F (n* + a*. /7* + D , a* + D
.

a* + c — 1 a* + c — 1
+ 1 ; )

F (2n* )F (a*  +a*
+c

 — 1) 1
= D  I  

F(n* + a*)F(n* +
D

a* +c  —1) F (a  + 1 )'

F(2n*)F(— a* + 1 * + c — 1) 1
Y2(ce, C ,D ,n * `C)

(
ock+ c I F(a +1) .

F(n* —  a*)Fn* +
D

We can show the following list of the representations o f  U ;', (7,`, 17 ,̀,' and  17 '
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in

 

<  1 and

 

<  1  respectively, by which we can know th e  behaviours,

     

singularities and ramifications of U ,  Û ,  Vo :̀ a n d  1/, on  the  whole base space

(F.B.) (U , Ù , Vcc  fr- ,c,  on  the  whole base space)

o
t, (t y i(a* c, D ,n * )111 F1 (a t .  

11)

+ Y2(c4 * - D ,n * ) 1 1 - " * -
( a *  d - e - 1 ) /  1 3

F
2

(
a *  ,  c ,  D ,  n * ;

v i * + ( 1 * + c - 1 ) 1 1 ) x

in

 

< 1

   

= y i (a*, c, - D ,n*) Œ f ) (1 *

+ Y2( * , c, D, 1 7 *  ) - " * + ( l *  + c - 1 ) 1 °  F2 a  , - D ,  n  . 11( * ”n*— (a* +c-1)ID p i a
, q

in

 

< 1

   

Q"(t,x ) = n(a* , c, D, n**)e' i( n* ' ' F 1 ( f * , c, -D ,

y2(cx *, c, _ D , n **) e ni(n.-n..) 17-n*-(ce+c-olp

x  F2 ( a
*; )r*  +(a* +c-1)11) in

 

< 1

   

= n (a*  c , -D , n * * )" F i (a* ,c , D ,n

+ Y 2( 1 *  , c, D,n * * ) - "*+ ( e + e - ' ) / D  F2 ( a*, c, -D , n — (a* +c-1)1D a

in
11 < 1

   

(t, x ) = n(a** , c, D, n**)tre - D ,

+ Y2( -D,n**)orn** — (c4** +c— I) D F 2  a n** +(a -Fe-1)1 D

in

 

< 1
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= Y i(a * * — D ,n * * ) t œFi ,c. D  11„**. 11)

±  y2 (Œ, c, D, tl**)t -n**-E(Œ**+c-1)1D F2 n**—(a**+c-1)1D
rl

in

 

< 1

   

(t, x ) ------ y1 (a**, c, D, n*)e ' i (n *  * - "* ) t (nOEFi , ., — D,n

+ Y2 (a * * —D n*)e 'l - - "*)tir 1**- (7**+c- tv p

X  F 2 (
; +(a** + c -1 ) I D o c in

 

< 1

    

= Y i (c( * * — D , n * ) t œF1 ( ,c, D .n

+  y2 (Œ , c, D,n*)t-n**+(x--re-i)/DF2
' 

11 ) 11 "- - (2- +( - iv p i i
,

in

 

<1

   

Thus we have seen the behaviours of t_J", U , 1;c: and  T e  on the whole base
space. F o r  th e  proof the  convergence of the  formal solution, we need the
estimates of these functions on the universal covering space, which are reduced to
the estimates o f these functions on the base space. Besides by ( F.B.) those are
reduced to th e  estimates of the hypergeom etric functions F1(oc , c, ± D . n :
F 2 ( e ,c .± D .n * ;) ,  F i ( o c * * ,c ,+D ,n * * :( )  a n d  F 2 ( e * , c , + D , n * * ;) .  Using fol-
lowing lemmata, we estimate these hypergeometric functions.

Lemma ( E .H .)  I f  A , B ,  C  an d  C — B — A  are  positiv e, w e hav e the next
estimate

IF B, C; < F(A , B , C, 1 ) =
F (C )F (C  — B — A) 

ICIF(C  —  A )F(C  —  B ) in < 1 .

Lemma (M .H .)  ( 1 )  if A , B. C  are complex numbers such that (5 C  —  B  —  A
is  re al an d  nonnegativ e , an d  Re A  an d  Re B  are positiv e , w e  hav e  th e  next
m ajoration relations f o r an  adequate positive constant e

F(A , B , C; « +1,81E+ (5; C )  in ICI <1.

where 14  =  1R e +  e lm zI.



F2(1 , ±D ,n*;C )« C T/ 3 ± F (1 n '  +  
*cc + c — 1

Del

+ c
n* +

D
+1 — 212*; 1) whereIn* +cel,+
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(2) i f  A , B , C  are  complex numbers such that o= C— B—  A  is real and
nonnegative, we have the  next majoration relation for positiv e constants T  an d  e

F (A, B, C; C) « Tfi+ 1 F (14 ,1 B L ,I4  + BL + 0 ;C ) in  ICI < 1

where ,6 = int(max(0, —Re A, —Re B, —Re(A + B + 0))).

First applying this lem m a (M.H.) to  F1(e,c,+D ,n*;(), F2 (a*, c, + D, n*; (),
F i (a** , c, + D, n**; C) a n d  F2 (a * *  , c, ±D , n * * ;  ( )  w e  h a v e  fo llo w in g  majoration
estimates in the unit disk ICI <  1 . W e denote a  suitable positive constant b y  C in
bellow;

F i (a* , c, + D,n* ; C)« CT file F (In " — a* n* +
+ c

 

,In*—D

     

+ 1 — 2n*; 1) where

/6' +  =  int ( m a x  — Re(n* — Re (n *  +  
a* + c —

—   
D

a* + c — 1
— Re ( -1 *  +  

— D

n* +
 + c —1

D

fi
a**

+  =  int ( m a x  — Re(n** + a**), —Re (II +  c —
D

Re(cc** + c I +  1 ) ) ) ,
D

F i (a** , c, + D, n** ; C) « CT 1 F a** — n** le ,
a** + c — 1

n** + 
— D

  

a ** _ 11'* +
If* c — 1

 

+ 1 — 2n**: i )  w here
D

     

1(3 + = int ( m a x  — R e 11'

— R e( — a"

+  
*a * c — 1 ,

— D

+ C — 1
D

+ 1



F2 (a* ; C) « C P 6 ±  F + +  
ot** +c—  1

n**
D

F (In* + a '  +  n * +  
a* + c — 1

F  (n *  +  
a* + c — 1

D +  1 — 2n*)F(In* + + 1 — 2n*)

D E

+ 1 — 2n*)F(1 — 2n*)
where
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)

+ 1 — 2n**; 1 wherele* +n — lco+ n** +
Œ** + — 1

 

D

     

a* * +c -1
fl + = int (m a x  — Re(n** + a**), —Re (n** + 

D  )

a** +  c — 1
— Re (a** +  

— D

Secondly we apply lemma (E .H .) to these hypergeometric functions appearing
in the right hand sides above majoration
these functions in  the  un it disk

F i (a*,c, + D ,n*;()

(in* — a*L +
<c rf l -±

ICI <

n* +

relations ,
1;

—+ 1

then we have next estimates

+1 — 2n*).1- (1 — 2

of

where
D

e +  c  — 1 + 1- 2n*)F(In* — + 1 — 2n*)F (n *  + D

fl +  =  int (max — Re(n* — ), —Re(n* +
D

1 ),

R e (  * + fa* + c — 1
— a

D
+  1 ) ) ) ,

F2(a*,c, ±D,n*;C)

< CT 13±

)6
+ c

+  =  int (m a x  — Re(n** + a** —Re (n** +
— 1)

D

of*' + —  1
Re (a" +  

D +  1 ) )

F1( ,c ±  a n " ;  C)

— n * *L + n** +
a * *  + c — 1

+1  — 2n**) F(1 — 2n** )
D

< C T where 
r ( oC* + — 1

+n** + 1 — 2n**) F ( a** — n**L+ 1 — 2n**)
D



/3±  =  in t (m ax - R e(n** +  a"), -R e (n** ±
a** + c -  1 )

D

r(lcx * *  n * * L + n * *  ± + 1 - 2n**)T(1 - 2n**)
a** + e - 1

D
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a* * +c -1
Re(a** + +  1 ) ) ) ,

D

F2(a**,c, + D,n * * ;C)

< CT 11 ±
Œ** + c - 1

D
1 - 2 n **) F(** + n**1, + 1 - 2n**)

where

a**
= int (max

,
- Re(n** + e*), -R e  (n** ± 

+ c  -  1 )
D  

a** + e - 1
- R e(a**  +  D  +  1 ) ) ) .

W e  r e m a r k  t h a t  in t h e  a b o v e  e s t im a te  o f  Fl(a*,c, +  n* ;
F2 (a* ,c, +D,n*;C), Fl(a**,c, + D,n**;C) F2(oc**,c, +D,n**;) in  t h e  u n i t  disk
1(1 < 1 of the base space and  y i (a*,c,D,n*;C), y 2 (a*,c,D ,n*;C) etc., we find F

F(A 1)F(A 2)factors in the similar form such as AI + A2 = BI + B 2 .  Using these
F(B1)E(B2)

Œc+re s tim a te s  w e  o b ta in  t h e  follow ing estim ates o f  U (t, x ) ,  / 7-k-Fi i ( t .  x ) ,

I/c4-
r
k +1

1 ( t ,x )  a n d  c_F
–

r
k  I  ,  X  )  on the base space WA = {(t, x) :0 0 11 < 2.0 0  i <

A}.
There exists positive constants C(a, c) and TI, T2 independent of r,k  such that

Ar–k

It I c – k + 1  ( t  X ) I  
O c – k + I

(t .X )1  IVe–k+1 \ `
t

 " / k̀ t
r e )T ir    in WA.x+r-1 a+r– a+ r-1 , I ,  I  '  a+r-1 , • 1  I  —

<

r!

Let k be any compact set in the universal covering space & A over W A. Let /
be any loop in & A . If!  enc irc les =  0  or n = 0 f i times in the positive or negative

, 0
sense, w e  m u st estimate • al =  b - ie - -

(
1

0  e 2 n t ( C - B - A ) )
e b

, 
s o  w e  must

estimate e 2n1 fl ( C – B – A )  where

1
-1 C  -  B  -  A = a*  + r - 1 - —

D
(a* + c + (r - k ) - 1) for U and 0 1

1 .OÈ±
-

r
k - I

1
C -  B  - A = a** + r - 1 - —  (a** + c  + ( r -  k )  -  1 )  f o r  V , '  a n d  1 7 „̀±

-
r
k  +

1
1

D
27zi 2ni

that i s  e x p (  R e  —D  f l ( r  -  k ) ) .  B e c a u s e  e x p  R e  —D  f i ( r  -  k )  <

C (k )(r -  k )! where C  is  a constant independent of r -  k , we have the following
c–k+I ( i.  x ) [7 (–k+1 ( r  y ) v c–k + Iestimates o f  U (t x )  a n d  I-/'̀ - k +1 ( x )  o n  anya-I-J –1 \  I  ) , ' - ' a + r - 1  \  "  " ' " ) ' '  a+ r–I , tot+r– I •

compact set k in  th e  universal covering space ci) A, over WA.

/3±
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Proposition (E .U .) T here ex ist positiv e constants T1 , T 2 ,  C (a ,c ,k ) inde-
pendent o f  r ,k  such that

,c;,1-1_+11 (1(P»1 , 10 « WPM, 7-1-11(1(PM,

11-/47,1-(+11(1(P))1 < C(a,c, k)T1r (r
r!

"

on any  com pact set k in  the  universal covering space W A over W A .

Example. W e consider the  next simple Cauchy problem

(Pc  — dtn- l )u(t, x) = 0

with the initial data u(0.x) = . f ( x )  a n d  ti,(0, x) = 0

where d  is  a constant.
This Cauchy problem has the  explicit representation of the solution;

u(t, x) = (—  )k  
k

( r )Z.1 . - k  (t, x).

To prove this fact it is enough to use the formula Pc (U: - (`) = —ktn- 1
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